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ASYMPTOTIC INFERENCE IN SOME HETEROSCEDASTIC
REGRESSION MODELS WITH LONG MEMORY DESIGN
AND ERRORS

BY HONGWEN GUO AND HIRA L. KOUL
Michigan State University

This paper discusses asymptotic distributions of various estimators of the
underlying parameters in some regression models with long memory (LM)
Gaussian design and nonparametric heteroscedastic LM moving average er-
rors. In the simple linear regression model, the first-order asymptotic distrib-
ution of the least square estimator of the slope parameter is observed to be de-
generate. However, in the second order, this estimator is n'/2_consistent and
asymptotically normal for & + H < 3/2; nonnormal otherwise, where /& and
H are LM parameters of design and error processes, respectively. The finite-
dimensional asymptotic distributions of a class of kernel type estimators of
the conditional variance function az(x) in a more general heteroscedastic
regression model are found to be normal whenever H < (1 4 h)/2, and non-
normal otherwise. In addition, in this general model, log(n)-consistency of
the local Whittle estimator of H based on pseudo residuals and consistency
of a cross validation type estimator of o2(x) are established. All of these
findings are then used to propose a lack-of-fit test of a parametric regression
model, with an application to some currency exchange rate data which exhibit
LM.

1. Introduction. This paper discusses asymptotic distributions of some esti-
mators of the underlying parameters in some heteroscedastic regression models
with LM in design and errors. This is of interest partly for the purpose of regres-
sion model diagnostics and partly for the sake of some large sample inference in
these models. Regression models with LM in both design and error variables are
useful when LM in the given response variable is not fully explained by LM in the
given design variable; see [26].

For the sake of clarity of exposition, we first focus on a simple linear regression
model where one observes a strictly stationary bivariate process (X;, Y;), t € Z :=
{0, 1, ...}, both having finite and positive variances and obeying the model

(1.1) Y, = o+ P X: +o(X)u,  forsome (By, B1) € R?,
o0
Uy i= ijg,_j, ijCj_(3/2—H)’
—
(1.2)

asj—>oo,forsome%<H<1.
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Here, ¢; are standardized i.i.d. r.v.’s, independent of the X;-process and the con-
stant C is such that Z?io b? = 1. Under this set up, o2(x) = Var(Yp| Xo = x),
x € R, and Eco?(Xy) < 00.

For a stationary second-order process &, t € Z, let fg¢ (y¢) denote its spectral
density (auto-covariance function). We also assume that { X;} is a Gaussian process
with mean u, variance y2 = yx(0), and

Gx0(h
(1.3) yX(k)Nkz)i]i_(h)) as k — oo, forsome 1/2 <h < 1,

where 6 (h) :=2I'(2 — 2h) cos(w (1 — h)) and Gx > 0 is a constant. The sequence
bj is also assumed to satisfy b; — 0, as j — oo and for some a < 00, bjy1 <
bj(1+ j~'a), for all sufficiently large j. This condition, for example, is satisfied
by FARIMA(0, H —1/2,0) model where b; =T'(j + H —1/2)/T'(j + DI'(H —
1/2). As pointed out in [24], page 1632, under this condition,

fu) ~ G2, Ao 0y
(1.4)
vu(k) ~ G0 (H)k=21=H)  f — oo,

where G, is a positive constant.

Several authors have discussed regression models with LM errors when
o(x) =c, a constant. The asymptotic distributions of the least squares estima-
tor (LSE) and M- and R-estimators in nonrandom design linear regression models
with LM errors are established in [12, 17, 18, 33, 34] and for nonlinear regression
models in [19]. The asymptotic distribution of the generalized LSE (GLSE) in
certain polynomial regression models is discussed in [6] and [16]. The errors in
[6] are assumed to be LM Gaussian, while in [16] a function of a long memory
moving average (LMMA) process.

In the context of homoscedastic multiple linear regression models with LM in
both covariates and errors and when the error process has a known parametric spec-
tral density, the GLSE of the slope parameter vector is known to be n!/?-consistent
and asymptotically normal with the Gauss—Markov variance; see [26]. This result
is adapted in [15] to the case where the error spectral density is semi-parametric
as in (1.4). A crucial result needed here is the availability of a preliminary n'/?-
consistent estimator of the slope parameter vector. In [26] it was also noted that the
LSE is n'/2-consistent for certain values of H, 4. In a simulation study reported
in [15] it was found that the adaptive estimator where LSE was used as a pre-
liminary estimator had smaller MSE compared to the one where GLSE was used.
This partly motivates the need to understand asymptotic behavior of the LSE in
the current set up, for were one to carry out an analogous adaptation program here,
even to get started one would need a preliminary n'/?-consistent estimator of 8
in order to estimate o (x) and f, (A) nonparametrically. And at least for those val-
ues of H and h for which the LSE is n'/?-consistent, its use in constructing such
adaptive estimators would be justified. Other reasons are to be able to estimate G,
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and H and to understand asymptotic behavior of some lack-of-fit tests for fitting a
heteroscedastic linear regression model. Currently there is a void on this topic in
the literature which this paper is attempting to fill. Because of its simplicity, it is
desirable to use the LSE for these purposes.

Section 2 discusses asymptotic distribution of the LSE ,3 = (,30, ,31)’ of B :=
(Bo, B1)’ in the models (1.1) and (1.2). The weak limit ofnl_H(,é — B) is shown to
be a bivariate normal distribution, for all 1/2 < H, h < 1. Butif 4 = EX =0 and
o (x) is an even function, then this asymptotic distribution of Bi is degenerate. In
this case we further obtain that if H +h < 3/2, n'/ 2(;§1 — B1) converges weakly
to a normal r.v. On the other hand, in the case H A h := min(H, h) > 3/4, and
even when both u; and X; are Gaussian, /§ 1 has a nonnormal weak limit with the
normalization n>~H =",

To implement the proposed lack-of-fit test for fitting a regression model or to
carry out some inference about g and o2(x), one needs consistent estimators of
o (x), G, and a In(n)-consistent estimator of H. Section 3 derives asymptotic dis-
tributions of a class of kernel type estimators 62(x) of o>(x) in the regression
model

(1.5) Y = B'r(Xe) + o (Xus, B eRY,

where r(x) is a vector of some known ¢ functions and the rest of the entities are
as in (1.2) and (1.3). It is proved that when H < (1 + h)/2, the finite-dimensional
distributions of n! =" (6% — 6'2) converge weakly to k-variate normal distributions,
while for H > (1 + h)/2, the weak limit of n2~2# (6%(x) — o2(x)) is nonnormal.

Using the approach in [25], the local Whittle estimator of H based on the pseudo
residuals Y; — ,5’ r(X;) in the model (1.5) is shown to be log(n)-consistent, where
B is the LSE. This is unlike the case of nonparametric heteroscedastic regression
model with X; =¢/n, 1 <t <n, and LMMA errors, where it is necessary to base
estimators of H on the standardized residuals; see [11].

An important inference problem is to assess the accuracy of an assumed re-
gression model. Let (X, Y) denote a copy of (Xo, Yo) and u(x) := E(Y|X = x).
Consider the problem of testing Hp: u(x) = B'r(x), for some B € R? and for all
x € R, against the alternative that Hy is not true. In the 1990’s, several authors
found that tests of Hp based on the marked empirical process

Va()=>_ (i = Br(X))[(X; <x),  xeR:=[-00,00],

t=1

have desirable level and power properties against a broad class of alternatives; see,
for example, [1, 21, 29, 30, 31], among others. See [1], pages 132-134 of [13],
and [29] for more motivation about using this process for lack-of-fit testing. In the
presence of long memory in design and/or errors and when o (x) = ¢, some tests
based on this process have been studied in [20].
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Under the current set up, Theorem 5.1 below proves that, under Ho, n—H '\~7n (x)
converges weakly to J, (x)y¥1 Z, in D (R) and uniform metric, where Z isa N (0, 1)
I.V., %2 :=G,0(H)/HQH — 1), Jy(x) := E[oc(X) — E(c(X)r(X))A~1r(X)] x
I(X <x), and A~ is assumed to exist. Thus, to use 17,1 for testing Hp, we need
a uniformly consistent estimator of J; (x) and a consistent estimator of ¥;. A uni-
formly consistent estimator of J,, under Hy, based on the leave-one-observation-
out estimator of o (x), is given in Section 5. The regular kernel type estimator is
not useful here because of the unstable behavior of 62(X,). The estimators of G,
and H constructed in Section 4 are used to provide a consistent estimator of
under Hj.

Section 6 includes a finite sample simulation and an application to some
monthly currency exchange rate data that exhibits long memory. The last section
is the Appendix consisting of some proofs and necessary lemmas.

In this paper all limits are taken as n — oo, unless specified otherwise. For
any two sequences of real numbers, a, ~ b, means that a, /b, — 1, —; stands
for the convergence in distribution of a sequence of r.v.’s, while = denotes the
weak convergence of a sequence of stochastic processes, and u (1) denotes a se-
quence of stochastic processes that tends to zero uniformly over its time domain, in
probability. Henceforth, the independence of X; and u; processes is used without
mention.

2. Asymptotics of the LSE. This section discusses asymptotic distribution of
the LSE in the model (1.1)—(1.3). For this purpose, we need the following result.
Let v be a real valued function on R with Ev3(X) < oco. Set vg := Ev(X). By
(A.20) below, there is a C < oo such that |[E(v(Xg) — vo)ug(v(X;) — vous| <
Cr=4+2H+2h for a1l sufficiently large and positive . Hence, V1/2 < h, H < 1,

n n n
nH Zv(X,-)u,- =von Zu,- +nH Z(v(X,-) — vo)u;
i=1 i=1 i=1

(2.1) .
= von_H Zui +op(1).
i=1

Next, let D(a) :=60(a)/a(2a—1),1/2 <a < 1,and Z;, Z, be two independent
r.v’s, Z; having N(0, v ;) distribution, j = 1,2, where 1/r12 =G,D(H), 1//22 =
GxD(h).Letog:= Eo(X), J :=EXo(X), y2F1 = (J — nog) =Cov(X, 0 (X))
and I'g := o9 — [(J — noo)i/y?]. From [8], we obtain

n n
_ d _ d
2.2) Zy=n"Y " u; 5z, Y (Xi—w/y > 2,
i=1 i=1
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Now, let o, := o(X;), e := ous, nX = Xy, nit =30 uy, nY =
i Yione:=3" e, ns? .= (X = X)2. Recall that the LSE satisfies

" 1 n _ R .
(23) Bi—pB1= S—z(n_] ZX;e, - Xe), Bo— Bo:=¢— X(B1— B).
t=1
From (2.1) and (2.2) applied to v(x) = o (x) we obtain that e = OP(nH_l), X —
= 0,(n"~1). These facts and (2.3) yield that n' = (Bg — Bo) = [0 Zu1 + 0,(1),
n'=H(B1 — B1) =T1Zy1 + 0,(1) and hence, the following:

LEMMA 2.1.  Under (1.1)~(1.3), n' = (By — Bo, B1 — B1) =a (To, T Z).

But I'y = 0 if either o (x) = ¢, a constant or & = 0 and o (x) is an even function
of x. Since in these cases the weak limit of n! = (,31 — fB1) is degenerate at zero,
it is pertinent to investigate higher-order approximation to the distribution of ,31.
The former case has been discussed in [20]. We shall next discuss the second-order
result under the following:

ASSUMPTION 1. o (x) is an even function of x e R and u := E(X) = 0.

Leta(z) := fol w321 — ) =%2 du, 1/2<z<1, C:= (a(G[;)iz(h))l/z and

- 1
(2.4) Z,:=C /f [(s — x1)~C=2D/2(5 — x,)=(=20/2)
0
X I(x1 <s,x <58)dsdB(x1)dBa(x2),

where B and B, are the two Wiener random measures; see [32]. We also
need to define Z, :=n!~H~" Yoo Xeur )y, Znp = nh Yi_ 1 Xi/y,and ¢ :=
E(X?0(X)). We are now ready to state and prove the following:

LEMMA 2.2.  Suppose (1.1)-(1.3) and Assumption 1 hold. Then,

n
2.5) 0" Xiowuy = ye1Znn + op(1),

t=1

(2.6) n? 0 Xe = yooZnZyy +0,(1)  V1/2<h, H < 1.
Moreover, for H+ h > 3/2, Correl(Z,,2, Z,,1Z,2) converges to
27 V2Q2H +2h —3)(2H +2h —2) Hh

' 2H +2h—1) QH-1DQ2h—-1)

PROOF. Let H; denote the jth Hermite polynomial, j > 1; see, for example,

[32]. The Hermite expansion of the function xo (x) is Z?‘;O LJ—J,H j(x), where ¢ :=
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E(Xo(X)H;(X)), j = 0. Since under Assumption 1, co =0, c; = EX?0(X) #0,
the Hermite rank min{;j > 1; ¢; # 0} of xo (x) is 1. Hence, in L,

(28) nilzX;G,u, ZX;u,-l—n Zutz H (Xt)— S +T
t=1

t=1 t=1 j= -/
Using the independence of X;’s and u;’s, we obtain Var §,, = O(n—4t2H+2h) Be.

cause of the orthogonality of the Hermite polynomials,

Var(T,) =n">> " Eusu, E Z]]H(X)Z Hi (X))

s=1t=1 j=2

—ZZZIS 2H 2 t|4h_4

s=1r=1
< Cn 2044 10y = o(Var S,,).

This fact and (2.8) readily yield (2.5). The claim (2.6) is proved similarly, using
the fact that under Assumption 1, the Hermite rank of o (x) is 2.
To prove (2.7), let k1 = GxG,60(H)O(h). By (2.1) and (2.8),

n n 202 2H+2h—4
Var(z Xe: /n> ~ el Var(z Xu; /n) an

t=1 =1 T QH+2h—-3)QH+2h—2)’

g K1n2H+2h —4

QH -1)2h—1)Hh'
Next, by the Hermite expansion of xo (x) and o (x), we obtain

( IZXtetXe>~claon ZZZE(X,X VE (usuy)

t=1s=1k=1

Var(Xé) ~ of Var(Xit) ~

2H-2 2h—2

t k

n n

~ cook n 3 T2H+2h= 4222 r s

t=1s=1k=1
2H+2h—4

4k croon
QH—-1)Qh—1DQRH+2h—-1)
This proves (2.7). U

The following theorem gives a nonstandard second-order limiting distribution
of 1 when H A h > 3/4, where Z; is as in (2.4) with 81 and B, independent.

THEOREM 2.1.  Suppose (1.1)~(1.3) and Assumption 1 hold, with ¢;’s being
N0, 1) rv.’s. Then, for h N H > 3/4,

(2.9 n2=H=h By — B1) =4y 122 — 0021 Z1).
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PROOF. Lemma 2.2 combined with (2.3) yields that
2—H—h 1
n (B1 _,Bl):;[Clzn2_002n12n2]+0p(1) V1/2<h,H <1.

Using the derivations similar to those in the proof of Theorems 6.1 and 6.2 in [10],
one verifies that (Z,2, Zy1, Zn2) =4 (Z2, Z1, Z3). Upon identifying D1, D, there
with 2(1 — h),2(1 — H), respectively, one sees the condition 0 < Dy, D> < 1/2
is equivalent to & A H > 3/4. These facts together with (2.3) complete the proof
of 2.9). O

Consistent estimates of ¢y, og and y are }_"_; XizVi (Xi)/n, 3" Vi(X;)/n and
s, respectively, where V;’s are defined in (5.2) below. However, the distribution of
the limiting r.v. in (2.9) is not easy to determine and, hence, any decent inference
about 1 based on ,31 appears to be infeasible in this case.

We shall next discuss asymptotic distribution of ,3 1 when u;’s form the moving
average (1.2) and H + h < 3/2. This in turn is facilitated by the following lemma
where U, :=n—1/2 Y v(X)u; and y, (k) = Evoug.

LEMMA 2.3. Suppose (1.1)—(1.3) holds. In addition, suppose v is a measur-
able function such that Ev(X) =0, Ev?(X) < oo, the Hermite rank of v(X)is 1,
and

(2.10) max |v(x)|/n'/?7" =0, for some 0 <n < 1/2.
{0<x<Inn}

Then, for H + h < 3/2, U, —4 N(0,«2), where K22 = lim,_ EUn2 =
Yo (0)Yu (0) + 21imy 00 Y5 10 (k) yu (k).

PROOF. The proof uses the truncation method similar to the one used in [26].
The main idea here is to approximate U, by a weighted partial sum of the i.i.d.
r.v.’s {&}. Fix H,h such that H + h < 3/2. Let v, ;= v(X;) and M = M,, >
nh=D/Q=2H) and define

n n
. —-1/2
Un,M.=n /th Z b,_jé‘j.
t=1 j=—M

Because the Hermite rank of v; is 1, by (A.20) below,

—-M-1 n 2
E(Uy = Uny)*=n"" X:E(XN¢FJ
t=1

2.11 J=ee
.11 EC”Zh—lM—2+2H_)0_

Hence, it suffices to show that (a) EUnZ’M — /c22 and (b) Uy, i —a N(0, k2).
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Let ¥ := o-{X;,t > 1}. The claim (a) is implied by E(U M|f) —p K%
Let dnj = TZt 1 vebi—j. Then, Uy py = Zj:_Md,wsJ and E(UQMITF) =

A - Recall y, (k) = Euoug = Y520 bjbj+k. Rewrite E(U; /| F) = A+
ZB where

n”! Z >l Z T3 b b

—Mt=1 —M s=1t=s+1

But A=A + Ap, where

Ay =n" Z Z —)/v(o) [ je

—Mt=1

=n-lz<v3—yv<o>>(2b,%— > 1)
t=1 k=0

k=t+M+1

Ay =y, O)n"! Z thz_J
J

=—M1t=1

=yv<0>n—12<2b,%— > b,%)—m(om(ox

t=1 \k=0 k=t+M+1

because Y52 4, b7 — 0, Y1 (v2 — 1, (0))/n — 0 and Y1, [v2 — 1, (0)|/n —
C < 00, a.s., by the Ergodic Theorem. Also, sup, E|A1| < Cy,(0) < oo. Hence,
E|Ai|— 0Oand E|A — yU(O)yM(O)| — 0.

Next, let g; := n-! Z:’:_lj ViV j. Then, one can rewrite B = By — By, where
By =Y 3Z  gkvu(k) and By := 3371 &k 0% 4y a1 bt jbj. By (2.11), EBZ —
0. For the term B, we have

n—1 n—1
=Y la — 1O + 3 )y = Bl + Bia  say.
k=1 k=1

By applying Theorem 6 of [3] and the fact that the Hermite rank of the bivariate
function v;v; 1 — yy (k) is 2, we obtain sup; E|gr — yy (k)| < Ccn?"=2, for 1/2 <
h < 1, and hence, for H + h < 3/2,

n—1
E[Bii| <Cn*" 723 yu(b)] = 0>+ =3) 0.
k=1
Also, note that lim,, By, exists for H + h < 3/2. These facts and the fact that
/c22 = 1,(0)y,,(0) 4+ 21im,, B> complete the proof of (a).
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The claim (b) is proved by showing that the conditional distribution of U, y,
given ¥, converges weakly to N (0, k»). In view of the fact (a), by the Lindeberg—
Feller theorem, this is equivalent to showing

(2.12) P< max |dy ;| > 8) -0 for all § > 0.

—M=<j=<n

To prove this, recall from [5] that maxi<,<, |X;| = O,(Inn). By the Cauchy—
Schwarz (C-S) inequality, we obtain that, for any integer [ > 0,

n
max |d, jl= max n 2 ub_j(I(t—jl>D+I1(t—jl<D)

—M<j<n —M<j<n prt
n 1/2 " 1/2
-1/2 2 2 _
<n (,_ZIVt> _Aglgfsn(;bt_jl(lt Jl >l)>

n
—1/2 ) i<
2 ma bl _max 3211 = j1 <D

1<t<n

= 0p<1—1+H+n—1/2< max }|v(x)|>lH_1/2>.

{0<x<Inn

In view of (2.10), this upper bound is 0,(1), for any / = O (n?"/2H-1) Hence,
(2.12) follows, thereby completing the proof of the lemma. [

Now, take v(x) = xo (x) in the above lemma. Because o is an even function,
the Hermite rank of v(x) is 1. Also, the fact maxj</<, |X;| = O, (Inn) and (2.6)
imply Xe =0, (n=Y/2) for H + h < 3/2. Hence, we readily obtain the following:

THEOREM 2.2. Suppose (1.1) — (1.3), and Assumption 1 hold. In addition,
suppose EX?0%(X) < 0o and (2.10) holds with v(x) = xo (x). Then, for H+h <
3/2, nl/z(,él — B1) —a N(,k2/y), where now /<22 = lim, Y }_ E{Xo0 (Xo)
Xiko (Xp)}E (uoug).

An estimate of k; is obtained as follows. Because, under Assumption 1,
|Cov(Xoo (Xo)uo, Xxo (Xp)ug)| < Ck~4T2H+2h for all sufficiently large k, the
process X;o (X;)u; is weakly dependent when H + h < 3/2. Thus, one may use
the block bootstrap method to estimate «» here using X, V; (X)) (Y; — ,30 — /§ 1X4),
1 <t <n, see [22], where V; is as in (5.2) below. Although we do not prove it
here, such an estimator should be consistent for «5.

3. Asymptotic distribution of 62(x). In this section we shall investigate as-
ymptotic distribution of the kernel type estimator 62(x) of o2(x) in regression
model (1.5) under the following:
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ASSUMPTION 2.  E|r(X)|> <ocand A := Er(X)r(X) is nonsingular.

An example of r := (ry,...,ry) satisfying this condition is r;(x) = X/, j=
I,...,q.

To define 62(x), let K be a density function on [—1,1], b = b, be se-
quence of positive numbers, ¢ denote the density of the N(0, 1) r.v., ¢(x) :=
vy lo((x — w)/y). and @,(x) :=s"'¢((x — X)/s). Let Ky(x) = K(x/b)/b,
Ky (x) := Kp(x — X;), and define the kernel type estimator of o2(x) to be

1 " N - ~
Z Kb,(x)etz, e =Y — ﬁ/r(X,).
n(pl’l(x) =1

Now fix an x € R and consider the following additional assumptions.

62(x) =

ASSUMPTION 3. The density K is symmetric around zero.

ASSUMPTION 4. The function o2 is twice continuously differentiable in a
neighborhood of x.

ASSUMPTION 5. The bandwidth b satisfies b — 0, n?*~!(Inn)~1b — oo for
1/2<h<3/4,n* b — ocofor3/d<h<1.

t=1
Uro = Er(X)o(X). The proof of the following theorem is given in the Appen-

dix. In it, Z3 is the Z; of (2.4) with B) = B and ¥ := (Y% + y3)!/2.

To describe our results, we need to introduce Zy, := nl—2H yn (u,2 - 1),

THEOREM 3.1. Suppose (1.2), (1.3), (1.5), Assumptions 2, 3 and 5 hold and
Ee* < o00.

(a) In addition, suppose x1, . .., xy are k > 1 points at which Assumption 4 holds
and r is continuous, H < (1 + h)/2, and

(3.1) n'="p? - 0.
Then, {nl_h(62(Xj) — 02(x1~)),j = 1,...,k} converges in distribution to
{(ij_M)Gz(x]'),jz 1. kWZ.

(b) In addition, suppose x is a point at which r is continuous and Assumption 4

holds, H > (1 4+ h)/2 and
(3.2) n'=Hp 0.
Then,
nz—zﬂ(&z(x) _ Gz(x))
(3.3) =02(0)Ziy + 1o AT r(r () A7 g
+ u,;GAflr(x)o(x)]Z,le +op(1).

Moreover, (Z}'y, Zn1) —q (25, Z) and Correl(Z},, Z2)) — ;3 /35=3.
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Consistent estimators of 11, > are obtained by plugging in the estimators of
H, G,, Gx and & in there while that of y,, is n -1 T rXpViXs).

REMARK 3.1. Suppose we choose b = O (n—?%). Then Assumption 5 and (3.1)
hold, for all § in the range (1 — h)/2 < 8 < 2(1 — h) whenever i > 3/4; and for
all § in the range (1 — h)/2 < § < 2h — 1, whenever h < 3/4 in the case (a).
Similarly, in the case (b), Assumption 5 and (3.2) hold for 1 — H < § <2h — 1
whenever h < 3/4; and for 1 — H <§ <2 — 2h whenever h > 3/4.

We also note here that by using the truncation method as in [2], the above The-
orem 3.1 will continue to hold for a symmetric density kernel function K with
noncompact support and finite variance, for example, normal density.

4. Estimation of H. In this section we consider the problem of estimating
G, H in the model (1.5) based on &; :=Y; — B'r(X,), 1 <t <n.

For a process &,1 <t <n, let wg(X) := 2nn)~ 172 Y £l Is(A) =
|we (M)|?, & € [—7, ], denote its discrete Fourier transform and perlodogram re-
spectively, where i := (— D2, Fix 1/2 <ay <az < 1. With A :=2mj/n and an
integer m € [1,n/2), fora; < < ap, let

m m
0w)= 302 0y, RO =log QW) — ¥~ 1) logh.
j=I1 j=1
Then the local Whlttle estlmators of G, and H in the model (1.1) based on {e;}
are defined to be Gu = Q(H ), H= arg mmwe[a1 a] R(Y), respectively.

The log(n) consistency of an analog of H and consistency of an analog of Gy
in nonparametric homoscedastic regression models with X; =¢/n,t =1,...,nis
proved in [25]. The following theorem shows that these results continue to hold
in the regression model (1.5) under much simpler restrictions on m than those
required in [25], partly due to the parametric nature of the model and partly due to
random design.

THEOREM 4.1. Suppose, in addition to (1.2), (1.3), (1.5), Assumptions 2
and 5, the following holds:

A m 2H-1 mZ(H—h)
(4.1) (Inn) <<;> + m) — 0.
Then, In(n)(H — H) =, 0, G — Gy, —, 0.

The proof of this theorem is sketched in the Appendix. We note here that if
m=Cnforan 0 < a < 1, then (4.1) holds for H > h. In the case H < h, it holds
forany a > (2h — H — 1)/(2h — 2H). In particular, in the case of Gaussian {u;}’s,
[14] shows that the optimal bandwidth m equals Cn*/>, which always satisfies
4.1).
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5. Regression model diagnostics. In this section we investigate the weak
convergence of 17,1 under Hp and the assumptions (1.2)—(1.3). The following
Glivenko—Cantelli type result is used repeatedly in this connection: for a mea-
surable real valued function g, with E|g(X)| < oo,

(5.1) sup n ™! " (X1 (X, <x) — EOI(X < x)| > 0.

xeR =1

We are now ready to state and prove the following:

THEOREM 5.1. Under (1.2), (1.3), (1.5) and Assumption 2,

sup [n "7V, (x) — Jo (x) Zn1| = 0, (1).
xeR

Hence, under Hy, n_H’r?n x) = Jo(X)Y1Z, in JD(R), and uniform metric.

PROOF. Let Z, =3""_, r(X;)ou;, nA, := A, and for an x € R, let a(x) :=

Er(X)I(X <x), L(x) := Ec*>(X)I (X <x),

() =n""Y r(X0l(X; <x),  Fe(x):=Ec(0I(X <x),

t=1

Va(x) :=Y ol (X; <), Un(x) =Y urfo (X, <x) — Fo(x)}.

t=1 r=1
Now, assume Hp holds. Using the Hermite expansion argument, we have
Emn "[U,(x) — U, (»)D? < Cn= 2P |L(y) — L(x)|, for all x,y € R. Then
the chaining argument of [9] yields that sup, g |Un(x)| = 0,(1), and hence,
nHv,(x) = F,(x)Zy + u,(1). By (2.1), we also have nHZ, = woZn +
op(1), A=A+ op(1), and by (5.1), sup, . [ay (x) — a(x)|| = 0, (1). Note also
that J, (x) = F,; (x) — ,u;(,A_lot(x). From these facts we readily obtain

n AV, () =0 Y 1Y, = B (XD (X < x)
t=1

= n_HVn(X) - n_HZ;IArTI&n(X) = JO'(X)Z'” + I/tp(l)-

This, uniform continuity of J, and (2.2) complete the proof. [J

In order to implement the above result, we need a uniformly consistent estimator
of J,(x). One of the unknown entities in J,; is o (X). Because of unstable behavior
of 6 (X;), we shall use an alternate estimator of o (x) based on the ideas of cross
validation method that leave one observation out each time. For this purpose, we



470 H. GUO AND H. L. KOUL

assume the design density is known, that is, u, y are known and take them to be
0, 1 without the loss of generality. Let

. 1/2

A 1 . n

(52) Ai(x):= (mZKm(x)e?) . Vi@ i=AL e ),
t#i

fori =1,...,n. Note that V;(x) is an estimator of o (x) and that of J; (x) is
~A n n -_
T@) =Y VX)X <x) =Y r(X) V(XD A T (x).
=1 t=1
To prove its uniform consistency, we need the following:

ASSUMPTION 6. The function o has continuous first derivative.

THEOREM 5.2.  Suppose (1.2), (1.3), (1.5), and Assumptions 2 and 6 hold and
that u =0,y = 1. In addition, suppose b — 0, b='n*'=2 = 0(1), E|r2X)|?* <
00, EoZk(X)r;‘(X) <oo, for j=1,...,q,k=0,1, and Ec*(X)¢'/*(X) < o0.
Then, under Ho, Sup, g |Jn(x) — Jo (x)] = 0,(1).

The proof of this theorem follows from the following lemma. Let 1~\2_t(x) =
(n— 1710, Kpi(x)ofu;.

LEMMA 5.1.  Under the conditions of Theorem 5.2,

(5.3) max E(AZ,(X,) = o7 (X))} > 0,
<t<n
(5.4) n Y A (X)) — Ao(X)Pe (X B o,

=1
The proof of this lemma appears in the Appendix. We have the following:

COROLLARY 5.1. Under the conditions of Theorem 5.2,

(5.5) max E|A_;(X,) —o:9"*(X)[* = 0,
1<t<n

(5.6) nI Y ViX) —aJrjXo| B0, j=1,....q.

t=1

PROOF. The claim (5.5) follows from (5.3) and the inequality |al/2 — bl/z|2 <
la — bl,a A b > 0. We shall prove (5.6) for j =1 only, it being similar for j =
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2,...,q. It suffices to show that

(5.7) Y AL (X)) — AL (XDIIr (XD~ 2 (X)) = 0p (D),

t=1

n
(5.8) n YA (X)e T A (X)) — o (XD (X)) =0, (D).
t=1
By the Holder inequality, the expectation of the lLh.s. of (5.8) is bounded
above by Y1 EVAA_ (X)) — o (X)g'2(X)P EX3(r] 2 (X9~ (X ) /n.
Since E|r1(X)[3/?/$3/*(X) = E|r1(2X)|?/? < o0, (5.8) follows from (5.5).
Next, by the C-S inequality, the Lh.s. of (5.7) is bounded above by
n y n 1/2
IS AL(X) = Ao (X Po T A (X) Y ri(Xng A (X))
t=1 t=1
ri(X) g%

But because n~! i Tk as B
from this bound and (5.4). [

< CEr}(2X) < oo, (5.7) follows

PROOF OF THEOREM 5.2.  The proof follows from (5.6), the triangle inequal-
ity, the facts that ||A;l —A7 = op(1),and sup, [|a,(x) —a(x)| = o0, (1) implied
by (5.1), in a routine fashion. [J

A consequence of the above results is that whenever sup, |J5(x)| # 0, the test
that rejects Hp, whenever, with 1/}1 =G,0(H)/HQ2H — 1),

(5.9) D, = 07 1 < sup [V (x)| = Za/2,

ntgsupy [Jp(0)] ¥
is of the asymptotic size «. Here z,, is the 100(1 — «)% percentile of the N (0, 1)
d.f. In the simple linear regression model with nonzero intercept, that is, when
r(x) = (1,x), Jo(x) =0 if and only if o (x) is constant in x. In the case of a
polynomial regression through the origin, sup, |J5 (x)| # 0. In particular, the above
test is applicable when fitting a heteroscedastic polynomial.

Proving consistency of the proposed test against a fixed alternative is a delicate
matter. However, suppose G, H and o are known such that sup, |Js (x)| # 0.
Then the test that rejects Hy whenever sup, |"17n )| =>nflz, 2y sup, | Jo (x)| will
be consistent against the alternative w(x) = 8'r(x) + £(x), for all x, where ¢ is
such that E¢2(X) < oo and

sup |E[€(X) — E(r(X)€(X)) A~ 'r(X)1 (X <x)| #0.
xeR
In the case these parameters are unknown, the above test (5.9) will be consistent

against this alternative, provided estimators of these parameters continue to be
consistent under the given alternative.
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6. Numerical results. This section contains a simulation study and a real data
application.

6.1. A simulation study. In this simulation we take r(x) = (1,x)’, Bp =0,
B1 =2 and 0%(x) = 1 +x2. The errors {u,} are taken to be FARIMA(0, H —1/2, 0)
with standardized Gaussian innovations and {X,} is taken to be fractional Gaussian
noise with the LM parameter /. The values of H, h range in the interval [0.6, 0.95]
with increments of 0.05. These processes were generated using the codes given in
Chapter 12 of [4]. .

We first concentrate on the properties of Bi and H. Table 1 provides the root
mean square errors (RMSE) of the LSE B; with sample size 500 and 2000 repli-
cations. As can be seen from this table, when H + & increases, so does the RMSE
of ,31. Typically, when H 4+ h < 3/2, the RMSE is small.

Table 2 provides the RMSE’s of the local Whittle estimator H of H based on

A

& =Y, — B1X;, 1 <t <500, repeated 1000 times. From this table, we observe
that, for H < 0.85, the overall RMSE is less than 0.072 and stable regardless of
the values of A.

Next, to assess the finite sample behavior of 62, we simulated the estimator
6’2()6) for the values of x in the grid x; = —1.50, x, = —1.49, ..., x301 = 1.50, and
for 0.65 < H, h < 0.95. We used the built-in smoothing function of the R program
with normal kernel and sample size 500 repeated 500 times. The ranges for § in
the bandwidths b = Cn~? are given in Table 3 according to the Remark 3.1. The
symbols (a) and (b) indicate “Case a” and “Case b” of Theorem 3.1, respectively.
Based on Table 3, for convenience, we used § = 0.2, b = Cn—-2 in our simulations
for all cases of H and & considered except when 4 = 0.95. In this case, we used
6 = 0.099. The constant C is adjusted for different values of H and % according to
the average squared errors: ASE := 2,2(;11 (62(xx) /0% (xx) — 1)?/301. We record
those C values which possibly make ASE the smallest. Some summary statistics of
ASE are reported in Tables 4—7. It can be seen that the estimator 62(x) is relatively
stable for the values of H, h < (0.85. Similar results are observed when we replace

TABLE 1
RMSE of the LSE B for sample size n = 500

H\h 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

0.60  0.00873  0.00864 0.00881 0.00980 0.01046 0.01151 0.01352  0.01922
0.65 0.00843  0.00950 0.01074 0.01170 0.01231 0.01345 0.01758  0.02473
0.70  0.01039 0.01011 0.01141 0.01354 0.01463 0.01760  0.02150  0.03410
0.75 0.01082  0.01212 0.01354 0.01545 0.01942 0.02273  0.03036  0.04653
0.80  0.01229 0.01395 0.01765 0.01924 0.02438 0.03328 0.04788  0.07352
0.85 0.01407 0.01776  0.02180 0.02828 0.03621  0.04875 0.07040  0.12540
090  0.01859 0.02369 0.03099 0.03984 0.05404 0.08341 0.12010  0.20873
0.95 0.02572  0.03406 0.05188 0.06472 0.11374 0.17622  0.27383  0.49624
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. TABLE 2
RMSE of H based on Yy — 1 X; for sample size n = 500

473

H\h 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
0.60  0.03964 0.03867 0.03931 0.03870  0.03774  0.03940 0.03985 0.03938
0.65 0.04276  0.04273  0.04402 0.04261  0.04330 0.04511 0.04158 0.04317
0.70  0.04808 0.04750 0.04770 0.04819  0.05041  0.04856 0.04746  0.04690
0.75  0.05357 0.05478 0.05537 0.05473  0.05382  0.05075 0.05290 0.04940
0.80  0.06228 0.06303 0.06231 0.05918  0.05822  0.05973 0.05813  0.05509
0.85 0.07076  0.07202 0.07075 0.06699  0.06584  0.06310 0.06217 0.05773
090 0.08334 0.08323 0.08078 0.07803 0.076877 0.07237 0.06785  0.06508
0.95 0.11288 0.11096 0.10891 0.10300  0.09456  0.08519 0.07816  0.06718

TABLE 3
Ranges for § of the bandwidths for estimation o

H\h 0.65 0.75 0.85 0.95
0.65 (a) (0.175,0.3) (a) (0.125,0.5) (a) (0.075, 0.3) (a) (0.025,0.1)
0.75 (a) (0.175,0.3) (a) (0.125,0.5) (a) (0.075, 0.3) (a) (0.025,0.1)
0.85 (b) (0.15,0.3) (a) (0.125,0.5) (a) (0.075, 0.3) (a) (0.025,0.1)
0.95 (b) (0.05,0.3) (b) (0.05,0.5) (b) (0.05,0.3) (a) (0.025,0.1)

TABLE 4
Summary of ASE(62) for H = 0.65

h\ Summary Bandwidth Q1 Median Mean Q3
0.65 3n—0:2 0.0261 0.0369 0.0424 0.0512
0.75 3.5n702 0.0256 0.0383 0.0432 0.0557
0.85 4n=02 0.0273 0.0417 0.0595 0.0617
0.95 1.57,70:099 0.0366 0.0663 0.1138 0.1058

TABLE 5
Summary of ASE(52) for H=0.75

h\ Summary Bandwidth Q1 Median Mean Q3
0.65 4502 0.0442 0.0711 0.0887 0.1127
0.75 45702 0.0465 0.0652 0.0888 0.1076
0.85 4502 0.04667 0.0774 0.1043 0.1252
0.95 2,—0.099 0.0627 0.0995 0.2190 0.1902
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TABLE 6
Summary of ASE(62) for H = 0.85

h\ Summary Bandwidth Q1 Median Mean Q3
0.65 4.5p702 0.1562 0.2724 0.5402 0.5584
0.75 6n=02 0.1594 0.3113 0.5449 0.6330
0.85 5n=02 0.1625 0.3252 0.5475 0.6103
0.95 2.5n0:09 0.1704 0.3155 0.7092 0.6235

the normal kernel by the kernel function K (x) = 0.5(1 4 cos(xm))I(|x] <1) or
the uniform kernel.

6.2. Application to a foreign exchange data set. In this section we shall apply
the above proposed lack-of-fit test to fit a simple linear regression model with
heteroscedastic errors to some currency exchange rate data obtained from www.
federalreserve.gov/releases/H10/hist/. The data are noon buying rates in New York
for cable transfers payable in foreign currencies. We use the currency exchange
rates of the United Kingdom Pounds (UK£) vs. US$ and the Switzerland Franc
(SZF) vs. US$ from January 4, 1971 to December 2, 2005. We first delete missing
values and obtain 437 monthly observations. The symbols X = dIUK and Y =
dISZ stand for differenced log exchange rate of UK£vs. US$ and SZF vs. US$,
respectively. We obtain

mean(dlUK) = —0.0001775461, Stdev(dlUK) = 0.001701488,

mean(dISZ) = —0.00004525129, Stdev(dlSZ) =0.001246904.

The local Whittle estimates of the LM parameters of dIUK and dISZ processes,
respectively, are 0.6610273 and 0.7147475. In computing these estimates we used
m = [n/8] = 54.

Comparing the X-process with a simulated fractional Gaussian noise with h=
0.6610273 and n = 437, Figure 1 suggests that the marginal distribution of X is
Gaussian.

TABLE 7
Summary of ASE(62) for H =0.95

h\ Summary Bandwidth Q1 Median Mean Q3
0.65 6n—0-2 1.153 3.214 16.24 11.83
0.75 Tn—0:2 1.137 3.078 14.75 11.25
0.85 7.5n=0:2 1.018 2611 12.77 11.59

0.95 4.5, 0099 1.136 3.374 12.57 11.85
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QQ-plot of dIUK and simulated FGN(H_X)

F1G. 1. QQ-plot of dIUK.

Next, we regress Y on X, using the normal density kernel regression function
estimator and a simple linear regression model. Both of these estimates are de-
picted in Figure 2. They display a negative association between X and Y. The
estimated linear equation is Y = —0.000118775 — 0.4141107X, with a residual
standard error of 0.00102992.

0.004

= o ksmooth ——
LSE -

0.000 0.002
1 ]

Differenced log rate of SZ

-0.002

-0.004 -0.002 -0.000 0.002 0.004 0.006
Differenced log rate of UK

FI1G. 2. Kernel estimation of r (x).
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FI1G. 3. Kernel estimation of o (x).

Figure 3 provides the nonparametric kernel estimator of o (x) when regressing
Y on X with K(x) =0.5(1 + cos(xn))1(|x| <1).

The estimators of H basedong =Y — ﬁX andu = (Y — ,BX)/O’ (X) are equal to
0.6046235 and 0.6246576, respectively. This again suggests the presence of long
memory in the error process.

Finally, to check if the regression of ¥ on X is simple linear, we obtain
D, = 0.4137897 with the asymptotic p-value 66%. As expected, this test fails
to reject the null hypothesis that there exists a linear relationship between these
two processes.

APPENDIX

This section contains some preliminaries and proofs. To begin with we give a
reduction principle involving the kernel function K. Let § := {v: Ev?(X) < oo},
u=FEX, y2 = Var(X) and Z = (X — n)/y. Then Hermite expansion of a v € §
is equal to ZjZO(Cj/j!)Hj(Z), where now ¢; = Ev(yZ + pn)H;(Z). We also
need the fact that for any auto-covariance function c(k) ~ Ck=2(=9 k — oo,
1/2<é<1,

w*ji}j&Qr—ﬂyz0(%)+cwﬁfn)u8=3ﬂb

t=1s#t

(A.1)
+0m™® 13/ <5 <1).

We are now ready to state and prove the following:
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LEMMA A.1. Let X;,t € Z, be a stationary Gaussian process with u = EX
and y? = Var(X). Let & be a real valued measurable function on R, K be a density
kernel on R, and b = b, be a sequence of positive numbers, b — 0. In addition,
suppose x € R is such that

(A.2) sup Kz(v)éz(x —bv)p(x — bv)dv < oo.

n>1

Let up(x) = EKp(x — X)&(X). Then,

n! ZX:; (Kbt (0)E(X;) — pp(x)) — §(x)x - Mw(%)n_l IXZ;(¥>
:0‘0(\/%), 1/2<h<3/4,
)0l v

Op(\/iz_b-‘_\/bnl‘*i_‘”’)’ 3/4<h<l.

PROOF. Without loss of generality, assume =0, y = 1. Let x be as in (A.2).
Let v,(X) := vb[Kp(x — X)E(X) — up(x)]. For each n > 1, Ev,(X) =0, and
Ev2(X) <bEK:(x — X)E2(X) = [ K*(v)E2(x — bv)p(x — bv) dv. Hence, under
(A.2), sup{Ev2(X) n > 1} < oo, so that v,(X) € 4, Vn > 1. This in turn implies
that supn>1Z lcnj/]' < 00, where, Vj > 1,

Cnj = \/5/ Ky(x = EWHj (1) dy = Vb{H;(x)E(x)p(x) + o(1)}.

Hence,

2
1 & Cn
{—Zvn<xt>—cnlxt]} = QZZZ ’EH (X)) Hj (X))

t=1 sltljZ

N

= ’”{ nZZZmn—sD

i It =1 st
This and (A.1) applied to c(k) = yx (k) complete the proof. [

We also need to recall the following result from [11]. Suppose {u;} is as in (1.2)
with Ee* < 0o. Then, forall 1/2 < H < 1,

(A3)  E@d—1D@u?—1)=2D*2CH=2 4 5(;22H=2), t — 00,
(A4) Euouy(ui — 1) ~ 2y, () yu(t —3), |t — 5| — oo,
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and for s, ¢, r such that |t — s|, |r — ¢| and |s — r| all tending to infinity,

(A.5)  Euousuiur ~ Yu()yu(r —1) + vu@Oyvu —5) + vu () yu(t — ).

Use (A.3)-(A.4), and argue as in the proof of Lemma A.1 with £ as in there, to
obtain the following two facts under Assumptions 3 and 5, and (A.2):

2
n 1 1
(A6) E{n“ > (K (05(X) — vb)ur} = 0(%) i 0<n2—2H>’
t=1

2
n 1 1
(A7) E{n1 D (K ()E(X,) — vp) (uf — 1)} = 0(@) + 0<—n4—4H>'

t=1

Note that if K is supported on [—1, 1] and & is continuous at x, then (A.2)
holds, for in this case the 1.h.s. of (A.2) is bounded above by C max; < éz(x —
z) = C&%(x) < oo. It also holds if & is bounded and K is square integrable on
R. In particular, under Assumptions 3 and 4 and continuity of r at x, it holds for
E)=0%(y) and £(y) =o(Mr(y), y €R.

Next, we give some inequalities that are useful in approximating an average
of certain covariances of a square integrable function of a Gaussian vector by
the corresponding average where the components of the Gaussian vector are i.i.d.
Accordingly, let E,? denote the expectation of a standard k-dimensional normal
random vector. Let Ag s ; be the covariance matrix of Xg, X, X;, 0 <s <7, and
Bo st = Ao,s,r — I3 = ((b; j(s,1))), where I3 is the 3 x 3 identity matrix. Let o5,
denote the largest eigen value of By ;. From [23], Chapter 6.2, page 194, we
obtain that g5 ; < max; Z§:1 |bi, j (s, t)|. This in turn implies that

(A.8) 0s.t < 3lyx(t —9)| V|yx ()| V lyx(1)] Vs <t,s,t €.

For a square integrable function g of k r.v.’s, let ||g||2 = (E,?gz)l/2 and
73(72) denote the Hermite rank of g(Xo, X1, X2) — Eg(Xo, X1, X2) (g(Xo, X1) —
Eg(Xo, X1)). Since both 73 A 72 > 1, Theorem 2.1 of [27] yields that, for suffi-
ciently large |s —i|, |t —i| and |t — s|, 3 a C < oo free of i, s, ¢, such that

|Eg(X;, X, X1) — E%(X;, Xy, Xy)|

(A9)
2 . .
< CllglSef 3 —i < Clyx(t = )|V lyx(s = DIV lyx (¢ = D),
|Eg(Xy, X;) — E%8(X;, X))
(A.10) p
T

<Clligldy’~(t — s).

In turn, (A.9) implies that, uniformly ini =1, ..., n,

A1) (n—D2Y Y (Eg(Xi. Xy Xo) — E% (X, Xy, X)) = 0.
t#i s#i
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PROOF OF THEOREM 3.1. Let x be a point at which r is continuous and
Assumption 4 holds. Let d := (B — B), 6%(x) := ;’: Kpe (x)o2u? /ngp(x),

Sp = no(x )ZKbt(x)Uﬂ’tut, Xy = no(x )ZKbt(x)rﬂ’t
Rewrite 62(x) — 02(x) as the sum
(62(x) — o2(x)) + (Pn(( )) [d'S,d —2d'S,] + [:f(’;)) - 1]&2(x)
= I*+II* +1II*.

Now let v, := EKp(x — X)o2(X) and rewrite I* = I + I, where

ZKb,(x)atz(ut —1),  H=II+II,

T on ( ) 1=
1 Vb
1 = Z[Kbr(x)dt — ], I=—"——0o%x).
ne(x) ) f @(x)
First consider the term //. Use Assumption 4 to verify that
(A.12) I, < Ch.

Assumption 5 implies that n>~%" = o(nb). By Lemma A.1 applied to £(y) =
o2(y), we obtain that, under Assumptions 3—5,

(A13)  n'7ML =y (e — )P () Zn +0p,(1)  VI2<h <.

Now consider the term /. Because EI = 0, (A.6)—(A.7) applied to £(y) = o2(y)
yield that EI?> = O((nb)~ "), for 1/2 < H < 3/4, EI> = O((nb)~! 4+ n*"—*%), for
3/4<H <1,and I = O,((nb)~ 172 lnl/z(n)) for H = 3/4. We summarize these
results here: Under Assumptions 2-5,and E¢* < o0,

1 _ +/In(n)
I = - +n*i 21l 4 I(H=3/4
Op< _nb+n (H>3/4)+ — ( 3/ )>,

(A.14)
= 0,n"""+p.

Next, consider S,,. By (A.3) with §(y) =o(y)r;(y), j=1,..., g, we obtain
n
(A.15) n' =Sy =r(x)o@n™ "y u + o0, ().
=1

Note also that E(Z,,) — r(x)r'(x).
Lemma A.1 applied to £(y) = (r(V)r'(¥)i,j, i, j=1,...,q, yields

(A.16) %, — E(Zy) = 0,(n" ™).
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To deal with the IIT* term, by (A.1) applied with c(k) = yx (k), we have
1< _ B
st=yt== 3 X =)’ =yt = (X = )P =0y .
t=1
This and the identity s — y = (s> — ¥?)/(s + y) yield that s — y = 0,(n"~1). In
turn, this fact, the continuity of ¢ and the Taylor expansion yield that

(A17) nl_h<%— 1) :%nl_h()_(—u)/y +o,(1).

PROOF OF (a). Here H < (1 4+ h)/2. From (A.12) and (A.14), one sees that in
this case n! =" = op(l) = n'~"II,. Hence, by (A.13) and Assumption 5,

n'hp = %&mzn] +o,(1).

By (A.15) and (A.16), II* is negligible, because
I — OP(nz(H—l) 4 p@H=2)+(h=1) +n2(H—1)) _ OP(nh—l).

These results, (A.17) and the fact that 52(x) — p 0 (x) yield
~ X —
(A18) ' TM(6%(0) —o?(0) = T“crz(x)(znl + Zu2) +0p(D),

where now Z,, =n~" >7_1(X; — w)/y. By the independence of X,’s and u,’s,
Zn1 and Z,» are independent. Clearly, under the assumed conditions, (A.18) holds
for each x1, ..., x; given in part (a). Hence, part (a) follows from (2.2) and the
Cramér—Wold device.

PROOF OF (b). In this case, 2H —2 > h — 1. Leta =2 — 2H. Then, by (A.17),
n“lll* = 0,(1). By (2.1) applied with v(x) =r(x)o (x),

n
(A.19) n'""Hd=n""A S rowy = Aptre Znt +0p(1).
t=1

By (A.16), because 2H —2 > h — 1,
1 3's,d =213 (x)r (x)1d 4 0,(1)

= o AT r@)r () 1A 1re Z3y + 0, (1).

By (A.15) and (A.19), n*2Hd'S, = i, A™'r(x)0 (x)Z3y + 0p(1). Since gy (x)
—  @(x) > 0, we thus obtain

n> I = ) AT O () A e + 0 (0122 + 0p(1).

Next, consider I* = I 4 II. Because h > 1/2, H > (1 + h)/2 implies
that H > 3/4. Hence, here the term / is the dominating term. Recall Z}, =
n!=2H 3" (u? — 1). By (A.7) applied with &(y) = o%(y), we obtain
o

@(x)

2 +op(D).
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Upon combining these results, we obtain (3.3) in the case (b). The claim (Z},,
Zn1) =4 (Z3, Y1 Z) is proved as in [28].
To prove the claim about Correl(Z},, ,211), note that E(n!~#i)? — 1/[12, and
by (A.5),

Z Z ELt()Ltslth2Lts3

Z Z Z{VM(S1))/M(S3—S2)

t_l s1=1s=1s53=1
+ Yu(52)Vu (51— 53) + vu(53)Vu (52 — 51)}
12GX9(H) Zl Z r)z” 3yt
H(2H
t=1s1=1

Hence, Var(ii?) ~ 2w12n_4+4H . By (A.3) and (A.4), similar calculations yield

-2 —1 - 2 ~ 4G282(H) —4+4H
E(" " g(”f 1)) QH—12@H—1)" ’

n 202
Var(n_l Z(“zz B 1)) N 2G-0~(H) —AAH
et (4H —3)(2H — 1)

This completes the proof of Theorem 3.1. [

Next, to prove Theorem 4.1, we need the following preliminaries. Let & be
an arbitrary function such that E£(X) = 0, ESZ(X) = 1. Let & := £(X;) and
cj:=EE(yZ+ wH;(Z), j > 1. Let p := )/X(k)/)/2 and t > 1 be the Her-
mite rank of £(X). Then, the auto-covariance function of the process & is yg (k) =

2 .
yx (k)T (r' + Z —r (j’:ll),yx (k)/+1=7), where the second term is bounded above

by ijl Cj/J. = 1. Therefore, there exists a constant C = C(t, Gx) free of k,
such that

(A.20) ve (k) ~ Cpy, k — oo.
LEMMA A.2. With & as above and u; as in (1.2), let Iz, denote the peri-
odogram of &u;. Then, as » — 0,

O(ATC=2+I=2H) - 0 < 7(2—2h) + (2 —2H) < 1;

Elgu(k):{O(logn), T2 —2h)+ (2 —2H) > 1.

PROOF. From (v.2.1), page 186 of [35] we obtain that, forany 0 < o < 1,

n
A21) Y™ s e-lp(l - < in "o +icos - ) = 0.
( ) ; et — (1—aw) sm2a+lcosza —
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Since y, (k) ~ Ck*H-2, by (1.4), (A.20), (A21) withO<a =12 —2h) + (2 —
2H) < 1 and the independence of & and u;, imply that, as A — 0,

| NI . L
Eley(W) = — Y > v (j —yu(j — kel 0
2mn oy

n k-1
~ Cnfl Z Z tf[r(272h)+(272H)]eit)L < C)Lr(272h)+172H.
k=1t=k—n

Inthecase t(2—2h)+(2—-2H) > 1, Els,(A) < Clogn,forall A € [-z,7]. 0

The following fact proved in [7] is also needed for the proof of Theorem 4.1.
Under (1.2) and when m = o(n),

[vm]
(A22) sup [om]™' Y Ly /f—> 1 as.m— oo
O<v<l j=1

PROOF OF THEOREM 4.1. The basic proof is the same as in [25], with some
difference in technical details. So we shall be brief, indicating only the main dif-
ferences. With o9 = Eo (X), rg := Er(X), let n; :=e; — oouy, § := (B — 5)/r0
and ¢ := (B — B)'r(X,). Then & = ¢ + n: + oour. Let fj =1, " and D =:
[Iz(A;) — (IOZIM (A)1/fj- According to the proof of Theorem 3 in [25], to prove
Theorem 4.1 for 1/2 < H < 1, it suffices to verify the following three claims:

m—1 i 2(a|—H)+11 i »
a2 Y (s) Ly o2,
i=1 " iz
2m—l iN128 | ,
(A24) (logn) (—) — Di|—0 for some small § > 0,
(logn)* & P
A.25 Di—>0
(A.25) ~ ; i

We use the following elementary inequalities in verifying these conditions:

11:(A) — ag L(M)| < 200 L0 Iy W)Y + Ty (3),
(A.26)
Iy(W) <30+ ;M) + I,(V)  Vae[—m, 7],

where V; :=§& + ¢ +n;. Let Iy j := Iy (A ;) for any process Y;.
Recall that for the Dirichlet kernel Dy (A) := Zle el |Dr(A)| < C/A, for all
re[—m, ], k> 1. Also by (2.2) and (A.19),

(A.27) n' 7B — Bl =0,0).
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These bounds imply that 5’ =0,n*1- 3A2H =3), uniformly in 1 < j <m.

Now, consider the termé . Assumptlon 2 implies that the Hermite ranks of
ri(X) —roj, j=1,2,...,q, are at least one. Hence, by (A.26), (A.27) and (1.4),
we obtain that, uniformly for 1 < j <m,

I
(A.28) Ji’ 0p(A: WAH=R) =T,
J

Similarly, using Lemma A.2 and the fact that the Hermite rank t of o (X) — o9
is at least 1, we obtain, uniformly for 1 < j <m,

0,157, 0<t(2—2h)+(Q2—2H) <1;

I -
(A.29) ) — 2H—1
Op()»j logn), t(2—-2h)+2—-2H) > 1.

fi

Now we are ready to verify (A.23)—(A.25). Let oy := 2(a; — H). By

changing the order of summation, the Lh.s. of (A.23) is bounded above by

Cm™4H~ IZ’" L JNDj|, for H > ay, and by Cm ™ 1logmz _1|1D;j|, for H =
ai. But, by (A 26) and the C-S inequality,

12
aHUO|Iu,jIV,j|/ + 1y,

(]

E:

5

In
™M=
H

L R ) 1 gy 1V
(S sl L)

We also have the following facts where ¢, :=m~*# 1
i en I e 1 -
Yoyl =y gL N jen L — ().
j=1 /i j=1 /i Jj=l /i

These bounds together with (A.22), (A.28) and (A.29) imply (A.23) for H > aj.
The proof of (A.23) for H = a; is similar. The conditions (A.24) and (A.25) are
verified similarly. [

PROOF OF LEMMA 5.1. To prove (5.3), it suffices to show

2
(A.30) lr;l[a;;nE< ZK;,](X,)G (u —1))
Hﬁt
2
(A31) f;‘f‘;E(n ;Kb’(x’)" Ut2¢(Xz)> —
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To prove (A.30), the expectation in the 1.h.s. of (A.30) equals A, ; + B, ;, where
=n—-D72Y;, E{ng(Xt)aj}}E(u? —1)2, and

1

B
" =12

Yy E{Kpj (X0 Kp(X1)oop)
JFELkFELKFE ]

x E@5 — D)(ug —1).

Apply (A.9) and (A.11) to g(X,, X j, X¢) = Kpj(X,) Kpr(X,)o 707 Note that for
this g, ||g||(3) < Cbh~!. Hence, uniformly in ¢,

By < —C
" (= 1)2
n
<Y > {E'Kpi(X)Kn (X))o 70
JF#t kFt kF ]
(A.32)

1/2
+Ch™ lg‘/m[ HE@E = D(g = 1)

< Cn*H—4 4 Cp=12ph-1+4H—4 _

by (A.3). Similarly, by (A.10), we obtain that, uniformly in ¢, A, ; < C (nb)~ 1.
Hence, (A.30) holds. To prove (A.31), rewrite the Lh.s. of (A.31) as

n
E(n—17 Y Kpj(X)Kp(X)oTop
Jok#t

n
—2E(n—D7'0*(X)p(X) Y Kpj (X))o} + Eo*(X)p* (X)
j#t
=:Cpy — 2D, + Ec*(X)$*(X),  say.
Similar to the argument in (A.32), by (A.9) and (A.10), the terms C, ; and Dy, ;
tend to Ec*(X )¢2(X ) uniformly in ¢, thereby proving (A.31). This completes the

proof of (5.3).
Next consider (5.4). Arguing as for (5.5), it suffices to show that

(A.33) nU ST IAZ (X)) — A2, (Xnle T 2 (xp B o.

t=1

But |A2,(X,) — A%,(X,)] is equal to

_12Kbl(xt)[<ﬁ BYr(X)1> +2(B — B)r(Xi)oiui|.
i#t
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Moreover, (A.10) implies that, for k =0,1,2, 1 < j <gq,

Ela =1 & & KXo (K¢ (X0
¢ _ 1/2
=T nin—1) X;;f/lﬂa(x Mo IryM e~ ()i (x, y) dx dy
¢ _ 1/2
S an—D Z;;f/Kb(x NeWrjMIFe' 2 (x)p (y) dx dy
+ % =0o(),
nl=hpl/2
-1/2
En(n_l)Zngbl(Xt)m(xn ¢~ (X))
< _ 1/2 C
S 2;//[@()6 IS @ () dx dy + ——7s
=0(1).
In the above we used the assumptions Er;.‘(X) <00, j=1,...,q. Therefore,

(A.33) holds because || — BH —,0. O
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