TAIWANESE JOURNAL OF MATHEMATICS
Vol. 10, No. 2, pp. 381-397, February 2006
This paper is available online at http://www.math.nthu.edu.tw/tjm/

THE SET OF COMMON FIXED POINTS OF A ONE-PARAMETER
CONTINUOUS SEMIGROUP OF NONEXPANSIVE MAPPINGS IS
F(3T(1)+ $T(v2)) IN STRICTLY CONVEX BANACH SPACES

Tomonari Suzuki

Abstract. In this paper, we prove the following. Let £ be a strictly convex
Banach space. Let {T'(¢) : ¢ > 0} be a one-parameter strongly continuous
semigroup of nonexpansive mappings on a subset C' of E. Then

N F(T@®)=F <1T(1) + %T(ﬁ))

2
t>0

holds, where F'(T'(t)) is the set of fixed points of 7'(¢) for each ¢ > 0.

1. INTRODUCTION

Throughout this paper we denote by N, Z, Q and R the set of all positive
integers, all integers, all rational numbers and all real numbers, respectively.

Let C be a subset of a Banach space E. A mapping 7" on C is called a
nonexpansive mapping if ||Tx — Ty|| < ||z — y|| for all z,y € C. We denote by
F(T) the set of fixed points of 7. We know that F'(T") is nonempty in the case that
E is uniformly convex and C' is bounded closed and convex; see [4, 5, 10, 15]. A
family of mappings {7'(t) : t > 0} is called a one-parameter strongly continuous
semigroup of nonexpansive mappings on C' (honexpansive semigroup, for short) if
the following are satisfied:

(sg 1) For each ¢t >0, T'(t) is a nonexpansive mapping on C;
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(sg2) T(s+t)=T(s)oT(t) forall s,t>0;

(sg 3) for each = € C, the mapping t — T'(t)z from [0,00) into C is strongly
continuous.

We know that (), F(T(t)) is nonempty in the case when C' is weakly compact
convex and every nonexpansive mapping on a closed convex subset of C' has a fixed
point; see Bruck [8]. The author in [27] proved the following.

Theorem 1 ([27]). Let {T'(¢) : t > 0} be a one-parameter strongly continuous
semigroup of nonexpansive mappings on a subset C of a Banach space E. Let o
and (3 be positive real numbers satisfying o/ ¢ Q. Then

F(T(#) = F(T(a) N F(T(5))
>0
holds.
Using this theorem, the author has proved many convergence theorems for non-
expansive semigroups. For example, the following is proved in [26].

Theorem 2 ([26]). Let C' be a compact convex subset of a Banach space
E and let {T'(t) : t > 0} be a one-parameter strongly continuous semigroup of
nonexpansive mappings on C. Let « and (8 be positive real numbers satisfying
a/f ¢ Q. Let A € (0,1), and let {6,,} be a sequence in [0, 1] satisfying

liminf @, =0, limsupé, >0, and lim (6,41 —¥6,)=0.

Define a sequence {z,,} in C by z; € C' and
Tpe1 = (1 = 0p) AT () + O AT (B)xp + (1 — Ny,

for neN. Then {x,,} converges strongly to a common fixed point of {7°(¢):¢ >0}.
The following proposition is a corollary of Bruck’s result in [7].

Proposition 1 (Bruck [7]). Let C be a subset of a strictly convex Banach space
E. Let S and T be nonexpansive mappings from C' into E with F(S)NF(T) # @.
Then for each X € (0,1),

F(S)NF(T)=F(AS+ (1-X\)T)

holds, where AS + (1 — \)T" is a mapping from C' into E defined by (AS + (1 —
MNT)z = ASz + (1 — \)Tx for z € C.

In Proposition 1, the assumption of F'(S) N F(T) # @ is essential because we
know the following example.
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Example 1. Let E be a Banach space and fix v € FE with v # 0. Define
nonexpansive mappings S and 7" on E by

Sr=z+v and Tx =z —v

for all z € C. Then
F(S)= F(T)=2 and F (%S 4 %T) _E

holds.

In this paper, as motivated by above, we consider the following problem: Let
{T'(t) : t > 0} be a one-parameter strongly continuous semigroup of nonexpansive
mappings, let « and 3 be positive real numbers and let A € (0,1). We may not
assume F(T'(a)) N F(T(B)) # @. Then does

F(T(a)) NF(T(B)) = F(AT(a) + (1 = N)T(8))

hold? Our answer is positive.

Our problem is meaningful as follows: Finding a common fixed point of two
mappings is much easier than that for infinite families of mappings. However, as
Theorem 2, that for two mappings is still difficult. That for single mappings is much
easier than that for two mappings. See [1-3, 6, 9, 11-14, 16-26, 29-36] and others.

2. PRELIMINARIES

We recall that a Banach space E is called strictly convex if ||z + y||/2 < 1 for
all z,y € E with ||z|| = ||y|| = 1 and = # y. We first prove the following lemma.

Lemma 1. Let E be a strictly convex Banach space. Let v, z,y, 2z € FE such
that v #£ 0, y = z + Bv, and

2 =zl = llz —yll + ly — =]l = allv]|
for some o > 0, 6 > 0. Then x = z + aw.

Proof. From ||(z —y) + (y— 2)|| = ||z — y|| + |ly — z[| and the strict convexity
of E, we have that {x —y, y — 2z} is linearly dependent. Since y — z = fv # 0, we
can write x — y = y(y — z) for some v > 0. Since

r—z=y+v@y—2) —z=(1+7)pv,

we have
L+ 7Bl = [lz — 2l = aflv|
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and hence (1 + v)B=a. Thus, we obtain x—z=awv. This completes the proof. m
The following lemmas play important roles in the proof of our main result.
Lemma 2. Let o and (3 be positive real numbers with o/ ¢ Q. Define four

nondecreasing sequences {i, }, {jn}, {kx}, and {£,} in NU {0} as follows:

(I) ilzklzlandjlzglzo;
(ii) in the case of i,a — j, 0 > kn 0 — Lpa,
Int1 = in + Cn, Jnt1 =Jn + kn, kn—i—l =k, and gn—i—l =l
and in the case of i,a — j,08 < kn,08 — £y,
in—l—l = inv jn—l—l = jnv kn—f—l = .]n + kn and en—l—l =i+ gn
for all n € N.
Then the following hold:

(1) {ina — jnpB} and {k,(3 — £,«a} are nonincreasing sequences in (0, co) and
converge to 0; and

(2) limits of the four sequences {i,}, {jn}, {kn}, and {£,} are occ.

Proof. We note that i, — j,, 8 # k.0 — ¢ by the assumption of /3 ¢ Q.
So, we can define four sequences {i, }, {jn}, {kn}, and {¢,} in NU{0}. We shall
prove i,a — j,0 > 0 and k, 0 — £, > 0 by induction. We have

ila—jlﬁ:a>0 and klﬁ—€1a2ﬁ>0.

We assume that i, — j, 3 > 0 and k, 3 — £, > 0 for some n € N. In the case
of inae — jn 3 > knB — £y, from

in—l—la - jn—l—lﬁ = (’Ln + gn)a - (]n + kn)ﬁ
= ('Lna - ]nﬁ) - (knﬁ - gna)v

we have
0< in+1a - jn—l—lﬁ < ipo — ]nﬁ
By the definition of the sequences, we have

kni18 — lppro = kpfB — poe > 0.
In the case of i,a — j,0 < k.0 — £po, from

k1B —lny1a = (Jn + kn)B — (in + £y)
= (knfB — lna) — (ina — jnf3),
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we have
0 <kp1B—Llppra < kpB—Lha.

We also have
in+1a - jn—l—lﬁ = lp0 — ]nﬁ > 0.

By induction, we have i, — 5,8 > 0 and k,08 — £, > 0 for n € N. Also, we
have shown the nonincreasingness. That is, {i,a — 5,5} and {k,5 — ¢,a} are
nonincreasing sequences in (0,00). So, these two sequences have the limits. We
put
s = lim (iya — jp,08) and t= lim (k,0 — (o).
n—oo n—oo

We shall prove s = ¢t = 0. We first assume that s < ¢. Then we can choose m € N
such that
$ <lma — jmfB <t < kB — Q.

For n € N with n > m, since i,a — j,0 < k,0 — {po, We have i, = iy,
Jnt1 = Jns kn+1 = Jn + kn and £y = iy + £,. Thus,

InQ — Jnf = ima — jmf
for all n € N with n > m, and hence
0 < i — jmfB = s.
For n € N with n > m, we have

knﬁ - gna = (jn—l + kn—l)ﬁ - (in—l + gn—l)a
=kp108 —Llp1a— s
= kmfB — o — (n—m)s.
Since s > 0, we have ¢ = lim,(k,8—¢,a) = —oco. This is a contradiction. Hence,

we obtain s > ¢. Similarly we can prove s < ¢. Therefore s = t. We next assume
that ¢ > 0. Then we can choose m € N satisfying

t<ipma—jmB <2t and t<k,0—Lha <2t
By the above argument, either of the following holds:
Im1Q — Jm+10 = (ima - ]mﬁ) - (kmﬁ - gma) <2t—-t=t

or
kmy18 — b1 = (kmﬁ - gma) - (ima - ]mﬁ) <2t-t=t.

This is a contradiction. Hence, we obtain s = ¢ = 0. Therefore we have (1). Since
a/B ¢ Q, (2) follows from (1). [ ]
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Lemma 3. Let a and /3 be positive real numbers with o # 3 and o/ € Q.
Define four nondecreasing sequences {i,}, {j»}, {kn}, and {£,} in NuU {0} as
follows:

(I) ilzklzlandjlzglzo;
(ii) in the case of i,a — j,0 = kn 0 — lpa,

Intl = tny  Jntl = Jny  knt1 =kn and Ly = by,
in the case of i,a — j, 08 > k,.08 — £y,
intl =tin+ oy Jnt1 =Jn+kn, kny1 =%k, and {1 =4,
and in the case of i,a — j,08 < k08 — £y,
intl = in, Jntl = Jn, knt1 =Jn+k, and lpiq =i, + 4,
for n € N;

Then the following hold:
(1) {ina—jnpB} and {k, 03 — £, a} are nonincreasing sequences in (0, co); and
(2) there exists ng € N such that i, a0 — jin, 0 = knyS — lng .

Proof. As in the proof of Lemma 2, we can prove (1). Since o/ € Q, there
exist p,q € N such that o/8 = p/q. Put v = 3/q. Then a = py and 3 = ¢.
Hence

inQ — JnfB = (inp - an)7 and k.8 —lha = (knq - gnp)V

for n € N. Under the assumption that (2) does not hold, the proof of Lemma
2 shows that the sequences {i,« — j,3} and {k,5 — ¢,a} converge to 0. This
contradicts the fact that i,,p — jnq, kng — £np € N for all n € N. Therefore (2)
holds. |

3. MaIN REsuLTS

In this section, we prove our main results.

Theorem 3. Let E be a strictly convex Banach space. Let {T'(¢t) : t > 0}
be a one-parameter strongly continuous semigroup of nonexpansive mappings on a
subset C of E. Let o and (3 be different positive real numbers. Then

F(T(a))NF(T(B)) ={z € C: AT (a)z+ (1 = \)T(B)z = z}
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2

holds for every A € (0,1).

We first prove this theorem in the case of o/ ¢ Q. We will next pass to the
case of o/ € Q. Before each proof, we consider a concrete case in order to give
the idea of the proof.

Seta=1and 8 =+/2. Thena/3 ¢ Q. We fix z € C with

M (1)z+ (1= NT(V2)z =z
for some A € (0,1). We put
v=T(1)z—-T(V2)z and d= v
and we assume d > 0. We note that
T()z=z+(1—MNv and T(V2)z=2z— .
Since T(1) and T(v/2 — 1) are nonexpansive, we have

d=|T(1)z ~ T(VDz2| = |T(1)z ~ T(1) o T(VZ ~ 1)z
< |IT(V2 - 1)z 2]

and

IT(V2)z = T(V2 = 1)z|| < |IT(1)z = 2|l = (1 = A)d.
Since | T(v/2)z — z|| = Ad, we have
d<|T(V2-1)z - 2|

<|IT(V2 = 1)z = T(V2)z|| + |T(V2)z - 2|
<(1—-MNd+M=d

and hence
IT(V2=1)z = 2| = |T(V2 = 1)z = T(V2)z[| + IT(V2)z — 2|| = d.

By Lemma 1, we have

TWV2-1)z=2—w.
We also have
2=Nd=|T(1)z=T(V2 - 1)z <||T(2-V2)z — 2|

and

IT(1)z = T(2 = V2)2|| < |T(V2 - 1)z — 2| = d.
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Since | T(1)z — z|| = (1 — M\)d, we have
(2-Nd<|T2-V2)z - 2|
<T@~ v2)z = T(1)z] +|T(1)z - 2|
<(2—N\)d
and hence
IT(2~V2)z — 2| = IT(2 - V2)z = T(1)z] + |T(1)z — 2| = (2 = A)d.
By Lemma 1, we have
T(2—-V2)z=2+(2- M.
We have
(3—Nd= T2~ V22~ T(VZ~1)zl| < |T(3 - 2v2)z — 2|
o0 IT(2-V2)2—T(3-2V2)z|| < | T(V2 = 1)z — 2| = d.
Since | T(2 — v2)z — z|| = (2 — \)d, we have
(3=ANd < |T(3-2v2)z —z|
<TG - 2v2)z — T2~ V2)zl| + T2~ V2)z — 2|

< (3-Ad
and hence
IT(3—2V2)z — 2| = |IT(3—2V2)z — T(2 = V2)z|| + | T(2 - V2)z — 2|
= (3—\)d.

By Lemma 1, we have
T(3—2V2)z =2+ (3— M.
Continuing this process, we obtain the following.
T(.414213562373)z ~ T(V2 — 1)z = 2 — v
T(.585786437627)z ~ T(2 — V2)z = 2z + (2 — A\
T(171572875254)z ~ T(3 — 2V/2)z = 2+ (3 — A\)v
T(.242640687119)z ~ T(3V2 —4)z = 2z — (4 — A\
T(.071067811865)z ~ T'(5v2 — 7)z = z — (7 — 2\)v
T(.100505063388)z ~ T'(10 — 7v/2)z = z 4 (10 — 3\)v
T(.029437251523)z ~ T(17 — 12v/2)z = 2 4+ (17 — 5\)v

~
~
~
~
~
~
~
~
~
~
~
~

e N e e
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.041630560343)z ~ T(17V2 — 24)z =
.012193308820)z ~ T(29v2 — 41)z = z —
.017243942703)2 ~ T(58 — 41v/2
.005050633883)z &~ T(99 — 70v/2)z = =
T(.007142674936)z ~ T(99v2 — 140)z = z — (140 — 41\

T(.002092041053)z ~ T(169v/2 — 239)z = z — (239 — T0A)v

7( )z~ T(

( )z~ T(

( )z~ T(

( )z~ T(

( )z~ T(

( )z~ T( )
T(.002958592830)z ~ T(338 — 239v/2)z = 2 + (338 — 99\)v

( )z~ T( 2)

( )z~ T(

( )z~ T(

( )z~ T(

( )z~ T(

( )z~ T(

T
T
T

%

%

%

(

(
T(.000866551777)z ~ T(577 — 408V/2)z = z + (577 — 169\ )v
T(.001225489276)z ~ T(577v/2 — 816)z = z — (816 — 239\ )v
.000358937499)z ~ T(985v/2 — 1393)z = z — (1393 —408\)v
.000507614279)z ~ T'(1970 — 1393\/7)2 + (1970 — 577\)v
.000148676780)z ~ T'(3363 — 2378\/5)2 + (3363 — 985\ )v
.000210260719)z ~ T(3363v/2 — 4756)z = z — (4756 — 1393\ )v

%

T
T
T
T

%

%

This contradicts to the compactness of {T'(¢)z : t € [0,1]}. Therefore we obtain
d=0.
Now, we give the proof.

Proof of Theorem 3 in the case of o/ ¢ Q. We define four nondecreasing
sequences {in}, {jn}, {kn}, and {£,} in NU {0} as in Lemma 2. Now, we fix

z € C' with
AN (a)z+ (1=NT(B)z= =2

for some X € (0,1). We note that
{T(t)z:te€]0,1]}
is compact and hence bounded. We put
v=T(a)z—T(B)z and d=|v|
and we assume d > 0. We shall prove

(1) T(ina_jnﬁ)z :Z—I—(l—)\) in U+ A Jn v,

(2) T(knB —lpa)z=2z—ANkpv—(1—=X) v
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by induction. It is obvious that
Tha—np)z=T(a)z=z+1-Nv=z+(1—=-Ni1v+Aj v,
and
T(kif—lia)z=T(B)z=z—-Av=z—Akiv—(1=X) {1 v.
We assume that (1) and (2) hold for some n € N. We note that
ITGnex = uB)z = 2l = (L= A) i d+ A o .
T (knB —lpa)z — z|| = XNk d+ (1 = X) £y, d,
and
T (ina — §nB)z — T(knfB — lpa)z]| = (1 = A) (in + €n) d+ X (jn + kn) d.

In the case of
ina - ]nﬁ > knﬁ - gnav

we have
1T (ince = jnB) 2 = T (knf — lnar)z||
<|T ((ina = jnB) — (knfB — lna)) z — 2|
= 1T (int100 = jn418)z — 2|
and
1T (ince = jnfB)z = T(int10 = jny15)2||
= || T(inax = jnf3)z = T ((inc = jnB) = (knf — fnar)) 2|
<7 (knfB — lna)z — 2]|.
Since

(I1=X) (in+2n) d+ X (jn+kn) d

<NT (i1 = Jna8)z — 2||

SN T(ins10 = 1 8)z — Tina — jnB)z|| + [|T(ine — jnB)z — 2||
= 1T (tnt10 = jn18)z = T(ina — jnB)z|| + (1 = A) in d+ A jn d

<Akpd+ (1 =X byd+ (1 =) ind+Ajnd,
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we have
1T (ins100 = fint18)z — 2|
= [T (int10 = jnt18)z = Tina = jnB) 2] + [T (incx — jnfB)z — 2|
=(1=X) (in+n) d+ X (Jn+kn) d.

By Lemma 1, we obtain

3 T(int10 — jni18)z =24+ (1= X) (in+kn) v+ X (G + ) v

=z4+ (1 =X int1 v+ A Jny1 v
Since k,, = k41 and ¢,, = ¢,,+1, We have
(4) T(kns18 —lpi10)z =2 = Nkpp1 v — (1= X) by 0.

In the case of i,a — 5,0 < k08 — £, we can similarly prove (3) and (4). So, by
induction, (1) and (2) hold for all n € N. Since limits of {i,,}, {j»}, {k»}, and
{¢,} are oo, {T'(t)z : t € [0, @+ (]} is unbounded subset. This is a contradiction.
So, we have d = 0. This implies

This completes the proof. ]

We shall state the idea of the proof in the case of o/ € Q. Set

5 47
=— and [f=—.
“T% b==

Then /3 = 35/24 € Q. Put v = (3/24. Then we have
a=35y and [ =24~.
We fix z € C' with
AT(57/6)z+ (1 — )T (47 /7)z =
for some A € (0,1). We put
=T(57/6)z— T (4w /7)z and d = ||v|
and we assume d > 0. Then we have the following.

T(1ly)z=T(a—PB)z =z+v

T(13y)z=T(28—a)z=2z— (1+ A\)v
T(2v)z2=T((38 —2a)z=2z— (2+ \)v
T9y)z=TBa—48)z=2z+ (3+ \)v
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T(Ty)z=T(GBa—-78)z=z+ (5+2\)v
T(5vy)z=T(Ta—108)z = z+ (T+ 3\)v
T(3v)z2=TOa—138)z =2+ (9+4\)v
T(v)z=T(1la—168)z = z + (11 + 5\)v

Since T'(+y) is nonexpansive, we have
(13+60)d = |T(y)z = T(27)z] < [T(7)z = 2[| = (11 + 5A)d.

This is a contradiction. Therefore we obtain d = 0.
Now, we give the proof.

Proof of Theorem 3 in the case of o/ € Q. We define four nondecreasing
sequences {in}, {jn}, {kn}, and {£,} in NU {0} as in Lemma 3. We put

m =min{n € N: i,a — 5,0 = k.6 — o} — 1.
We note that either
ima — jmfB = 2(kmfB — b)) OF  kp B — L = 2(ipp — jim3)
holds. Now, we fix z € C with
AN(a)z+(1=NT(B)z==2
for some A € (0,1). We put
v=T(a)z—T(B)z and d = |v|
and we assume d > 0. Then from the proof of the case of o/ ¢ Q, we know that
T(imee — jmB)z =2+ (1 = A) i v+ A i v,

and
T(kmfB — b))z =2 —= XNk v — (1= X) £y, v.
In the case of
ima - ]mﬁ > kmﬁ - gmav

we have
ima — jmB =2 (knf — o).
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2

So, we obtain

(L=X) (b + ) d+ X (o + k) d

= [T (ima = jmf3)z = T'(kmf3 — tma)z||

= |7 (2(kmB — tme)) 2 = T (km B — lmar) 2|
< T (kmfB = bma)z — 2|

=Nk d+ (1= ))&y, d.
This is a contradiction. In the case of
I — JmfB < kmf — oy,
we have
kmB — o = 2 (ipa — jmf).

So, we obtain

(1=X) (i + b)) d+ X (Jin + km) d

= [T (imer = jmfB)z = T (kmf — tma)z]|

<N T (ime = jmB)z — 2|
=(1 =N ipmd+Xjmd.

This is also a contradiction. So, we have d = 0. This implies

This completes the proof. ]

Theorem 4. Let E be a strictly convex Banach space. Let {T'(¢t) : ¢t > 0}
be a one-parameter strongly continuous semigroup of nonexpansive mappings on a
subset C of E. Let o and 3 be positive real numbers satisfying o/5 ¢ Q. Then

ﬂ F(T(t) ={z€C: AXT(a)z+ (1 = NT(B)z = z}

>0
holds for every A € (0,1).

Proof. Fix A € (0,1). It is obvious

(F(Tt) C{z€C: \T(e)z+ (1 - NT(B)z = z}.
t>0
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We assume that z € C satisfies
AT (a)z4+ (1 =NT(B)z = =.

Then from Theorem 3, we have T'(a)z = T(3)z = z. So, from Theorem 1, z is a
common fixed point of {T'(¢) : t > 0}. This completes the proof. ]

As a direct consequence, we obtain the following.

Corollary 1. Let E be a strictly convex Banach space. Let {T'(t) : ¢ > 0}
be a one-parameter strongly continuous semigroup of nonexpansive mappings on a
subset C' of E. Then

1 1

N F(T(t) =F <—T(1) + —T(\/§)>

2 2
>0

holds.

4., TwWO-PARAMETER SEMIGROUPS

In this section, we discuss two-parameter nonexpansive semigroups. A family of

mappings {T'(p) : p € [0, 00)?} is called a two-parameter nonexpansive semigroup
on C' if the following are satisfied:

(sg 1) For each p € [0,00)?, T(p) is a nonexpansive mapping on C.
(s92) T(p+q) =T(p)oT(q) forall p,q € [0,00)%
(sg 3) for each x € C, the mapping p — T'(p)x from [0, 00)? into C' is continuous.

The author proved in [28] the following theorem, which is the natural general-
ization of Theorem 1.

Theorem 5 ([28]). Let {T'(p) : t € [0, 00)?} be a two-parameter nonexpansive
semigroup on a subset C of a Banach space E. Let py,ps € [0,00)? such that
{p1,p2} is linearly independent in the usual sense. Let a1,a2 € R such that
{1, a1, o} is linearly independent over Q, that is, vo + v1a; + e = 0 implies
vp = v1 = vy = 0 for vg, 11, v5 € Z. SUPPOSE po = a1p1 + asps € [0, 00)% Then

N F(T®) = F(T(po)) N F(T(p1)) N F(T(p2))
p€E[0,00)2

holds.



NesoF (T()) = F(AT(1) + 1T(/3)) 395

It is a natural problem whether or not the conclusion which is similar to Theorem
4 holds. Of course, under the assumption of 7,1 )2 F(T(p)) # @, it holds.
However, our answer of this problem is negative.

Example 2 ([28]). Put E =C =R, e; = (1,0) € R? and e = (0,1) € R2,
Define a two-parameter nonexpansive semigroup {7'(p) : p € [0, 00)?} on C by

T()qel + )\262)1‘ =4+ — Ao
for A1, A2 € [0,00) and = € E. Define a nonexpansive mapping .S on C' by

3 _6\/§T(e1)x + 2 _6\/§

_ V24341
B 6

Sz (\/5@1 + \/geg)x + T(e2)x

for z € C. Then

holds.

Proof. We note that F'(T'(e1)) = @ and Sz = x for all z € C. n
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