Hindawi

Abstract and Applied Analysis

Volume 2017, Article ID 4013958, 8 pages
http://dx.doi.org/10.1155/2017/4013958

Research Article

The Approximation Szasz-Chlodowsky Type Operators Involving

Gould-Hopper Type Polynomials

Behar Baxhaku and Artan Berisha

Department of Mathematics, University of Prishtina, Mother Teresa, 10000 Prishtina, Kosovo

Correspondence should be addressed to Artan Berisha; artan.berisha@uni-pr.edu

Received 23 March 2017; Accepted 18 June 2017; Published 26 July 2017

Academic Editor: Jaume Giné

Copyright © 2017 Behar Baxhaku and Artan Berisha. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

We introduce the Szdsz and Chlodowsky operators based on Gould-Hopper polynomials and study the statistical convergence of
these operators in a weighted space of functions on a positive semiaxis. Further, a Voronovskaja type result is obtained for the
operators containing Gould-Hopper polynomials. Finally, some graphical examples for the convergence of this type of operator are

given.

1. Introduction

In [1], Jakimovski and Leviatan introduced and investigated
some approximation properties of the Favard-Szasz type
operator, by using Appell polynomials p,(x) > 0 which
satisfy the identity

gye™ = p (0t )
k=0

where g(z) = Y2, az" is an analytic function in the disc

|z| <R, (R>1)and g(1) # 0,

HXOO

J(fix Zpk(nx)f< >, x €[0,00). (2)

Varma et al. constituted a link between orthogonal polyno-
mials and the positive linear operators. In [1], they proposed
Szasz operators involving the Brenke polynomials defined by

0= T 0 (3) O

where x > 0andn € N.
Recently, Biiyiikyazici et al. in [2] introduced the
Chlodowsky variant of operators (3). Inspired by this work,

we give the Szdsz-Chlodowsky type operators including
Gould-Hopper polynomials. The generating functions for
these Gould-Hopper polynomials are given by

—Z 1 (x h) (4)

and the explicit representations

g ey k! k—(d+1)
h) = T RSy 5, 5
Coh) = kz:O k= (d+1)s)! )

where [-] denotes the integer part. Now, let us define Szasz-
Chlodowsky type generalization of the Szdsz operators with
the help of generating function (4), as follows:

oo _d+1
 mene gk (nx/buh) (kK
e ,;0 wo I\

x € [0,00),

o (4
(6)

where h > 0 and b, is a positive increasing sequence with the
properties

lim b, = oo,

n—o00

™)

lim 2 = 0.
n—co g
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The generalization of Szdsz type operators has been studied
in [3-10].

The aim of the this paper is to study some direct results in
terms of the modulus of continuity of the second order, con-
vergence of derivative operators to derivative functions, the

weighted space, and the degree of approximation of f by ?Ldp)l
We also study the statistical convergence. The rate of con-
vergence of the operators ?( ) to a certain function is also
illustrated through graphics usmg Matlab.

2. Notations and Auxiliary Results

Let us denote Cy[0,00) = {f € C[0,00) : | f(t)] < M, t €
[0,00), for some M, N > 0}. The following notations and
lemmas are needed to prove the main results.

In what follows, lete;(t) = t',i € N % be the test functions.

Lemma 1. From (4), one has

(1) Y22, (gi (nx /b, W) [K!) = e
(ii) Y2, (kgi ™ (nx/b,, h) [K!) =
1) = Kz(x)'
ﬁmZ&wzwmw%mmw—wW”w 2/ + (nx/
b)2h(d+1)+1)+h(d+ 1) (h+1)) = k3(x);

(iv) Y2 0(k3 g mx/b, WK = AR+
Gr*x* b)) (h(d + 1) + 1) + (3nx/b)(h(d + 1)(h(d +
1) +d+2)+1/3) + h(d + 1)’ (H* + 3h + 1)) = ,(x);

V) Yok g (nx/b, W[k = e ntxt bt
b)) (2h(d + 1) + 3) + (6n*x* [b1)(HA(d + 1)* +
h(d+1)(d+3)+7/6) + (2nx/b,)(3h*(d+1)*(2d +3) +
hd+ D2 +7d +7) +2K3d + 1> + 1/2) + h(d +
DR + 6K + 7Th+ 1)) = ().

nx/hn+h — Kl (x)’

™M nx /b, + h(d +

Lemma 2. For the operators ?fﬁ)ﬂ one has

(i) G (ep x) = 1;
(ii) ) (e5 %) = x + (b,/m)h(d + 1);

(iii) G (ey3 %) = x*+(b,x/n) 2h(d+1)+1) + (b} [n*)h(h+
1)(d + )%

(iv) G (e5sx) = x° + (3b,*[m)(h(d + 1) + 1) + (3bpx/
n?)(h(d + 1)(h(d +1) +d +2) + 1/3) + (362 /n®)h(d +
D*((d + 1)(R* + 1) + h(2d + 1));

(V) G (e x) = x* + (2b,x° /n)(2h(d + 1) + 3) + (6bx°/
n) (WA + 1)* + h(d + 1)(d + 3) + 7/6) + (2bx/

n) (3K (d+1)*(2d+3) +h(d+1)(2d* +7d+7) + 2> (d +
1) +1/2) + (B2 /n")(W(d + 1)* (W + 60> + Th + 1)).

Proof. From Lemma 2 and by definition of ?;‘2, we have

G (e3x) = ¢y () = 1,

(8)

A

p (€13 X) = %e_"x/b"_h;cz (x) = x+ b—h (d+1).
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Now, we consider the case ?;’2(62; x) as follows:

b, _
g(d) (ez’x) _ ne nx/b, hK (x)
T’l

X+ b;':‘ Qh(d+1)+1) )

b, 2
+—Zhth+1)(d+1)".
n

For e;, we have
bZ
d) -nx/b,~h
?fkh (e55x) = n—';e e (x)

3 3bnx2

=x + (h(d+1)+1)

e (10)
3 n

(h(d+1)(h(d+1)+d+2)+%)

3

+ib;’h(d+1)2((d+1)(h2+1)+h(2d+1)),

and, finally,
d b4 b,—h
?LJ)‘ (64;x) = n_’ie—nx/ = Ks (x) = x4

2b 6b2x2

5 (W @y

+h(d+1)(d+3)+g>
, (11)

anx 2 2
#5532 (d+ 1) 2+ 3)

n
+h(d+1)(2d2+7d+7)+2h3(d+1)3+%>

4
b—Z(h(d+1) ( +6h2+7h+1)).
O

Lemma 3. Let ’75,5(") = ?;‘2((61 - x)%; x), and then, for every

x € [0,00), one has
() 7% (x) = (B,/m)h(d + 1);
(ii) 79 (x) = bx/n + (B2 [n)h(h + 1)(d + 1);
(iii) 7 (x) = 3227 /n* + 22 x /) (d + 1)’ h(~2H* + 3h -
3)+h(d+1)*(=3h+7-12hd+2d*)+1/2)+ (b} [n*)h(d+
D*(H® + 6K + 7Th + 1).

Theorem 4. Let f € Cg[0,00). Then, lim,_,,&\)(f;x) =
f(x), uniformly on each compact subset of [0, c0).

Proof. By Lemma 2, limnﬂm?(d) (e;;x), i =0,1,2, uniformly
on every compact subset of [0, oo) So, by Bohman-Korovkin
theorem, the result follows. O
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FIGURE 1

Example 5. For n = 50, 100, and 500, d = 0.5, and b, =
\/n, the convergence of ?(d)( fix) to f(x) = xcos(x + 1) is
illustrated in Figure 1(a).

Example 6. For n = 50, 100, and 500, d = 0.5, and b, =
\/n, the convergence of ?ﬂ( fix) to f(x) = x*/VxZ +1is
illustrated in Figure 1(b).

Theorem 7. Let f € Cg[0, 00), and then for any x € [0, c] one
has

|“an (i)~ f ()]

b (12)
< <l1+\jc+—h(h+1)(d+1) ]» <f\/;”>

Proof. By using Lemma 3 case (ii) and the well-known
properties of the modulus of continuity, we have
)

(50)- s
S{l+%?fﬁ2<s x)]»w(f;é).

Recalling the Cauchy-Schwarz inequality, we obtain the
formula below:

9 (fix) - f ()]

5 1/2
S{Hé(?ffﬁ«gbn—x) ;x>) }w(f;5) (14)

- {1 +é Zf;((t—x)z;x)}.

90 (50 £ 0o < 90|

(13)
b, —x|;

By means of Lemma 3 case (ii), for 0 < x < c, one gets

9 ((ey - x)*sx) < % ‘ b—h(h 1) d+1)7. (5

Using (22) and taking § = +/b,/nin (19), we obtain the desired
result. ]

The theorem below shows that the derivative
(d"/dx" ?(d)( f;x) is also an approximation process for

d fldx".

Theorem 8. Let f € Cy[0,00). If f)
00), then one has

exists at a point x € (0,

dr @ ' dr ‘
dx’ ?n,h (f’ X) dxrf (X)

sﬂ«l1+\/c+ b—h(h+1)(d+1) } <f\j%> (16)

d . b,
+a)<d ——fir —>,

where w(d' f/dx",-) is the modulus of continuity of d” f [dx".

Proof. By simple calculations, the following formula is
obtained:

(d)(f x) = ( >qj(d)( b/nfx)’ (17)

where A'b” /n f((k/n)b,) is the difference of order r of f corre-
sponding to the increment b,/n. Using the relation between



finite difference and divided difference, the derivative of order
r of the operators is represented as follows:

A?Jn/nf . x)
ri(b,/n)"

mx/h”fhozoz ng (y;(x/bn, h) [lib k+1 (18)
! "

k=0 n

k+r
'bn""’Tbn;f] =g, (usx),

a @
o Gon (fix) = reg.,

=rle

where p(x) = [x,x + b,/n,...
Theorem 4, we have

,x + r(b,/n); f1. Then, using

dr
dx” ( ) - ‘
h(y, y(x)|+ rlu(x o
—\ (19
Sr!<|1+\]c+b—h(h+1)(d+1)} (f\/%)
+ |rlp(x) -

By using the mean value theorem and some known classical
properties of the modulus of continuity [11], one has

|1 (x +8) — p(x)]

= [x+6,x+8+li,...,x+8+réﬁ;f]
n n

b
- [x,x+—”,..
n

b,
.,x+r;,f]|

Ll (20)

d b,
+ﬁ dxrf<x+6+rz¢l>
d b, 1 d
gt (5o )| e (o
b, 1 d b,
+T; |(/51 —¢2|> < Ew<@f,8+1’;>,

where ¢,,¢, € (0,1). Hence, we obtain

L b,
w(y,8)s5w<%f,6+r;>. (21)

On the other hand,

rip(x

<

b b
r! [x,x+—”,...,x+r—”;f -
n n
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d b, d
< ‘dx’f<x +r;¢3> - dx’f(x)’

(d i ‘/53’_) (ddrrf Tli),

where ¢; € (0, 1). Using the estimates in (15), we have the
desired result. O

(22)

3. Weighted Approximation

Let D, [0, 00) be the space ofall functions f defined on [0, co)
satisfying the condition |f(x)| < M fw(x), where M risa
positive constant depending only on f and w(x) = 1 + x°
is a weight function. By CV,[O, 00), we denote the subspace
of all continuous functions f € D, [0, 00) with the norm

I£1ly, = supepo,c0)(Lf (/1 + x %)) andC [0 ) = {f €
C,[0,00) slim, | (fF(x)/(1+x %)) < oo}
Theorem 9. Let f € Cy [0, 00), and let v = 1 + x* be a
weighted function; then, the inequality

[Z0 (s 0], < 1+ M; (23)

is satisfied.

Proof. Using Lemma 2, one has

|7 (f

“ —sup1+1x2 {1+x2

b,x b 2}
+=—Chd+1)+ 1)+ Sh(h+1)(d+1)
n n
(24)
< {1+%(2h(d+1)+1)
2
—h(h+1)(d+1)2}.

Since lim,,_,,(b,/n) = 0, there exists constant M ; such that

[0 2], < 1+ My (25)

This proof is complete. O

From [12], for f € C;‘/ [0, 00), the weighted modulus of
continuity of f is defined by

Qw (f56)

_ w [f () - f @) 20
0<|1//(x) vOl<mtelo00) W (1) =y (O] + 1]y (x)

where y is a continuously differentiable function on [0, c0),
¥(0) = 0, and inf,,y'(x) > 1. Now, we define following
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sequence of positive linear operators 9’(1‘2 defined with the
help of ©'%) defined in (6):

P (fix) = ey ()
'OO de1 [ 11X 1 k
,;g" < h) S(mb) ( b”)’ @7

€ [0,00).

Theorem 10 (see [12]). Let (L,) be the sequences of linear
positive operators and y(x) < y.(x), k = 1,2,3. If

IL,1- 1||% =,
"an - p"y/z = ﬁn’ (28)
I

where y(x) = max{y,, y,, Y3} and «,, 3, and y, tend to zero
asn — 0o, then, for all functions f € C:;[O, 00), the inequality

IL. (fix) = flly 2 < 2, (f; @, + By + yn)

+ 171, «

2 2
=P, = v

(29)

holds for n large enough.

Theorem 11. Let @ﬁdz be the sequences of linear positive
operators defined by (27) and n(x) = 1+ x*. If f € C;/[O, 00),

then the inequality
, <160, <f; oo, + 2ﬁn>
[ Al

is satisfied, where o, = (2h(d + 1) + 1)(b,/n) + (bn/n)zh(h +
D+ 1)* and B, = (b,/m)h(d + 1).

It

(30)

Proof. By simple calculation, we have

PO (Lx) - 1=y (x nx/b,-h ) d+1<@’h>
(1) w()[ k;gk 3

(31)
! ()
P (t;x) - x =y (x) [e_”’db”_h’igf“ (% h)
(32)
e’ (1) |
29 (v*:x) -y (x) = 0. (33)

5
From Lemma 2, we have
lim le=78 hz d+l <@ )
()
2 ((k/n)b )k' n'") y? (x)
(34)
le e_nX/bn_hngH (E,h>
n—oo = bn

1 k ) 1
e f(=b, ) - ——| =
v ((k/n)b,) k!f<n v (x) ’
Using Lemma 2 and (31), we obtain

(o)
—nx/b,~h d+1 [ nX
n il > 9 (b_’h>
k=0 n

|24 (15%)

= lim
n—

<(2h(d (35)

1 k 1
“y2 ((k/n) bn)k!f <Z”"> R @],
+1)+1)b—+(b > hh+1)(d+1)?* =a,.

By means of Lemma 2 and (32), one gets

7 v
— 1 nx/b -h d+1 (Q,h>
= Jim, e kZ b
(36)
() L] S
p((k/n)b,)k!" \n v (x) y "
= P
Finally, from (33), we obtain
|75k (%) = 97 o, = 0 = 1 (37)
If we apply Theorem 10, we obtain the desired result. O

4. A-Statistical Convergence

Now, let A = [a,], j,n € N, be an infinite summability
matrix. For a given sequence (x,,), the A-transform of x,
denoted by ((Ax) j), is given by

(Ax); = Z j X, (38)

which provides the converging series for each j € N. We say
that A is a regular if lim;(Ax); = L whenever lim,(x,) = L
A sequence (x,,) is called A-statistically convergent to L if, for
everye > 0,1im; ¥, . ;.. a;, = 0. This limit is denoted by



sty —lim,x, = L. Replacing A by C,, the Cesaro matrix of
order one in (6), from A-statistical convergence, is reduced
to statistical convergence. Similarly, if we take A = I, the
identity matrix, then A-statistical convergence coincides with
the ordinary convergence. Kolk [13] proved that, in the case
of lim;max, = 0, A-statistical convergence is stronger than
ordinary convergence.

Further, we will first obtain the following weighted
Korovkin theorem via A-statistical convergence.

Theorem 12. Let (a,;) be a nonnegative regular infinite sum-
mability matrix and x € [0,00). Let y,, > 1 be a continuous
function such that

Jimy () y," () = 0. (39)

Then, for all f € C, [0, 00), we have

n—o00

— lim “?;d})l (fix)- f“% =0. (40)

Proof. From [14], for any f € C} [0, 00), it is enough to prove
that

st Jim 940 e e, =0

(41)
fore;=t, i=0,1,2.
So, by Lemma 2, we can easily get
; @, . —
sty = lim " G (€03 X) = 30"% =0. (42)
Again, by using Lemma 2, we have
(d)
"?n’h (e3x) - e1||w = —h(d +1) sup e
x€[0,00)
(43)

b
<-2h(d+1).
n
Now, for every given € > 0, let us define the following sets:

x) —elnw 26},

S= {n: ||?£ld,i (e;

, (49)
S, = {n:—”h(d+l)2€}.
n
It is clear that S € S;. Hence, for alln € N, we get
Zank Z A+ (45)

keS keS,

Therefore, st , — ||? (el,x) ellly, = 0.

n—>oo

FO-F@-t=0f -0/ -2 ")
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Similarly, we have

|7 () = <o,

x€[0,00) I+x
+2h(h+1)(d+1)° sup ——
n

x€[0,00) + xz
bn bn ? 2
<Ch@d+1)+1) =+ =) h(h+1)(d+1).
n n
Now, we define the following sets:

U= {n : “?fz (e3x) — eznw > e},

b
Ulz{n:(2h(d+1)+l);”2§}, (47)

n:(—) hth+1)(d+1) > -¢.
n 2

In view of (46), it is clear that U € U, U U,, which yields

Zank < Z A + Z A (48)

keU keU, keU,

U,

Thus, we get st, — n_,oollf (ez,x) ez"y,y =0

Similarly, from Lemma 3, we have

i i o], =

n—00

s=1,2,3,4. (49)

Now, we give a Voronovskaja type relation for the operators
g O
nh*

Theorem 13. Let A = (a,;) be a nonnegative regular infinite
summability matrix. Then, for every f € C:;[O, 00) such that

f,’ f” € C:;,[(), 00), one has

i () = f ()

n
sty = Jim - (9

(50)
=hu+nf%m+§f%@

uniformly with respect to x € [0, E], (E > 0).

ngf Letx >0,and f', f" € C:,[O, 00). Define the function
Y

, ift # x,

0t x) =
0)

(t - x)° (51)

ift = x.
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Then, by assumption, we get 8(x, x) = 0 and (-, x) € C;;,[O,
00).

By the linearity of ?ild,)l
obtain )

applied to the last equality, we
p (F000 -1 @)

=3 i @ f 0+ 2h e (S0 (@)
+ bﬁ?fj,j (6(t,%) (t - x)%;x).

n

In view of Lemma 2, we get

sty — hngob 7 x) =h(d+1),
sty — 11m L9 17 2 (x) =X, (53)
st —l1mb217n4(x)—3x.

For the last term of the right hand side in (52), using Cauchy-
Schwarz inequality, we are led to

ﬁ?fﬁ (9 (t,x) (e, - x)°; x)

b,
<G (8 (t,x); x)\j 737l (%):

=0,and 0%(-, x) € C; [0, 00). In view

(54)

We observe that 8%(x, x)
of Theorem 4,

sty — 7113210?;‘2 (02 (t,x); x) =6 (x,x) = 0. (55)
Then, it follows from (32) that

sty — ,}Lngogf% (6t x) (e, - x)’ ;x) =0 (56)
uniformly in x € [a,b]. Combining (27), (31), and (46), we
get the desired result.

Let C5[0, 00) denote the space of all real-valued bounded
and uniformly continuous functions f on [0, c0), endowed
with the norm || f|| = sup (g )| f (%) Further, the appropri-
ate Peetre K-functional is given by

Ky (f:0) = inf, {If-gl+5|d"|} (57)

where A2 = {g € C5l0,00) : g,g "€ GB[O, 00)}. By [15
Theorem 4] we can find a constant C > 0 such that

K, (f;9) < Cw, (f, \/5), (58)

where w,( f; V3) is the second-order modulus of continuity
of f € Cg[0, 00). Now, we obtain the rate of A-statistical con-
vergence for the operators ?fld;l with the help of Peetre’s K-
functional. O

7
Theorem 14. Let f € A%, Then, one has
sty Jim ”g fix) - f"CB[O,oo) =0 (59)

Proof. By the linearity property of ‘5;‘2 operators and using
the local Taylor formula to the function f € A%, we have

d
G (%) = £ () =12 () f' (%)
(60)
"
+ nn () f" @),
where & € (t, x).
Thus, we get
(d)
||g (f x) CB[O,OO)
(d)
ol L PO 0] (61)
Lyon )
+ 2 ”f ”CB[O,OO) "'7%2 (x)HCB[O,oo) :
In view of (49) for € > 0, we have
lirrln Z ay =0,
keN:I,>¢/2
(62)
lim Z Ay = 0.
keN:I,>e/2
From (61), one can write the following:
z Ay < Z Ak T Z Anic
kEN:"gizl;),(ﬂx)*f"CB[O,oo) keN:I>¢/2 keN:I,>¢/2 (63)

=0.

Hence, taking the limit as n — co, we get the desired result.
O

The following theorem contains quantitative estimates by
means of Peetre’s K-functional.

Theorem 15. Letting f € Cg[0, 00), one has the estimate

ey <M (£8,), (6

d
= 179y 0,00 + 1155 ()6 0,00)-

|g5h (fix)- f

where §,,

Proof. Letting g € A%, by (61), we have
" gitdli (f’ x) N f"CB[O,oo)
=1l It )y oo

Ly (65)
1

2
CB[O,OO) nn,s (x)

< {1 Mo * 3

CB[O’OO)

2 @l g A



Using the last inequality for f € Cp[0,00), and g € A?, we
get

%75 55 = Fleyo.m
=[5 () = Z5 D], 0.

3 ARy

Cyloo0) T lg - f "CB[O,oo)

s ”g - f“cB[o,oo) + "(gitd%)l (g5 %) - g"cg[o,oo)

<2]g = flcyi000 * 0 lglhy- -

Taking the infimum on the right sides of the above inequality
for all functions g € A%, so

[0 (52 = fle ooy = Ko (f360). (67)

By using the relation between Peetre’s K-functional and the
second modulus of smoothness given in [15], we get

[0 (52) = Fly 0.0

<M {wz (f’ \/6\n> +min (1,4, ”g"CB[O,oo)} .

From (49), we get st, — lim, .6, = 0, and hence st, —
lim,_, w,(f;1/8,) = 0. Therefore, we get the rate of A-
statistical convergence of the sequence ?Ldzl to f(x) in the
space Cg[0, 00). O

(68)
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