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We study the existence of mild solution of a class of nonlinear nonautonomous fractional integrodifferential equations with nonlocal
conditions in a separable Banach space X. Combining the techniques of operator semigroup, noncompactness measures, and the
fixed point theory, we obtain new existence of mild solution without the assumptions that the nonlinearity f satisfies a Lipschitz
type condition and the semigroup {exp(~tA(s))} generated by {~A(5)} (o) is compact. An application of the abstract result is also

given.

1. Introduction

In this paper, we denote that C is a positive constant and
assume that a family of closed linear operators {A(t)},c(o 1
satisfies the following.

(A1) The domain D(A) of {A(t)};¢[o,r) is dense in a Banach
space X and independent of t.

(A2) The operator [A(t) + A" exists in L(X) (the Banach
space of all linear and bounded operators on X) for
any A with Re A > 0 and

ltaw + 117 < , tel0,T]. )

C
Al +1
(A3) There exist constants y € (0, 1] and C such that

"[A (1) - A(t)] A (5)" <Clt; - ",
(2)
t,t,,s €[0,T].

Under condition (A2), each operator —A(s), s € [0,T7],
generates an analytic semigroup exp(—tA(s)), t > 0, and there
exists a constant C such that

[A" (s) exp (—tA ()| < tgn, (3)

wheren =0,1,t > 0,s € [0,T] ([1]).

Moreover, |A(t)A™ (s)|| < C, which follows from condi-
tion (A2), wheret, s € [0,T] and C is a positive constant inde-
pendent of both t and s.

This paper is concerned with existence result for nonau-
tonomous fractional integrodifferential equations with non-
local conditions in a separable Banach space X:

dlv(t)
dra

= —A(t)v(t)+f<t, J'tK(t,S)V(S)dS,V(f)>,

0
te[0,T],

v(0)=A" (0)g (),
(4)

whereT > 0,0 < g < 1, {A(t)}1¢[o,r) is @ family of closed linear
operators in X and satisfies (A1)-(A3), K € C(A,R") with
A={(t,s) eR*:0<s<t<T}and

t
sup J K (t,s)ds < oo, (5)
te[0,T] JO

f:[0,T]xXxX — X, gare given functions to be specified
later. The fractional derivative is understood here in the
Riemann-Liouville sense.

Fractional calculus is a generalization of ordinary differ-
entiation and integration to arbitrary noninteger order. The
field of the application of fractional calculus is very broad.



We can see it in the study of the memorial materials, earth-
quake analysis, robots, electric fractal network, fractional sine
oscillator, electrolysis chemical, fractional capacitance theory,
electrode electrolyte interface description, fractal theory,
especially in the dynamic process description of porous
structure, fractional controller design, vibration control of
viscoelastic system and pliable structure objects, fractional
biological neurons, and probability theory. For details, see the
monographs of Kilbas et al. [2], Kiryakova [3], Lakshmikan-
tham and Vatsala [4], Miller and Ross [5], Samko et al. [6] and
Podlubny [7], and the references therein. Some recent con-
tributions to the theory of fractional differential equations
can be seen in [8-20] and the references therein. Among the
previous researches, most of researchers focus on the case that
the differential operators (possibly unbounded) in the main
parts are independent of time t. However, when treating some
parabolic evolution problems, it is usually assumed that the
partial differential operators depend on time ¢ (ie., it is
the case of the problems under considerations being nonau-
tonomous), since this class of operators appears frequently in
the applications (see [21] and the references therein).

Moreover, since the work of Byszewski [22], the nonlocal
Cauchy problems have been investigated in many papers (cf.,
e.g., [13-15, 20, 23-25] and the references therein). The non-
local conditions give a better description in applications than
standard ones, and the Cauchy problem with nonlocal initial
condition can be applied in physics with better effect than the
classical Cauchy problem with traditional initial conditions.
The existence of mild solutions of nonautonomous fractional
evolution equations with nonlocal conditions of the form
(4) is an untreated original topic, which in fact is the main
motivation of the present paper.

In this paper, using a pair of evolution families {y(t,s)}
and {¢(t, s)} associated with the semigroup {exp(—tA(s))} (t >
0), we give a reasonable concept of solution to problem (4) in
Section 2. Moreover, in general, the semigroup {exp(—tA(s))}
(t > 0) generated by —A(s) (s € [0,T]) is not compact,
so we obtain the main result based on the theory of mea-
sures of noncompactness and the condensing maps. These
techniques are often used to deal with abstract integer order
differential equations but rarely used in abstract fractional
order differential equations(e.g., [8-20] and the references
therein). We will study (4) under suitable hypotheses based
on a special noncompactness measure and the properties of
fixed points set of condensing operators [26, 27] and establish
a new existence result for (4) without the assumptions that
the nonlinearity f satisfies a Lipschitz type condition and the
semigroup {exp(—tA(s))} generated by —A(s) is compact (see
Theorem 14). As one can see, our result is obtained under
assumptions weaker than those required previously in the
similar literature. The result is new even for the case of A(t) =
A (autonomous). Moreover, an example is given to show an
application of the abstract result.

2. Preliminaries

Throughout this paper, we set ] = [0, T'], a compact interval in
R. We denote by X a separable Banach space with norm | - |,
by L(X) the Banach space of all linear and bounded operators
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on X, and by C([a, b], X) the space of all X-valued continuous
functions on [a, b] with the supremum norm as follows:

”x”[a, b = ||x||c([a,b],x) =sup{lx @) :t € [a,b]},
for any x € C([a,b],X).

Moreover, we abbreviate [|u]| s (o, r1,r+) With [lull s, for any u €
LP([0,T],R").
We set
t

Gv(t) == L K (t,s)v(s)ds,

. (7)
G = supJ K (t,s)ds < oo.

te] JO

Next, we recall the definition of the Riemann-Liouville
integral.

Definition I (see [6]). The fractional (arbitrary) order integral
of the function F € L'(R"™, R) of order a > 0 is defined by

I°F(t) = ﬁ L (t— ) 'F(s)ds, (8)

where T is the Gamma function. Moreover, I [% = [%1*%,
forall o, , > 0.

Remark 2. We have (1) I* : L'[0,T] — L'[0,T] [6].

(2) Obviously, for F ¢ L'(J,R), it follows from Defini-
tion 1 that

r r (t-m)""'(n-s)"F(s)dsdy
0 Jo (9)
t
=B(q,7) J (t = s)T7F (s)ds,

0

where B(g, y) is a beta function.

Definition 3 (see [7]). The Riemann-Liouville derivative of
order g with the lower limit zero for a function F € ACI0, co)
can be written as

1 d _
L _ q
D!F(t) = ———— t- F (s)ds,
1F (1) r(l_q)dtL( $7F (9)ds
t>0,0<qg<l.
Based on the work in [12], we give the following definition
of the operator family {y(t, s)}.

Definition 4. Let &, be a probability density function defined
on (0, co) such that its Laplace transform is given by

0 o3} N
L e‘“gq (0)do = Z&

~ 0<g<1,x>0.
j:or(1+QJ)

(1)

We define operator families {y(t,s)} by the semigroup
exp(—tA(s)) associated with A(s) as follows:

v(ts) =q LOO O117'E, (0) exp (—t10A () d6.  (12)
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By using the family {y(t, s)}, we denote
@ ts)=[A{E)-AG)]y(E-ss),

t (13)
0t 9= | 90009 0.6, k=1.2.....
and construct the family {¢(t, s)} by
P(ts) =) ¢ (t,9). (14)
k=1

Lemma 5 (see [12]). The operator-valued functions y(t — s, s)
and A(t)y(t — s, s) are continuous in uniform topology in the
variablest, s, where 0 < s <t —¢ 0 <t < T, forany e > 0.
Clearly,

v -s5s)| <Ctt-s)7". (15)
Moreover, we have
It 9)] < Ct - )" (16)

A mild solution of (4) can be defined as follows.

Definition 6. A function v € C(J, X) satisfying the equation

v(t)= A" 0)g) + JtW(t—S,S)f(S,GV(S),V(S))dS
0
+ th(t—s,s)U(s)g(v)ds
0

ton
+J J v(t-nn)e(s) f(sGv(s),v(s)dsdy
0 Jo W)

is called a mild solution of (4), where
t
Ut)=-A()A™(0) - j @(t,s)A(s) A (0)ds, (18)
0

U (@) < C+Ct. 19)

We will need the following facts from the theory of meas-
ures of noncompactness and condensing maps (see, e.g., [26,
27]) which are used later in this paper.

Definition 7. Let E be a Banach space, 2 the family of all
nonempty subsets of E, (&,>) a partially ordered set, and
v:2F — o If, for every Q e 2F,

v(co(Q)) =7(Q), (20)
then we say that » is a measure of noncompactness (MNC) in
E.

As an example of the MNC, we may consider the Haus-
dorff MNC:
x (Q) = inf {e > 0: Q has a finite e-net}. (21)

We know that y is monotone, nonsingular, invariant with
respect to union with compact sets, algebraically semiaddi-
tive, and regular. This means that

(i) for any O, Q, € 25 with Q; ¢ Q,, x(Q) < x(Q,),
(ii) forany a, € E, Q € 2 x{ay} U Q) = x(Q),

(iii) for every relatively compact set D ¢ E, Q € 2F,
x({DYu Q) = x(Q),

(iv) for each O, Q, € 25, y(Q, + Q,) < x(Q,) + x(Q)),

(v) »(Q2) = 0 is equivalent to the relative compactness of
Q.

In Section 3, we will establish an existence result to the
problem (4) using the following assertion about y-estimates
for a multivalued integral (Theorem 4.2.3 of [27]).

Let € : [0,h] — 2F be a multifunction. It is called
(i) integrable, if it admits a Bochner integrable selection
g:[0,h] — E, g(t) € ©(t) forae.t € [0,h];

(ii) integrably bounded, if there exists a function ¢ €
L'([0, ], E) such that

1% @)l :=sup{lgl: 6 € C O} <o®) ae. te[0R].
(22)

Proposition 8. For an integrable, integrably bounded multi-

function & : [0,h] — 2% where X is a separable Banach
space, let

X(@®)<q(t), forae tel[0h], (23)

where q € L'([0,R]). Then x([; ©(s)ds) < |, a(s)ds for all
t € [0,h).

Let E be a Banach space and v a monotone nonsingular
MNCin E.

Definition 9. A continuousmap B : Y € E — E is called
condensing with respect toa MNC » (or v-condensing) if, for
every bounded set O € Y which is not relatively compact, we
have

v(B(Q) 2v(Q). (24)

The application of the topological degree theory for con-
densing maps (see, e.g., [26, 27]) yields the following fixed
point principle which will be used later.

Theorem 10. Let I be a bounded convex closed subset of E
and B : M — I a v-condensing map. Then fix B = {x : x =
B(x)} is nonempty.

3. Main Result

We need the hypotheses as follows.

(HI) Function f: ] x X x X — X satisfies that f(-,u, w) :
J — X is measurable for all (u,w) € X x X and
f(t,-+): XxX — Xiscontinuous fora.e.t € J,and

there exists a function p(-) € LP(J,R") (p>1/g>1)
such that

If & s w)|| < p (@) (el + Nwl))
(t,v,w) € J x X x X,

(25)

for almostall t € J.



(H2) There exists a function § € L?(J,R") such that, for
any bounded set D C X,

x(f(,GD,D)) <8(t) (D), ae te[0,T], (26)

where p > max{1/g,1/y} > 1.

(H3) The function g is completely continuous and there
exists a positive constant b such that

lgm]<b veCy,X). 7)

Define the operator & : C(J, X) — C(J, X) as follows:

t

)0 = 4" g0+ [ viE-s9U©gmds

0

+ J-tl//(f—S,S)f(S,GV(S),V(S))dS
0 (28)

¥ jot j:w— 0,0)9(0,9)

x f(s,Gv(s),v(s))dsdo.

It is clear that the operator F is well defined. For some MNC
v, we will show that the operator & is v-condensing on every
bounded subset of C(J, X). To this end, we divided the proof
into three propositions.

Proposition 11. The operator & is continuous.

Proof. Let{v,},cn be asequence such thatv, — v inC(J, X)
asn — o00. Since f satisfies (H1), for almost every t € J and
(t,s) € A, we have

(G, (1),v, ) — f &Gy (1), v(D),

as n — 0o.
(29)

Fort € ], we can prove that & is continuous. In fact, noting
(H1) and v, — vin C(J, X), we know that there exists € > 0
such that [|v, — v||; < & for n sufficiently large. Therefore, we
get

If (t:Gv, (&), v, () - f (£, Gv (1), v(®)]
<p® (G +1)[|v, vl +2vl]  G0)
<u(t) (G* + 1) [8 + 2||V||}] .

In view of (15) and (16), we obtain

J, Iy =59 1f (5.6v, 5., 9)
—f(s;Gv(s),v(s)]| ds

+ H lv (¢t -0,0)9(0,9)

0 Jo

X [f (.G, (s),v,(5))
—f (s,Gv(s),v(s)]| ds
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t
< cj (t—s)1"
0

|| f (5, G,y (), v, (9))
- f(s;Gv(s),v(s)| ds

+C? Lt LJ t-0)"" (-3

| f (5,G, (), 7, (9))
— f(s,Gv(s),v(s) ds

— 0, asn— oo.

(31)

Therefore, the fact [A™*(0)]| < C (by (A2)), (H3), and the
Lebesgue dominated convergence theorem ensure that

(Fv,) () = (Fv) (1)) — 0, asn—co. (32)
Therefore, we deduce that

Jim_ |Fv, - Fv|, =o. (33)

]

Proposition 12. The operator F transforms bounded sets into
equicontinuous ones.

Proof. For any r > 0, weset B, = {v € X : |v|; < r}. Let
0<t,<t; <Tandv e B,. Then

6
I(Fv) (t;) = (Fv) ()] < le" (34)
i1
where
I = LZ Iy (t1 = s.8) =y (t, = 5,9)]U () g )] ds,

I

L Tyt -s)U©gm]ds.

I

[F M =59 -v (- 5.9

Xf (s,Gv(s),v(s)| ds,
I, = Ll v (t, = s,5) f (s,Gv(s),v(5))| ds,
L= [ [ v -0.0)-y (& -00)]
x@ (0,s) f (s,Gv(s), v(s))” dsdo,

I = J;l Jo “‘/’ (tl -0, G) ¢ (0,s) f (s, GV (s), V(S))" dsdo.
’ (35)
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For I,

ty—¢€ t,
w=( )
0 t,—¢e

[y (t; = s,8) =y (t; - 5,5)]U (s) g(v)| ds

! n
=I +1I.

(36)

It follows from Lemma 5, (19), and (H3) that I { — Oast, —
t,. For I)', from (15) and (19),

t
I'<C% {J [(t1 —5) T (1, - s)q_l] (1+5s") ds}
ty—¢
— 0, ast,—t;, e—0.
(37)

Similarly, I;,I; — 0,ast, — t, ande — 0. For L, from
(15) and (19), we have
t -
I < bj Cit,-s)T (1+8")ds — 0, ast, —t,.
t

2

(38)
Similarly, I,, Iy — 0,ast, — f,.
So, the set {(Fv)(:) : v € B,} is equicontinuous. O
Proposition 13. The operator F is v-condensing.
Proof. Noting that, for any ¢ € L'(J, X), we have
t
lim sup J e ¢ (s)ds = 0, (39)
L— +0c0 te] Jo

s0, we can take the appropriate L such that

_ 1 \®D/p
(=)
py-1

t
x IISIILPSUPI (t - o) gV VP g (40)
te] JO

t
C sup J t-5)1"6(s)e ™ ds=1, < %, (41)

te] JO

C(G™ +1)sup Jt (t -7 u(s)
te] JO

x (1+CB(g,y) (t —s)") e X 9ds (42

=L;<1.

For every bounded subset QO ¢ C(J, X), we consider
the measure of noncompactness v in the space C(J, X) with
values in the cone R? of the following way:

v(Q) = (¥ (), mod, (), (43)

where mod_ (Q) is the module of equicontinuity of Q given
by

mod, (Q) = lim sup max |v(t;)-v(5)|,
€20 e |ty |<e
(44)
¥ (Q) = sup (e x()).
te
Let Q ¢ C(J, X) be a nonempty, bounded set such that
v(F Q) =v(Q). (45)

For any t € [0, 7], we set

A t
F,(Q) (1) = “0 0 (t,s) f (5,Gv(s),v(s)ds: v e Q} .
(46)

We consider the multifunction s € [0, t]—H(s),
H(s)={p(ts) f(s,Gv(s),v(s):veQ}l. (47)
Obviously, H is integrable, and from (16) and (H1) it follows

that H is integrably bounded. Moreover, noting (H2), we have
the following estimate for a.e. s € [0, ¢]:

x (H (5) < Ct =) "y (f (5,GQ(s),Q(5)))

<Ct-9)""8(s) x (Q(s))

(48)
=C(t-5)""8(s) e Py (Q(s))
<C(t—s)""'8(s) Y (Q).
Applying Proposition 8, we have
X(FL @) =x (L H (s) ds>
(49)

t
< cj (t = 9776 (s) eXds - ¥ (Q)
0

Set

@@ - {y(t-0.0

X chp(a,s)f(s,Gv(s),v(s))ds 1V E Q} .
0
(50)

Then from (49),
X (7@ ()
<Ct-0)"! Ja (c-s)'8(s)eds- v (Q), (1)
0

a.e. 0 € [0,¢].



Furthermore

tA
X (L 7, (Q) (o) da)
t [l
<C’ J t-o0)" J (0 —39)""18(s)edsdo - ¥ (Q)
0 0
<C? r (t-a) e <r (0 -5)""8(s) ds> do - ¥ (Q)
0 0

_ (p-D/p
co(22)
py -1

t
X (181l j t - o) " VPl s . W (Q).
0

(52)
Therefore, combining with (40), we have
t
sup (eiLtX <J- g”z Q) (o) da))
te] 0
_ 1 \®DIp
<L) el
py-1 (53)

t
X sup I (t — o) " VP =9 g ()
te] JO

=LY (Q).
For any t € ], we set
FL Q) = {Ltw(t—s,s)f<s,Gv(s>,v(s)>ds tve Q}
(54)
and consider the multifunction s € [0, {]—H(s):
H(s) ={y(t-55) f(sGv(s),v(s) :veQ}. (55

Obviously, His integrable, and from (15) and (H1) it follows
that H is integrably bounded. Moreover, for a.e. s € [0,t], we
can obtain

x(H () <Clt-9)T"8(s)e"¥(Q),
—_ t —_—
x(F5@ 1) =x (L H(s) ds) (56)

t
<C J (t —s) T8 (s) e™ds - ¥ (Q)
0
by the similar technique used in (49)-(53); then

su? (e_LtX (§3 (Q) (t)))

t
< Csup J (t - )75 (s) e s . ¥ (Q) (57)

te] JO

=L,¥(Q).
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Now, from (53) and (57), L > 0 can be chosen so that
Y(F(Q) < (L +L) Y (Q) =L¥(Q), (58

where 0 < L < 1. Then from (45), we have ¥(Q) = 0.
Further, from Proposition 12 we know that
mod (#(Q)) = 0 and integrating with (45) one yields
mod_ (Q) = 0. Hence »(Q)) = (0, 0). The regularity property of
v implies the relative compactness of Q. Now, it follows from
Definition 9 that & is v-condensing. O

Theorem 14. Assume that (HI), (H2), and (H3) are satisfied;
then problem (4) has at least one mild solution on the interval
[0,T].

Proof. Let us introduce in the space C(J, X) the equivalent
norm defined as

Ivll, = sup (e Iv(®)Il) - (59)
te]
Consider the set
B,={veC(U,X):|vl, <r}. (60)

Next, we show that there exists some r > 0 such that
F B, C B,.Suppose on the contrary that for each » > 0 there
exist v,(-) € B, and some t € J such that [|[(Fv,)(®)|l, > r.

Combining with (H1)-(H3), Remark 2(2), and (15), (16)
and (19), we have

I(Fv,) @l

<|a”©@g(,)

t
+ [ ve-s9u©atlds
+ J-O v @t =s,5) f (5,Gv, (5),v,(s))| ds

+ Lt [ v e-0.000.9

X f (s,Gv, (s),v, (5))| dsdo

t
<Cb+ CzbJ t-9s)T"(1+s")ds
0
t
+CG”" I (t - )T " u(s)eds- v, |,
0

+C .[o (t—s)T " u(s) v, ()| ds

*

t
+C’G*B(q,y) J (t - )T u(s)eds - |v,
0

+CB(y) | =9 @ Iy, )] ds
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t
st+C2bJ (=T (1+)ds
0
t
+C(G" +1)- rj (t - )T u(s)e™ds
0

t
+C*(G* +1)-rB(g,7) J (t — )T u(s) eds.
0

(61)
Therefore
r <sup (e (Fv,) )
te]
<supM (1) +C(G" +1)
te]
t
-7 sup J (t—5) u(s)e ™™ ds (62)
te] Jo

+C*(G* +1)-rB(g,7)

t
X sup j (t - )T (s)e M ds,

te] JO

where M(t) = Cb(1 +C [} (t - )77 (1 + s")ds).
Dividing both sides of (62) by r and taking r — o0, we
have

C(G" +1)sup Jt (t—s)T " u(s)
te] JO

x (1+CB(gy) (t—9)")e ™ ds > 1.
(63)

This contradicts (42). Hence for some positive number 7,
FB, c B,. From Proposition 13 it follows that & is v-con-
densing and we apply Theorem 10 to complete the proof. [J

4. Example

In this section, set X = L*([0, 1], R), and we consider the fol-
lowing integrodifferential problem:

o*u

01
ﬁu (t> E) =a (ta f) a_Ez (t> E)

+ sin (Lt t—-s)u(sé) ds)

L L u®d
Kkt 1+u(t, &) (64)

u(t,0)=u(t1)=0,

u(0,8) = (a(0,8)™

Xijol ¢ (g,y)m

L+u(t,y)

>

where 07/0t? is the Riemann-Liouville fractional partial
derivative of order 0 < g < 1,¢ € [0,1],& € [0,1], kK > 0
is a constant to be specified later. Also 0 <, <#; <+ <f; <

1(j € N"), ¢(-,+) (i = 0,1,..., ) are continuous functions
and there exists a positive constant b such that

Joe1
> [ ey <e. (65)

i=0 70
a(t, &) is a continuous function and is uniformly Hélder con-

tinuous in t; that is, there exist C > 0 and y € (0,1) such
that

la(t,8) —a (6,9 < Clt, - t2|?,
£el0,1],0<t <t, <1

(66)

Define A(t) by
D(A(t) = H*(0,1) N H, (0,1),
(67)
ADu=-a®t,&)u".
Then —A(s) generates an analytic semigroup exp(—tA(s)) sat-
isfying assumptions (A1)-(A3) ([28]).
Fort € (0,1], & € [0, 1], we set

v(t) (€) =u(t9),

S (e BO)
OIGE ZOL (&) V) ()"
K(ts)=t-s, (68)

t
ftGv(s),v () (§) = sin (L t-9s)v(s)(©) d5>
1 v ©)

TRE T @
where 1/t € L([0,1],R*) (p > max{1/q, 1/ }}) and

t
(Gv(©) (&) = L (t—s5)v(s)(©)ds. (69)

Now G™ = sup,( 1 jot(t —s)ds =1/2 < co.
Then (64) can be reformulated as the abstract (4).
Moreover,

1

If & Gvt),v@®) ®] < IGv )]l + v vl
<u@ UGyl +von, 7
ae. te[0,1],
where p(t) = max{1, 1/k+/t}.
For v;,v, € X, we have
"f (t’ Gvy, Vl) - f (t7 Gv,, Vz)"
t
< L (t-ys) ||v1 (s)—v, (s)|| ds (71)

1
+ k_\k/z "Vl - Vzll .



Therefore, for any bounded set D ¢ X, we have

x (f (t.GD,D)) <8 (t) x (D),

where 8(t) = max{1/2, 1/k<{/t }. Now, Theorem 14 implies
that the problem (64) has at least a mild solution.

for a.e. t € [0,1], (72)

5. Conclusion

This paper deals with the existence of mild solution of a class
of nonlinear nonautonomous fractional integrodifferential
equations with nonlocal conditions in an abstract space. Suffi-
cient conditions for the existence of mild solution are derived
with the help of the fixed point theorem for condensing maps.
An example is provided to illustrate the obtained result.
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