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ON A “REVERSED” VARIATIONAL INEQUALITY

DIMITRI MUGNAI

ABSTRACT. We are concerned with a class of penalized semilinear elliptic
problems depending on a parameter. We study some multiplicity results
and the limit problem obtained when the parameter goes to co. We ob-
tain a “reversed” variational inequality, which is deeply investigated in low
dimension.

1. Introduction

A large class of well studied equations admits, as a limit case, a variational
inequality which we can call “reversed”, since the sign of the inequality is not
the usual one.

A meaningful example is given by the classic jumping problem (see [11], [12]
and the references therein), which we write in the following way

Au+ou—wle+u)” =0 inQ,

Jw
(J:w) u=0 on 02,

where © is a smooth and bounded domain of RY, e is a positive function and «
and w are real coefficients (in most cases e = ey, the first positive eigenfunction
of —A in Wy*(Q)).

2000 Mathematics Subject Classification. Primary 35J65, 35J35; Secondary 35J40, 35R45.

Key words and phrases. Reversed variational inequalities, topological and variational me-
thods.

The author wishes to thank Professor Antonio Marino for many useful discussions on this
subject.

©2001 Juliusz Schauder Center for Nonlinear Studies

321



322 D. MUGNAI

If (wn)nen is a sequence diverging to 400 and (uy, )nen IS a sequence of
solutions of (J,w, ) which weakly converges to u in W, *(£2), then u satisfies the
“reversed inequality”

(J.00) [Du-v—afu <0 forallvin Wy?(Q) such that v > 0,
, 00
u > —e.

Of course we also require that u satisfies the equation in the set of x’s in Q2
where u(z) > —e(z), which will be defined in a suitable way. And it is clear
that, from this point of view, we are interested in those solutions u’s which do
not satisfy the equation on the whole of 2.

We can observe that in the particular case N = 1, Q = (a,b), if u(x) is
the trajectory depending on the time x of a material point which moves in the
(unidimensional) billiard RT, bouncing on the boundary {0}, then w satisfies the
reversed inequality (J, 00).

Note that the functionals defined on WO1 2(Q) associated to problems (.J,w)

F,(u) = %/|Du|2 - %/uQ— %/[(u+e)’]2

have an increasing lack of convexity as w goes to +00 and tend to the functional

1
—/|Du|2—g/u2 if u> —e,
—00

elsewhere.

We will consider a family of problems which, however, seem to have many
links (at least for w < co) with the ones above

) { A?u+cAu—au+w((u—¢) )1 =0 inQ,

u=Au=0 on 0},

where A2 is the biharmonic operator, ¢ and « are real numbers, w is a positive
parameter, k > 2 and k is subcritical.
The corresponding limit problem is

(Poo) /Aqufc/Derl/)fa/m/)SO

for all v in H(£2) N H?(Q) such that 1) > 0. The choice k > 2 allows an a priori
bound of a suitable family of solutions. The presence of the biharmonic operator
lets us show that in some cases there are limit solutions u’s which do not satisfy
the equation
A?u+ cAu—ou =0

in the whole of €.

In this paper we study existence and multiplicity of solutions of (P, ) and of
a stronger version of (Py).
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In fact if N < 3 it is possible to prove that a solution of (P,) satisfies the
following “reversed” variational inequality

/AuA(v—u)—c/Du-D(v—u)—a/u(v—u)SO

for all v in H}(Q) N H%(Q), v > ¢. The name “reversed” comes from the
comparison between this inequality and the “classical” variational inequalities
introduced in [10]. In fact in that case, if ® is an obstacle, that is ®5q < 0
and @ is positive on a set of positive measure, if one looks for

min { / |Av?

one finds that the unique solution u of this problem solves

v € HH Q) NH*(Q), v> @},

/AuA(v —u) >0 forallvin H}(Q)NH?*(Q), v > ®.

At this point we also observe that problem (P,) can be compared to the
problem introduced by Lazer and McKenna in [7] as a model to study travelling
waves in suspension bridges. The problem is the following one

A2u+cAu—bu—bu+1)" =0 inQ,
u=Au=20 on 0,

A large number of results have been found on this context: important results
are given in [6], [7], [13]-[17], [21].

2. Setting of the problem

Let Q be a bounded and smooth domain of RN, N > 1. We will make the
following fundamental assumptions
weR, w>0,
(H) 2 <k (and k <2N/(N —4)if N > 5),
a,c € R and ¢ € LF(Q).
For some technical results, such as the Palais-Smale condition, we will not make
other assumptions on ¢, but in most cases we will assume ¢ < 0 a.e. in 2
or supg ¢ < 0. We observe that such a requirement is related to the physical
model of travelling waves in suspension bridges, where ¢ = —1 (see [6], [7],
[13]-[17], [21)).
Now consider the following sequence of problems
{ A?u+cAu—au+w((u—¢) )1 =0 inQ,

(Po)
u=Au=0 on 0f),

where A? is the biharmonic operator, v~ = max{0, —v} and u € H = H}(Q) N
H?*(Q). In H we set (u,v) = [ AuAv, ||[ul? = [ |Aul?.
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REMARK 2.1. The norm just introduced is equivalent in H to the norm
of H?(Q).

In fact A : H — L2(Q) is linear, injective (if Au = 0 and u = 0 on 99,
then w = 0), continuous if H is endowed with the H?(2) norm and surjective
(by regularity theorems). Then [|Aul* > c||ul|g2(q) by the Open Mapping

Theorem.

REMARK 2.2. H is a closed subspace of H?({2).

In order to study problem (F,), we will follow a variational approach. Con-
sider f, : H — R defined as follows

fuw) =5 [1auP =& [ =5 [ =% (-0

We observe that, if k > 1, f., is of class C', and if & > 2, it is of class C2.
Moreover, its critical points are solutions of (P,,).

We will also sometimes use the following notation for the quadratic form
defined on H as

fl 2_ ¢ 27%/2
Qca(u) = 2/|Au| 2/|Du| 5 u”.

REMARK 2.3. The following problem

A%u+ cAu=Au in Q,
u=Au=0 on 02,

has an increasing sequence of eigenvalues A; = A, (\n, — ¢), @ > 1, where the
sequence (A, )ien is a rearrangement of the eigenvalues of Au+ Au =0, u =0
on 9Q (if ¢ > A + Xj, j <k, then A} — e\ < A2 — ¢);). The eigenfunctions of
the former problem are the ones corresponding to the latter problem (E; = e,,),
and they are orthonormal in L?(Q). We recall that e; can be chosen strictly
positive in ).

Observe that, since A, — 0o as r — 00, there is possibly only a finite number
of negative or null A;’s, and A; — oo as i — oco. Note that the first eigenvalue
is not simple any more, in general. Finally set H; = Span (E,...,E;) for
any j > 1.

3. Palais—Smale condition

We will investigate the existence of critical points of f,, through some varia-
tional tools that we recall in the Appendix.

PROPOSITION 3.1. Suppose o # A2 — c\1 and hypothesis (H) holds. Then
fw satisfies (PS), for every ¢ in R.
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PROOF. Let (up)p be a (PS), sequence, that is f,(un) — ¢ and f/ (up) — 0.
It is enough to show that |luy|| is bounded, since for all z in H

Vo(z) =z +i"(cAz — az +w((z = ¢) )" ),

where i* : L?(Q) — H, the adjoint of the immersion i : H — L2(), is
a compact operator. In fact, if u,, — u in H, then u,, converges strongly in L*((2).
So ((un — ¢)7)*~! converges strongly in L¥/(*=1(Q) and thus in H'. But then
Up = Vfo(un) — i*(cAu, — auy + w((u, — ¢)7) 1) converges strongly, since
(Auy)y and (uy,), are bounded in L2(£2).

Thus suppose by contradiction that, up to a subsequence, ||up|| diverges.
Then there is v in H such that (up to a subsequence) vy, = up/|up|| — v in H.
Note that, dividing f.,(us) by [Jus||¥ and passing to the limit, we get [(v™)* =0,
and so v > 0.

Now observe that for all € > 0, exists C. > 0 such that

| [ =0y

< [(w-or) e

In fact

< (/((uh - ¢)_)k)1_l/k||¢|w(ﬂ)

< I6lzecen (5 [t —-or+ @).

’/((uh —0) ) e

Here we used the fact that for every R > 0, for every 0 < a < p and for

every € > 0
a/(p—a)
— 1
(1) Re<Zeprp B¢ <—) .
p p €
In this way

foun)(un) 1 { 2 2 2
Tl Tan] J 1wl e [1omf o [

ro [ =0}
ﬁ{m(uw ; <% - 1)w/<<uh — )y
+o [t - oo}
<o+ (2-142)o [t ot e,

[|un
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But f/ (up)(un)/||ur|| — 0 as h — 0 and passing to the limit we get, if € is small
enough (i.e. 2/k —1+4¢ < 0),

((un — ¢)7)" ((un —9)") "o
lim / " =0 and hence lim / "

h—o0 [[un]] h—o0 [[unl

=0.

Moreover, since up, = (up — @) + ¢,

J

lim =0.
h—o0 [[n|
But in this way
FCn) (n) o [t =67 u
h 2
= | Dup|* — a/vh +
|IUh||2 / \Uh|\2

Hlfc/|Dv|27a/v2

On the other hand f/ (up)(un)/||unl/> — 0 as h — oco. Therefore if ¢ and « are
non positive we get a contradiction. Otherwise v # 0.
Now observe that [((un — ¢)~)*"te1/||un|| — 0, since

((un —¢)) ey 1/k 1-1/k
/ h||uh| S(|u1h|/ e’f) (ﬁ/““““ﬁﬁ} |

Therefore

Il (up)ex B { wr Ae . N
lanl Tl /A nier = /D n- Dex / her
+w/<<uh - ¢>>“el} (2o - a>/vel.

But f/ (up)e1/||un|| — 0 as h — oo and the previous limit implies v = 0, since

a # A? —cAj. Then a contradiction arises. ]

REMARK 3.2. We observe that the requirement o # A\? — ¢); is not merely
a technical assumption: indeed, if a = A? — c\; we can take the sequence
Up = tper, t, > 0 and ¢, — oo. Such a sequence is such that f,(u,) = 0
and f/ (u,) = 0 for all w and all n in N. But, of course, it is impossible to find

a converging subsequence.

4. Existence of one forcing solution

From now on we will also assume that ¢ < 0, in order to find some solutions
to problem (P,). In particular our goal is to find some particular solutions, the

ones which we call forcing solutions.
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DEFINITION 4.1. A function w in H is called a forcing solution of prob-
lem (P,) if it is a solution such that (u — ¢)~ # 0.

The definition just given is justified by the fact that in some cases, if a se-
quence of forcing solutions weakly converges to u, such a u is forced to be over ¢
and to touch ¢ somewhere.

REMARK 4.2. If u is a solution of (P,) such that f,(u) # 0, then wu is
a forcing solution. In fact, if u > ¢ a.e. in Q, then 0 = f/(u)y = [ Auly —
¢[Du- Dy —a [up for every ¢ in H, and so, taking ¢ = u, we would have
fu(u) =0.

Conversely, if ¢ < 0, every forcing solution u is such that f,,(u) > 0. In fact
2
0= fifwe =260+ (3~ 1) [(w=0)F +o [(w-0)

and then f(u) > 0.

In this section we want to show that if ¢ < 0, then there exists a forcing
solution u,, of problem (P,) for every w > 0. Actually we show that there exists
a forcing solution for all N > 1 if a < /\% —cAand forall N > 2 if oo > )\% — 1.
In view of Proposition 3.1 and Remark 3.2 we will not take into account the case
a =M} —c)\.

We finally observe that, if ¢ < 0« = 0 is always a solution of (P,), whatever

¢, a and w are.

LEMMA 4.3. Let k be in [1,00) and such that k < 2N/(N —4) if N > 4,
¢ € LF(Q) and ¢ <0. Then

/mhwrﬁ:mww»

PROOF. Denote by {u — ¢ < 0} the set {z € Q | u(z) — ¢(x) < 0}.
Case 1. N > 4. Set ¢ = 2N/(N — 4). Then

Jw-o =] utop
{u—¢<0}
and since 0 < —u + ¢ < —u, the last quantity is less or equal to
k/q
[ e ([ ) - <opH
{u—¢<0} {u—p<0}
k/q
< ([} g0 <opihe
Q

and by the Sobolev’s Embedding Theorem it is smaller than

Cfull*m(fu — ¢ < 0})' 1,
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for a universal constant C > 0 (here m(A) stands for the Lebesgue measure of
any set A).
Case 2. N = 4. Starting as in the previous step

/ ((u— ) < |lul

for every s > k. As before, there exists a universal positive constant C' such that
1-k/s

Foy m({u—¢ <0} He

the last quantity is less or equal to C|jul/*m({u — ¢ < 0})
Case 3. N < 3. In this case there exists C' > 0 such that for every u in H

/((u — ) )" < ullfeoi) m{u — ¢ < 0}) < Cllul* m({u—¢ <0}). O

As already said, in the theorems involving the existence of forcing solutions,
we distinguish two cases: the first one in which a < )\% — ¢A1 and the one in
which a > )\% —CcAq.

REMARK 4.4. If there exists [ > 1 such that e; ¢ H;, then there isn’t any
non trivial non negative (or non positive) function in H;. In fact for all v in H
such that v > 0, v #Z 0, we get (v,e1) = A} [ver > 0.

LEMMA 4.5. Assume (H) and Ay < o < Ajy1, 1> 1. Then

(a’) Sule fw = 07
(b) if ¢ <0, there exists C;” > 0 such that

1

lim —  inf >Cf

limy wg;f,f”(w) >Cr,
llwll=p

(c) if « < A2 —c)y, then

Ueéllr,{'lzo’ folv—0e1) = —o0.
lo—oer[[—oo

PRrROOF. (a) It is obvious, since f,(v) < (A; — «)/2 [v? for all v in H; and
fu(0)=0.

(b) Observe that, by Lemma 4.3, for any € > 0 there exists p > 0 such that, if
lwll < p, folw) = CF w]]? = ef|wl|?, where C} = infy>141(A7, = cAn, — @) /A
The thesis follows.

(¢) Suppose by contradiction that there exist vy in Hy, o, > 0 and C in R

such that ||vp, — oper|] — oo and
1 2_ ¢ 2
2) 5 [1An=one))” = 5 [ [D(vn—one1)|
a

_ E/(v,ﬁghel)Q _ %/((vh—aher(b)f)k > (.
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Up to a subsequence we can suppose that (vy, — oper)/||vn — oper]| — v — oey
in H, in L*(Q) and a.e. in Q, where v € H; and o > 0 (remember that this is
a finite dimensional case). Dividing both sides of inequality (2) by ||vx, — opner||?
and passing to the limit, we obtain that

—\ k
i ((3205) )
h—o00 th 0h61||

is a real non negative number. In this way v — oe; > 0 a.e. in ).

Since @ < A2 —c)q, €1 € Hf-. In this way (v,e1) = 0, and so 0 < (v —
oe1,e1) = —oA?, which is possible if and only if ¢ = 0. This implies v > 0 in H,
which is impossible for Remark 4.4. |

As we will see, the proof of the following theorem is essentially based on an
application of Theorem A.3, which topologically degenerates in a mountain pass
structure if the quadratic form is positive definite.

THEOREM 4.6. Suppose (H) holds, ¢ < 0 and o < A\3—cAy. Then there exists
a non trivial critical point u, of f, (i.e. a forcing solution of problem (P,)).

Moreover, 0 < fi,(uy) for all w, and for all @ > 0 sup,,>g fu(u,) < 0.

ProoOF. There are two cases.

Case 1. Suppose that A; > 0 for all ¢ in N. Then Q. is positive definite
and we can introduce the following scalar product in H: (u,v) = [AulAv —
¢[Du-Dv— afuv. We observe that the induced norm || - || is equivalent
to the norm introduced in H. In fact there exist positive ag and by such that
aollul|® < |Jull® < bol|ul|?, where by is obtained by the continuity of Q. o on H,
while ag is obtained from next Remark 4.7.

Observe that f,(0) = 0, lim;—c fu(—te1) = —oo and that f, is locally
coercive. In fact Q¢ (1) > (ao/2)||ul|?. By Lemma 4.3 for every ¢ in (0, aq/2w)
there exists p,, > 0 such that inf)j, =, fo(u) > (a0/2 — we)p?. In this way, by
the Mountain Pass Theorem, there exists a critical point u,, with positive critical
value. We observe that the Palais—Smale condition also holds with this norm, as
one can easily check adapting the proof of Proposition 3.1.

Moreover, by Remark 4.2 we get that (u, — ¢)~ # 0, since f,(uy,) > 0.

Finally, we find an upper bound for the critical values. In fact, if ¢, > 0 is
such that f,(—ty,e1) <0, then

(@ - wE) P < foluw) < sup  fu(—ter)

2 te[0,tu]

< sup fu(—ter) < sup fo(—ter) < oo.
te[0,ty] te[0,00)

Here we used the fact that if w; < we and w € H, then f,, (u) > fo,(u).
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Case 2. Now suppose that exists [ > 1 such that A; <« < Aj41. Lemma 4.5
implies that there exist R, and p, such that R, > p, > 0 and

inf fu(w) > sup fu(2),
weH zZEXR,,
llwll=pw

where Xp, = {z =v—0e1 | v € H, 0 >0, |z|| = R,}. In this way the

hypotheses of the Linking Theorem are satisfied, so there exists a critical point u,,
such that

0< inf fo(w) < fo(uw) < sup fu(2),
weH- zEAR,,
lwll=pw

where Ap, ={z=v—o0e; |v e H;, 0 >0, ||z|]| < R,}. More precisely, this is
a forcing solution of problem (P,), by Remark 4.2. The Linking Theorem also
provides the existence of another critical point with non positive critical value,
but it is the trivial one.

We observe that also in this case we can find a uniform bound for the critical
values f,(uy). In fact from the Linking Theorem for any @ > 0

foluw) < sup fu(z) < sup fz(z) < sup fz(v—oer) < . O

zEAR,, zEAR,, veH],
>0
REMARK 4.7. If the quadratic form ). is positive definite, there exists
ao > 0 such that for every w in H

/|Aw|2 —c/|Dw|2 —a/w2 > aol|w|)®.

In fact, every w in H can be written as w =Y .-, 3;F;, 3 € R, so

A2 —Cchn, —
[1zut—c 1w o [ur =30 pugn =y
1 X2, g
> ag E 51-2)\72” = ao|w|*.

Here ag is the infimum of (A2 — cAn, — a,)/AZ, for n; > 1, and this infimum
is positive, since the quotient goes to 1 as ¢ — oo and it is strictly positive for
every finite subset of indices.

For the case o« > /\% — ¢\ we obtain a result which is analogous to the one
of Theorem 4.6, at least if N > 2. Note that if & > A\? — Ay, then there exists
I > 1such that Ay <a < A4 and e; € Hj.

Now let e be in Hj* such that ess supe = 400 (if N > 4) or there exists
xo on I such that du(zrg)/0v = —oco (if N = 2 or N = 3), where v is the
unit outward normal to Q. In both cases m({z € Q| e(z) > v(x)}) > 0 for
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all v in H;, since functions belonging to H; are smooth. We remark that such
a function e exists since the mapping

ou
U Ujon; 5

is linear, continuous and surjective from W22(Q) onto W3/2:2(9Q) x W1/2:2(9€)
(see [2] or [8]).

The following Lemma is the one corresponding to (c) of Lemma 4.5 in the
case & > \? — c)\y.

LEMMA 4.8. Assume (H) and N > 2. Suppose o > M2 —cA; and Aj < a <
Ajy1. Then

ve}{lﬁ}zo, flv—oce) = —o0.
llo—oel oo

PROOF. Suppose by contradiction that there exist vy in H;, o, > 0 and C
in R such that ||v, — opre| — oo and

(3) %/IA(% —ope)|? - §/|D(vh —ope)l?
- %/(Uh — ope)’ — %/((vh —ope—¢) )k >C.
Up to a subsequence we can suppose that
(vn — one)/||lvn — onel| — v —oe

in H, where v € H; and ¢ > 0. Dividing both sides of inequality (3) by |vp, —
onel|? and passing to the limit, we obtain

/|A(v706)|270/|D(v706)|2 foz/(vfoe)Q >0

and v — ge > 0 a.e. in €. By the choice of e we get 0 =0, v > 0 and [ |Av|* —
¢ [|Dv]*—a [v?>0. But v € Hj, 80 Qc,o(v) = 0 and v belongs to the subspace
spanned by the eigenfunctions associated to the null eigenvalues of Q). . In this
way (v,e1) = 0, since @ > A —cA;. Butv # 0 ([lo]| = 1), 50 (v,e1) = A3 [ver >0
and a contradiction arises. ]

THEOREM 4.9. Assume (H), ¢ <0, a > A2 —cA\y and N > 2. Then for all
w > 0 there exists a non trivial critical point u,, of f., (i.e. is a forcing solution
of (Pw)). Moreover, 0 < fu(uw) for allw and all @ > 0 sup,,>5 fu(uw) < 0.

PrOOF. We can suppose that exists [ > 1 such that A; < o < A4 and
e1 € H;. Observe that (a) and (b) of Lemma 4.5 still hold in this case, as well
as Lemma 4.8.
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As in the previous case, by Lemma 4.8, it is possible to apply the Linking
Theorem and find a critical point u,, for every w such that (u, — ¢)~ # 0 and
SUp,, >z fuw(tw) < oo for all @ > 0. O

REMARK 4.10. In both Theorem 4.6 and Theorem 4.9, if N < 3, sup¢ < 0
in Q and p is small enough, the £ used in the Mountain Pass Theorem or in
the Linking Theorem can be replaced by 0, since H is continuously embedded
in C°(Q). In this way for all w > 0, inf,, f.,(u,) > 0 (see also Corollary 5.19).

DEFINITION 4.11. For any 7 > 1 set

A;:max{/|Av|2—c/|Dv|2 veH; v>0, /v2:1}.

Observe that in general A;*- < Aj. But if r is such that e; = E, and if j > 7,
then A} < A;. In fact, suppose v in H; gives the maximum in Definition 4.11
and v = {n:l Bm Em,. Since E; # e1, then |3;] < 1 and 3, > 0, since for all v
in H such that v >0, v £ 0, (v,e1) = A} [ve; = Ai3, > 0.

THEOREM 4.12. Suppose (H) holds, ¢ < 0, a > A} —cAy, [ > 1 is such
that A\; < o < A1, a > A;‘H and N > 1. Then there exists a non trivial
critical point u,, of f, (which is a forcing solution of problem (P)). Moreover,
0 < fu(uy) for all w and all @ > 0 sup >z fu(u,) < oo.

PRrROOF. The proof is very similar to the one of the previous theorem, but
in this case we create a linking with Ej ;. In fact, proceeding as in the proof of
Lemma 4.8, with e replaced by Ej1, we would get that there exists v in H;, o0 in R
such that [|[v 4+ oE11]| =1 and 0 < Qc,a(v +0Er) < (Afy — @) [(v+ 0E141)?,
which would imply v 4+ o Ej1; = 0, which is impossible. The rest follows in the
same way. (|

5. Multiplicity of forcing solutions

In theorems related to multiplicity of forcing solutions we will consider a spe-
cial case starting from the assumption that there exist [ > 1 and s > [ + 1 such
that Ay < Ajy1 = ... = Ay < Agy1. We will consider two cases, according to
whether Ay < A — )1 or A2 —cA\p < Ay

It is clear, for example, that if m is such that ¢ < Ay + A and Az > Aq,
then the eigenvalue A; = /\2ﬁ — ¢ satisfies A2 — ¢\ < Ay, while if m is such
that ¢ > A\ + Az and Aiz > Ay, then A; = )\% — A satisfies Ag < A3 — c)y.

We now need some preliminary results and to obtain them, we consider the
case Ay < A2 — c\p and the case A2 — c\; < A; separately.

Case 1. Ay < A2 — c);. We recall that in this case there aren’t non trivial

non negative functions in Hs.
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LEMMA 5.1. Assume (H) and Ay < A\? —cAy. Then

PROOF. Suppose by contradiction that there exist vy in Hg and C' in R such
that ||vp|| — oo and

@ g [1aapP -5 fioup-5 [d-2 [e-0)zc

Up to a subsequence we can suppose that vy /||vp|| — v in Hs \ {0}. Dividing
both sides of inequality (4) by |lvx||*, we get v > 0 and this is a contradiction.[]

Actually each functional f, depends on «a, too. We do not emphasize such
a dependence explicitly in view of the results we will prove in the last sections,
but, anyway, it should be kept in mind that f,, = f, . With such a convention,
we can give the following

DEFINITION 5.2. For every avin R, w > 0 and j > 1 set M}’ () = maxp; fo.

PROPOSITION 5.3. Assume (H) and Aj < A} —c\i. Then, for every w >0,
(a) My (a) < oo,
(b) supgp <0 and a < Aj = M (a) >0,
() a>Aj= MY (a) =0,
(d) limg—a; M¢(a) = 0.

PROOF. (a) Suppose by contradiction that there exists vy, in H; such that

o) 5 [1awl -5 [1Dup-5 [ -2 [(o-0)zn

Whatever ¢ and « are, we get ||vy|| — oo, and so, up to a subsequence, vy /||vg || —
vin H;\ {0}. Dividing both sides of inequality (5) by ||vs||* we get v > 0, which
is impossible.

(b) Let E # 0 be an eigenfunction with eigenvalue A; and such that E—¢ > 0
(this is possible since sup ¢ < 0 and functions with eigenvalue A; are smooth).
Then f,(E) = (A; —a)/2 [ E* > 0.

(c) This is nothing else but (a) of Lemma 4.5.

(d) By contradiction, suppose there exist o, — Aj, vp, in H; and € > 0 such
that

©) M) =5 [ 180~ [1Duf-F [i2-% [(@-e) ) z=>0

If (vp)n is bounded, then, up to a subsequence, vp, — v in H; and

1 A
0=54) 2 5 [1aw =5 [1ovp =32 [ =2 [(@-9))F 20
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which is clearly absurd. Then ||vg|| — oo and, up to a subsequence, vy /||vg|| — v
in H; \ {0}. Dividing both sides of inequality (6) by ||vs|/¥ we get v > 0, which
is impossible. O

PROPOSITION 5.4. Assume (H), ¢ <0 andlet A\j <a <A1 <... <A<
Asi1, s > 1+ 1 and Ay < X2 —c)i. Then there exist p” > p > p' >0 and p; > 0
such that

inf f,(w)>02> sup fo(u),
wEHf) ueT
lwll=p

where T = 0, D and

D={u=v+w|ve H, weSpan (Ej11,...,Es), ||v]| <p1, p <|w| <p"}.

PRrROOF. By (c) of Proposition 5.3 M;’(a) = 0, by Lemma 5.1 and by (b) of
Lemma 4.5 there exist R > p > 0 such that

inf £ (w) >max{Mf<a>, up fw(v)},

lwll=p I

and the thesis follows. O

LEMMA 5.5. Assume (H) and Ay < A2 — c\1. Then

ve}l{lsrwr(ly20 fulv —oer) = —o0.
lv—cer | =00

PROOF. Assume by contradiction that there exist v, in Hg, o > 0 and C
in R such that ||Jvp, — oper|| — oo and

(7) %/|A(’Uh - Uh€1)|2 _ §/|D(Uh_0h€1)|2
_ %/(vh—ohel)2 _ %/((Uh —oper — ) ) > C.

Up to a subsequence, (vy, — oper)/||lvn — oper|| — v — oer, where v € Hy and
o > 0. Dividing both sides of inequality (7) by ||vy, — oner]|* we get v—ce; > 0.
Then 0 < (v —oer,e1) = —oA?, and so o = 0. In this way v > 0. But ||v]| = 1
and this is not possible. O

REMARK 5.6. Note that if e; € Span (Ej41,...,Es) we can substitute e;
with the function e chosen for the case a > A? — c)\;, and then Lemma 5.5
holds for all N > 2, and it gives a forcing solution of (P,,) applying the Linking
Theorem.
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PROPOSITION 5.7. Assume (H), ¢ < 0 and let Aj < Ajp1 = ... = As <
Agi1, s > 141 and Ay < A3 —c)1. Then there exists an open neighbourhood O
of As such that, if « € OY N[Ny, As), there exist R > p > 0 such that

inf fo(w)> s ful2),

weH, 2EXR(Hs,e1)
lwll=p

where L p(Hs,e1) is the boundary in Hs @ Span (e1) of Ar(Hs,e1) and

Agr(Hs,e1) ={z=v—o0e1|ve Hs, 0 >0, |z]| <R}
PROOF. Define

07 = {a € [A1, As+1) | 3p > 0 such that MY (a) < inf fw(w)}
weHL,
lwll=p

By (d) of Proposition 5.3 M¥(a) — 0 as o — Ag; by (b) of Lemma 4.5

1 A% — e, —
lim = inf f,(w)>Cl = inf T

p—)O p2 wEHSi, s n;>s+1 )\%
lwl=p ‘
But
A2 — e — A
Cf > inf Mg
n;>s+1 )‘ni

for every a < A,. In this way O¥ # ) and it is an open neighbourhood of As.
Moreover, by Lemma 5.5, there exists R > p > 0 such that
inf fw(w) > sup fw(v - 061)7

weHZE, wEHg,0>0,
lwll=p [lv—ceill=R

and the thesis follows. O

Case 2. M2 —cA\; < A;. As usual we suppose that there exists 1 < r <[ such
that E, = eq.

PROPOSITION 5.8. Assume (H), A2 —c\1 < A; and let j > r. Then, for
every w > 0,
(a) a>Af = M (a) < oo,
(b) supgp <0 and o < Aj = M (a) >0,
() a>Aj= M (a) =0,
(d) j>r=lima_a, M7 (a)=0.

PROOF. The proof is very similar to the one of Proposition 5.3.

(a) Starting as in the proof of (a) of Proposition 5.3, we obtain a function
v > 0 in Hj such that |[v]| = 1 and such that 0 < Qca(v) < (A} —a)/2 [v?,
which implies v = 0, and this is absurd.

(b) and (c) are proved as in Proposition 5.3.
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(d) Starting as in the proof of (d) of Proposition 5.3 we obtain a function v
in H; such that ||v|| = 1 and v > 0. But moreover Q. (v) = 0. So v belongs
to the subspace spanned by the eigenfunctions associated to Aj;, and this is
impossible, since j > r. |

LEMMA 5.9. Assume (H) and o > A}, j > r. Then

Ulelgg fu(v) = —o0c.
llv]| = oo
Proor. Starting as in Lemma 5.1 we obtain that there is v in H;, v > 0,
o]l = 1 such that 0 < Q¢ a(v) < (A} — @)/2 [v*. This implies v = 0, which is
absurd. O

PROPOSITION 5.10. Assume (H), ¢ <0 and let A3 —chi <Ay <a < Ajyq <
oo < Ag < Agy1, s> 1+ 1. Suppose o > A%, Then there exist p” > p>p' >0
and p1 > 0 such that
inf  f,(w) > 02> sup fo(u),

weH;", u€T
lwll=p

where T = 0y, D and

D={u=v+w|veH, weSpan (E11,...,E), |[v] <p1, o/ <|w| <p"}.

PRrROOF. By (c) of Proposition 5.8, M} (a) = 0; by Lemma 5.9 (applied with
j = s) and by (b) of Lemma 4.5 there exist R > p > 0 such that

inf  f,(w) > maX{Ml‘"(a), sup fw(v)},
weH, vEH
lwil=p

and the thesis follows. O

S
vl =R

If N > 2 consider again the function e chosen before.

LEMMA 5.11. Assume (H) and let A2 —chy < Aj<a <A1 <...<As <
Asp1, s> 1+ 1. If a > A%, then

PROOF. Starting as in Lemma 5.5 we find v in Hy; and ¢ > 0 such that
v—0e>0,|lv—oce| =1and 0 < Q¢ n(v—o0oe). Then o =0 and v > 0, so that
0 < Qea(v) < (Af —a)/2 [v?. This implies v = 0, which is absurd. O

REMARK 5.12. If A7, ; < Ay and o > A}, ,, we can substitute e with Eg,
and Lemma 5.11 holds for all N > 1. But, in general, this condition is hardly
satisfied.
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PROPOSITION 5.13. Assume (H), ¢ < 0 and let /\% —ch <A < A =
.= Ay < Agp1, s> 1+1 and N > 2. Then there exists an open neighbour-
hood OY of As such that, if a« € OY N [A,As), there exist R > p > 0 such
that

inf  fo(w)> sup  fu(2),
zﬁeﬁlg‘y ZGER(HS76)
wl=p

where X r(Hs, e) is the boundary of Agr(Hs,e) in Hy @ Span (e) and

Agr(Hs,e)={z=v—oce|v € H, >0, ||z]| <R}
Proor. Consider the set

0y = {a € (A1, Ast1) | @ > A%, 3p > 0 such that Ms(a) < infL f(w)}
weHZE,
lhwli=p

Since s > 1+ 1, A¥ < Ag; by (b) of Lemma 4.5 there exist p > 0 and CF > 0
such that

Moreover, by (d) of Proposition 5.11, M¥(a) — 0 if « — As;. We deduce that
O% is a non empty open neighbourhood of A;. Moreover, by Lemma 5.11, there
exist R > p > 0 such that

inf fo(w)> sup fo(v—oe). O
weHsL, U‘EHS,LﬁZ[I)?,
[lwll=p lv—oel|=R

LEMMA 5.14. Assume (H), ¢ < 0 and let Aj < Ajy1 < ... < Ag < Agqq,
s > 1+ 1. Then, for any § > 0, there exists €9 > 0 such that for every «
in [A; + 6, Asy1 — 8], the unique critical point of f constrained on H; & HF in

foY([—¢0,¢0]) is the trivial one.

PROOF. Suppose by contradiction that there exist § > 0, «, in [A;j 4+, Asy1—
8], an — « and u,, in H; ® HE \ {0} such that

fa(un) = %/|Aun|2 — §/|Dun|2 - %/ug + %/((un —e) 0

and, for every u in H; & Hj,

(8) /AunAu — C/Dun - Du — an/unu—i—w/((un —¢) )"y =0.

Set u,, = v, + wy, where v, € H; and w,, € Hj-
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(I) In (8) take u = wy, — v,,. Then

o ([t
. (/mm? ~e [ 1w _an/vz) o [ (= ) — w0

But

10w [ (=) ) - v0)
gw( [, - o:)-)k)l_l/kwn — ol

gc( [ - ¢>->k)1_1/k||wn ~ o

- C</((un — (b))’“) 1_I/kIIUnII,

since v, and w, are orthogonal.
Now we want to show that there exists a positive constant a such that the
Lh.s. of (9) is greater than al|u,||?. First of all observe that

1)
2 2 2 2
J 1w —e [ 1D o [0 < (= )

Moreover, there exists C§ > 0 such that, for all w in H,

/|Awn|2 _ c/ \Duw |2 — an/wi > CF 2.

In this way we have proved that there exists a > 0 such that

(11) /|Aun|2 - C/ | D |* — O‘n/“i > a[lon]l* + llwnll*) = allunl|*.

Since u, £ 0, (9), (10) and (11) give

(12) il = € ( [t ¢>->’“)11/k.

(II) Putting u = u,, in (8), we get
0=2£00) + (7 1) [ (=) e [((wn = oy

and this equality implies that [((u, —¢)7)* and [((un —¢)")*'¢ goto 0 asn
goes to co. Then (12) implies that |[u,| — 0. But ([((u, — ¢)7)F)= ¥k =
O(||un|/*~1) (see Lemma 4.3) and a contradiction arises. O
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LEMMA 5.15. Assume (H) and let Ay < Ajp1 < .00 <Ay < Agpq, s 2 1+1,
a # M\ —cAi. Denote by P: H — (Ejy1,...,E) and Q : H — H, @ HE
the orthogonal projections. Suppose u, in H is such that f,(u,) is bounded,
Pu, — 0 and QV f,(uy,) — 0. Then (uy,), is bounded in H.

PROOF. Suppose by contradiction that there exists a sequence (uy,)n, in H
such that ||u,| — oo, Puy — 0, fu(uy) is bounded and

Q(un + i (cAuy — auy +w((uy — ¢) ) 1) =0,

where i* : L?(Q)) — H is the compact adjoint operator of the immersion i : H —
L?(Q2). Up to a subsequence, we can suppose that u, /||u,| — v in H.

Since f.,(u,) is bounded, dividing it by |lu,|/*, we get [(u™)* = 0, and
so u > 0.

Now observe that
(QV ) i) = (¥ un), ) — (PY o) )
=2fufun) + (3= 1)o [t =0 4o [(Gan =00
_ /AP(un i (cAtn — atin + w((tn — ¢)7)F 1)) Aun
=2fufun) + (3= 1) [t =0 4o [(Gan =00
- / AP [2 — /APi*(cAun — atn + w((wn — 6) ) Aup.

Now observe that Pi*(cAu, — au, + w((u, — ¢)7)*1) € Span (Ej11, ... , E),
so it is a smooth function. In this way the last integral above is equal to

/A2Pi*[(cAun — oty 4 w((tn — )7 Hup
= /AQPi*[(cAun — aup +w((up — ¢) 7)) Puy,
= /A2i*((cAun — atn +w((un — ¢)7)F)) Puy,

_ —c/|DPun|2 —a/(Pun)2—f—w/((un—(b)_)k_lPun.

[~ o:)-)’“)l_w( / |Pun|’“)1/k
([-o) " ipw

Moreover,

[t =0y,

<
<c
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Finally
(QV un)unh =2tun) + (5= 1) [ (= 0) )
o [(n =0y V1o [ 18P+ [ IDPuP
o [P = [ (=) ) P

Dividing by [|u,|*/*=Y, we get

(1- 2/k)w/((un ) )" __(QVF(un) un) | 2f(un)

0< ([t ||/ (E=D) T un|[F/ D) ([ ][F/ =D
w/((un —¢) ) 1e /|APun|2 /|DPun|2
B T L P I P
O‘/(PUH)Q W/((Un —¢)7 ) Pu,
+ [[un ||/ =1 [t [F/ =D

Throwing away the non positive terms, the last quantity is less or equal to

QVu(w),ua) | 2fu(un)

[l ||/ (E=1) (| ||/ (=)
|c|/|DPun|2 |a|/ Puy)? w/((un—¢)_)k_1Pun
[l ||/ (E=1) HU [[e/(k=1) (| ||/ (=)

1 A
0(1) +C<|un|k/(kl) /((un _(b) ) ) ||Un||1/(k71)’

where o(1) — 0 as n — oo. In this way [((u, — ¢)7)*/[|un||*/*~1 is bounded,
and, up to a subsequence, it converges to 0. Then ((u, —¢)~)*~!/|lu,|| converges
to 0 in L*¥/(*=1(Q), and hence in H'.

But Qu,, = u,, — Pu,, so

(13) = =
[[n | lunll llunll

+Ql* <0Aun —a Unp +w((un¢)_)k_1) 4)0,

[unll  [lunll [[nl

and then u,/|u,|| — w strongly in H and ||u|| = 1. But, on the other hand,
from (13) we get that u € H; © H} and it is a solution of

A2u+cAu—ou=0 inQ,
(14)

u=Au=0 on 0},
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in H; ® H, which is also non negative. But then u is a non negative and
non trivial function belonging to the subspace spanned by the eigenfunctions
associated to null eigenvalues of Q). o, and this is impossible, since e; doesn’t
belong to this space. In fact, if u = Y 8;F;, multiplying the equation of (14)
by e and integrating, we get (A2 — cA\; — «)3; = 0, which would imply 3; = 0,
while u > 0, u # 0, so its component along e; must be positive. O

PROPOSITION 5.16. Assume (H), ¢ < 0 and let Aj < A1 < ... < A <
Agr1 <., 8> 141 and a # X3 —cAy. For every § > 0 there exists £g > 0 such
that for every &', " in (0,e0) and for every a in [A;+ 0, Agy1 — 0], the condition
(V)(fo, H @ HE €', €") holds.

PROOF. Take ¢ as in Lemma 5.14. Suppose by contradiction that there ex-
ists a sequence (uy, ) in H such that || Pu,|| = d(u,, HHOHL) — 0, QV fu(u,) —
0, ¢ < fu(u,) < €”. By Lemma 5.15 (uy), is bounded and, up to a sub-
sequence, u, — u in H with Pu = 0 and QV f(u) = 0, that is u is a criti-
cal point of f, constrained on H; ® H;-. By Lemma 5.14, u = 0. But then
0 = fu(u) = lim f,(u,) > &, since f, is continuous, and thus we get a contra-
diction. ]

THEOREM 5.17. Assume (H), ¢ <0, Ay < Ajy1 = ... = As <A1 < ...,
s >1+1 and )\% —cA1 > Ag. Then there exists 7 > 0 such that, if a €
(As — 7, Ay), then f, has at least three non trivial critical points which are

forcing solutions of problem (P,,).

PROOF. The proof parallels the proof of next Theorem 5.18. O
THEOREM 5.18. Assume (H), ¢ < 0, N > 2, Aj < Ajy1 = ... = A; <
A1 <ol s >0+ 1, )\% —cA < A;. Then there ezists ¢ > 0 such that, if

a € (As —7¥,Ay), then f,, has at least three non trivial critical points which are
forcing solutions of problem (P,,). If A%, < A, the thesis is true for all N > 1.

Proor. Fix § > 0, take ¢¢ as in Proposition 5.16 and define YUY = O N
A“(5), where

A2(8) = {a € [A; — 8, Ayyr — 8] | M¥(a) < o}

By (¢) and (d) of Proposition 5.8, U¥ is not empty and it is an open neigh-
bourhood of A,. Moreover, Proposition 5.10 and (V)(f.,, H; ® H,€',&") hold,
where ¢’ < &, and

max{sup f,(7),0} <& < inf f,(w) and M¢(a) <e” < eo.
weHL,

lwll=p

So the (V)-Theorem A.5 gives 3 critical points u!, such that f,(ul,) < M¥(«).
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By Proposition 5.13 and the Linking Theorem, there exist 2 critical points
v}, v2 such that

w?

sup fu > fw(v(.lu) > infL fw(w) > sup fi, > fuJ('UZ;) > infL fw(w)'
Br ol »n el s

In this way v) # wu! by the very definition of O% (inf e m s uj=p fu(w) >
MY (a)). O

COROLLARY 5.19. Under the assumptions of Theorem 5.17 or of Theo-
rem 5.18, if N < 3 and sup¢ < 0, two different critical levels ¢l and 2 are

such that liminf, cl, > limsup,, ¢2. Moreover, there exists € > 0 such that
inf £, (uw) > ¢,
w

u, being one of the critical points of f. found in Theorem 5.17 or in Theo-
rem 5.18.

PROOF. Since sup¢ < 0, in all the inequalities obtained for proving the
existence of one solution, we can suppose that the radius of the small sphere in
the Mountain Pass Theorem or the radii of the vertical spheres in the Linking
Theorems ({w € Hj- | ||w|| = p}) are small enough so that the values of the
functionals f,, are not influenced by the perturbation term w [((u — ¢)7)*. So
there exists € > 0 such that

1 5 C 9 o 9 w/ N
— - ¢ _g — — > .
fuw) =5 [ 1805 [1Duf-F [w2-2 [(w-p) ) ze wrat

Moreover, we can find o1 > o9 > o3 > o4 > 0 and three sequences of
solutions v}, and u,, j = 1,2 such that for all w

o > fw(vi}) = c}d > O’Q(— inf fw(w))
lwll=pw

> 03 (= MY (@) > fo(ul) = > 04> 0.

w

Indeed, M is a decreasing function of w. So in the definition of 0%, in which

we require that there exists p, such that
M¢(a) < inf  f,(w),

weHF

lwll=pw
we can choose p,, constant (for example equal to p1) and small enough so that
(w—¢)~ = 0and soinf,eqt |uw|=p, fu(w) is independent on w. In this way O
is independent on w, too.

Passing to the limit we get

liminf ¢!, > limsup 2. ]

w—00 w—00
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We finally observe that the procedure to obtain the multiplicity results above
can be repeated for any functional in which the quadratic form Q. . is replaced
by a quadratic form whose gradient has the form (linear operator)+(compact
operator). For example, one can consider functionals defined on W,**(€2) having

F=3 [1Dap =5 [w =2 [(w-o)"

See [18] for an application, where —¢ is replaced by e;.

the form

6. A priori estimate

From now on we will consider a sequence (wy,),, of real positive numbers such
that w, — 0o as n — oco. For the sake of simplicity, we will write w instead of
wp, and with w — oo we will mean that n — oo (and then w, — 00).

THEOREM 6.1. Assume (H), o # A} — c)\y, there exists 7 > 0 such that
Te1+¢ <0 a.e. in Q (for example sup ¢ < 0) and u,, is a solution of (P,) with
sup,, fu(u,) < oo. Then

o inf f,,(uy) > —o0,
w
o supw (=) ) <,
w
o infw (0= 90> —ox,
w
o (uy)w is bounded in H.
PROOF. Suppose by contradiction that (u,, ). is unbounded. We can suppose
that, up to a subsequence, [|u,|| — oo and that there exists v in H such that

vy = Uy /||uw|| weakly converges to v in H, strongly in L*(2) and a.e. in Q.

Now,

(15) 0= f(uy)u, = /|Auw|2 —c/|Du|2 —a/ui
o [((w -0
2 —\k
=2fuw) + (2~ 1) [ (o= 9))
+o [ =9,
and, since ¢ is negative, if we divide by ||uy|| and pass to the limit, we obtain

w [ ((us —¢)7)" w [ ((uo—¢)7)* 1o
lim / =0, lim / =0
e [l w—00 [ |
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and also

(16) lim =0,

since ((uy — @) ") Tuy, = —((uw — @) 7)* + ((uw — @) )*~1¢. In this way

[luw|? [Juw|?

—>1—c/|Dv|2—a/v2.

If o and ¢ are < 0 this is immediately absurd. Otherwise this equality implies

that v #Z 0. But
R ACHIC S
= Tl Jwr

and so v > 0. Now observe that
(17) 0= f (uo)rer = (X2 — Ay — a)T/uwel —i—w/((uw ¢ )Ly
But
(= oy tre = [(a =67 e+ 60— v+ s - )
< [t -9,

and, by (16), we get

o [t - oyt N

w—00 |l ||

Therefore, from (17), we obtain

0=(\ —c\ —a)/vel,

which is possible if and only if v = 0. A contradiction arises and so (uy), is
bounded. From (15) the other statements of the thesis follow. O

REMARK 6.2. As already remarked, no existence and bound theorem is
proved in the case a = A2 — c\q, since it is trivial in the part of existence
and it is impossible in the part of an a priori estimate. So the requirement
a # A} — ¢\ is natural in this problem.
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COROLLARY 6.3. Assume (H), a # A2 —c\y, sup ¢ < 0 and u,, is a solution
of (Py) such that the sequence (uy), is bounded. Then

supw [ ((u,— ) )1 < o

w

PROOF. From (15) we get that there exists M > 0 such that
*w/((uw —®) ) lp< M forall w,

but the Lh.s of this inequality is bigger than —wsup ¢ [((uy, — ¢)~)* !, and the
thesis follows. O

Under the assumptions of Theorem 6.1, (u). is bounded, so we can take
a weakly convergent subsequence. On the other hand, if there exist a se-
quence of solutions (uy), and uw in H such that u, — w in H, then w [((uy, —
#)7)* and w [((uy — ¢)7)* ¢ are bounded, and thus inf,, f,(u,) > —occ and
sup,, fuw(ue) < co. In fact

0= [18uf ~c [Ipuf-a [+ [ -0,

and so the last integral is bounded. But it equals — [((uw — ¢)7)* + [((uw —
#)7)¥~1¢ and since these integrals are both non positive, they are both bounded
and the thesis follows.

7. Bounce

If w,, is a forcing solution of (P,,), we define A, as (a set equivalent to)

Ay ={z € Q| uu(z) < o)},
A = {z € Q| exists a neighbourhood U of z
and exists wy such that for all w > wg m(U N A,) = 0}.

We observe that A is an open subset of €2, and so its complementary set B
is closed, where

B ={z e Q| for all neighbourhood U of x and all wy,
exists w > wp such that m(U N A,) > 0}.

We also remark that such a set B is, in some sense, the set of points in
which u touches ¢, or the contact set; actually, if N < 3 and ¢ is continuous B
coincides with the set of points z’s of Q such that u(z) = ¢(x).
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THEOREM 7.1. If uy is a solution of (P,) such that u, — u in H, then
(i) u> ¢ ae inQ,

(ii) /AuAl/)—c/Du-Dl/)—a/uw <0 for all v in H such that ¢ >0
mn (),

(iii) /AuAl/)—c/Du-Dl/)—a/uw =0 for all v in H such that ¥ =0
on ‘B.

In other words, in the sense of distributions in §2, we have

(i) A?u+ cAu—au <0 inQ,

(iii)” A2%u+ cAu—au =0 in Q\ B.

In particular there exists a positive Radon measure p such that

(18) /Aqu—c/Du-Dq/)foz/uz/ﬂr/wdu:o

for all v in D(Q), and u is supported in B.

PROOF. (i) Suppose by contradiction that u — ¢ < 0 in a set of positive
measure. From the equality

(19) /AuwAw — c/Duw - Dy — a/uwl/J = —w/((uw —¢) )y

for all ¢ in H, passing to the limit, we would have [AuA¢ — ¢ [ Du- Dy —
a [u) = oo, which is clearly absurd.

(ii) Take ¢ in H and ¢ > 0. Passing to the limit in equation (19), we get
the thesis.

(iii) Define the linear operator L, : D(2) — R in this way: if ¢» € D(Q)

Lo,(1) :w/((uw —¢) )y = —/AuwAwch/Duw -D1/)+oz/uw1/).

Since u, — u in H, L,, converges to a linear and bounded operator L defined as
L) = — [ AuA¢Y + ¢ [ Du- Dy + o [y for every ¢ in D(2). But if ¢ > 0,
L,(¢) > 0 and so L(¢p) > 0, that is L is a linear and positive operator defined
on D(Q2). By Riesz Representation Theorem (see [1] or [4]) there exists a positive
Radon measure p such that L(y)) = [+ dp for all ¢ in D(Q).

Let us show that supppu C B. Let 29 € Q \ B. Then, by definition, there
exists a neighbourhood U of 2y and wy such that for all w > wp one has m(U N
Ay,) = 0, that is u,(z) > ¢(z) in U for all w > wy. Then for all ¢ in CF(U)
we have [ Au,A — ¢ [ Duy, - DY — a [ ug,1p = 0 for all w > wy. Passing to the

limit
[ausi-c[Du-pi-a fus=o

for all ¢ in CF(U), that is A?u+ cAu —au=0in U. So z, & supp u. |
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REMARK 7.2. We remark that the functionals L, (1) converge for every 1
in H, but in general we cannot write the limit functional as an integral, since
D(Q) is not dense in H. Moreover, this fact implies that the distributional
versions (i)’ and (iii)’ of the previous Theorem are, in some sense, weaker than

the other ones.

REMARK 7.3. At this point we want to underline that the variational in-
equality we obtain is, in some sense, “reversed”. In fact, if Ky = {u € H | u > ¢}
is the set of admissible functions, we are looking for a solution in Ky of

AU+ cAu — au < 0,

while the classical variational inequality is A%u + cAu — au > 0 (see [5], for
example).

We now want to prove some regularity results in the case a = 0.

The fact that u is not a solution of a classical variational problem doesn’t
let us apply the regularization methods related to that theory. Anyway we can
still get some information on the solution of the variational inequality by the
following

THEOREM 7.4 (Maximum Principle). Suppose ¢ < A1 and u satisfies

A?u+cAu<0 inQ,
(20)

u=Au=0 on 0N).
Then either uw =0 or, for every ball B contained in 2, supgu < 0.

See [16] for a proof.

As an immediate application of this Theorem we get the following

PROPOSITION 7.5. Suppose ¢ < A1, u is the weak limit of a sequence of
solutions of (P,) with « =0. Then ¢ <u <0 a.e. in Q.

REMARK 7.6. A symmetric result holds if we consider the problem

min { / | Du|?
Q

where ® is an “obstacle” (that is 5o < 0 and ® > 0 in a subset with positive

we Wy (Q), u> @},

measure of Q). In fact, if ug is the unique minimal point, then 0 < ug (see [9]).
We observe that the same holds for the problem

min { / | Au?
Q

which gives A%u > 0 (see [5]).

u € Hy(Q)NH*(Q), u> @},
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PROPOSITION 7.7. Suppose ¢ € C*(Q), u satisfies problem (20) and A2%¢ +
cA¢ > 0 in §; then the “contact set” B = {z € Q | u(x) = ¢(x)} does not have
wnterior points.

PROOF. Suppose there exists zg in the interior of B. In this case A?u(zg) =
A%¢(xp). But then

0 > A?u(xo) + cAu(zg) = A%¢(x0) + cAdp(xo).
The last sum is strictly positive and a contradiction arises. O

Suppose u satisfies A%u + cAu < 0 in D(Q). We want to show that u has
some finer properties of regularity. In general we cannot expect to recover the
regularity results for the biharmonic operator (see [3] and [5]), but something
can still be said in the case & = 0. To do that, however, we follow the ideas of
those papers to prove the following proposition.

PROPOSITION 7.8. Ifu satisfies (20) and N > 2, then there exists a function
W such that
(a) W = Au a.e. in Q,

(b) W is lower semicontinuous,
c) for every xg in Q and for every sequence of balls B,(xg) with center
Y Yy seq p

m xo and radius p, we get

/ WIW(J?O) as p | 0.
BD(ID)

ProOOF. Take x in 2, p > 0 and define
wp@) = [ [Auly) + culy)) dy
Bp(x)

First of all we observe that for every zo in Q, w,(z) is a decreasing function of p.
In fact if u is a regular function, Green’s formula gives

Au(zo) + cu(zo) = /

(Au+ cu) — / (A%u + cAu)G (w0 — y) dy,
Sp(wo)

Bp(wo)

where G, is the Green’s function in the ball of radius p:
(e =y N —p* N i N >3,

Gylx—y) =
ol 2 2 log <|xpy|) if N =2,

N> 0,4 > 2.
In the same way, if p’ > p, we get

Au(zg) + cu(zo) :f

(Au+ cu) — / (A%u+ cAu)Gy (z0 = y) dy.
Sp/(xr))

Bp/ (I())
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But 0 < G, < Gy, soif A2y + cAu < 0, we get

/ (Au + cu) 2/ (Au + cu).
SP(LE()) Sp/ (10)

Integrating

(21) / (Au + cu) 2/ (Au + cu).
By(z0) B,/ (x0)

If u € H?(Q) and A%u+cAu < 0, setting u. the e-regularized functions of u,
then A%u. +cAu. < 0, so (21) holds with u replaced by u.. Letting ¢ going to 0,
we get (21) for any uw in H%(Q2). In this way w,(zo) is an decreasing function
of p and a function w is defined as

wp(zo) T w(zo) asp 0.

Every w, is continuous, so w is lower semicontinuous. By Lebesgue Theorem
wy, — Au + cu a.e. in . Setting

W(z) = w(z) — cu(x),

the proof is complete. O

8. The limit problem in the case sup¢p < 0 and N < 3

The limit problem, as it was established in (18), holds for any 1 in C& ().
Now we want to show that, if N < 3 and sup ¢ < 0, it holds for all ¢ in H. First
of all define a sequence of measures (u),, in such a way that

/wduw _ w/((uw — ) )y for all ¢ in CY(Q).

Moreover, H < C§(£2) (but not in C&(f2)) and we already know that [ ¢ dp., —
[ dp for all ¢ in CF (). So we only need to prove that [t dp, — [ dp for
all ¥ in CJ(Q).

To do that we remind some basic concepts of measure theory.

DEFINITION 8.1. Let v, be a sequence of measures and v be a measure on .
We say that v, weakly converges to v, and we write v, — v, if the induced
functionals on the dual of C§(Q) converge in the weak-*topology: [ dv, —
[ dv for all ¢ in C(€2).

It is easy to show that, if the total variations of (v,), are bounded, that is
sup,, [1,](22) < oo, this condition is equivalent to the fact that [ dv, — [¢dv
for all ¢ in C(Q).

In the problem under investigation we assume sup ¢ < 0, so that Corollary 6.3
implies that sup, () = sup, w [((uy — ¢)7)*"! < co. In this way the
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convergence of the induced functionals over ¢’s in CZ(f2) is equivalent to the
convergence over 1’s in CJ(€2). In particular [ du — [t du for all ¢ in H.

LEMMA 8.2. Ifu, = v and z, — z uniformly in CJ(SY), then J 2w dvy, —
fzdl/.

PROOF.

/zwduw—/zdu /zwduw—/zduw —l—’/zduw—/zdu

The first term of the right hand side of the previous inequality goes to 0, since it

<

is less or equal t0 ||z — 2| o |V | (§2), while the second one goes to 0 by definition.O
An immediate consequence is the following

THEOREM 8.3. If N < 3, ¢ € C%Q), uy is a solution of (Py), uy — u
in H and p is the measure defined in (18), then

(22) /AuAv—c/Du-Dv—a/uv:—/vdu for all v in H.
PRrROOF. Let v € H. Then

/AuwAv - c/Duw - Dv — a/uwv = —w/((uw —¢))F v for all w.

Passing to the limit, Lemma 8.2 implies the thesis. (|

LEMMA 8.4. Suppose N < 3, supd < 0 and u,, is a solution of (P,) such
that u, — u; then

tim o [ (.~ 6))F =0,

w—00
PRrROOF. From Corollary 6.3 we get that the total variations of the sequence
(tw)w 18 bounded from above: sup,, p,, (2) < co. So

o (=00 <o [ (=9 = 0) oo
But |[(uy — @) [|z(@) — 0, and the thesis follows. O
COROLLARY 8.5. Suppose N <3 and sup ¢ < 0. If u,, is a solution of (Py)
such that u, — u in H, then iminf,, . w((u, — #)7)* =0 a.e. in Q.
ProoOF. It follows from Lemma 8.4 and from Fatou’s Lemma. O

REMARK 8.6. If u — u uniformly, f,(u,) # 0 (i.e. u, is a forcing solution
of (Py)), ¢ € C°(Q) and sup ¢ < 0, then {z € Q | u(z) = ¢(z)} # 0.

In fact, since u,, — u uniformly, there would exist wy such that u, — ¢ > 0
for all w > wo. But [Aug,Ap—c [ Duy, Dy —a [upth = —w [((uw — @) 7)* 19
for every ¢ in H, so w > wo, [Au,Ay — ¢ [ Duy, - D — a [t = 0, which
implies f,,(uy) =0 (choosing ¥ = u,,) and this is a contradiction.

As a corollary of Theorem 7.1 we get the following
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THEOREM 8.7. Assume N < 3, ¢ € CO(Q), sup¢p < 0, u, is a solution
of (Py) and u, — u, then:

o u, — u uniformly and p is supported in the contact set B = {x € Q |
u(z) = ¢(x)}, that is p(Q\B) =0,

o if a £ A; for all i and if {x € Q| u(x) = ¢p(x)} # 0 (for example if
(up — @)~ # 0 for all w), then u({z € Q| u(z) = ¢(z)}) >0,

e if G is any neighbourhood of O such that G C Q\B, then u € H;t (G),
A?u+cAu—au=0ae inG and [ AuAY—c [ Du-Dy—a [up =0
for all ¢ in H such that suppvy C G.

PROOF. Since N < 3, u,, — u uniformly. ¢ € CY(2) and sup ¢ < 0, thus the
contact set B is a compact subset of Q. Let ¢ € CF (2 \ B); then [ Au,Ay —
¢[Duy - DY —a [usth +w [((uy — ¢)7)* 2 = 0. But if w is big enough
(uw — @)1 = 0 and so, passing to the limit, [ AuAyp —c [Du-Dyp—a [up =0
for all ¢ in C(Q\ B), that is p in supported in B.

Now suppose « # A; for all ¢ and B # (); assume by contradiction that u = 0.
Then Theorem 8.3 gives [ AuAy — ¢ [Du- D — a [up = 0 for all ¢ in H.
Since u # 0, u is an eigenfunction in H of the biharmonic operator; therefore
there exists 7 in N such that o = A; and this is a contradiction.

Since u,, — w uniformly, (u, — ¢)~ = 0 definitely in every compact subset
of Q\ B. If ¢ in H is such that suppyp C G, for w large enough we have
[ AugyAp—c [ Duy,-Dip—a [uy,p = 0. Then [ AuAyp—c [ Du-Dp—a [uyp = 0.
In particular v € Hf (G) and A%u+ cAu— au =0 a.e. in G. O

THEOREM 8.8. Suppose N < 3, sup¢ < 0. If u, is a solution of (P,)
and u, weakly converges to u in H, then u, — u strongly in H.

PROOF. Putting u in (22) we get

(23) /|Au|2—c/|Du|2 /u +/udﬂ—o
But
/|Auw|2—c/|Duw| +a/ _w/ o — 6)~ )V u.

By Lemma 8.2, the right hand side of the last equality converges to
c/|Du|2+a/u27/udu.

lim [ |Au,|? :/|Au|2

w— 00

and the thesis follows. O

By (23) we get

Set Ky = {v e H|v>¢ae. inQ}, which is a convex and closed subset
of H. We can now prove this
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THEOREM 8.9 (Reversed variational inequality). Suppose N < 3, sup ¢ < 0,
w s the limit of a sequence of forcing solutions u, of (P.,). Then

(24) /AuA(v—u)—c/Du-D(v—u)—a/u(v—u) <0 forallvinK,
PROOF. Let v be a function of K,. Then
/AuwA(v ) - c/Duw D(v— uy) — a/uw(v — )
= [( =6 - ).
But [((uy —¢)7 ) Mo —uy) = [((t =) ) (v —0) = [((uw—0) )" (uy —
$) > 0. By Theorem 8.8 and Lemma 8.4 the thesis follows. O

REMARK 8.10. This is quite a surprising result, since this Theorem states
the exact contrary of the statement of a classical variational inequality: if ® is
an obstacle (that is ®5o < 0 and ® > 0 in a subset of positive measure in Q)
and one looks for

(25) min /|Au|2,

ueKg
then
/AUA('U —u) >0 forallvin Ks,

where Ko = {ve€ H |v> ® ae. in Q} (see [5]).
9. Multiplicity results for the reversed
variational inequality in low dimension
As a corollary of Theorem 8.8, it is easy to prove the following

THEOREM 9.1. If N <3, sup¢ <0, a # N\ —c\; and u is the weak limit of
a sequence of forcing solutions u,, of (Py), then there is at least one non trivial
solutions of the limit problem (24).

PROOF. By Theorem 8.9 u is a solution of (24). Moreover, by Corollary 5.19,
there exists € > 0 such that

1 9 C 9 o 9 w/ K
- - ¢ _2 — — > .
fuwluy) 2/|Auw| 2/|Duw| 5 /uw i ((uw—p))"* >¢e forallw

By Theorem 8.8, u,, — u strongly in H and by Lemma 8.4

/|Au|276/|Du|27a/u222€>0,

that is u # 0. O

In particular we can prove the following multiplicity result.
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THEOREM 9.2. Suppose N < 3 and sup¢ < 0. Under the hypotheses of
Theorem 5.17 or of Theorem 5.18 , there exists Ts > 0 such that for all « in
(As—7s, As) there exist at least two distinct non trivial solutions of equation (24).

PRrROOF. In Corollary 5.19 we proved that there exists 01 > 09 > 03 > 04 > 0
and three sequences of solutions v}, and uJ), j = 1,2 such that for all w

o1 > fulvh) > 02(2 inf fw(w)) > o3(= M2 () > fu(ul) >04>0

and such that v}, — v and v/, — u;, j = 1,2 in H. We recall that M
is a decreasing function of w. But since N < 3, in the definition of 0¥ (in
which we require that there exists p, such that My < infyeps juw|=p, fo(w))
we can choose p, constant and small enough so that (w — @)~ = 0, and so
infuenst w|=p, fw(w), is independent on w.

Passing to the limit we get

1
mzy( far-c [k -a s [oa)za
1
>U3Z§</Aujl26/|DUj|2a/U§+/Ujdu> > 04> 0.

Of course we cannot distinguish u; and wus in the range [oy4, 03], so we can only
establish the existence of one solution in that range. (|

We observe that this is quite an interesting fact. Indeed we have proved
that for a “reversed” linear variational inequality there are some non trivial
solutions. And such a result is not obvious at all, since the existence of one non
trivial solution is not evident, either.

10. A deeper look on the case N < 3

Let us consider any solution w of (24). For simplicity consider the case
c=a=0. Then

/AuAv < /|Au|2 for all v in K.
The (unique) solution of problem (25) satisfies
/AUA('U —u) >0 forall vin K,

as already remarked. But by Minty’s Lemma (see [5]), the last inequality holds
if and only if

/AUA(U —u) >0 forall vin K.
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If we combine these two inequalities we immediately get

Aul? < Av|? for all v in K,
]

as expected.
In our case a property analogous to Minty’s Lemma is not possible. In fact,
if (24) was equivalent to the following “reversed” Minty’s Lemma

Av]? < [ AuAv  for all v in Ky,
¢

we would get
/|Au|2 > /|Av|2 for all v in Ky,
which is clearly absurd, since
sup /|Av|2 = 0.
veKy

Anyway we observe that the “reversed” Minty’s Lemma implies (24). In fact
for all v in K4 we have

O§/|A(’U7u)|2:/|Av|272/AuAv+/|Au|2

and by the “reversed” Minty’s Lemma it is less or equal to

f/AuAv+/|Au|2,
and so (24) holds.

We also observe that the “reversed” inequality is not equivalent to a classical
variational one, neither when the constraint v > ¢ is replaced by U < —¢. In
fact if we consider the function U = —u, then U satisfies [AUA(V —U) —
¢c[DU-D(V -U)—a UV -U)<0forall V< —¢.

Finally we prove some regularity results in the case a = 0.

PROPOSITION 10.1. Suppose u satisfies (24) with « = 0, W is the function
defined in Proposition 7.8 and ¢ < A\1. Then W >0 in €.

PRrROOF. Fix z, in Q and p > 0 such that B,(zo) C ©. Denote by xp the
characteristic function of B,(zo) and let z be the solution of the problem

Az+cz=—xp inQ,
z=0 on 0f).

By the regularity theorem for elliptic equations, z € H and by the Maximum
Principle z > 0 a.e. in 2. Then v = u + z € K. In this way, putting such a v

/A’U,AZ*C/DU'DZSO.

in (24), we get
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Substituting the value of Az and integrating by parts we get

/ Au = / W >0.
BP(IO) BP(IO)

By (c) of Proposition 7.8, dividing by the measure of B,(z¢) and passing to the
limit, we get W (zo) > 0. O

Since W = Au a.e. in 0, we get the following

COROLLARY 10.2. If u satisfies problem (20) and ¢ < A1, then Au > 0 a.e.

in ), that is u is subharmonic in 2.

Of course, by the Maximum Principle we obtain again Proposition 7.5.

A. Variational theorems

DEFINITION A.1. Let H be a Hilbert space, f : H — R be a C'-function
and ¢ € R. We say that (PS)., Palais—Smale condition at level ¢, holds if for
any u, such that lim f(u,) = ¢ and lim V f(u,) = 0, there exists a converging
subsequence of (uy,).

THEOREM A.2 (Mountain Pass). Let B be a real Banach space and [ €
CY(B,R) such that f(0) =0 and
(i) there are positive constants p and « such that fles, = @,
(ii) there exists e in B\ B, such that f(e) <0.

Suppose (PS)c holds for all ¢ > «. Then f has a critical value ¢ > «.
Moreover, ¢ can be characterized as

c¢=inf max u
gEFuEg([O,l])f( )

where I' = {g € C°([0,1], B) | g(0) = 0,g(1) = e}. Here B, stands for the ball
of radius p: B, = {u € B | |Ju| < p}.

See [19] or [20] for a proof.

THEOREM A.3 (Linking Theorem). Let H be a Hilbert space which is topo-
logical direct sum of subspaces Hy and Hy, one of those having finite dimension.
Let f be a C' real function defined on H and let e € Hy, e # 0 and py,p2 > 0
such that

(1) o1 = p2| < llell < p1 + p2,
(ll) SupEl f < inf22 f7
(iii) —oo < a=1infp, f and b= supg, f < oo,
where By is the ball in Hy centered at O with radius p1, 31 is its boundary in Hy,
Bs is the ball in Span (e) ® Hy centered at e with radius pa and Xq is its boundary
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in Span (e) @& Hs. Suppose (PS). holds for every ¢ € [a,b]. Then there exist two
critical levels ¢y and co such that
a<c <supf<inff<c <0
1 PP

See [11] for a proof of this theorem.

DEFINITION A.4. Let H be a Hilbert space, f : H — R be a C*-function, X
a closed subspace of H, a,b € RU{—00, co}. We say that condition (V)(f, X, a,b)
holds if there exists v > 0 such that inf{||PxV f(u)|| | a < f(u) < b, dist (u, X) <
~v} > 0, where Px : H — X is the orthogonal projection of H onto X.

THEOREM A.5 ((V)-Theorem). Let H be a Hilbert space and H;, i =1,2,3
three subspaces of H such that H = Hy & Hy @ Hz and dim (H;) < oo for
i =1,2. Denote by P; the orthogonal projection of H onto H;. Let f: H — R
be a CYl-function. Let p, p', p", p1 be such that p1 > 0,0 < p' < p < p" and
define

A={ue HH®Hy | p <||Pul <p", [|Piu|| < p1} and T =0m,emA,
SQg(R) = {U € Hy ® Hg | HUH = R} and Bys = {U € Hy, ® Hg | ||U|| < R}

Assume that

a’ = sup f(T) < inf f(S23(p)) = a”.
Let a and b be such that ¢’ < a < a” and b > sup f(A). Assume (V)(f, H1 @
Hs,a,b) holds and that (PS). holds for every ¢ in [a,b]. Then f has at least two
critical points in f~*([a,b])). Moreover, if a; < inf f(Baz(p)) > —oco and (PS).

holds at any ¢ in [a1,b], then f has another critical level in [a1,a’].

See [12] for the proof.
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