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EXISTENCE AND CONCENTRATION
OF LOCAL MOUNTAIN PASSES
FOR A NONLINEAR ELLIPTIC FIELD EQUATION
IN THE SEMI-CLASSICAL LIMIT

TERESA D’APRILE

ABSTRACT. In this paper we are concerned with the problem of finding
solutions for the following nonlinear field equation

—Au+ V(hz)u — Apu+ W' (u) =0,

where v : RN — RN+L N >3 p > N and h > 0. We assume that the
potential V' is positive and W is an appropriate singular function. In par-
ticular we deal with the existence of solutions obtained as critical (not min-
imum) points for the associated energy functional when h is small enough.
Such solutions will eventually exhibit some notable behaviour as h — 07.
The proof of our results is variational and consists in the introduction of a
modified (penalized) energy functional for which mountain pass solutions
are studied and soon after are proved to solve our equation for h suffi-
ciently small. This idea is in the spirit of that used in [15], [16] and [17],
where “local mountain passes” are found in certain nonlinear Schrédinger
equations.
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1. Introduction

This paper has been motivated by several recent works concerning the exis-
tence and the concentration behaviour of bound states (i.e. solutions with finite
energy) for the following nonlinear elliptic system:

(1.1) —h?Av + V(x)v — hPApv + W' (v) = 0,
where

e >0,
U:RNHRN'H,
e N>3,p>N,

e V:RV SR,
o W : Q — R with Q ¢ RV*! an open set, denoting W’ the gradient
of W.
Here Av = (Avy,... ,Avyi1), being A the classical Laplacian operator, while

A,v denotes the (N+1)-vector whose jth component is given by
div (|Vv|P~2Vo;).

Making the change of variables  — hx, (1.1) can be rewritten as

(1.2) —Au+ Vi (z)u — Apu+ W (u) =0

where V), (z) = V(ha) and u(z) = v(ha).

Equations like (1.1) or (1.2), but without the potential term V' (z)v, have been
introduced in a set of recent papers (see [6]-[11]). In such works the authors
look for soliton-like solutions, i.e. solutions whose energy is finite and which
preserve their shape after interactions; in this respect solitons have a particle
like behaviour. The interest in studying solitons is due to different reasons:
they occur in many physical phenomena and they might represent a model for
elementary particles. We refer to [7], [9] and [11] for a more precise description
of such developments.

The study of equation (1.1) has been carried on in [4] and [5] where the au-
thors achieved the existence of “ground states”, i.e. solutions with least energy:
in [4] under the assumption lim inf|,| . V' (x) > inf,cgn V() it was proved that
if h is small enough (1.2) possesses at least a solution obtained as a minimum for
the associated energy functional; furthermore this solution concentrates around
an absolute minimum of V as h — 07, in the sense that its shape is a sharp peak
near that point, while it vanishes everywhere else. In [5] the authors removed
any global assumption on V' except for inf,cpnv V() > 0 and constructed solu-
tions with multiple peaks which concentrate at any prescribed finite set of local
minimum points of V in the semi-classical limit (i.e. as h — 07). Again such
solutions are captured as minima for the energy functional and the technique is



LocAL MOUNTAIN PASSES 241

based on the analysis of the behaviour of sequences with bounded energy, in the
spirit of the concentration-compactness principle ([21]). This paper intends to
get existence results for equation (1.2) complementary to those of [4] and [5]; in
particular it is a first attempt to deal with critical points, instead of minima: its
goal is to show how variational methods based on variants of the Mountain Pass
Theorem can be used in order to obtain a critical value for the associated func-
tional characterized by a min-max argument. Furthermore the related solution
exhibits some concentration behaviour as h — 0%.

The appearance of solutions exhibiting a “spike-layer” pattern as h — 0%
is a phenomenon which has been widely studied in relation with various elliptic
equations. For instance, in recent years a large number of works has been devoted
in finding single and multiple spike solutions for the Schrodinger equation:

2
(1.9 N (T
where v > 0, p > 1 and ¢ : RV — C.

Looking for standing waves of (1.3), i.e. solutions of the form ¥ (z,t) =

exp(—iEt/h)v(x), the equation for v becomes

(1.4) —h2Av+V(z)v — [vP" v =0

where we have assumed v = 2m = 1 and the parameter E has been absorbed
by V. The first result in this line, at our knowledge, is due to Floer and Wein-
stein ([18]). These authors considered the one-dimensional case and constructed
for small A > 0 such a concentrating family via a Lyapunov—-Schmidt reduction
around any non-degenerate critical point of the potential V', under the condi-
tion that V is bounded and p = 3. In [22] and [23] Oh generalized this result
to higher dimensions when 1 < p < (N +2)/(N —2) (N > 3) and V exhibits
“mild oscillations” at infinity. Variational methods based on variants of Moun-
tain Pass Lemma are used in [25] to get existence results for (1.4) where V lies in
some class of highly oscillatory V’s which are not allowed in [22]-[23]. Under the
condition liminf|, o V(2) > inf,cpy V(z) in [26] Wang established that these
mountain-pass solutions concentrate at global minimum points of V as h — 07;
moreover, a point at which a sequence of solutions concentrate must be critical
for V. This line of research has been extensively pursued in a set of papers by
Del Pino and Felmer ([15]-[17]). In particular the work [16] seems to be the first
attempt to use a localization approach in order to deal with the case of degen-
erate critical points; in [15] the same authors devised a penalization approach
which permitted to find “local mountain-passes” around a local minimum of V'
with arbitrary degeneracy. Finally we also recall the nonlinear finite dimensional
reduction used in [2] and the papers by Grossi ([19]) and Li ([20]).
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In most of the above examples, the method employed, local in nature, seems
to use in an essential way the splitting of the functional space into a direct sum
of good invariant subspaces of the linearized operator; in such a linearization
process the nondegeneracy of the concentration points plays a basic role, even
though this assumption can be somewhat relaxed. However the finite dimen-
sional reduction does not seem possible in the study of equation (1.1) because
of the presence of the p-Laplacian operator. Instead the direct use of variational
methods, relying on topological tools, permits to obtain good results under rel-
atively minimal assumptions and this is exactly the direction we will follow.
Indeed W is chosen to be a suitable singular function so that the presence of the
term W/(w) in (1.1) implies that the solutions have to be searched among the
maps which take value in a certain open set Q C RM*! (see hypotheses (a)—(g)
below). So the nontrivial topological properties of £ allows us to give a topolog-
ical classification of such maps. This classification is carried out by means of a
topological invariant, the topological charge, which is an integer number depend-
ing only on the behaviour of the function on a bounded set (see Definition 3.1).

Throughout this paper we always assume the following assumptions:

(a) Ve CYRY,R), inf,epn V(z) > 0 and lim ;o V(2) = o0,
(b) W € CHQ, R) where Q = RN+1\ {£} for some & with [£] = 1,
(¢) W is two times differentiable in 0,
(d)
)

d) W) >W(0)=0forall { €Q,
(e) there exist ¢, r > 0 such that
_ _ 11 1
€| <r=W(E+E) >clf|™? where 5:N_];’ N>3, p>N,

(f) there exists € € (0,1) such that for every £ €  with |¢] < &:
W(&) < mf{W(n) [n €, [n] > =},
(g) for every &, n €
§l=Inl <&=W(&) =W(n),
furthermore the function ¢ : [0,Z] — R defined by
p(s) =W(E), €€, [¢]=s,

is nondecreasing.

Hypothesis (g) implies in particular

(1.5) W'(&)E>0 forall £ € Q with |¢| <E.
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For N =3 and p = 6 (hence ¢ = 6) a simple function W which satisfies assump-
tions (b)—(e) is the following

€
W = _
=7

Modifying it in a suitable way in a neighbourhood of the origin so as to satisfy

+ 1¢%.

(g) we obtain a W right for our purposes.

Under the regularity assumptions on V and W it is standard to check that
the weak solutions of (1.2) correspond to the nontrivial critical points for the
associated energy functional

(1.6) Ep(u) = /RN (;(|Vu|2 + Vi(2)|ul?) + ]%|Vu|p + W(u)) dx.

In what follows we state precisely our local assumptions on V: we suppose that
there is a compact set Ag and a positive number g > 0 such that,

(I) Vo = V(x) for every = € Ay,
and, setting
Ay = {z e RY | dist(z, o) < d},

(II) Vo <inf,epas V(z) for every 0 <& < do.
In other words Ay is one of the maximal connected set of local minima for the
potential V' associated to the value V. We additionally assume that Vj is not
the global minimum of V, i.e. there exists a point x1 ¢ Ago verifying V(z1) < Vp;
hence we can choose §y > 0 sufficiently small so as

(1) Vi = sup,ep; () V() < Vo

The main result of this paper is the following one:

THEOREM. Assume that hypotheses (a)—(g) and (I)-(III) hold. Then for
h > 0 sufficiently small there exists a solution vy, of equation (1.1). Furthermore
if we consider the sets

Sy = {x e RN | W' (vp,(2))vn(x) < 0} € RY,

and put Ss = {x € RY | dist(z, S) < &}, then the family vj, decays uniformly to
zero for x outside every neighbourhood of S.

Since we are in a case where the local reductions do not immediately apply, it
is natural to ask if the penalization method developed in [15]-[17] can be adapted
to our situation. This paper gives a positive answer to the above question.
However our current framework is more delicate, since the functional (1.6) is
well defined in an open subset of a Banach space, and this fact put an obstacle
to a direct application of the Critical Points Theory for a general C'-functional
in a Banach space. Roughly speaking, the main argument consists of “stopping
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up” in some sense the singularity ¢ by defining a suitable modification of the
nonlinearity W; the functional Jj associated to the new nonlinear term turns
out to be defined in a closed subspace of W1L2(RN RN+1) 0 wlp(RN RN+
furthermore the coercivity of V' becomes crucial in obtaining the Palais—Smale
condition for this functional, while the structure assumptions (a)—(g) guarantee
the validity of the results obtained in [5] for the same equation and permit us
to construct the geometry of the Mountain Pass Theorem; hence this theorem
applies providing the existence of critical values for J;. Then, taking advantage
of the min-max characterization of the “mountain pass” critical values, one finally
shows that the solutions found are prevented from approaching the singularity
and then they solves our original problem when h is sufficiently small. In this
sense we call them “local mountain passes”. Finally the associated family of
solutions {vy, } to equations (1.1) vanishes uniformly outside a bounded set in R™.

An improvement of the above stated results would be the exact localization
of the concentration set of the family {vp, } so as to fully recover the achievements
of Del Pino—Felmer in [15], [16] and [17]. However in the attempt to extend their
approach to our current framework, some technical difficulties arise and make
a direct application of their methods disadvantageous. Probably the technique
has to be changed.

This paper is organized in the following way. In Section 2 we introduce the
abstract setting, i.e. the functional set in which the energy functional is defined.
Section 3 is devoted to the definition of a topological device, the “topological
charge”, and briefly sketches the arguments which are straightforward transpo-
sition of [4] and [5]. In Section 4 several technical results are established such as
various smoothness and qualitative properties of the energy functional Ej. Sec-
tion 5 deals with the proof of some preliminary results and the explanation of
some general facts which pave the way for the construction of a suitable modified
functional in Section 6. After a detailed study of the properties of this penalized
functional, among which the validity of the Palais-Smale condition, in the last
section we define an appropriate min-max value which will yield a critical point
of the original functional E} for small h. Finally, at the end of Section 7, the
study of the behaviour of the above found solutions in the semi-classical limit is
developed and a concentration result is achieved.

Notations. We fix the following notations we will use from now on.

e 2y is the standard scalar product between z, y € RV,

|z| is the Euclidean norm of z € RY. Analogously |M| is the Euclidean
norm of a m x n real matrix M.

WL2(RN RN*1) and WP(RY, RN*+1) are the standard Sobolev spaces.
For u : RN — RN+ Vu is the (N + 1) x N real matrix whose rows are

given by the gradient of each component function u;. Furthermore, for
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u,v: RV = RNF1 we put

>

,J
e For any U C RY, int(U) is its internal part, U its closure and OU its

oui\ 2 o v’
6%) o (VulVe) = Z Ox; Ox;

]

boundary. Furthermore xy denote the characteristic function of U.

e By meas(U) we intend the Lebesgue measure of a set U C R, while
dist(z, U) is the Euclidean distance between a point z € RY and U, i.e.
dist(z,U) = infyep |2 — y).

e If z € RY and r > 0, then B,(x) or B(z,r) is the open ball with centre
in z and radius 7.

e For a Banach space H we denote its dual by H'.

e If H is a Banach space, by (F, u) we indicate the duality between F' € H'
and u € H.

2. Functional setting

In order to obtain critical points for the functional E; we choose a suitable
Banach space: for every h > 0 let Hj, denote the subspace of W12(RN RN+1)
consisting of functions u such that

@1) fullu, = (/RN(MP + Vh(x)|u2)dx>1/2 + (/RN Vul? dx)l/p < 0.

The space Hj, can also be defined as the closure of C§°(RY, RV *1) with respect
to the norm (2.1). The main properties of Hj, are summarized in the following

lemma.

LEMMA 2.1. For every h > 0 the following statements hold:

(i) Hy, is continuously embedded in W12(RN RNHL) gnd Whp(RY RN+,
(ii) There exist two constants Cy, C1 > 0 such that, for every uw € Hp,

[ull e < Collullm,
and
(2.2) lu(z) — u(y)| < Clz —y|P=N/P|Vu| e for all z,y € RY.
(iii) For every u € Hy,

(2.3) lim w(z)=0.

|z|— o0

(iv) If {un} converges weakly in Hyp to some function u, then it converges
uniformly on every compact set in RN
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PrOOF. We confine ourselves to prove the continuous immersion H; C
WLP(RN RN*1) since the other assertions are direct consequences of the So-
bolev embedding theorems. Taking into account of (2.1), it is sufficient to prove
the continuous embedding H;, C LP(RN RN+1). Let {¢;} be the sequences of
numbers in (0, co] defined by recurrence as follows:

2N
=f=_—
R
0= _if g, < N,
It is immediate to prove that
(2.4) klim 4, = oc.

Notice that, by hypothesis N > 2, hence 2" < oo; then distinguish two cases:
either

(a1) b1 =2* > p, or (b1) 41 =2* < p.

In the case (a;) the Sobolev continuous inclusion W1.2(RY RN+1) ¢ LP(RN,
RN*1) permits us to conclude.

Let us consider case (b;). We have WL2(RN, RVN+1) ¢ 127 (RN, RN*1!) with
a continuous immersion, and moreover, taking o = 2(p — 2*)/2*(p — 2) € (0,1),
since 2 < 2* < p,

IVull g2+ < IVl g2 | Va2
and then, from (2.1), ||Vl 2+ < |lul|m,, which implies H;, ¢ W12 (RN RN+1)
continuously. Again we have an alternative: either

(ag) l3 > p, or (bs) 2 < p.

If case (az) holds true, we get Hy, ¢ WH2" (RN, RN+ ¢ LP(RY RN+ with
continuous inclusions. In the case by) it is Hj, C L2(RN,RN*1) continuously
and we repeat the same argument used for (by). This alternative precess termi-
nates in a finite number of steps. Indeed, using (2.4), it makes sense to define
ko = inf{k € N |4, > p} € (2,00). Then we deduce that the case (a,) occurs
and so we conclude. O

The fact that inf,cgn V(z) > 0 assures that, for every h > 0, the space Hp,
is continuously embedded in Hy = WH2(RY RN 0 WiP(RY RN*1) when
endowed with the norm

1/2 1/p
llullm, = (/ (|Vu|2 + |u|2)dx> + </ |Vul? dx) .
RN RN

It’s immediate to get that last norm is invariant with respect to the group of
rotations and translations in R .
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Notice that from (2.2) we derive the following property we are going to use
several times in the proofs of our results: given {u,} C Hy a family of functions
verifying ||Vuql|lzr < M for some M > 0, then there results: for every € > 0
there exists § > 0 such that

Ve,y eRY . |z —y| 6= |ua(2) —ualy)| <e Va.

We refer to the above property as to the “equi-uniform continuity” of the family
{uq}. As an immediate consequence we get the following lemma.

LEMMA 2.2. Let h > 0 and {u,} C Hp, a sequence verifying
U, — u  weakly in Hy
for some uw € Hy. Then, up to a subsequence,

Uup — u  uniformly in RY.

Proor. Fix v € (0,1) arbitrarily and consider R > 0 such that, according
to (2.3),
Vo € RNV \ Br(0) : |u(z)] < v/2.
The object is to prove that, up to a subsequence,

(2.5) Vn €N, Vo € RV \ Br(0) : |un(2)| <7/2.

Let x, € RY be a point with |u,(z,)| > v/2. First we’ll prove that the sequence
{x,} is bounded in R¥. Indeed, arguing by contradiction, we assume that, up
to a subsequence,

(2.6) |xn| — 00 asn — oo.

We claim that

(2.7) I >0 s.t. Be(z,) C{z € RY : |u,(2)] > v/4}).

Indeed, since {u,} is bounded in Hj, by (2.2) there exists § > 0 such that
(2.8) VneN, Vo,y € RY iz —y| <0 = |un(®) —unly)| < v/4.

Now, if (2.7) were false, there would exist n € N and ,, € RY, with |z,,—%,| < J,
such that

|un(Zn)| < /4.
Then we conclude
[Un(Tn) = un(Tn)| > |un(@n)] — |un(Tn)| > v/2 = v/4,
in contradiction with (2.8). Then we can write

2
/ Vi (@) |un|? do z/ Vi (@)|un|? dz > L Vi(2) dz.
RN B?(w'n) 16 BT‘(“’H)
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Because of the coercivity of V}, and (2.6) the integral on the right side diverges
for large n, but this contradicts the fact that {u,} is bounded in Hy. Therefore
the sequence {z,,} turns out to be bounded in R, up to subsequence we obtain

a:n—wveRN as n — oo.
Now we have
un (@) — u()| < |un(@n) — un ()| + [un(z) — u()].

For n large enough both terms on the right side are arbitrary small, the first
because of the equi-uniform continuity of {u,} and the second because of (iv) of
Lemma 2.1. This implies

Up(xn) — u(xr) asn — oo

and then |u(x)| > v/2. The choice of v yields |z| < R, which implies |z,| < R
for n sufficiently large. So (2.5) holds.

Now combine (2.5) with (iv) of Lemma 2.1: what we deduce is the existence
of a subsequence {u'} such that

lul (x) —u(z)| <~ forall z € RY and all n € N.

Repeating the same argument for 42 > 0, there exists a subsequence {u?} of
{ul} verifying

[uZ (z) —u(x)] <~*> forallz € RV, and all n € N

and so on for v3, 4* etc. Now we apply a diagonal method and consider the
sequence
U, =u, forallneN.
Obviously {u,} is a subsequence of the original {u,}. It remains to prove that
{@,} converges uniformly to u in RY. Let us fix n > 0; there is a € N such that
~¢ < n. By definition
[ug(z) —u(z)| <n forall 3>« and all x € RY,

which is the thesis. O

Since for every h > 0 the functions in Hy are continuous, we can consider
the set
Ay ={u € Hy |for all z € RY : u(z) # €}
By (ii) and (iii) of Lemma 2.1, it is easy to obtain that Ay is open in Hy. The
boundary of Ay is given by

ONy, = {u € Hy, | exists T € RY : u(T) = £}.
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Now we want to give a topological classification of the maps u € Ap. More
precisely, we introduce a topological invariant with suitable “localization” prop-
erties in the sense that, roughly speaking, it depends on the compact region
where u is concentrated. This invariant consists of an integer number called
“topological charge” and it will be defined by means of the topological degree.

3. Topological charge

In this section we take from [13] some crucial definitions and results. In the
open set Q = RV*1\ {£} we consider the N-sphere centered at &

S={¢eRY||e-¢ =1}

On ¥ we take the north and the south pole, denoted by £ and &g, with respect
to the axis joining the origin with &, i.e. since [£]| = 1,

Ev =2, &s=0.
Then we consider the projection P : Q — ¥ defined by
s, E-¢
P)=¢+ € for all £ € Q.

Notice that, by definition, it follows:
P(§) =26 = ¢=(1+[¢—¢|)E,
which leads to
(3.1) P =2=[¢>1
Using the above-mentioned notation we can give the following definition.

DEFINITION 3.1. Givenu € Ap and U C RY an open set such that |u(z)| < 1
if x € OU, then we define the (topological) charge of u in the set U as the following
integer number

ch(u,U) = deg(P ou,U N K (u),2£),

where K (u) is the open set
K(u) = {z ¢ RN | |u(z)| > 1}.

We recall the convention deg(P o u,(),2¢) = 0. Furthermore, for given u € Ap,
we define the (topological) charge of u as the integer number

ch(u) = deg(P o u, K(u), 2£).

Notice that the choice of the value 1 in Definition 3.1 depends on the norm
of the singularity £. In other words, if |u(x)| < 1 for # € U, the topological
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charge of u in U is the Brower topological degree of P ow in K(u) N U with
respect to the north pole of ¥, and it is well defined thanks to (2.3) and (3.1).

The following lemma shows how the topological charge has some invariance
property.

LEMMA 3.1. Let u € A, and U C RN an open bounded set with |u(z)| < 1
for x € OU. Then there results
ch(u,U) = deg(P o u, U, 2€).
As a corollary, for every u € Ay and for every R > 0 such that K(u) C Br(0),
ch(u) = deg(P o u, By(0), %),

The proof is essentially the same as in Proposition 3.3 of [13] and is based
on the excision property of the topological degree.

From well known properties of the topological degree we get other useful
properties of the topological charge. For example notice that if U ¢ RY is open
and such that |u(x)| < 1for z € OU and if U consists of m connected components

Uy, ... ,Upn, then by the additivity property of the degree we get
(3.2) ch(u,U) = ch(u,Uj).
j=1

Another consequence is that the topological charge is stable under uniform con-
vergence in the sense specified by the following lemma.

LEMMA 3.2. Let {u,} C Ap, u € Ay, and U C RY an open set such that

Uy, — u uniformly in U,

lun(2)] <1, Ju(z)] <1 forallx € dUand all n € N.
Then, for n large enough,
ch(u, U) = ch(up, U).

As a consequence, for every u € Ay there exists o = p(u) > 0 such that, for every
RS Ah,
lu —v||Le < 0= ch(u) = ch(v).
The proof can be found in [4], Lemma 3.2 and Corollary 3.1.
Finally we set

5 ={u € Ay | ch(u) # 0}.
By Theorem 3.3, A} is open in Hj, and, by (3.1), we deduce

(3.3) lu]|pe >1 for all u € Aj.
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In [5] the authors proved the existence of a minimum for the functional Ej,
defined by (1.6) in some open subset of A} so as to obtain the existence of
solutions for (1.2) among the fields u with nontrivial charge. These results will
be recalled in Section 5 and will constitute the starting point for our search of

mountain-pass solutions.

4. The energy functional

Now we are going to study the properties of the functional Ej; first of all
we want to show that it is well defined in the space Ay, i.e. for every u € Aj, we
have

(4.1) Ep(u) < 0.
Indeed, by hypothesis (b)—(d), for every & € Q we can write
(4.2) (W] < W (0)] - [€]* + [o(€)]

where o(€) is a real function bounded on bounded sets and satisfying

lim o(&)/|]* = 0.

|€1—0

Here we have denoted by W”(0) the Hessian matrix of the function W in 0.
Then there exist g, € > 0 such that, for all £ € €,

€] < 0= Jo(§)] < elél?

which implies

W) da < |W”(0)|/ |u|2dx+5/ |u|2dac+/ lo(u)] dz.
RN [ul<o |

RN ul|>o
By (2.3) the set {|u| > o} has compact closure, then we obtain (4.1). Obviously
E, is bounded from below and is coercive in the Hj-norm:
(4.3) lim  Ep(u) = 0.
lwll ), —o0

Moreover, in [4] we have proved that the energy functional Ej, belongs to the class
C'(Ap,R) under the assumptions (a)—(d). An immediate corollary is that the
critical points u € Ay, for the functional E}, are weak solutions of equation (1.2).

For sake of brevity we call the internal energy the functional defined on Hy:

(4.4) Ei(u) = 1/ (IVul? + ( inf V(z))|ul?)dx + 1-/ |Vu|? dx.

2 Jrv zERN p Jry
Next two propositions deal with some other properties of the functional Ey; we
omit the proofs because they are the same as in [13], provided that we substitute
“Ep” for “E” and “Ap” for “A”. The first deals with the behaviour of E; when
u approaches the boundary of Ay,.
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PROPOSITION 4.1. Let {u,} C A (h > 0) be bounded in the Hy-norm and
weakly converging to u € OAy,, then

W(uy)dx — oo asn — oo.
RN
As a consequence, if {u,} C Ay, is weakly converging to u and such that Ep(uy,)
is bounded, then u € Ay,.
(See [13, Lemma 3.7, p. 326]).

The second proposition states the weakly lower semi-continuity of the energy
functional E},.

PROPOSITION 4.2. For every u € Ay, and for every sequence {u,} C Ap, if
{un} weakly converges to u, then

liminf Ep, (uy,) > Ep(u).

n—oo

(See [13, Proposition 3.10, p. 328])

The following is the key result of this section and it will be very useful for
the construction of the penalized functional. For sake of simplicity we fix the
following notation: for v € Hy and a > 0 we define

(4.5) Y(u,a) = {x € RY | lu(z)| > a}
and
(4.6) M(u,a) = {z € RY | |u(z) — €| > a}.

LEMMA 4.1. For every a, 8 > 0 there exists d > 0 such that for every
u € Hy with E;(u) < a:

@) / W(u)dz < = min |u(z) — & > d.
(u,d/2) TERN

PRrROOF. Arguing by contradiction, assume the existence of o, § > 0 and a
sequence {u,} C Hy such that

(4.8) E;(u,) < a, / W (u,)dx < 8
I(u,1/2n)
and
(4.9) min |u,(z) — & < 1/n.
reRN

For every n € N, by (2.3), there exists z,, € RY such that

(4.8) |t (2n) — €] = min |un (@) — €|

zERN
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Then we consider the sequence w, = u, (- + ). Since E;(w,) = E;(u,) < «,

we deduce that {w,} is bounded in Hy; hence, up to a subsequence, it weakly

converges to some w € Hy. Without loss of generality we may assume w,, — w

a.e. in RY too. Now, from (4.8), (4.9) and the definition of w,,, we obtain:
w(0) = lim w,(0) = ¢,

n—oo
therefore w € OAg. According to (2.3), the set {x € RV | w(x) = £} is compact
and non empty, hence it makes sense to choose T € R with the following
properties:

(4.10) w(@) =€ and |7|| = max{||z| | z € RY s.t. w(z) = &}.

Observe that since W is nonnegative, the desired conclusion will follow if we
show the existence of p > 0 sufficiently small such that

/ W (uy,) dr = / W (w,,) dz — oo
By (T4, )N (uy,1/2n) B, (Z)NII(wy,1/2n)
as n — oo, contrary to (4.7). In the first place we prove the following assertion:

there exists p > 0 such that, for every « € B,(Z) and for n sufficiently large,
(4.11) lw, (z) — €| <7,

where r has been defined in hypothesis (e). Indeed, since {w, } is bounded in Hy,
in particular, {Vw,} is bounded in LP. Using (2.2) we have, for every z € RY,

|wa (@) = wn (T)| < 2|z — 2| @7
for some constant ¢ > 0. Then, for all z € RY, there results
(4.12) |wa(x) = €| < ela —2|P~V/P 4w, (T) - €,

by which, taking into account that w,(Z) — £ as n — oo and choosing p suffi-
ciently small, we obtain (4.11).
Now, using (4.11) and hypothesis (e), for every « € B,(T) we get
c
W(wy,(x)) > ——————,
[wn (z) — €9
and (4.12) yields

/ W (wy,) dz
B, ()N (wy,1/2n)

C
>

= —— dx.
/Bp(w)ﬂl_[(wn,l/Qn) (clz —z|P=N)/P + |w, (Z) — €

)q
Note that because of (4.10) for every x € RY with |z|| > ||Z| it is w(z) # £ and
then straightforward calculations imply:

linrriigf XTI(wn,1/2n)(T) = 1.
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Finally Fatou’s lemma leads to

W(wn)dmz/ —C  _dr=o0

lim inf = =
B, (Z)\ Bz (0) c |“T - x|N

n—0o0 /Bp(z)ﬂl'[(wn,l/Zn)
and the theorem is proved. O

The development of our arguments starts essentially with the next section,
where some crucial technical results are provided.

5. Preliminary results

This section is devoted to establish some preliminary results concerning the
properties of the energy functional E},.

Let us go back to Theorem 5.2 of [5] and try to apply it with respect to
the open set Ag“. First of all observe that the hypotheses (a)—(g) permit us
to reconstruct exactly the same framework considered in [5] and, moreover, the
geometric properties (I) and (II) of the set Ago guarantee that all the assumptions
used in the above quoted theorem are satisfied; for sake of completeness we
summarize the crucial result.

For all h > 0 consider the set

Ay ={u €A}, [for all z € RV \ A /h : |u(z)| < 1},

where, with obvious notation, A /h = {x/h | z € A}. According to Lem-
ma 3.2 and (ii) of Lemma 2.1 each A} is open in Aj. Now we define

Ef = inf Ep(u).
u€A}
Theorem 5.2 of [5] can be reformulated in the following way.
THEOREM 5.1. There exists hg > 0 such that the minimum E‘Z 1s attained by

a function u) € 7\2 for every h € (0, hg). Furthermore the family {ul)} satisfies
the following property:

o uf has at least one local mazimum point x9 € (1/h) A% with [u(z9)| > 1.
Also, for every e > 0, there exists R. > 0 such that, for h sufficiently
small, it holds:

(5.1) lul(z)| <e for all z € RN with |z — 29| > R..

Finally, for every sequence h,, — 07, there exists a subsequence, still denoted by
hy, such that

(5.2) hnx?m —xg asmn — 0o, Tg € Ag.
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REMARK 5.1. If the set A consists of a single point, then all the family
{h 29} converges to that point as h — 07. In general we have V(hz%) — V; as
h — 07; moreover, combining (5.1) with (5.2), we obtain

(5.3) lim  sup |uj(z)| =0.
PO g m Ay

For the proof and more details of Lemma 5.1 we refer to [5, Section 5].

Furthermore Lemma 5.1 of [5] gives us another important information: the
family {Ep(ul)} is bounded for h small enough, hence, provided we choose hy
sufficiently small, it follows

(5.4) sup  Ep(ul) < oo.
h€(0,ho)

As an immediate consequence we get the following simple result.

LEMMA 5.1. There exists ro > 0 such that, for every h € (0, ho),

(5.5) Byy(a}) € {z € RY | |up ()] > 1/2}.

PROOF. By (5.4) it immediately follows that the family {||Vu} ||, }he(o,no) 18
bounded, hence from (2.2) we deduce the equi-uniform continuity of {uj}, then
there exists g > 0 such that

(5.6) [z —y| <ro = |up () —up(y)| < 1/2

for all h € (0, hg) and all z,y € RY. Now take h € (0, hg) arbitrarily and z € RY
with |29 — 2| < rg, then we get

[uh ()] > |up (zh)] = [uh(ap) —up(2)] > 1 -1/2=1/2.
Hence the desired conclusion follows. 0
Now let us consider the open set
(5.7) Up ={uc A} ||u(z) <z forallze RN\ (1/h)AY},
where € has been defined in hypotheses (f)—(g). The boundary of Uj is given by

U = {u € A}, | lu(z)| <& for all z € RN \ (1/h)AY
and exists Z € 9((1/h)AY) s.t. |u(Z)| = &}.
With the help of these notations we give the following lemma which will play

a fundamental role for catching our solutions; it essentially states that if h is
sufficiently small, then u} is a strict minimum point for Ej,.
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LEMMA 5.2. For h sufficiently small it is

0 * : 0
up €Uy and ué%gh Ep(u) > Ep(up,)-

PROOF. Choose h € (0,ho), small enough so that, according to (5.3), ul
verifies:

(5.8) luf(z)] <z in RN\ (1/h)A%.
This implies u(,)l € Uy, and hence, since obviously U} C K;,

(5.9) inf Ep(u) = inf BEj(u) = Ej(u) = Ej.
u€lX; uelp

We begin by proving that we can choose h; > 0 sufficiently small so that for all
h € (0, hy) there results

(5.10) Ep(u) > Ep(u)) for all u € U}
Crucial step in the proof of this fact is the following:

CLAIM. For every h > 0 consider {uﬁ a generic minimizing sequence in /~\,*1
and let up, € Ay, its weak limit. Then

(5.11) lim sup  |up(x)| =0.
0T g 1/myad

Obviously it is sufficient to prove that, considered a generic sequence h, —
0T, up to subsequence it is
(5.12) lim sup  Jup, ()] =0.
T eg(1/ha) A
The proof of (5.12) can be found in Theorem 5.1 of [5] (see the steps 4 and 5 in
particular) when A, consists of a single point; the general case is analogous.

Now let us go back to prove (5.10) and suppose by contradiction that for
some h > 0 arbitrarily small there is wy, € dU;* such that Ej,(wy) = Ej. Then it
makes sense to consider a minimizing sequence in K; weakly converging to wy,.
But (5.11) would be in contradiction with the fact that wy, € OUjf. Hence (5.10)
follows.

Finally the object is to prove that a stronger version of (36) holds, i.e. for
every h € (0, hy):

1 inf E EL(ud).
(5.13) o n(u) > Ep(up)

We proceed by contradiction and assume the existence of h € (0,h1) and of a
sequence {u, } C OU} such that

(5.14) En(un) — Ey(ul) = Ef  as n — oo.
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The coercivity of Fj implies the boundedness of the sequence {u,} and then, up
to subsequence,

(5.15) u, —u weakly in Hp,

with w € Ap. By (iv) of Lemma 2.1 we have

U, —u ae. in RN asn — o0o,u, — u uniformly in (1/h)AJ® as n — oo,

then
lu(z)] <& forall z € RV \ (1/h)A%.
Using Lemma 3.2, at least for large n, we get
ch(u) = ch(uy,) # 0,

by which u € U,. This fact, combined with (5.9), (5.14) and the weakly lower
semi-continuity of Fj,, yields

E‘,’; < Ep(u) < liminf Ey (u,) = E,TL,
n—oo

ie.

(5.16) lim Ep(un) = Ep(u).

n—oo

Observe that Fatou’s lemma leads to

(5.17) lim inf W (uy,)dx > W (u) dz,

n—o0 RN RN

while the weakly lower semi-continuity yields

(5.18) liminf/ (IVun* + Vi(@)|un?) do 2/ (IVul® + Vi (2)|ul?) dz
and
(5.19) lim inf |Vup|P de > / [VulP de.
n—oo RN RN
Thus (5.16) assures that the equality must hold in (5.17)—(5.19). In particular

[unllz, — llullz, asn — oo

if we denote by Z;, the space defined as

Zy = {u € WH2(RYN RN*)

/RN Vi(x)|u|? dz < oo}.

Zy becomes an Hilbert space when endowed with the inner product

(u,v) gz, = /]RN((VU|VU) + Vi (z)uv) de.
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By the obvious continuous inclusion Hp C Zj and by (5.15) we get u, — u
weakly in Zp; hence, using the uniform convexity of Hilbert spaces, there follows

(5.20) Up — u in Zy,

and, consequently, taking into account of Lemma 2.2, possibly passing to a sub-
sequence

tp — u in L2(RY, RV and in L= (RN, RV,
Then we obtain
up, — u  in LP(RY RN,
But we also know that
IVun|[e — [[VullLe
which implies
IVun|lwre = [Vullwre.

The uniform convexity of the Sobolev space W1P(RN RN*1) (see [1, p. 47,
Theorem 3.5]) leads to u, — u in WHP(RN RN*1); this, combined with (5.20)

assures
u, — uw in Hp asn — oo.

Then we conclude
we dU;, En(u)=Ef
in contradiction with (5.10). O

Finally we provide a result which is concerned with the existence of paths
connecting u% with some suitable function in the space Ay,.

LEMMA 5.3. There exists h > 0 such that for every h € (0,h) there is a
continuous path gy : [0,1] — Ay, verifying

gn(0) = up,  gn(1) = up,
where uj, € Ay, satisfies

. x1 6
620 Bu(uh) < Ba). o =0 in &\ B(F ). ublos = o

where x1 has been defined in assumption (III). Furthermore there results

(5.22) sup En(gn(t)) < M  for all h € (0,h)
te[0,1]

for some M > 0. Finally, using the notation introduced in (4.5), for all h € (0, h)
and t € [0,1], there exists c(h,t) € RN such that:

(5.23) gn(t)(z) = ud(x +c(h,t))  for all x € Y(gn(t),5).
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Proor. Fix R > 0 sufficiently large so that, according to Theorem 5.1, for
h small enough

(5.24) |ud ()| < min{g,1/2} for all z € RN \ Br(z)).
Now consider nr € C5°(RY,R) a cut-off function so that
nr =1 on 0Byg(0),
nr =0 in RV \ (Bsg(0) \ Br(0)),
0<nr<1, [Vngr|<a/R

where a is a constant independent of R. Then put nf(z) = nr(z — 2)) and

compute
0 = (Ej(up), 15 up)

- / (Vud |V () der + / Vi () [u 0 dx
RN RN
b [ VPO do+ [ Wy oft de
RN RN

>

/ (V)2 + Vi (@) [ud |2 + [Vl [P)nf de
Bzg(x))\B2r(xY)

Jr/ Vud Vil d:z:+/ |Vl [P=2Vul) Vinful da
RN RN

—|—/ W (ud)uldnf dx.
RN\Bg(z})
To proceed, note that by (1.5) and (5.24), we have
[ w0
RN\ Br(z)

hence we infer

/ (IVup |* + Vi (@) Jup |* + |V )y da
Bsr(z)\Bz2r(z9)

< [ IV o+ [V O - uf de.
RN RN
From Holder inequality it follows

/ (IVUh|? + Vi (@)|uh|? + |V [P)nf da
Bsr(29)\Bz2r(z))

a 1/2 1/2
<R</ |Vud|? dx) (/ [uf |2 dm)
RN RN
a (p=1)/p 1/p
+ R(/ |Vu2|pdx) (/ |u2|pdaz> :
RN RN
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The boundedness of {u} in the Hj-norm, which is guaranteed by (5.4), implies

(5.25) (|Vul |2 + Vi (z)[ud|? + |[Vul [P)nl de — 0

/BSR(!E?L)\BzR(ﬂU%)

as R — oo uniformly with respect to h sufficiently small. Now, since 0 < nr <1,
we easily compute

/ (V@) 2 + Vi (@) Wl 2 + |V (udnf)P) da
Bsr(29)\Bz2r(2))

<af (VP + V0P
B3r(z9)\B2r(z9)

+ / Vi (@)l Py ff da
B3r(z9)\Bar(z))

4o / (Y Pnf + VPP |l P) da
Bsr(z9)\B2r(z))

<o / (V2 + Vi) [ 2 + [Vl Py da
Bsr(z))\Bz2r(z))

a? a?
" <4R2 + ZPRP) /RN(|u2|2 T udJ?) de.
Once more the fact that {u}} is bounded in the L? and LP-norm, together

with (5.25), permits us to conclude
G20 [ (SRR V@ Vs o0
sr(T), 2r (T,

as R — oo, and this decay to zero is uniform for h small enough as to sat-
isfy (5.24). Therefore, if we set

Y0 = qmeas (B, (0)) (V — Va),

where 7 verifies (5.5) and Vo, V1 given by assumptions (I)—(III), it makes sense
to choose Ry > r( sufficiently large so as to satisfy (5.24) and h € (0, hy) small
enough such that for every h € (0, h)

(5.27) (VR + Vi)

/BSRO (z9)\B2rg (%)

1
4 p|V<u2n§°>|P> dz < 0.

Furthermore, since according to Theorem 5.1 it is dist(ha¥, Ag) — 0 as h — 0T,
without loss of generality we may assume

diSt(&?%, (1/h)AQ) + 3Ry < 50//1
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so as the following inclusions hold
(528) B3R0(xh) (1/h) o, BgRO(ZL'l/h) - B(I‘l/h,éo/h)

Now we are ready to construct the path satisfying the properties of the
lemma. First define

{ ud (z) if x € Bag,(zY), Al

~0
up(z) = .
nfoud(z) if @ € R \ Bag,(af),

For every h € (0,h) we define g;, in the following way:
(1 —2t)ul (z) + 2tul (z) ifzeRN, te0,1/2],

gn(t)(x) = ag(ﬁ a —%)(h _xg» itz € RY, te]1/2,1].

By construction we infer
gn(0) = up,  gn(1) = uj.

Observe that, being 77}};c =1lon 63230 (29), it is obvious that ) € Hj. Fur-
thermore, since the support of @ uh is compact, all the functions obtained by
translating it belong to Hy too, hence

n:[0,1] — Hp.
(5.23) follows immediately from the construction: more precisely, the constants
c(h,t) are given by
0 ift €[0,1/2],
(1- 2t)<h — xh> ifte€]1/2,1].
The fact that each g takes values in Ay is a direct consequence of (5.23), since

up € Ay and gn(t) # € in RN \ T(ga(t),2).
By definition it is obvious that g, is continuous. Next object is to obtain a

c(h,t) =

good estimate of Ej,(uj,). To this aim observe that, because of the choice of nh ,
it is u} = 0 in RN \ Bsg,(z1/h); thus, from assumption (III) and (5.28),

1 1
(5:29) Ealul) = | (V0 + Vo) + L TubP 4 W) ) o
Bsrg (z1/h) 2 p
:/ < (|V~02+Vh<:c—zh+ )|~°|2>
BSRO(CE?L)
1. _
+ I;|Vuh\p + W(ug)) dx
L o~0p2 ~012y , Lo~ ~0
< L Va2 + Vi) [P + L ivage + @) ) o
Bsg, (z9) 2 p

1 ~ ~
—30-W) [ jaPde < Bu@) - o
BTO(LE%)
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The latter inequality follows from (5.5). On the other hand hypothesis (g)
implies that W is nondecreasing with respect to the norm in the set {¢& € RV+! |
|€] < &}; hence (5.24) and the construction above yield

W (@, (x) = W (g up(2)) < W(uj(z)) for all z € Bag, (a}) \ Bzrq (7).

Now observe that using last inequality and taking into account of the definition

of U9 we can achieve:

(5.30)  En(u)) < /

BQRO (291)

1
+ Vi(@)|uf|?) + qu?LP’) dx —|—/ W (u)) dz
]RN

1
(30vasr

1
+f (¥ RAE + Viluof )
Bsrg (29)\Barg (2)
1
+ p|V(u2n,§°)|p> dx

< Ep(uf) + /

Barg (27 )\B2r, (§)

1

(VR + i
1 0, R

+5|V(“h7lh)|p dz.

Combining (5.30) with (5.27) and (5.29) we obtain: Ej(u;) < Epn(u)). As
regards the equality ||u} |z = [|ul)| L=, it follows from (5.23), since from (3.3)
we have Y (u},z) # (). We can even say

lgn(®) || = [[u0]| 1= for all ¢ € [0,1],and all h € (0,7).

Then (5.21) is completely proved.
Finally it remains to prove the upper bound (5.22). Using (5.4), an easy
computation shows that

1 1
(5.31) sup  sup / <2(|Vgh(t)l2 + lgn()1?) + IVgh(t)I”) dx < oo.
he(0,h) t€[0,1] JRN p

Hence {gn(t)} is bounded in the Hyp-norm for h € (0,h) and t € [0,1]. Now
choose L > 0 such that A3 U Bs,(x1) C B(0, L); notice that by construction
there results:

lgn(t)(x)] < |ud(z)| for all z € RN if t € [0,1/2],

while
{z e RN | gn(t)(z) #0} € B(0,L/h) ift € [1/2,1].
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These two facts and straightforward calculations lead to
1
632 [ V@laoPd
RN

/ %Vh(x)|u2 2 dx if t € [0,1/2],
RN

5 s V(o) [ )P s
€B(0,L/h) RN

1
=— sup V(z)/ lgn(t)[?dz if t € [1/2,1].
2€BL(0) RN

Now analyse the term with W: from (5.23) we obtain

Wign(@)do= [ W+ elh ) do W (gn(0) .
RN Y(gn(t),E) RN\Y (gn (t),8)

On the other hand, since by construction |g5(¢)(z)| < |ud(z + c(h,t))| for all
x € RY, hypothesis (g) implies W (gp,(t)) < W (uf)(- +¢(h, 1)) in RN\ T (gp(t),2),

by which

(5.33) W(gn(t))dx < W (ul( - +c(h7t)))dx:/ W(ul) d.
]RN ]RN ]RN

Combining (5.31)—(5.33) with (5.4) we conclude with (5.22). The proof of the
lemma ends. O

Last lemma suggests us to modify the energy functional Fj, in a suitable way
as to assume a “mountain pass” geometry. This is what we will do in the next
section.

6. Construction of the penalized functional

As already announced at the end of last section, the object is now to define
a suitable modification of the energy functional for which we will find a critical
point via an appropriate min-max scheme. This critical point will eventually be
shown to be a solution of the original equation if it keeps away enough from the
singularity, and, as we will see, this happens provided h is sufficiently small. First
observe that, taking o = 8 = M +1, with M given by (5.22), Lemma 4.1 provides
the existence of d € (0,1) such that for all u € Hy, using the notations (4.5)
and (4.6), there results:
(6.1) FE;j(u) <M—+1, / W(u)dr <M +1= min |u(z)— ¢ > d.

I(u,d/2) zERN

Without loss of generality we may assume d < 1 — & so that for every u € Hy it

is:

(6.2) RN\ TI(u, d) C Y (u,Z).
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Since we aim to apply the Mountain Pass Theorem, we want the penalized
functional to satisfy some good properties; first of all we require it to be defined
in all the Banach space Hy. To this aim we have to “stop up” in some sense the
singularity € by modifying the nonlinear term: take 7 : Rt — R the following
auxiliary function

0 ifo<t<1,
1 .
T = 16Xp<|t_1|4_1+1> lf1§t<2,
1 ift > 2.

Obviously it is 7 € C?(R*,R). Now put
_ 8 _
W(6) = (S~ )wie.

As a consequence of the previous construction we have We ot (RV*+1 R) and

o~

(6.3) W(E) =W(E) forall &€ € RN with [ — €] > d/2.

Finally the modified functional Jj : H;, — R is defined as
1 1 —~
)= [ (GOV6P + Vi) + SV + ) ) d
RN \ 2 p

According to (6.2) and (6.3) the set where ﬁ/\(u) possibly differs from W (u)
is certainly contained in Y (u,g) which is compact because of (2.3), then we
immediately get that Jp, is well defined on the space Hp. Moreover, (1.5) yields

(6.4) W/(E)E>0 forall € € RNT! with [¢] <z
To begin, we point out the differentiability of Jj.

LEMMA 6.1. The modified energy functional Jy, belongs to C*(Hy,R). Fur-
thermore, for every w,v € Hy, it is

i) = |

(Vu|Vv)dx+/ Vi(zx)uv dx
RN RN

+/ |VulP~2(Vu| Vo) dz + W (u)v da,
RN RN

where W' denotes the gradient of w.
The proof is identical to that of Lemma 4.1 in [4], so we omit it.

Obviously Jj, is coercive in the Hp-norm, i.e.

(6.5) lim  Jp(u) = oc.

HuHHh_’OO
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We show next that J, has good compactness properties, that is .Jj, satisfies the
Palais—Smale condition. For the proof we need the inequality provided by the
following theorem of elementary calculus.

THEOREM 6.2. For every p > 2 and n > 1 there exists a constant w =
w(p,n) > 0 such that, for all x, y € R™:

(lzP 2z — |yIPy) (z — y) > wlz —y/".

For the proof we refer to [24, Lemma A.0.5, Appendix A]. By the previous
lemma we deduce a sort of monotonicity of the operator —A,. Indeed, denoting
by Mpn+1,n the space of the (N 4 1) x N real matrix, and using the obvious
identification M1 v = RWHDXN " we get the existence of @ = wW(N,p) such
that, for all u, v € Hy,

(—Apu+ Apv,u—v) = / (|Vu|P~2Vu — |Vo[P~2Vo|Vu — Vo) dx
RN
2@/ |Vu — VolP dz.
RN

This property will prove very useful in the proof of next result.

LEMMA 6.3. Let {u,} be a sequence in Hy, such that {Jy,(un)} is bounded
and Jj (un) — 0. Then {u,} has a convergent subsequence.

PROOF. Let us consider a sequence {uy,} C Hp, such that
(a) {Jn(un)} is bounded,
(b) Jj (1) — 0 in (H)'
By (6.5) we easily infer that {u,} is bounded in Hj. Then there exists a
subsequence, still denoted by {u,}, and a function u € Hj, such that

U, — u  weakly in Hy,.

The object is to show that this convergence is strong. From Theorem 2.2 we can
assume, up to subsequence,

(6.6) U, — u uniformly in R,
Now fix R > 0 such that, according to (6.6), for large n,
(6.7) lup(z)| <& for all z € RV \ Bgs(0).
Next choose ngr a cut-off function verifying
nr =0 in Bg(0), nr=1 imRNY\Bg(0), 0<nr<1, |Vng|<a/R

where a is a constant independent of R.
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Now straightforward calculations lead to

(68)  (Jh(un) i tin) = ]f

(Vun|V(nRun))dm+/ Vi (2) [un | ng da
RN RN

+ / |Vun|p72(vun‘v(77R un)) dr + /W\/(un)un Nrdz

RN RN
= / |Vu,|?nr dx—|—/ Vu,Vng u, dr
RN RN

+/ Vh(x)\un|2an:c+/ |Vun,|Pngr dx
RN RN

Jr/ |V, [P~ 2V, Vg u, de + W'(un)un ng dzx.
RN RN

We notice that by (6.7) and by (6.4) we infer
(6.9) / W’(un)un nrdz > 0.
RN\Bg/2(0)
Hence, combining (6.8) and (6.9) we deduce:
/ (|V’un|2 + Vh(x)|un|2 dz 4 |Vun|P) dz < (Jp,(un), 1R tn)
RN\BRr(0)
— / Vu,Vng t, dr — / |Vun|p*2VunV7yR Uy, dT.
RN RN
Applying Holder inequality we obtain

/ (Vetnl? + Vi (@)tnl? + [Vitn|?) d < (T} (tn), 11 )
RN\Bg(0)

a 1/2 1/2

+ — / YV, dx) (/ U | dx)
([l [
a (r=1)/p 1/p

+ </ [V, P dm) (/ [t |P dm) :
R RN RN

Since {u,} is a bounded Palais—-Smale sequence, there results (J} (un), Nr Un) —
0 as n — oo. Finally the boundedness of {u,,} in the Hp-norm and, consequently,
in the LP-norm, assures that, given § > 0, there is R > 0 such that

n—oo

limsup/ (IVun? + Vi (@) un|* + |Vun|P) dz < 6.
RN\BRg(0)

In particular, taking into account of (6.6), this proves that

U, —u in L2(RY,RNH).
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Now we have
Uhun) = Ji i =) = [ [V =P dot [ Viloun - uf da
RN RN
+/ |Vun|p72(Vun|V(un —u))dx
RN

—/ |VulP~2(Vu|V (u, — u)) dz
RN

o~

+ / (W (un) — W' (1)) (un, — ) d.
]RN
We claim that

(6.10) / (W' (un) = W' () (up — u)dz — 0 asn — oo.
RN
Assuming (6.10) and using Lemma 6.2 we immediately obtain

limsup</ |V(un—u)\2d:ﬂ+/ Vh(:v)|un—u\2dx+/ |V(unu)|pdx)
RN RN RN

< limsup ( [ (0900 = 0P + i@l — ) o
n—oo RN
1
+ 5/ (|Vun|P2Vu, — |Vu|P"2Vu|Vu, — Vu) dx)
RN

< max {1, 1} lim sup(J}, (un,) — Jy, (w), wp, — u).
w

n—oo

Then, since u,, — u weakly and, by (2), J} (u,) — 0 in (Hp)’, we conclude

lim (/ \V(unfu)|2dx+/ Vh(x)|un7u|2d:c+/ |V(unu)|pd:c> =0
RN RN RN

and the thesis follows. It remains to prove (6.10). We use the differentiability of
W in 0:
(6.11) W'(§) = W (0)[¢] + w(&)

where limg_,ow(§)/|¢| = 0. Fix ¢ > 0 arbitrarily and choose g > 0 such that, for
every £ € (),

€l < o= [w(§)] < elgl.
Applying (6.11) first with & = u,(z) and then with £ = u(z) and subtracting
the two identities we get

W' (un(2)) — W (u(z)) = W (0)[un(z) — u(z)] + w(un(z)) — wlu(x)).

Now, using the fact that w,, — w in L. by (2.3) it makes sense to choose R > 0
such that for large n

lu(z)] < 0, |un(z)] <o forall z € RV \ Bgr(0).
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Then there results

g/ |W'(un)7W'(u)\2d;ﬂ/ lwn — ul? dz
RN

RN

54\’W”(0)|2/ lu — ul? da

RN

+4<4g/ (Junl? + [uf?) dz
RN\BR(0)

+/ |lw () —w(u)|2dx)/ |ty — u|? da.
Br(0) RN

Since the set {u,(z) |z € RN} U {u(z) | z € RV} C RV*! is bounded and since
w is continuous, we obtain that w(u,) — w(u) uniformly; hence we deduce

2
(/ (W (upn) =W (w)) (upn —u) d:v) < const/ |ty —u*dz — 0 asn — oo,
RN RN
and we achieve the desired conclusion. O

Now one has in his hands all the instruments to capture the existence of
solutions for equation (1.1). This will be the object of next section.

7. Local mountain pass

Lemma 6.3 makes possible to use Critical Point Theory to find solutions for
equation (1.1) through the construction of appropriate min-max values of the
functional Jp,; we will use the following general version of the Mountain Pass
Theorem.

THEOREM 7.1 (Mountain Pass Theorem). Let X be a Banach space and f :
X — R a C' functional. Assume that there exist o, x1 € X and a neighbourhood
U of xo verifying

z1 € X\U, wienanf(x) > max{ f(xo), f(z1)}
Let us define ' = {v € C([0,1], X) | v(0) = xo, v(1) = 21} and
c= inf tiﬁﬁ]ﬂw))'

If f satisfies the Palais—Smale condition, then c is a critical value for f and
¢ > infeou f(2).

See [3] for the proof.
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In order to apply last theorem to the modified functional Jp, consider the
open set
By ={u€cHy,| inf |u(z)—E >d}
zERN

whose boundary is given by By, = {u € Hj, | inf,cpn~ |u(x) — €| = d}. Then the
construction of Jj implies
(7.1) En(u) = Jp(u) for all u € By,
Now, by (5.22) and (6.3), taking into account of the definition of E},, we imme-
diately get
Ei(gn(t)) < M +1, / _ W(gn(t))dx < M 41,
(gn (t),d/2)

and then (6.1) implies

(7.2) mielﬁgfzv lgn(t)(z) — &| > d  for all t € [0,1],
i.e. gn(t) € Bp. In particular

(7.3) uy, up, € By.

THEOREM 7.2. For h sufficiently small the functional Jy possesses a critical
point up, so that

Jn(up) = inf sup Jp(y(t))
yel'y t€[0,1]

with the class T'y, given by

T = {y € C([0,1], Hn) [ 7(0) = up, v(1) = u;},

where uY) and u}, are the functions provided by Theorem 5.1 and Lemma 5.5.
Furthermore there results:

T (up) > max{Jy, (u?), Jn(u},)}.

PROOF. Choose h < min{hg, h}, where hq and h are provided respectively
by Theorem 5.1 and Lemma 5.3 and assume, without loss of generality, that
Lemma 5.2 holds. Then set

Uf =U; N By,
where U} is the open set defined in (ustar). Now let

0 1 7
xo=uy, w1=u,, U=U,.

The object is to prove that with the above choices the geometrical hypotheses of
the Mountain Pass Theorem are satisfied. To this aim observe that we already
know from Lemma 5.2 that u) € U}; by (7.3) we infer u) € By, too. Hence we
have proved that u) € [7,’;, ie. (7,’; is a neighbourhood of u9. On the other hand
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it is immediate that uj ¢ ﬁ,’; since by (5.21) there exists T € B(z1/h,do/h) such
that |u} (Z)| = ||[ul)||L= and, by (3.3), |u}(Z)| > 1 > £, hence u}, € U;:.
From (5.21), (7.1) and (7.3) we derive
In(uh) = Bn(up) < En(up) = Ju(up).
Finally we have to prove:

inf  Jp(u) > Jp(uf).
u€dU}

Lemma 5.2 and (7.1) lead to

(7.4) inf  Ju(u)= inf  Ep(u) > Ep(ul) = Ju(ul).
u€dU; NB w€dU;NBy,

Now take u € dBj NU,; then inf,cpn [u(z) — €| = d. From (7.1) and (6.1) we
easily compute

Jn(uw) = Ep(u) > E;(u) +/ - W(u)dx>M +1
I(u,d/2)
by which
(7.5) inf  Jp(u) > M+1>M > Jy(ud).
w€dBNU,

The obvious inclusion 8(7; C (8U; N Bp) U (0By N U,) combined with (7.4)
and (7.5) implies

inf~ Jh(u) > Jh(u%).
u€dU}

The validity of the Palais—Smale condition leads to a direct application of
the Mountain Pass Theorem and consequently the definition of the min-max
quantity provided in the statement of the theorem will yield a critical point
for Jh. Il

The function u;, € Hj, obtained in last theorem solves the equation
(7.6) —Auy, + Vh(a:)uh — Apup + W/(uh) =0 in RYM.

We want to show that actually w, turns out to be a solution of the original
equation (1.2) provided that h is sufficiently small. We notice that since for
every h > 0 the set By, is open, then because of (7.1) a critical point of J, which
lies in By, will be critical for Ej, and conversely. So the desired result will follow
if we show that for all small i one has

(7.7) up, € By,

and thus uy will be the so called “local mountain pass” solution predicted in the
introduction. In the first place we notice that it is
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Indeed, considered the path g; constructed in Lemma 5.3, each g, belongs to
the class I'j, which defines the critical value Jj,(up), then we obtain

Jn(un) < sup Jn(gn(t)).
t€(0,1]

By (7.1) and (7.2) we get Jn(gn(t)) = En(gn(t)); Lemma 5.3 permits us to
obtain (7.8), by which

E;(un) < M.
Furthermore
/ _ W(up)dx = /  Wo(up)da < Jp(up) < M.
I (un,d/2) (up,d/2)

Consequently (6.1) yields
inf |up(z) — €| > d.

zeRN

Then (7.7) is satisfied. We deduce that wy is a critical point of Ej, and hence
provides a solution to equation (1.2). Next theorem sums up our main results
for equation (1.1).

THEOREM 7.3. Under hypotheses (a)—(g) and (I)~(III) there exists hy > 0
such that for every h € (0, hy) the function up, obtained in Theorem 7.2 becomes
a solution of equation (1.2). Furthermore, if for every h € (0, hy) we put

(7.9) vp(x) = up(z/h),

then vy, obviously provides a solution of (1.1). Finally considered the sets
Sy = {z e RN | W' (vp,(2))vn(z) < 0} C RY,

for all § > 0 the family {v,} verifies

7.10 lim sup |op(z)| =0,
(7.10) Jim s o (z)

where S = Uye(o,n,) Sn and S5 = {z € RY | dist(z, S) < 6}. In other words vy,

decays uniformly to zero for x outside every neighbourhood of S.

PROOF. By rescaling we immediately obtain that each v, related to wup
by (7.9) provides a solution to equation (1.1). Then it remains to prove (7.10).
First observe how S;, can also be defined by the following relation:

(7.11) %Sh:{meRN|Wﬂmhm»qu)<O}

From (1.5) it immediately follows that (1/h)Sn, C Y(up,€), in particular each
set (1/h)Sy, is bounded. We begin by deducing that the family of sets {S,} is
equibounded in R¥, i.e. there exists R > 0 such that for small h

(7.12) Sy C B(0, R).
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For otherwise, there would exists a sequence h,, — 0" and wz,, € S, verifying
|zp,, | — co. From the inclusion (1/hy,)Sh, C Y(un,,) we have |up, (zp,, /hn)| >
g. But (7.8) implies the equiuniform continuity of the sequence {uy, }; hence,
following the same arguments we have used to prove (2.7) in Lemma 2.2, we

analogously obtain
3p >0 such that B,(zp, /h,) C {z € RY | |up, (2)] > E/2}.
But then we would write

/ Vi (2)lun,
RN

2dx

Yoz [ v @),
Bp (-Thn /hn)

=2
> < / W, (z) dx
4 JB,(@n, /hn)
g?
=— / V(hnz + p,) dz,
4 JB, ()

and because of the coercivity of V' the integral on the right side diverges as
n — oo. Hence (7.12) holds and then S is bounded in R¥.
Towards our aim fix § > 0 and consider n € C§°(RM,R) a cut-off function

verifying
n=0 inS, n=1 imnRV\S;,, 0<n<1l, [Vyl<a

where a is a constant.
Now, for h € (0, hy), put np(z) = n(hx); taking into account that each wy, is
a critical point of Ej, straightforward calculations lead to

(7.13) 0 = (B}, (un), nnun)
Z/ (Vuh|v(77hUh))d$+/ Vi (@) |up|? np, da
RN RN

+/ [Vun P2 (Vun|V (gpun)) de + | W (up)up ny dz
RN RN

= / |Vuh|277h dr + / VupVn, up dx
RN RN
+/ Vh(x)|uh|2nhdx+/ |Vup|Pnp, dz
RN RN
+ / |V un|P~ 2V u, Vg, up, de + W (up)up np, da.
RN RN

Notice that the definition of S permits us to infer

/ SW’(uh)uhnh dz 2 0.
RN\ (1/h)
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Inserting last inequality in (7.13) we deduce:

/ (IVunl® + Vi (@)[un|* + [Vup|P) da
RN\(1/h)Ss /2

< — Vup Vi, up dex — / |Vuh|p_2VuhVnh up, dz.
RN RN

Applying Holder inequality we obtain

/ (|Vun|? + Vi () Jup)® + |[Vup|P) do
RN\ (1/h)S; 2

1/2 1/2
§ah(/ |Vuh|2dx> (/ uh|2dm>
RN RN
(r—1)/p 1/p
+ah</ |Vuh|pdx> </ uh|pdx> .
RN RN

The boundedness of {up} in the Hp-norm which is guaranteed by (7.8) and,
consequently, in the LP-norm, assures that

(7.14) lim (|Vup|? + Vi (z) [up|® + |[Vup|P) de = 0.
h=07 JRN\(1/)S5 2

We claim that

(7.15) lim sup |up(z)| = 0.

h—0% zeRN\(1/h)S5
We argue by contradiction and assume the existence of v > 0, h,, — 07 and
yn, € RN\ (1/hy,)Ss such that |up, (zn,)] > 7. Repeating the same argument
of the first part of the proof we obtain the existence of r > 0 satisfying

BF(yhn) - {33 eRY | |uhn (z)| > 7/2}'

This fact yields

/ lup,, (2)|* dz > (v*/4)meas(B(0, min{7, §/2})).

B(yn,, ,min{7,6/2})

On the other hand B(yp,, min{r,6/2}) € RN \ (1/h,)Ss/2, so last inequality
contradicts (7.14). Finally (7.10) follows from (7.15) by rescaling. O

Is is natural to wonder if the family of solutions {v;} to equation (1.1) ex-
hibits some type of notable behaviour as h — 0 and, in the second place, the
question of locating their asymptotic spikes arises. Theorem 7.3 already provide
a result with regards to this aim: the family {v;} decays uniformly to zero for
x outside a bounded set. In particular they state that no points in RY \ S is
an eventual candidate for the concentration. We conjecture that it is possible
to describe in a more precise way the asymptotic behaviour so as to localize
exactly the concentration points, which will probably turn out to be critical for
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the potential V. In other words we think that it is possible to reproduce the
same framework of the papers [4], [5], [15], [16] and [17]. However the approach
the authors used in [4] and in [5] stops to work since the solutions provided there
are minima for the energy functional and consequently the method employed are
strongly bound to minimization techniques. On the other hand it is not possible
to repeat the same arguments of the papers [15], [16] and [17]; indeed the results
obtained by Del Pino—Felmer rely in an essential way on the properties of the
positive solutions for the “limiting” equation

Av—bv+f(v)=0 inRY b>0

where f satisfies some precise assumptions about its global behaviour. Such
solutions are well known to be radially symmetric, to decay exponentially and
to maximize at zero. However analogous results for equations involving the
p-Laplacian operator or nonlinearities like W are unknown to be true. The
difficulty with respect to the problem considered by Del Pino—Felmer consists
essentially in the loss of such data, and this put an obstacle to determine the
behaviour of the solutions vy,.
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