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AN EIGENVALUE PROBLEM
FOR A QUASILINEAR ELLIPTIC FIELD EQUATION ON R"

V. BENCI — A. M. MICHELETTI — D. VISETTI

ABSTRACT. We study the field equation

—Au+ V(z)u+ e (=Apu + W' (u)) = pu
on R™, with e positive parameter. The function W is singular in a point
and so the configurations are characterized by a topological invariant: the
topological charge. By a min-max method, for ¢ sufficiently small, there

exists a finite number of solutions (u(eg), u(e)) of the eigenvalue problem for
any given charge q € Z \ {0}.

1. Introduction

In this paper we are concerned with the following nonlinear field equation:

(P.) —Au+V(@)u+e" (—Apu+ W' (u)) = pu

where v is a function from R™ to R*T! with n > 3, € is a positive parameter
and p,r € N with p > n and r > p — n. Here Au = (Auy,...,Auyi1), being
u = (u1,...,unt+1) and A the classical Laplacian operator. Moreover, A,u

denotes the (n + 1)-vector, whose i-th component is given by
—2
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Finally, V is a real function V : R” — R and W’ is the gradient of a function
W R\ {€,} — R, where &, is a point of R"*! which for simplicity we choose
on the (n + 1)-th component:

with 0 € R"” and £ € R, £ > 0.

The motivation for considering an eigenvalue problem relative to a nonlinear
equation such as (P.) needs some explanations. Let us consider the nonlinear
Schrédinger equation

(2) i = — A+ V(@) + "N (1)
where N(v) is a nonlinear differential operator. The standing waves
U(x,t) = u(zx)e”

of equation (2) are determined by the solutions of the following nonlinear eigen-
value problem

(3) —Au+V(z)u+e"N(u) = pu
provided that

(4) N (u(z)e ") = e " N (u(x)).
The nonlinear operator

(5) N(u) = =Apu+ W' (u)

can be extended to the complex functions in such a way to verify (4).
The choice of the operator (5) is due to the fact that in a paper of 1964
Derrick ([13]) pointed out by a simple rescaling argument that equation

1 1
—Ap + 2P + if/(@) =0,

where f’ is the gradient of a nonnegative C' real function f and the function ¢
has domain R™ with n > 2, has no nontrivial static solutions:

“We are faced with the disconcerting fact that no equation of type
1 1
Ap— —pp=—f
14 ) Pt 2f ()

has any time-independent solutions which could reasonably be interpreted
as elementary particles.”

He presents some conjectures and the first one is to consider higher powers for
the derivatives: in fact in [4] (see also [7]) the authors proved that equation

(6) —Ap —App+W'(p) =0,
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(where ¢ : R®* — R*), has a family {¢g}4ez) (o} of nontrivial solutions with
the energy concentrated around the origin. These solutions are characterized
by a topological invariant ch(-), called topological charge, which takes integer
values (see (9)). More precisely, for every ¢ € Z \ {0}, there exists a solution ¢,
with ch(y,) = ¢. An interesting concentration problem has been studied in [2],
where the authors consider some bound states of a field equation like (6) with
the addition of a potential depending on a parameter.

Here we study the eigenvalue problem relative to equation (6), with the
addition of a potential V; so we look for critical points of a suitable constrained
functional and not only minima.

Throughout the paper we always assume these hypotheses on the function
V:R" - R:

(V1) lim V(z) = oo,

|z|— o0
(V2) V(w)e " € LP(R",R),
(V3) ess igﬂéfn V(z) > 0.

We note that (Va) is a technical hypothesis. We need it to prove the reg-
ularity of the eigenfunctions of the linear eigenvalue problem (see Lemma 2.8),
but it may be weakened.

The assumptions on the function W : R"T1\ {£,} — R are the following:

(Wl) W e Ol(RnJrl \ {5*}7R),
(Wo) W(€) >0 for all € € R* 1\ {¢,} and W(0) = 0,
(W3) there exist two constants ¢1,ce > 0 such that

n+1 C2
and € — ¢ > 0,
(W4) there exist two constants ¢z, ¢y > 0 such that

EER™ 0 <[] <eg= [W(E) < euld.
The energy functional associated to the problem (P.) is:
1 2 1 2, & r
(7) Jo(u) = §|Vu| + §V($)|U| + E|Vu\p +e&"W(u)| dz.

In [8] the authors proved the existence of solutions for the eigenvalue problem
(P.) on a bounded domain . In this paper we consider a more complex case,
namely when the domain is R™ and the potential is coercive, i.e. V(z) — oo for
|x| — oo.

We state the following existence results (see Theorem 3.1 and Theorem 3.2):
Given q € Z\ {0} and k € N, we consider &, = (0,€) with 0 € R" and £ large
enough. Then for e sufficiently small and for any j < k with Xj_l < Xj, there
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exist p;(e) and wu;(e) respectively eigenvalue and eigenfunction of the problem
(P.), such that the topological charge of uj(e) is q.

Moreover, given q € Z, for any &, = (0,€) (with 0 € R™ and € > 0) and for
any € > 0, there exist p1(g) and uqi(e) respectively eigenvalue and eigenfunction
of the problem (P.), such that the topological charge of uy(g) is q.

Here Xj (see Subsection 2.4) are the eigenvalues of the linear problem —Au+
Viz)u = Xu, since we have the discreteness of the spectrum of the Schrodinger
operator —A + V, with lim|;| . V(2) = oo, by a compact embedding theorem
(see e.g. [5] and Theorem 2.1).

Our aim is to find critical values of the energy functional J; in the intersection
of any connected component, characterized by the topological charge, with the
unitary sphere in L?(R™,R"*1). The idea is to consider the functional J. as
a perturbation of the symmetric functional

To(u) = / %nwﬁ + V(@) |uf?] da.

Non-symmetric perturbations of a symmetric problem, in order to preserve criti-
cal values, have been studied by several authors. We omit for the sake of brevity
a complete bibliography and we recall only [3], which seems to be the first work
on the subject, and the recent papers [10] and [11]. In this paper we give a result
of preservation for the functional J. of some critical values Xj of the functional J
restricted on the unitary sphere of L?(R"™ R"*1) in the space I'(R", R"*1) (see
Subsection 2.1).

The content of the paper is divided into the following sections. In Section 2
there is the description of the functional setting, the definition of a topological
invariant, called topological charge, and some arguments of eigenvalues theory.
The compactness, that we lose because of the unbounded domain R™, is recovered
by the compact embedding of [5] (see Theorem 2.1). Then, by some technical
devices, we obtain the Palais—Smale condition for the functional J. (defined
in (7)). The addition of the potential V' breaks the translation invariance, so
that the technical lemmas require some care.

Section 3 is devoted to the proof of our main results. In Theorem 3.1 we state
the existence of some critical values of the functional J. on every component
of the unitary sphere, characterized by the value of the topological invariant
“topological charge” (see (11), (8), (10)). These critical values c{ ; (see (28))
of the functional J. are of “min-max type”. The construction of some suitable

functions G of topological charge ¢ (see (26)) and some suitable manifolds M ;

q

e )" In Theorem 3.2 we state

(see (27)) is crucial in finding the critical values ¢
the existence of the minimum of the functional J. on every component of the

unitary sphere, characterized by the topological charge (see (10)).
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Notations. We fix the following notations:

e |z| is the Euclidean norm of z € R”,

o if £ € R**! some times we will use the notation £ = (E, £), where feRrn
and £ € R,

e if z € R” and p > 0, then B(x, p) is the open ball with centre in z and
radius p.

2. Functional setting

2.1. The space E. We shall consider the following functional spaces:
o I'(R™,R) the completion of C5°(R™,R) with respect to the norm

s = [ Vi) o) dot [ Vst do

n

the space I'(R™ R) is then a Hilbert space, whose scalar product is
denoted by (2’17 ZQ)F(RTI,R).
e ['(R™,R" 1) the completion of C§°(R"™, R" 1) with respect to the norm

[ / V(@) [u(e)]? de + / V()2 da;

where [uf? = S0 fugf? and [Vaf2 = S0, S04 9u; /02 analo-

gously the space I'(R",R"*+1) is a Hilbert space, whose scalar product
is denoted by (u1, u2)pmn mrt1).-

It is clear that the spaces I'(R", R) and I'(R"™, R"*1) are continuously embed-
ded respectively into the Sobolev spaces H!(R™, R) and H!(R",R"*1). At this
point we recall a compact embedding theorem of Benci and Fortunato (see [5]),
which will be important in the sequel:

THEOREM 2.1. The embedding of the space I'(R™, R) into the space L*(R™,R)

18 compact.

We shall denote by:
e E the completion of C§°(R"™, R"*1) with respect to the norm

2/p
|ul|% = / V(z) Ju(z)]? dx +/ |Vu(z)|? dz + (/ |Vu(z)|P dx) .
R’Vl R’VL R’!‘L
The main properties of the Banach space E are summarized in the following

lemma and corollary:

LEMMA 2.1. The Banach space E is continuously embedded into the space
L*(R™, R™"1) for 2 < s < 0.

For the proof see [4].
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COROLLARY 2.1.

(i) The Banach space E is continuously embedded into the Sobolev space
Wl’p(Rn,Rn+1).
(ii) There exist two constants Cy,Cy > 0 such that, for every u € E,

llul| oo (rr w1y < Collulle,
u(z) — u(y)| < Cile — y| ™2 Vul| Lo g gotr).

(iii) If u € E then lim), o u(x) = 0.

2.2. Topological charge and connected components of A. In the space
FE we can consider the open subset

(8) A={uec E[& ¢uR")}.

We recall now the definition of topological charge introduced by Benci, Fortunato
and Pisani in [7] (we report here the definition given in [4]).
We write the n + 1 components of a function v € E in the following way:

where 7 : R” — R" and w : R™” — R.

DEFINITION 1. Let u be a function in A C E, then the support of u is the
following set:
K, ={z e R" |u(x) > &},
where £ is defined in (1). The topological charge of u is the following function:

© h (u) = { deg(u, K,,0) if K, # 0,
0 if K, =0.
As a consequence of the fact that v is continuous and lim, | u(x) = 0 (see
Corollary 2.1), K, is an open bounded subset of R™. Since u € A, if z € 0K,
we have u(z) = € and %(x) # 0. Therefore the previous definition is well posed.
Moreover, the topological charge is continuous with respect to the uniform

convergence (see [7]):

LEMMA 2.2. For every u € A there exists r = r(u) > 0 such that, for every
vE A,
[ — ul| Lo (n gn+1y < 7 = ch (u) = ch(v).

The set A C FE is divided into connected components by the topological

A={JA,,

qEZ

charge:
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where
(10) Ag={ueA|ch(u)=q}.

2.3. Palais—Smale condition for the energy functional. First of all we
verify that the functional J. is well defined on the set A, that is:

Je(u) < oo forall u € A.

It is enough to check that [, W(u(x))dx < co. In fact by (W3) and (W) we
have that

W (u(z)) dz < / clu@)Pde+ [ Wu()de,

R" B R"\B

where B = {z € R" | u(z) € B(0,c3)}. The first integral is bounded because
S lu(z)?de <[5, [u(z)]? dz < co. The second integral is bounded because by
Corollary 2.1 the domain R™ \ B is bounded.

LEMMA 2.3. The energy functional J. is of class C' on the open set A of E.

PROOF. The first part of the energy functional is clearly of class C*. Then
we consider G(u) = [, W(u(z))dz. Now we want to prove the Gateaux differ-
entiability, hence we show that

lim {W(“ 80 =W ) o] de = 0
t—0 Rn t

for all w € A and for all v € E. The integrand clearly tends to zero pointwise.
By the Lagrange Theorem we have that

W (u(x) + tv(x)) — W(u(x)) = tW' (u(z) + Otv(x)) - v(z)

for t € R small enough, where 6 = 6(x,t) € [0,1]. As lim|;|_o u(x) = 0, there
exists Ry > 0 such that
()] < c3/2,

r€R"\ B(O,R
€R™\ B(0 1):>{|u(x)+9tv($)|<c3’

for |t| < t with £ suitably small. Then by (Wy), we have the following inequalities
(W' (u(x) + 0tv(z)) - v(=)]
_ callu(z)| + tlo(z)|)|v(z)| for all x € R™ \ B(0, Ry),
const |v(z)] for all x € B(0, Ry).

There are analogous inequalities for |W’(u(x)) - v(x)|. So we can apply the Le-
besgue’s dominated convergence theorem.
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To have the Fréchet differentiability of the functional G it remains to show
that the Gateaux derivative

v— G'(u)(v) = W/'(u)-vdz uwueA veEE
RTL
is continuous with respect to u. Let {u;};en be a sequence in A strongly con-
verging to ug € A, then we have

IG" (us) = G (uo)|

E+* = Sup
vEE
ol p=1

1/2
S sug l:/ |W /(uz) — W’(UO)Zil ||’UHL2(]R7L7R"+1)
veE n
vl p=1

1/2
<o [ ) -wiwr]
where C is a constant. Obviously we have that for all x € R™ |W'(u;(x)) —

W' (ug(x))| — 0. Moreover, there exists Ry > 0 such that

|uo ()] < e3/2,

lui ()] < es,

w7 tw) = W) o

x € R™\ B(0, Rs) :>{

for i large enough; hence, for i large enough, we have

cqlui(z)] for all z € R™\ B(0, Ra),
const for all x € B(0, Ra),
cqlug(z)| for all z € R™\ B(0, Ra),
const for all z € B(0, Ry),

W (ui ()] < {

W (uo(2))] < {

and consequently
A (Jui(x)] + |uo(z)])?  for all z € R™\ B(0, Ry),
const for all z € B(0, Ry).

W (ui(z)) = W (uo(2))* < {

We can now apply the generalized version of the Lebesgue’s dominated conver-

gence theorem and conclude that ||G'(u;) — G’ (ug)|| g — 0. O
We put
(11) S ={u€E||u]@ngn+) = 1}.

To get some critical points of the functional J. on the C? manifold A N S
we use the following version of Palais-Smale condition. For .J. € C'(A,R), the
norm of the derivative at u € S of the restriction J. = J.|,¢ is defined by

77 I / T
19 (W)l = min [|J(u) — tg'(u)]

E*,

where g : E — R is the function defined by g(u) = [p. [u(z)|? dz.



AN EIGENVALUE PROBLEM FOR A QUASILINEAR ELLIPTIC FIELD EQUATION ON R™ 199

DEFINITION 2. The functional J. is said to satisfy the Palais—Smale condi-
tioninc € Ron ANS (on AgNS, for ¢ € Z) if, for any sequence {u;}ien C ANS
({uitien € Ag N S) such that J.(u;) — ¢ and ||j;(ul)|\* — 0, there exists a sub-
sequence which converges tou € ANS (v e AgNS).

To obtain the Palais—Smale condition, we need a few technical lemmas.

LEMMA 2.4. Let {u;}ien be a sequence in Ay (with ¢ € Z) such that the
sequence {J:(u;) bien is bounded. We consider the open bounded sets

(12) Zi ={x € R" | |us(x)| > c3}-

Then the set | J, . Zi CR™ is bounded.

€N

PROOF. By contradiction we suppose that (J;.y Z; is unbounded; then there

exist a sequence of indices v; — oo for i — oo and a sequence of points {z,, }ien

such that z,, € Z,, and |z,,| — co. By (12) we have:
(13) v, (20,)] > €33

we consider the numbers R,, = sup{R > 0 | for all € B(z,,,R) |u,,(x)| >
c3/2}. We claim that R,, — 0 for ¢ — oco. In fact, if R,, /4 0, there exists
M > 0 such that R,, > M for infinitely many indices. Then for such indices we
have:

/ V(@) [y, () dee > / V(@) [y, ()2 dx
n B(z,,,Ry,;)

2
> <03) / V(x) d,
2 B(z.,,M)

but fB(x V(@) dz — oo and this is a contradiction.
We choose now for every ¢ € N a point 7,,, € 0B(z,,, R,,), i.e. such that

(14) luw, (Zo,)| = c3/2;

it is clear that |Z,, — z,,| = R,, — 0. As the functions u; are equiuniformly
continuous, i.e. for all z,y € R” and for all 7 € N (see (ii) of Corollary 2.1)

Jui(@) = wi(y)] < Cilz —y| =P | Vuil| Lo (en sy < const |z —y| =77,

then |u,, (x,,) — uy, (Z),)| tends to zero for ¢ — co. On the other hand, by (13)
and (14), there holds:

> |uw (xm)

‘uw (‘TVL) — Uy, (aj\VL) - |uVi (i‘\lﬂ) > 03/2' O

The next two lemmas are the Propositions 3.8 and 3.9 of [7]. The addition
of the potential V' in our equation leads to the loss of translation invariance.
Hence we give a proof of Lemma 2.6. (see Proposition 3.9 in [7]), because the
arguments of 7] partially fall.



200 V. BENCI A. M. MICHELETTI D. VISETTI

LEMMA 2.5. Let {u;};eny C A be a sequence weakly converging to u and such
that {Je(u;) }ien C R is bounded, then u € A.

LEMMA 2.6. For any a > 0, there exists d > 0 such that for every u € A
Jo(u) <a= inf |u(z)—&]|>d.
z€ER™
PRrROOF. By contradiction we suppose that there exist a > 0 and a sequence

{u;}ien C A such that for any i € N J.(u;) < a and inf,ern |u;(z) =& < 1/i. As
we have |[u;||g < const, up to a subsequence u; weakly converges to u in E. In

particular u; converges to u pointwise. Moreover, by Lemma 2.5, we know that
u € A. We denote by {z;}ien a sequence of points in R™ such that u;(z;) — &..
We claim that {z;};en is bounded. By contradiction let |x;| tend to co. We

consider now
R; =sup{R > 0| for all x € B(x;, R), ui(x) € B(&«,c1)},

where ¢; is the constant defined in (W3); proceeding in the same way as in
the proof of Lemma 2.4, we obtain that R; — 0. For every ¢ € N we choose
a point Z; on the boundary of B(z;, R;), i.e. Z; is such that |u;(Z;) — & = ¢1 and
|z; — ;| — 0. Now by the equiuniform continuity we have |u;(Z;) — u;(z;)| — 0,
but this is absurd because

lwi(Ti) — wi(ws)| = Jui (@) — & + & —wi(@i)| > [er — fui(2:) — &

and |c; — |u;(x;) — &«|| — ¢1 > 0. Then {z;}ien is bounded and up to a subse-
quence x; — . Since we have

|ui(wi) — w(wo)| < [ui(z:) — wi(zo)| + [ui(zo) — ulzo)l,

by equiuniform continuity and by pointwise convergence we can conclude that
|ui(x;) — u(xo)] — 0. This means that u(zg) = & and this is in contradiction
with the fact that u € A. O

ProrosiTION 2.1. The functional J. satisfies the Palais—Smale condition
onANS (onAgNS for g€ Z) for anyc €R and 0 <e < 1.

PROOF. It is immediate that every Palais-Smale sequence {u;};ey on AN S
is bounded in F. Hence we can choose a subsequence, which for simplicity
we denote again {u;};cn, converging to a function u weakly in E, strongly in
L?(R™,R™"*1) (by Theorem 2.1) and uniformly on every compact subset of R™.
As we have

min L (uwi) — tg' (us)|| m» — 0,
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there is a sequence n; > 0, with 1; — 0 for i — oo and a sequence t; € R such
that for all v € E

(15) ‘ / [Vu; - Vo + V(2)u; - v + "V |P~2Vu; - Vo + "W (u;) - v] do

—2ti/ u; - vdr

< nillv]|e-

From the substitution v = u; in (15), we obtain

(16) ‘ / [|Vui\2 + V(gc)|ui|2 + "V [P + "W (u;) - ug) dw — 2t;

< nillui| &-

Since {u;}ien is bounded in E, the first three terms are bounded. Now, by
Lemma 2.4 and by (W4), we observe that

W' (u;) - u; do

< ‘/ W' (u;) - ui do
Z;

+ ‘ / W' (u;) - u; da
n\Zi

‘R"

< / W () ] + a2 g g
K

where Z; is defined in (12) and K is a compact subset of R™ such that J;~, Z; C
K. Hence the fourth term of (16) is bounded too and so {¢;};en is bounded.

Substituting now v = u; — u, we get:
‘ / [V - V(ug —u) + V(z)u; - (u; — u) + €|V P2V, - V(u; — u)
+ "W (u;) - (u; — u)] dx — Qti/ w; - (u; — u) de| < n;llu; — ul|lg

and we write
/ [V - V(i —u) + V(@) ui - (ug — u) + €|V P2V, - V(u; —u)] de
= —5’“/ (W' (u;) - (u; —u) + 2t;u; - (u; —u)] dz + o(1).

As {t;}ien is bounded and {u;};en converges to u in L?(R™, R"*!) we get that
t; fRn u; - (u; — u) dx tends to zero. Moreover by Lemma 2.4 and (Wy)

W' (u;) - (u; — u) de
R‘!L

< ‘ / W' (u;) - (u; — ) dw
Z;
+ C4||u,'HL2(Rn’Rn+1) ||U1 — u”Lz(Rn’Rwrl)
< Cllui — ul| oo (5 mr+1y

+ C4||UiHL2(Rn7]Rn+1) ||Ul — u||L2(R1L7Rn+1)7
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where Z; is defined in (12), C' is a constant and K is a compact subset of R™
such that |J;2, Z; C K; hence this term tends to zero. Concluding

/ [V - V(u; —u) + Vi(z)u; - (wg —u) + ™| Vug|P2Vu; - V(u; — u)]dz — 0

for i — oco. At this point we recall that —A, is a monotone operator (see [16]
and [4]), and there exists v > 0 such that for all uy,us € E

/ [V (ur —u2)|* + V() Jur —ug|? + |Vui [P 2Vuy - V(ug — ug)

Vug|P~2Vuy - V(ur — ug)lde > [[ur = us||fn goiry + V[ V(w1 — ug)|7,.

Hence we get our claim. O

2.4. Eigenvalues of the Schrédinger operator. By the compactness
result cited in Theorem 2.1 we obtain the discreteness of the spectrum of the
Schrédinger operator —A+V (x) on L?(R™, R) (which is the self-adjoint extension
of the operator —A+V (z) on C§°(R™,R)). That is the spectrum of the operator
—A + V(x) consists of a countable set of eigenvalues of finite multiplicity. The
following sequence denotes the eigenvalues counted with their multiplicity:

M<... <A< ..

We denote by {e;};en the sequence of the corresponding eigenfunctions, with
(61'7 ej)L2(]R",]R) = 5”
We consider now the sequence

M<.oo <A <.
of the eigenvalues of the problem
(17) —Au+V(z)u=Xu with u € D(R",R"+1).
If u= (uy,...,unt1), then (17) is equivalent to
—Au; + V(z)u; = Xul withi=1,...,n+ 1.

It is trivial that Ay = Xl =...= Xn-i—l < X7L+2, in fact if A is an eigenvalue of
multiplicity v of the problem

—Az+V(z)z =Xz with z € T(R",R),

then it is an eigenvalue of (17) of multiplicity (n + 1)v. Moreover, if A\, < Agy1,
then X(n+1)k < X(n+1)k+1-

If we set €; = (e;,0,...,0), €41 = (0,€e5,...,0), ..., €4n = (0,0,...,¢,), it
is clear what we mean by the sequence of the eigenvectors {y; };en corresponding
to the sequence {\; }ien, which is an orthonormal set in L2(R™, R"+1),
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The main properties of the eigenvalues {\;};en and {Xi}ieN are summarized
in the following lemma;:

LEMMA 2.7. The following properties hold:

lwlf g
i = ’ Irn]g}R 21“(1R R) 7
(w,elj)eL;(K,’;,[;):O ||w||L2(Rn,R)
Vi=1,...,i—1

2
~ . HUHF(Rn’RnJrl)
A = min —_
uwel'(R?,R+1)
(w,25) 2 (gn grt1y=
Vi=1,...,i—1

0 ||u||%2(]Rn,]Rn+l)

and
(ei, ej)p(Rn,R) = )\iéij fO’/’ all i,j S N,
((pi, goj)p(]RanJrl) = Xlézj fOT’ all i,j e N.

If we set E,, = spanle1, ..., en) and Ep; = {w € D(R™,R) | (w,€;)2rnr) =0
fori=1,... ,m}, we get

||w||%(Rn7R)
weEmiAlﬁwﬁ)\m,
L?(R™,R)
2
weFE:= Irollegerm o +1
- m M
" HwH%?(RmR)

If we set, respectively, F,, = span[py,...,¢n] and Ft = {u € T(R*,R**+1) |
(u, i) L2 mrt1y = 0 fori=1,... ,m}, we get

||u||12“(Rn,]Rn+1) ~

(18) u€ Fp= M < o < Am,
||UHL2(Rn,Rn+1)
n ||UH%(]RTL’]RTL+1) ~
(19) u€eF, = —5—"—— 2> \nt1.

||UH%2(RTL7RTL+1)

The proof is a direct consequence of classical argumentations of spectral
theory.

Now we recall the following estimate about the eigenfunctions of the Schro-
dinger operator (see [9, p. 169]):

REMARK 1. If z € T(R",R) is such that —Az + V(z)z = Az, then for any
a > 0 there exists a constant ¢, such that

(20) |2(x)| < cqe™ .

By this result and the regularity theorems we get the following lemma.
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LEMMA 2.8. The eigenfunctions p; € T'(R™,R" 1) of the Schrédinger oper-
ator —A + V(z) belong to the Banach space E.

PROOF. By a regularity result, if z € I'(R™,R) is such that —Az—Xz = -Vz
and if Vz € L?(R",R) N LP(R™,R), then z € W2*P(R",R). By this fact the
statement follows immediately.

Now we verify that Vz € L?(R",R) N LP(R",R). By Remark 1 and (V3) we
get

/n |V (2)2(2)[P da < const ||V (z)e |17, g gy < 00
Moreover, if R > 0 is such that for € R™ \ B(0, R) V(x) > 1, we have

|V (@)z(2) | da
R

< const (/ |V (z)|?e Pl da +/ |V (z)|PePlel d;v) < oo. O
B(0,R) R™\B(0,R)

3. Critical values of the energy functional on every manifold A?7N S

3.1. The functions GY. Fixed an integer k € N, we define

(21) My = sup ||lu|po e met)
ueS(k)

where

(22) S(k) =F,nNS forall ke N.

At this point we choose the (n + 1)-th coordinate & of the point &, defined in (1)
in such a way that

(23) &> 2M,;.

First of all we construct a function G, depending on a parameter p > 0. We
consider two functions ¢,, 1, : RT — [0, 1] of class C*° such that
(24) " 1 for 0 <r < p?, o) 1 for 0 <r < 9p2,
)= )=
e 0 forr> 4p2, P 0 forr> 16p2.
Moreover, ¢, and 1, take values between 0 and 1 for p? < r < 4p? and 9p? <
r < 16p2, respectively. We define:

G,:B(0,5p) CR™ — (R" x R) \ {&},
& -
o o) (S 2ol ).
It is important to observe that the distance of the image of G, from the point

& is €.

We can now introduce for any g € Z \ {0} the functions GY.

(25)
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DEFINITION 3. If ¢ € Z \ {0} and 0 < & < 1, we set

G,,(v,(x —7;)/e) for x € B(T;,5ep;) and i =1,...,|q|,

(26)  Gi(z) = pi (Va( )/€) ( ||) A lq|
0 for x € R" \ UL, B(Z:, 5ep:),

where G, is defined in (25), 7, is the following function from R™ to R

(1,22, ,Zn) for ¢ > 0,

Vq(mlaan-“axn) = {

(—z1,29,...,2,) for g <O,

and the points 7; and the radiuses p; are such that
1. B(Z;, pi) N B(Zj,p;) =0 for alli # j, 4,5 =1,...,]q|,
2. |GllL2@n griry < 1.

Finally, we define G = GY.

REMARK 2. We note that by construction the image of G does not intersect
the point &, and the distance of the image from the point is €. Moreover, even
if we expand the functions G4 (0 < ¢ < 1) of a factor ¢t > 1, their image is such
that they do not meet the point &, and the distance is still £&. Hence tGY € Aq
for allt > 1 and € € (0,1].

REMARK 3. By the definition of the functions G¢ and by Remark 2 we can
conclude that for any ¢ € Z we have that A, NS # 0.

The following lemma presents some useful properties of the functions G¢
which will be crucial in the sequel:

LEMMA 3.1. There exist p > 0 and g, with 0 < € < 1, such that for all
0 < e <% we have
(i) [|GE + pull 2 mn i1y < 1 for all u € S(k),
(ii) inf ] |GE + ﬁu||L2(Rn7Rn+l) >0,

e€(0,z]
weS(k)
GY(x) + pu(x £
Gy g | CH R ]
oy HIGE+ pullan zrey 2
uweS (k)

G+ pu
HGg + ﬁu||L2(Rn7Rn+l)

(iv) e AgNS forallue S(k).

For the proof see [8].

3.2. The critical values cg’j of the energy functional on A;NS. Now
we can introduce some definitions which we will use to study multiplicity of
solutions.

DEFINITION 4. Fixed k € N, ¢ € Z\ {0} and 0 < ¢ < g, where € is defined

in Lemma 3.1, we set

G+ pu
27 Mg:{ =
(@7) EA W[ pp—

we s
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with j < k and p defined in Lemma 3.1.

REMARK 4. Tt is trivial that for j < k we have M, | € M?, where

€37

M¢{ ;= 0. By Lemma 3.1 we can claim that M{ ; C A, N S. Moreover, M{ ; is

€
a submanifold of A, N S for ¢ sufficiently small.

DEFINITION 5. Fixed k € N, for all g € Z\ {0}, j < kand 0 < e <& (Eis
defined in Lemma 3.1), we introduce the following values:

28 . = inf sup J.(h(v)),
( ) €,] hEHg,jvEM%j E( ( ))

where H? ; are the following sets of continuous transformations:

Hi;={h:A;NS — A;N S |h continuous, h‘ng,

}.

= ldM(I

1 e,j—1

We observe that H ;,, C H{ ..
LEMMA 3.2. Fized k € N, for all g € Z\ {0}, j < k and 0 < ¢ <&, we have

(1) CZJ = Cg,j+17
(ii) cg’j eR.

In the following we will use the version of the deformation lemma on a C?
manifold which we now recall (see for example [14], [18] and [19]).

LEMMA 3.3 (Deformation Lemma). Let J be a C-functional defined on
a C2%-Finsler manifold M. Let ¢ be a reqular value for J. We assume that:

(i) J satisfies the Palais-Smale condition in ¢ on M,
(ii) there ewists k > 0 such that the sublevel J°** is complete.

Then there exist § > 0 and a deformation n : [0,1] x M — M such that:
n(0,u) =u for allu € M,
n(t,u) =u for allt €[0,1] and all u € J2,
n(1, JeH8) ¢ g,

LEMMA 3.4. For any q € Z, € € (0,1] and a € R, the subset A, NSNJZ of
the Banach space E is complete.

We give some notations: if u € F we set
J
(29) Ppu = Z(u, i)rme rrinyp; and  Qpu = u — Ppu.
i=1

It is immediate that

(30) (iju, goi)p(Rn,Rnﬂ) = Xi(QFju, @i)Lz(R1L7R7L+1) =0 foralli=1,...,7.

We can now prove the main result:
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THEOREM 3.1. Given g € Z\{0} and k € N, we consider &, = (0,£) € R*H!
with € > 2My, where My, = sup,,¢ s [[ull o (mn gnt1)-

Then there exists € € (0,1] such that for any € € (0,2] and for any j < k
with Xj,l < Xj, we get that cgyj is a critical value for the functional J. restricted

to the manifold Ay NS. Moreover, CZJ_I < cg,j and ng — Xj fore — 0.
PROOF. In the following proof we will denote by || - ||« and || - ||r the norms

respectively in L(R™, R"™!) and in '(R", R"T1).
We divide the argument into three steps.
Step 1. We prove that

(31) sup J.(v) < X+ o(e),
veMg,j
(32) cd < X+o(e)

where lim._,o o(e) = 0.

First of all we verify that

(33) sup Jo(v) < i+ sup ||QFng||l%
UEMZJ - u€eS(j) ||PFJGg + Z)\Uuiz + HQFJG(EIH%Z
In fact by Definition 4, (29) and (30) we have:
wp o) = sup | GEEPu [P _ o, IPRGIH AUl + 10k CEE
veM? wes() I 1GE+Dullzz |l wes(y 1Pr,GE+ pullf. + 1QF, G2l
< wp (LRGP, IQr, G2l )
" ues() \IPRGE+pullz.  ||PrGE+ pullf. + 1|Qr, G272
~ G2
<Xt o |Qr, G}

wes(y) 1Pr GE+ pully. + 1QF, GE|13."

Now, by definition of J. and (33), we prove the following inequalities:

(34) ;= inf sup Jo(h(v)) < sup Je(v)
heHe j vemd veEMY?
1
< sup Jo(v)+&" sup / <|va + W(v)> dx
veM? veM? ; JRn p
~ 1Qr, G|}
<A+ sup 2
T wes) 1Pr,GE+pull, +11Qr GEI3.
e” Jon IV(G2 + pu)|P da
+ — sup G+ oul?
P ues() G + PUHL2

G2 + pi
+&" sup / W<q€+,\pu> dx.
ueS(5) JR |GE + pul| L
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At this point we note that lim._o [|Qr,G?||E = 0; in fact by (29) and (30), by
the fact that the support of G? is contained in the support of G for all ¢ < 1
and by the fact that V € L2 _(R",R), we have

1Qr, G2|I7 < |G2|I7 < /R VG2 do + |V |2 @m) G2 Ls
zen_2/ VG dx + e 2 ||V | 12(0,m) |G| 7.4

where 2 C R" is the support of G9.

Moreover, by (ii) of Lemma 3.1 we obtain

1
sup  sup >
0<e<z ues() [1Pr GZ + pullts + 1Qr; G212

< 00,

in fact ||Pp,G||3. < €"[|GY3, and ||Qp,G2||7. < €"||G9||3.. Therefore the
second term of the last inequality of (34) goes to zero when & goes to zero. Now
we observe that the following inequality holds:

/ |V(G? + pu)|P dx < const (5""’/ [VGIP dx + ,5”/ |Vul? dx).
n Rn RVL

Then by this inequality and (ii) of Lemma 3.1 (we recall that » > p — n), we
have that the third term of the last inequality of (34) tends to zero when ¢ tends
to zero.

As regards the last term, we verify that [, W((GE + pu)/||G2 + pul|2) dx
is bounded. In fact by definition of G and by the exponential decay of the
eigenfunctions (see Remark 1) there exists a ball B(0, R) such that, if we write
u=3"0_, aip; with S27_ a2 =1, for all z € R™\ B(0, R) the following inequal-
ities hold

Gi(x) + pula)

plu(z)| < const H(Y27_, |ail)e 1!
IGZ + Pul| 2

= - < = < Me ?l < ¢
1GT+ pullz» 1GT+ pull» ’

where the constant M does not depend on u € S(j) nor on ¢ for £ small enough
(see the point (ii) of Lemma 3.1). By (W4) we get

’W<Gz<x> + pux) >' - |68@) + pula)?

1GE + pull 2 1GE + pull7.
L

for any € R™ \ B(0, R). Concluding we have

G? G4 + pi
‘/ ( +pu )dw §C4+/ W( qsi—tpu )‘dw
n G2 + pul| 2 B(0,R) G2 + pul| L2

where the integral on the right hand side is bounded by (iii) of Lemma 3.1. So

we have the claim.
Step 2. We prove that cf ; > X;.
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By positivity of W the following inequalities hold

> inf sup ||h(v)||E > inf sup  |h(v)|3.
&J heM? ; vem? r heHD;  vem?, .

Pp; 4 h(v)=0

By an argument of degree theory we get that for any h € Hg ; the intersection
of the set h(M¢{ ;) with the set {u € E | (u,p;))r =0 foralli=1,...,5 — 1} is
not empty, that is there exists v € M{ ; such that Pg, ,h(v) = 0 (for the proof
see [8]). Now by (19) in Lemma 2.7 we obtain ¢ ; > A

Step 3. Iij_l < Xj, then cg)j s a critical value for the functional J. on the
manifold Ay N S and ¢! ; | < cl; for e small enough.

We begin by noting that

(35) Cim1 <
(36) sup  Je(v) < ¢l 3
veM!? ’

g,j—1

in fact, by Steps 1 and 2, we obtain for ¢ sufficiently small,

Cg,jq <Aj—i+4o0(e) <A < cg,j,
sup  J.(v) < Aj_1+0(e) <A < cl ;.
UEMg,jil

Now we suppose by contradiction that cg ; is a regular value for J. on Ay N S.
By Proposition 2.1 and Lemmas 3.3, 3.4 there exist § > 0 and a deformation
n:[0,1] x A; NS — Ay NS such that

n(0,u) =u for all w € Ag NS,
n(t,u) = u for all £ € [0,1] and all u € Jo >,
1, ) € g
By (36) we can suppose
(37) sup  J.(v) < ¢l — 20,
veMI

Moreover, by definition of ¢{ ; there exists a transformation he H? ; such that
SUPyeme Je(h(v)) < ¢l ; + 0. Now by the properties of the deformation 1 and
by (37) we get n(1,h(-)) € HI; and SUD, et | Je(n(1,h(v))) < ¢ ; — 6 and this
is a contradiction. O

3.3. Minima of the energy functional on A; N S. Finally we can get
the minimum values of the functional J. on each manifold A, N S, with ¢ € Z,
for any ¢ > 0 and for any &, = (0,£).
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THEOREM 3.2. Given q € Z, for any & = (0,€) with 0 € R™ and € > 0 and

for any € > 0, there exists a minimum for the functional J. on the submanifold

AgNS of ANS.

PrOOF. The claim follows by the fact that A;NS is not empty (see Remark 3)

and the functional .J. is bounded from below and satisfies the Palais—Smale

condition on Ay NS (see Proposition 2.1). O

REMARK 5. The minimum critical value of J. on A, NS is not obtained by

Theorem 3.1 and coincides by definition with ¢f ; (Definition 5). Moreover, the

minimum critical value cgl tends to A; for ¢ that tends to 0.
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