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GLOBAL EXISTENCE OF SOLUTIONS
OF THE FREE BOUNDARY PROBLEM

FOR THE EQUATIONS OF MAGNETOHYDRODYNAMIC
INCOMPRESIBLE VISCOUS FLUID

Piotr Kacprzyk

Abstract. Global motion of magnetohydrodynamic fluid in a domain

bounded by a free surface and under the external electrodynamic field is
proved. The motion is such that velocity and magnetic field are small

in H3-space.

1. Introduction

In this paper we prove the existence of global solutions to equations describing
the motion of magnetohydrodynamic incompresible viscous fluid in domain Ωt ⊂
R3 bounded by a free surface St. In the domain Dt ⊂ R3 which is exterior to Ωt
we have a gas under the constant pressure p0. Moreover in the domain Dt we
have an electromagnetic field which is generated by some currents which are
located on a fixed boundary B on Dt.
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In the domain Ωt the motion is described by the following problem

(1.1)

vt + v · ∇v − divT(v, p)− µ1
1
H ·∇

1
H +µ1∇

1

H2 = f in Ω̃T ,

div v = 0, in Ω̃T

µ1
1
Ht = −rot

1
E in Ω̃T ,

rot
1
H = σ1(

1
E+µ1v ×

1
H) in Ω̃T ,

div (µ1
1
H) = 0 in Ω̃T ,

where Ω̃T =
⋃
0≤t≤T Ωt × {t}, v = v(x, t) is the velocity of fluid, p = p(x, t) is

the pressure,
1
H =

1
H(x, t) is the magnetic field, f = f(x, t) is the external force

field per unit mass, µ1 is the constant magnetic permeability, σ1 is the constant

electric conductivity,
1
E =

1
E(x, t) is the electric field,

(1.2) T(v, p) = {ν(∂xivj + ∂xjvi)− pδij}

is the stress tensor, where ν is the viscosity of the fluid. Moreover, by

(1.3) D(v) = {ν(∂xivj + ∂xjvi)}

we denote the dilatation tensor.
In the domain Dt in which there is a dielectric (gas) we assume that there is

no fluid motion inside (v = 0). Therefore we have the electromagnetic field only
described by the following system

(1.4)

µ2
2
Ht = −rot

2
E in D̃T ,

rot
2
H = σ2

2
E in D̃T ,

div (µ2
2
H) = 0 in D̃T ,

where D̃T =
⋃
0≤t≤T Dt × {t}.

On St = ∂Ωt ∩ ∂Dt we assume the following transmition and boundary
conditions

(1.5)

n · T(v, p) = −p0n on S̃T ,
1
σ1

1
H =

1
σ2

2
H on S̃T ,

1
E ·τα =

2
E ·τα, α = 1, 2, on S̃T ,

vn = − φt
|∇φt|

on S̃T ,

where S̃T =
⋃
0≤t≤T St × {t}, n is the unit outward vector to Ωt and normal

to St, τα, α = 1, 2 is the tangent vector to St, φ(x, t) = 0 describes St at least
locally.
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Next we assume the boundary conditions on B

(1.6)

2
H = H∗ on B,
2
E = E∗ on B.

Finally we assume the initial conditions

(1.7)

Ωt|t=0 = Ω, St|t=0 = S, Dt|t=0 = D,

v|t=0 = v0,
1
H |t=0 =

1
H0, in Ω,

2
H |t=0 =

2
H0, in D.

To prove existence of solutions to the above problem we introduce the Lagrangian
coordinates ξ ∈ Ω. The Lagrangian coordinates are connected with the veloc-
ity v, are the initial data for the Cauchy problem

(1.8)
dx

dt
= v(x, t), x|t=0 = ξ ∈ Ω.

Therefore xv(ξ, t) = ξ +
∫ t
0 v(ξ, τ) dτ , where

v(ξ, t) = v(xv(ξ, t), t).

To introduce the Lagrangian coordinates in Dt we extend v on Dt. Let us denote
the extend function by v′. Then we define ξ ∈ D, by the Cauchy data to the
problem

(1.9)
dx

dt
= v′(x, t), x|t=0 = ξ ∈ D.

Therefore xv′(ξ, t) = ξ +
∫ t
0 v
′(ξ, τ)dτ , where v′(ξ, t) = v′(xv′(ξ, t), t). Then

by (1.1)5

Ωt = {x ∈ R3 : x = xv(ξ, t), ξ ∈ Ω}, St = {x ∈ R3 : x = xv(ξ, t), ξ ∈ S}.

Since St is determined at least locally the by equation φ(x, t) = 0, S is described
by φ(xv(ξ, t), t)|t=0 = 0. Moreover, we have

nv = n(xv(ξ, t), t) =
∇xφ(x, t)
|∇xφ(x, t)|

∣∣∣∣
x=xv(ξ,t)

.

To simplify considerations we introduce the following notation

‖u‖l,Q = ‖u‖Hl(Q), Q ∈ {Ω, S,D,Π, B}, 0 ≤ l ∈ Z,

‖u‖k,p,q,QT = ‖u‖Lq(0,T,Wkp (Q)), Q ∈ {Ω, S,D,Π, B},
p, q ∈ [1,∞], 0 ≤ k ∈ Z,

where Qt = Q× (0, t),

|u|p,Q = ‖u‖Lp(Q), Q ∈ {Ω, S,D,Π, B}, p ∈ [1,∞].
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2. Weak solution

Weak solutions to problem (1.1)–(1.7) we formulate in the Lagrangian co-
ordinates, where (1.5)1 should be written in the form n · T(v, p′) = 0 where
p = p′ + p0.

Definition 2.1. By weak solutions problem (1.1)–(1.7) we mean functions
v,H which satisfy the integral identities

(2.1)
∫ T
0

∫
Ω
(−v · ϕt + Dv(v) · Dv(ϕ)) dξ dt

−
∫ T
0

∫
Ω
(µ1

1

H ·∇v
1

H ·ϕ− µ1∇v
1

H
2 ·ϕ) dξ dt

=
∫ T
0

∫
Ω
f · ϕdξ dt−

∫ T
0

∫
S

p0nv · ϕdξS dt−
∫
Ω
v0 · ϕ(0) dξ,

(2.2)
∫ T
0

∫
Π

(
−µH · ψt − µv · ∇vH · ψ +

1
σ
rot vH · rot vψ

)
dξ dt

−
∫ T
0

∫
Ω
µ1(v ×

1

H) · rot vψ dξ dt

=
1
σ2

∫ T
0

∫
B

(nv × E∗) · ψ dξB dt− µ
∫
Π
H0 · ψ(0) dξ,

where ϕ,ψ are sufficiently regular and ϕ(x, T ) = ψ(x, T ) = 0, nv is the unit
outward vector normal to S or B.

In (2.1), (2.2) we use notation A(ξ, t) = A(xv(ξ, t), t), H|Ω =
1

H, H|D =
2

H,
σ|Ω = σ1, σ|D = σ2, Π = Ω ∪ D, µ|Ω = µ1, µ|D = µ2, in (2.2) v is extention
on Π,

Dv(v) = {ν(∂xiξk∇ξkvj + ∂xjξk∇ξkvi)}, rot vv = ∇v × v,
∇v = ∂xξi∇ξi , div vv = ∇v · v = ∂xiξk∇ξkvi, ∂ξi = ∇ξi .

Let A be the Jakobi matrix of the transformation x = xv(ξ, t), then detA =
exp(
∫ t
0 div vv dτ) = 1. Moreover,

xiξj = δij +
∫ t
0
∂ξjv

i(ξ, τ) dτ and ξx = x−1ξ .

Then we get

sup
ξ∈Ω
|xξ| ≤ 1 + sup

ξ∈Ω

∫ t
0
|v(ξ, τ)| dτ

≤ 1 + c
∫ t
0
‖v‖3,Ω dτ ≤ 1 + c

√
t

√∫ t
0
‖v‖23,Ω dτ ≤ 1 + c

√
t‖v‖3,2,2,Ωt ,
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then supx∈Ωt |ξx| ≤ ϕ(a), where a =
√
t‖v‖3,2,2,Ωt and ϕ is an increasing positive

function.

To prove the existence of the solution to the above problem we linarize (2.1),
(2.2) to the form

(2.3)
∫ T
0

∫
Ω
(−v ϕt + Du(v)Du(ϕ)) dξ dt

−
∫ T
0

∫
Ω
(µ1

1

H
′ ·∇u

1

H
′ ·ϕ− µ1∇u

1

H
′ 2 · ϕ) dξ dt

=
∫ T
0

∫
Ω
fϕ dξ dt−

∫ T
0

∫
S

p0nuϕdξS dt−
∫
Ω
v0ϕ(0) dξ,

(2.4)
∫ T
0

∫
Π

(
− µH ψt − µu∇uH ψ +

1
σ
rot uHrot uψ

)
dξ dt

−
∫ T
0

∫
Ω
µ1(u×

1

H)rot uψ dξ dt

=
1
σ2

∫ T
0

∫
B

(nu × E∗)ψ dξB dt− µ
∫
Π
H0ψ(0) dξ,

where
1

H
′
and u, divu = 0 are given functions.

In [4] we proved

Theorem 2.2. Assume that v0 ∈ H2(Ω), vt(0), vtt(0) ∈ L2(Ω), f t, f tt ∈
L2(0, T, L2(Ω)), f ∈ L2(0, T,H2(Ω)), H0 ∈ H2(Π), Ht(0) ∈ H1(Π), E∗ ∈
L∞(0, T,H1(B)), E∗t, H∗tt ∈ L2(0, T, L2(B)), H∗t ∈ L2(0, T,H2(B)), H∗ ∈
L2(0, T,H3(B)), S,B ∈ H5/2. Then there exists T ∗ > 0 such that for T ≤ T ∗

there exists a solution to problem (1.1)–(1.7) such that v ∈ L2(0, T,H3(Ω)) ∩
L∞(0, T,H1(Ω)), vt ∈ L∞(0, T,H1(Ω))∩L2(0, T,H2(Ω)), vtt ∈ L∞(0, T, L2(Ω))
∩L2(0, T,H1(Ω)), p ∈ L2(0, T,H2(Ω)), pt ∈ L2(0, T,H1(Ω)), H ∈ L2(0, T,
H3(Π)) ∩ L∞(0, T,H1(Π)), Ht ∈ L∞(0, T,H1(Π)) ∩ L2(0, T,H2(Π)), Htt ∈
L∞(0, T, L2(Π))∩L2(0, T,H1(Π)), where (T ∗)γ(ϕ(0)+B) ≤ b, b > 0 sufficiently
small, γ > 0 some constant and

(2.5) B = ‖E∗‖20,2,2,Bt + ‖E∗t‖20,2,2,Bt + ‖H∗‖23,2,2,Bt
+ ‖H∗t‖22,2,2,Bt + ‖H∗tt‖20,2,2,Bt + ‖f t‖20,2,2,Bt + ‖f‖21,2,2,Bt ,

(2.6) ϕ(0) =
∑
i+k≤2

(‖∂itv(0)‖2k,Ω + ‖∂itH(0)‖2k,Π).
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Moreover, if ϕ(0), B are sufficiently small then we get

(2.7) ‖vt‖21,2,∞,ΩT + ‖v‖
2
1,2,∞,ΩT + ‖v‖

2
3,2,2,ΩT + ‖vt‖

2
2,2,2,ΩT + ‖vtt‖

2
1,2,2,ΩT

+ ‖p‖22,2,2,ΩT + ‖pt‖
2
1,2,2,ΩT + ‖Ht‖

2
1,2,∞,ΠT + ‖H‖

2
1,2,∞,ΠT

+ ‖H‖23,2,2,ΠT + ‖Ht‖
2
2,2,2,ΠT + ‖Htt‖

2
1,2,2,ΠT ≤ cϕ(0) +B.

At first, in Section 3, we derive differential inequality (3.23) which makes
possible an extension of the local solution of (1.1)–(1.7) step by step from interval
[0, T ] to [0,+∞). In Section 4 we show Korn type inequalities which are necessary
to prove inequality (3.23). In Section 5 we show the Main Theorem

Theorem 2.3 (Main Theorem). Assume that f, ft ∈ H1(Ωt), H∗ ∈ H3(B),
H∗t ∈ H2(B), H∗tt ∈ H1(B), (v(0), p(0),H(0)) ∈ N (0), b/2 ≤ ϕ(0)T γ ≤ b,
ϕ(0) ≤ ε1, where b, ε1 > 0 are sufficiently small, γ > 0 same constant and
S,B ∈ H5/2. Then there exist a global solution of (1.1)–(1.7) such that

(v(t), p(t),H(t)) ∈M(t), t ∈ R+.

In Lemmas 3.1–3.12 we use

Lemma 2.4. For solution problem (1.1)–(1.7) we get

‖Ht‖21,Ω ≤α(a)(‖Ht‖21,Ωt + ‖H‖
2
2,Ωt‖v‖

2
2,Ωt),

‖H‖2i,Ω ≤α(a)‖H‖2i,Ωt , i = 1, 2, 3,

‖v‖2i,Ω ≤α(a)‖v‖2i,Ωt , i = 1, 2, 3,

‖Ht‖22,Ω ≤α(a)[‖Ht‖22,Ωt + ‖H‖
2
3,Ωt‖v‖

2
2,Ωt + ‖H‖

2
2,Ωt‖v‖

2
3,Ωt ],

‖vt‖22,Ωt ≤α(a)[‖vt‖
2
2,Ωt + ‖v‖

2
3,Ωt‖v‖

2
2,Ωt ],

‖Htt‖20,Ω ≤α(a)[‖Htt‖20,Ωt + ‖v‖
2
2,Ωt(‖Ht‖

2
1,Ωt

+ ‖H‖22,Ωt) + ‖vt‖
2
1,Ωt‖H‖

2
2,Ωt + ‖H‖

2
2,Ωt‖v‖

4
2,Ωt ],

‖vtt‖20,Ω ≤α(a)[‖vtt‖20,Ωt + ‖v‖
2
2,Ωt(‖vt‖

2
1,Ωt + ‖v‖

2
2,Ωt) + ‖v‖

6
2,Ωt ],

‖Htt‖21,Ω ≤α(a)[‖Htt‖21,Ωt + ‖v‖
2
2,Ωt(‖Ht‖

2
2,Ωt

+ ‖H‖23,Ωt) + ‖H‖
2
3,Ωt‖vt‖

2
2,Ωt + ‖H‖

2
2,Ωt‖v‖

4
2,Ωt ],

‖vtt‖21,Ω ≤α(a)[‖vtt‖21,Ωt + ‖v‖
2
2,Ωt(‖vt‖

2
2,Ωt + ‖v‖

2
3,Ωt) + ‖v‖

6
2,Ωt ],

where a =
√
t‖v‖3,2,2,Ωt and α an increasing positive function.

Proof. Differentiating H(ξ, t) = H(x(ξ, t), t) with respect to t and ξ we get
Ht = Hxv +Ht and Hξ = Hxxξ. Then

‖Ht‖21,Ω ≤‖Hx(x(ξ, t), t)v(x(ξ, t), t)‖21,Ω + α(a)‖Ht‖21,Ωt
≤ c‖Hx(x(ξ, t), t)‖21,Ω‖v(x(ξ, t), t)‖22,Ω + α(a)‖Ht‖21,Ωt
≤α(a)(‖H‖22,Ωt‖v‖

2
2Ωt + ‖Ht‖

2
1,Ωt).
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Hence the first inequality is proved. Similarly we can show another inequalities.�

In Lemmas 3.7, 3.8, 3.10, 3.11 we are using

Lemma 2.5. For solution problem (1.1)–(1.7) we get

(2.8) ‖vt‖21,Ω ≥ inf
ξ∈Ω

x2ξ‖vt‖21,Ωt + 2
∫
Ω
(vtxxξ)bdξ +

∫
Ω
b2dξ,

where b = vxxvxξ + v2xxξ.

Proof. From vtξ = vtxxξ + vxxvxξ + v2xxξ we get∫
Ω
v2tξ dξ =

∫
Ω
(vtxxξ)2 dξ + 2

∫
Ω
(vtxxξ)b dξ +

∫
Ω
b2 dξ,

where b = vxxvxξ + v2xxξ. Then we obtain (2.8). Similary we obtain inequality
for

‖v‖2i,Ω; ‖H‖2i,Ω, i = 1, 2, 3; ‖p‖22,Ω; ‖vt‖22,Ω; ‖pt‖21,Ω; ‖Ht‖22,Ω. �

In Lemmas 3.10, 3.11 we are using inequalities (3.16), (3.19); (3.20) in local
coordinates z, connected with {ξ} (see [3]).

3. Differential inequality

Assume that the existence of a sufficiently smooth local solution of problem
(1.1)–(1.7) has been proved and

2
H|B = 0 on B; n · T(v, p′) = 0, on S̃T , where p′ = p− p0.

In this section we obtain a special differential inequality which enables us to
prove a global solution.

Lemma 3.1. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7),

(3.1)
d

dt
‖v‖20,Ωt + ‖v‖

2
1,Ωt ≤ c (‖

1
H ‖41,Ωt + ‖v‖

2
2,Ωt + ‖f‖

2
0,Ωt).

Proof. Multipling (1.1)1 by v and integrating over Ωt we get

(3.2)
1
2

∫
Ωt
∂tv
2 dx+

∫
Ωt
v∇vv dx+

∫
Ωt

D2(v) dx

− µ1
∫
Ωt

1
H∇

1
H v dx+ µ1

∫
Ωt
∇
1
H
2v dx =

∫
Ωt
fv dx.

Using ∫
Ωt
vvt dx =

1
2
d

dt

∫
Ωt
v2 dx−

∫
Ωt
v∇vv dx

we get (3.1). �
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Lemma 3.2. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7),

(3.3)
d

dt
‖vt‖20,Ωt+ ‖vt‖

2
1,Ωt ≤ c(‖vt‖

2
1,Ωt‖v‖

2
1,Ωt + ‖

1
Ht ‖21,Ωt‖

1
H ‖21,Ωt

+ (‖v‖21,Ωt + ‖H‖
2
1,Ωt)

2 + ‖ft‖20,Ωt) = X1.

Proof. Differentiating (1.1)1 with respect to t, multipling by vt and inte-
grating over Ωt we get

(3.4)
1
2

∫
Ωt
(vt)2t dx+

∫
Ωt
vt∇vvt +

∫
Ωt
v∇vtvt dx+

∫
Ωt

D2(vt) dx

− µ1
∫
Ωt
(
1
H∇

1
H)tvt dx+ µ1

∫
Ωt
(∇

1

H2)tvt dx =
∫
Ωt
ftvt dx.

Using ∫
Ωt
vtvtt dx =

1
2
d

dt

∫
Ωt
v2t dx−

∫
Ωt
vt∇vtv dx

and Lemma 3.1 we get (3.3). �

Lemma 3.3. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.5)
d

dt
‖vtt‖20,Ωt + ‖vtt‖

2
1,Ωt ≤ c[‖vtt‖

2
1,Ωt‖v‖

2
2,Ωt + ‖vt‖

4
1,Ωt

+ ‖
1
H tt‖20,Ωt‖

1
H ‖21,Ωt + ‖

1
Ht ‖41,Ωt

+ (‖vt‖21,Ωt + ‖v‖
2
2,Ωt(‖v‖

2
1,Ωt + 1)

+ ‖
1
Ht ‖21,Ωt + ‖

1
H ‖21,Ωt)

2 + ‖ftt‖20,Ωt ] = X2.

Proof. Differentiating (1.1)1 two times with respect to t, multiplying by
vtt, integrating over Ωt, using∫

Ωt
vttvttt dx =

1
2
d

dt

∫
Ωt
(vtt)2 dx−

∫
Ωt
vtt∇vttv dx,

and Lemma 3.2 we get (3.5). �

Lemma 3.4. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.6)
d

dt
‖H‖20,Πt + ‖H‖

2
1,Πt ≤ c‖H‖

2
1,Πt‖v‖

2
1,Πt .

Proof. Multiplying (1.1)3,4 by H and integrating over Πt, using∫
Πt
HHt dx =

1
2
d

dt

∫
Πt
H2 dx−

∫
Πt
H∇Hv dx,

we get (3.6). �
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Lemma 3.5. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.7)
d

dt
‖Ht‖20,Πt + ‖Ht‖

2
1,Πt ≤ c(‖Ht‖

2
1,Πt‖v‖

2
1,Πt + ‖vt‖

2
1,Πt‖H‖

2
1,Πt).

Proof. Differentiating (1.1)3,4 with respect to t multiplying by Ht, inte-
grating over Πt, using∫

Πt
HtHtt dx =

1
2
d

dt

∫
Πt
(Ht)2 dx−

∫
Πt
Ht∇Htv dx

we get (3.7). �

Lemma 3.6. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.8)
d

dt
‖Htt‖20,Πt + ‖Htt‖

2
1,Πt ≤ c(‖Htt‖

2
1,Πt‖v‖

2
1,Πt + ‖vtt‖

2
1,Πt‖H‖

2
1,Πt)

+ ‖vt‖21,Πt‖Ht‖
2
1,Πt) = X3.

Proof. Differentiating (1.1)3,4 two times with respect to t multiplying by
Htt, integrating over Πt, using∫

Πt
HttHttt dx =

1
2
d

dt

∫
Πt
(Htt)2 dx−

∫
Πt
Htt∇Httv dx,

we get (3.8). �

Lemma 3.7. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.9)
d

dt
‖vt‖20,Ωt +

d

dt
‖v‖22,Ωt + ‖v‖

2
3,Ωt + ‖p

′‖22,Ωt

≤ c[ϕ(a)‖
1
H ‖21,Ωt‖

1
H ‖23,Ωt + ε(‖vt‖

2
2,Ωt

+ ‖v‖23,Ωt) + ‖v‖
2
3,Ωt‖v‖

2
1,Ωt +X1 + ‖f‖

2
1,Ωt ] = X4.

Proof. From the inequalities (see [3])

(3.10)
‖v‖23,Ω + ‖p′‖22,Ω ≤ϕ(a)‖H‖21,Ω‖H‖23,Ω + ‖vt‖21,Ω + ‖f‖21,Ω,

d

dt
‖v‖22,Ωt ≤ c(‖v‖

2
2,Ωt + ε‖vt‖

2
2,Ωt + ‖v‖

2
3,Ωt‖v‖

2
1,Ωt)

and (3.3) we get (3.9). �

Lemma 3.8. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.11)
d

dt
‖vt‖21,Ωt +

d

dt
‖vtt‖20,Ωt +

d

dt
‖vt‖20,Ωt + ‖vt‖

2
2,Ωt + ‖p

′
t‖21,Ωt

≤ c[ϕ(a)(‖v‖22,Ωt(‖v‖
2
3,Ωt + ‖p

′‖22,Ωt + ‖
1
H ‖42,Ωt)

+ ‖
1
Ht ‖21,Ωt‖

1
H ‖22,Ωt + ‖

1
Ht ‖22,Ωt‖

1
H ‖21,Ωt)+

+ ε(‖vtt‖21,Ωt + ‖vt‖
2
2,Ωt) + ‖vt‖

2
2,Ωt‖v‖

2
1,Ωt +X1 +X2 + ‖ft‖

2
0,Ωt ].
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Proof. From the inequality (see [3])

(3.12)

‖vt‖22,Ω + ‖p′t‖21,Ω ≤ϕ(a)[‖v‖22,Ω(‖v‖23,Ω + ‖p′‖22,Ω + ‖
1

H ‖42,Ω)

+ ‖
1

Ht ‖21,Ω‖
1

H ‖22,Ω + ‖
1

Ht ‖22,Ω‖
1

H ‖21,Ω]
+ ‖vtt‖20,Ω + ‖f t‖20,Ω,

d

dt
‖vt‖21,Ωt ≤‖vt‖

2
1,Ωt + ε‖vtt‖

2
1,Ωt + ‖vt‖

2
2,Ωt‖v‖

2
1,Ωt

and (3.3), (3.5) we get (3.11). �

Lemma 3.9. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.13)
d

dt
‖v‖21,Ωt +

d

dt
‖vt‖20,Ωt + ‖v‖

2
2,Ωt

≤ c[ϕ(a)(‖
1
H ‖41,Ωt + ‖

1
H ‖20,Ωt‖

1
H ‖22,Ωt)

+ ε(‖vt‖21,Ωt + ‖v‖
2
2,Ωt) + ‖v‖

2
2,Ωt‖v‖

2
0,Ωt +X1 + ‖f‖

2
0,Ωt ].

Proof. From the inequality (see [3])

(3.14)
‖v‖22,Ωt ≤ ϕ(a)(‖

1

H ‖41,Ω + ‖
1

H ‖20,Ω‖
1

H ‖22,Ω) + ‖vt‖20,Ω + ‖f‖20,Ω,
d

dt
‖v‖21,Ωt ≤ ‖v‖

2
1,Ωt + ε‖vt‖

2
1,Ωt + ‖v‖

2
2,Ωt‖v‖

2
0,Ωt

and (3.3), we get (3.13). �

Lemma 3.10. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.15)
d

dt
‖Ht‖22,Πt +

d

dt
‖Htt‖20,Πt +

d

dt
‖vt‖20,Ωt +

d

dt
‖v‖22,Ωt + ‖Ht‖

2
2,Πt

≤ cϕ(a)[‖Ht‖22,Πt‖v‖
2
1,Πt

+ ‖H‖22,Πt(‖v‖
2
3,Πt + ‖vt‖

2
2,Πt + ‖v‖

4
2,Πt)

+ ‖v‖23,Πt(‖Ht‖
2
1,Πt + ‖H‖

2
2,Πt‖v‖

2
2,Πt + ‖v‖

2
2,Πt + ‖vt‖

2
1,Πt)

+ a2‖H‖23,Πt +X3 +X4] = X5.

Proof. From inequality (see [3])

(3.16)

d

dt
‖H̃tτ‖20,bΩ + ‖H̃t‖

2
2,bΩ
≤ϕ(â)[‖H̃tt‖20,bΩ + ‖v̂‖

2
3,bΩ
(‖Ĥ‖2

1,bΩ
+ ‖Ĥt‖21,bΩ

+ ‖v̂t‖21,bΩ + ‖Ĥ‖
2
2,bΩ
‖v̂‖2
2,bΩ
‖v̂‖2
2,bΩ
+ 1)

+ ‖v̂t‖22,bΩ + ‖Ĥ‖
2
2,bΩ
‖v̂t‖22,bΩ],

d

dt
‖H̃τt‖20,bΩ ≤ c(ε‖Ĥt‖

2
1,bΩ
+ ‖Ĥtt‖21,bΩ),

d

dt
‖Ht‖21,Πt ≤ c(ε‖Ht‖

2
1,Πt + ‖Htt‖

2
1,Πt + ‖Ht‖

2
2,Πt‖v‖

2
1,Πt),
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we get

(3.17)
d

dt
‖Ht‖21,Πt + ‖Ht‖

2
2,Πt

≤ϕ(a)[‖Htt‖21,Πt + ‖Ht‖
2
2,Πt‖v‖

2
1,Πt

+ ‖H‖22,Πt(‖v‖
2
3,Πt + ‖vt‖

2
2,Πt + ‖v‖

4
2,Πt)

+ ‖v‖23,Πt(‖Ht‖
2
1,Πt + ‖H‖

2
2,Πt‖v‖

2
2,Πt + ‖v‖

2
2,Πt + ‖vt‖

2
2,Πt)

+ ‖v‖22,Πt + a
2‖H‖23,Πt ],

using (3.8), (3.9) we get (3.15). �

Lemma 3.11. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.18)
d

dt
‖H‖22,Πt +

d

dt
‖Htt‖20,Πt +

d

dt
‖vt‖20,Ωt +

d

dt
‖v‖22,Ωt

+ ‖Ht‖22,Πt + ‖H‖
2
3,Πt ≤ cϕ(a)[‖H‖

2
2,Πt‖v‖

2
2,Πt

+ ‖H‖22,Πt‖v‖
2
3,Πt + ‖H‖

2
3,Πt‖v‖

2
2,Πt +X4 +X5] = X6.

Proof. From inequalities (see [3])

(3.19)
d

dt
‖H̃τ‖20,bΩ + ‖H̃‖

2
2,bΩ

≤ ϕ1(â)[‖Ĥ‖21,bΩ‖v̂‖
2
2,bΩ
+ ‖v̂‖2

2,bΩ
+ ‖Ĥ‖2

1,bΩ
+ ‖Ĥt‖20,bΩ + â

2‖Ĥ‖2
3,bΩ
],

(3.20)

d

dt
‖H̃ττ‖20,bΩ + ‖H̃‖

2
3,bΩ
≤ϕ2(â)[‖Ĥ‖22,bΩ‖v̂‖

2
2,bΩ
+ ‖v̂‖2

2,bΩ
+ ‖Ĥ‖2

2,bΩ

+ ‖Ĥ‖2
1,bΩ
‖v̂‖2
3,bΩ
+ ‖Ĥt‖21,bΩ],

d

dt
‖H̃τ‖20,bΩ ≤ c(ε‖Ĥ‖

2
1,bΩ
+ ‖Ĥt‖21,bΩ),

d

dt
‖H̃ττ‖20,bΩ ≤ c(ε‖Ĥ‖

2
2,bΩ
+ ‖Ĥt‖22,bΩ),

we get

(3.21) ‖H‖23,Πt ≤ cϕ3(a)[‖H‖
2
2,Πt‖v‖

2
2,Πt + ‖v‖

2
2,Πt

+ ‖H‖22,Πt‖v‖
2
3,Πt + ‖Ht‖

2
2,Πt + ‖H‖

2
3,Πt‖v‖

2
2,Πt ].

Then from the inequality

d

dt
‖H‖22,Πt ≤ ε‖H‖

2
2,Πt + ‖Ht‖

2
2,Πt + ‖H‖

2
3,Πt‖v‖

2
1,Πt

and (3.9), (3.15) we get (3.18). �
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Lemma 3.12. For a sufficiently smooth solution v, p′, H of (1.1)–(1.7)

(3.22)
d

dt
‖H‖21,Πt +

d

dt
‖H‖22,Πt +

d

dt
‖Htt‖20,Πt

+
d

dt
‖vt‖20,Ωt +

d

dt
‖v‖22,Ωt + ‖Ht‖

2
2,Πt + ‖H‖

2
3,Πt ≤ X6.

Proof. From the inequality

d

dt
‖H‖21,Πt ≤ ‖H‖

2
1,Πt + ε‖Ht‖

2
1,Πt + ‖H‖

2
2,Πt‖v‖

2
0,Πt

and from (3.18) we get (3.22). �

Now let
2
H = H∗, on B, then from Lemmas 3.1–3.12 we get

Lemma 3.13. For a sufficiently smooth solution v, p, H of (1.1)–(1.7)

(3.23)
d

dt
ϕ+ φ ≤ c[γ(a)φϕ(1 + ϕ) + ‖f‖21,Ωt + ‖ft‖

2
1,Ωt + ‖H∗‖

2
3,B

‖H∗‖41,B + ‖H∗t‖22,B(1 + ‖H∗t‖22,B) + ‖H∗tt‖21,B ],

where γ is an increasing positive function,

(3.24)

ϕ(t) =
∑
i+k≤2

(‖∂itv‖2k,Ωt + ‖∂
i
tH‖2k,Πt),

φ(t) =
∑
i+k≤3
i≤2

(‖∂itv‖2k,Ωt + ‖∂
i
tH‖2k,Ωt) + ‖p

′‖22,Ωt + ‖p
′
t‖21,Ωt .

4. Korn inequality

Lemma 4.1. Let Ωt ⊂ R3 be a bounded domain, v, p′, H solution of (1.1)–
(1.7) and

(4.1) EΩt(vt) =
∫
Ωt
(∂xiv

j
t + ∂xjv

i
t)
2 dx <∞.

Then there exists constant c such that

(4.2) ‖vt‖21,Ωt ≤ c(EΩt(vt) + ‖v‖
4
1,Ωt + ‖

1
H ‖41,Ωt).

Proof. Introduce a function u by

(4.3) u =
3∑
i=1

biϕi(x) + vt,

where

(4.4)

ϕi = (x− x)× ei,

x =
1
|Ωt|

(∫
Ωt
x1 dx,

∫
Ωt
x2 dx,

∫
Ωt
x3 dx

)
,

ei = (δi1, δi2, δi3) i = 1, 2, 3.
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Define b = (b1, b2, b3) by

(4.5) b =
1
2|Ωt|

∫
Ωt
rot vt dx.

Since rotϕi = 2ei i = 1, 2, 3, quations (4.3) and (4.4) imply

(4.6)
∫
Ωt
rotu dx = 0.

From (4.4) we have
∫
Ωt
ϕidx = 0 for i = 1, 2, 3 so

(4.7)
∫
Ωt
udx =

∫
Ωt
vtdx, and also EΩt(ϕi) = 0, i = 1, 2, 3,

so

(4.8) EΩt(u) = EΩt(vt).

By Theorem 1 of [6] we have

(4.9) ∂xjwi = εikl∂xkSjl, i = 1, 2, 3, w = rotu, Sij = ∂xiu
j + ∂xju

i,

so by (4.6) and Lemma 2.4 of [5] it follows that

(4.10) ‖rotu‖20,Ωt ≤ c
3∑
i,j=1

‖Sij‖20,Ωt = cEΩt(u) = cEΩt(vt).

Employing the identity

∂xjui =
1
2
(∂xju

i + ∂xiu
j) +
1
2
(∂xju

i − ∂xiuj)

and (3.10) we have

(4.11) ‖∇u‖20,Ωt ≤ c(EΩt(u) + ‖rotu‖
2
0,Ωt) ≤ cEΩt(u) = cEΩt(vt).

Using (4.3) we obtain

(4.12) ‖∇vt‖20,Ωt ≤ c(EΩt(vt) + |b|).

Integrating (1.1)1 over Ωt we get

(4.13)
∫
Ωt
vt dx = −

∫
Ωt
v∇v dx+

∫
Ωt
µ1(

1
H∇

1
H −∇

1
H
2) dx

and multiplying (1.1)1 by ϕi, i = 1, 2, 3 and integrating over Ωt from (4.3) we
get systems of equations

(4.14)
3∑
i=1

bi

∫
Ωt
ϕi · ϕj dx

=
∫
Ωt
uϕj dx+

∫
Ωt
v∇v dx+

∫
Ωt
µ1(

1
H∇

1
H −∇

1
H
2) dx,
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for j = 1, 2, 3. Since det Γ 6= 0, where Γ = {Γij}, Γij =
∫
Ωt
ϕiϕj dx, we can

calculate b from (4.14), so

(4.15) |b|2 ≤ c(‖u‖20,Ωt + ‖v‖
4
1,Ωt + ‖

1
H ‖41,Ωt).

Now by Poincare inequality and (4.7), (4.8) we obtain

(4.16) ‖u‖20,Ωt ≤ 2‖u−
1
|Ωt|

∫
Ωt
u dx‖20,Ωt + 2‖

1
|Ωt|

∫
Ωt
u dx‖20,Ωt

≤ c
(
‖∇u‖20,Ωt +

∥∥∥∥ 1|Ωt|
∫
Ωt
vt dx

∥∥∥∥2
0,Ωt

)
≤ c(EΩt(u) + ‖v‖41,Ωt + ‖

1
H ‖41,Ωt)

= c(EΩt(vt) + ‖v‖41,Ωt + ‖
1
H ‖41,Ωt).

Using (4.15) and (4.16) in (4.12) we obtain (4.2). �

Lemma 4.2. Let Ωt ⊂ R3 be a bounded domain, v, p′, H solution of (1.1)–
(1.7) and

(4.17) EΩt(vtt) =
∫
Ωt
(∂xiv

j
tt + ∂xjv

i
tt)
2 dx <∞.

Then there exists constant c such that

(4.18) ‖vtt‖21,Ωt ≤ c[EΩt(vt) + ‖vt‖
2
1,Ωt‖v‖

2
1,Ωt + ‖v‖

4
2,Ωt(‖v‖

2
1,Ωt + 1)

+ ‖
1
H ‖22,Ωt(‖

1
Ht ‖21,Ωt + ‖v‖

2
1,Ωt + ‖

1
H ‖21,Ωt)].

Proof. Let u =
∑3
i=1 biϕi(x) + vtt, where ϕi are described by(4.4). The

rest of the argument is as in Lemma 4.1. �

5. Global existence

To prove global existence we introduce the spaces

N (t) = {(v, p′,H) : ϕ(t) <∞},

M(t) =
{
(v, p′,H) : ϕ(t) +

∫ t
0
φ(t) dt <∞

}
,

where ϕ(t), φ(t) be defined by (3.24). From Theorem 2.2 we get

Lemma 5.1. Let (v(0), p′(0),H(0)) ∈ N (0) and ϕ(0) < ε1. Then (v(t), p′(t),
H(t)) ∈M(t), t < T where T is the time of local existence and

(5.1) ϕ(t) +
∫ T
0
φ(τ) dτ ≤ cε1 + ‖E∗‖20,2,2,BT + ‖E∗t‖

2
0,2,2,BT

+ ‖H∗‖23,2,2,BT + ‖H∗t‖
2
2,2,2,BT + ‖H∗tt‖

2
0,2,2,BT

+ ‖ft‖20,2,2,ΩT + ‖f‖
2
1,2,2,ΩT ≡ β + cε1.
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Proof. From inequalities

‖v‖22,Ω ≤ ε‖vt‖22,2,2,Ωt + c(ε)‖v‖22,2,2,Ωt + ‖v(0)‖22,Ω,
‖H‖22,Π ≤ ε‖Ht‖22,2,2,Πt + c(ε)‖H‖22,2,2,Πt + ‖H(0)‖22,Π,

and Theorem 1.1 we get (5.1). �

Lemma 5.2. Assume that there exist a local solution of (1.1)–(1.7) inM(t),
0 ≤ t ≤ T with initial data in N (0) sufficiently small and

(5.2) α(t) = ‖f‖21,Ωt + ‖ft‖
2
1,Ωt + ‖H∗‖

2
3,B + ‖H∗‖41,B

+ ‖H∗t‖22,B(1 + ‖H∗t‖22,B) + ‖H∗tt‖21,B ≤ ce−µt,

0 ≤ t ≤ T , where µ > 1/2. Then

(5.3) ϕ(t) ≤ ce−t/2
(
ϕ(0) +

1
µ− 1/2

)
.

Proof. From (3.23) and (5.2) we get

(5.4)
d

dt
ϕ+ φ ≤ c(γ(a)φϕ(1 + ϕ) + e−µt).

From Lemma 5.1 we have cγ(a)φϕ(1 + ϕ) ≤ φ/2 if β is sufficiently small. Then
from (5.4) we get

(5.5)
d

dt
ϕ+
1
2
φ ≤ ce−µt.

We have ϕ ≤ φ then from (5.5)

(5.6)
d

dt
ϕ+
1
2
ϕ ≤ ce−µt.

From (5.6) we get (5.3). �

Lemma 5.3. Let assumptions of Lemma 5.2 be satisfied and ϕ(0) < ε1. Then
ϕ(t) ≤ ε1 for t ∈ [0, T ], T > 0 is the time of the local existence.

Proof. Let T > 0 be so large that

ce−T/2 ≤ 1
2
, c

1
µ− 1/2

e−T/2 ≤ 1
4
b
1
T γ

where γ > 0 and, from Theorem 2.2, b/2 ≤ ϕ(0)T γ < b. Then we get

ϕ(T ) ≤ ce−T/2ϕ(0) + c 1
µ− 1/2

e−T/2 ≤ ϕ(0). �
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Theorem 5.1. Assume that f, ft ∈ H1(Ωt), H∗ ∈ H3(B), H∗t ∈ H2(B),
H∗tt ∈ H1(B), (v(0), p′(0),H(0)) ∈ N (0) and

(5.7) ϕ(0) ≤ ε1,

where ε1 is sufficiently small. Assume also that S,B ∈ H5/2. Then there exists
a global solution of (1.1)–(1.7) such that

(v(t), p′(t),H(t)) ∈M(t), t ∈ R+.

Proof. The theorem is proved step by step using local existence in a fixed
time interval. Under the assumptions that

(5.8) (v(0), p′(0),H(0)) ∈ N (0),

Theorem 5.1 and Lemma 5.1 yield local existence of solutions of (1.1)–(1.7).

By (5.8) and Lemma 5.1 implies that the local solution belongs to M(t),
t ≤ T . For small ε1 the existence time T is correspondingly large, so we can
assume it is a fixed positive number. To prove the last result we needed the Korn
inequalities (see Section 4) and imbeedding theorems. The constants in those
theorems depend on Ωt and shape of St, so generally they are functions of t.

But in view of (5.1) with sufficiently small ε1, β we obtain

(5.9)
∣∣∣∣ ∫ t
0
v dτ

∣∣∣∣ ≤ cβ, t ∈ [0, T ].

Hence from the relation

(5.10) x = ξ +
∫ t
0
v(x(ξ, τ), τ) dτ, ξ ∈ S, t ≤ T,

for sufficiently small ε1, β and fixed T , the shape of Ωt, t ≤ T does not change too
much, so the constants from the immbeding theorems can be chosen independent
of time. Now we wish to extend the solution to the interval [T, 2T]. Using
Lemma 5.3 we can prove the existence of local solution in M(t), T ≤ t ≤ 2T .
To prove

(5.11) ϕ(2T ) ≤ ε1

we need inequality (3.23) where the constants depend on the constants from the
imbedding theorems and Korn inequalities for t ∈ [T, 2T ]. Therefore we have
to show that the shape of St, t ≤ 2T , does not change more than for t ≤ T .
Assume that there exists a local solution in the interval [0, kT ]. Then in view of
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Lemma 5.2, we have for t ∈ [0, kT ]

(5.12)
∣∣∣∣ ∫ t
0
v dτ

∣∣∣∣+ ∣∣∣∣ ∫ t
0
H dτ

∣∣∣∣ ≤ ∫ t
0
(‖v‖2,Ωτ + ‖H‖2,Πτ ) dτ

≤ c1
k−1∑
i=0

∫ (i+1)T
iT

(‖v‖2,Ωt + ‖H‖2,Πt) dt

≤ c1T 1/2
k−1∑
i=0

[(∫ (i+1)T
iT

‖v‖22,Ωt dt
)1/2(∫ (i+1)T

iT

‖H‖22,Πt dt
)1/2]

≤ c1T
1
2

k−1∑
i=0

(∫ (i+1)T
iT

ϕ(t) dt
)1/2

≤ c1T 1/2
k−1∑
i=0

√
2
[
1

µ− 1/2
e−iTµ + ϕ(iT )

]1/2
≤
√
2c1T 1/2

[
e−T/2

1− e−T/2

(
2

µ− 1/2
+ ϕ(0)

)]1/2
.

Taking k = 2, ε1, sufficiently small and T, µ sufficiently large we see that∫ t
0 v(x(ξ, t), t) dt is small for any t ∈ [0, 2T ], so (5.11) implies that the shape
of St changes no more than in [0, T ], and then the differential inequality (3.23)
can olso be shown for this interval with the same constans. Hence in view of
Lemma 5.1 the solutions of (1.1)–(1.7) belongs toM(t), t ∈ [T, 2T ]. Next Lem-
mas 5.1–5.3 imply (5.12).
Repeating the above considerations for the intervals [kT, (k + 1)T ], k ≥ 2,

we prove the existence for all t ∈ R+ �
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