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GLOBAL EXISTENCE OF SOLUTIONS
OF THE FREE BOUNDARY PROBLEM
FOR THE EQUATIONS OF MAGNETOHYDRODYNAMIC
INCOMPRESIBLE VISCOUS FLUID

P1oTR KACPRZYK

ABSTRACT. Global motion of magnetohydrodynamic fluid in a domain
bounded by a free surface and under the external electrodynamic field is
proved. The motion is such that velocity and magnetic field are small
in H3-space.

1. Introduction

In this paper we prove the existence of global solutions to equations describing
the motion of magnetohydrodynamic incompresible viscous fluid in domain Q; C
R3 bounded by a free surface S;. In the domain D; C R? which is exterior to €,
we have a gas under the constant pressure pg. Moreover in the domain D; we
have an electromagnetic field which is generated by some currents which are
located on a fixed boundary B on D;.
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340 P. KACPRZYK

In the domain 2; the motion is described by the following problem

1 1 1
v +v-Vo—divT(v,p) — s H-VH+mVH?>=f inQT,

dive =0, in QT
1 1 ~
(1.1) w1 Hy = —rot E in Q7
1 1 1 o~
rot H =01(F+p1v X H) in Q"
1 ~
div(up H) =0 in Q7

where Q7 = Uo<i<r Q¢ X {t}, v = v(x,t) is the velocity of fluid, p = p(x,t) is
1 1

the pressure, H = H(x,t) is the magnetic field, f = f(x,t) is the external force

field per unit mass, p; is the constant magnetic permeability, o; is the constant

11
electric conductivity, F = E(z,t) is the electric field,

(1.2) T(v,p) = {v(0z,vj + Oz, vs) — POij }
is the stress tensor, where v is the viscosity of the fluid. Moreover, by
(1.3) D(v) = {v(0x,v; + O, vi)}

we denote the dilatation tensor.

In the domain D; in which there is a dielectric (gas) we assume that there is
no fluid motion inside (v = 0). Therefore we have the electromagnetic field only
described by the following system

2 2 ~
pe Hy = —rot £ in DT,
2 2 ~
(1.4) rot H=03 F in DT,
2

div(ue H) =0 in DT,

where DT = (Jy_ o Dy x {t}.

On S; = 90Q; N 0Dy we assume the following transmition and boundary
conditions
n- T(va) = —pon on §Ta
1 1 1 2 ~
—H=—H on ST,
01 02
(15) LS .
E7Ta=FETy, a=12 onS",
o8 T
on = — on S,
A\

where ST = Uo<t<r St x {t}, n is the unit outward vector to €2; and normal
to St, Ta, @ = 1,2 is the tangent vector to S, ¢(x,t) = 0 describes S; at least
locally.
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Next we assume the boundary conditions on B

2
H =H, onB,
(1.6) "

2
E =FE, onB.
Finally we assume the initial conditions
Qt|t:0 = Q7 St't:() = 57 Dt|t:0 = D7
1 1
(17) ’U|t=0 = Vo, H |t=0 = Ho, in Q,
2 2 .
H |t:0 = Hy, in D.
To prove existence of solutions to the above problem we introduce the Lagrangian

coordinates £ € ). The Lagrangian coordinates are connected with the veloc-
ity v, are the initial data for the Cauchy problem

d
(1.8) —=v@t), aho=EeQ.

Therefore x,(£,t) =& + fot (&, T) dT, where
6(57 t) - U({ZJD(E, t)a t)'

To introduce the Lagrangian coordinates in D; we extend v on D;. Let us denote
the extend function by v’. Then we define £ € D, by the Cauchy data to the
problem

(1.9) — ='(z,t), z|t=0o =& € D.
Therefore z,/(€,t) = £ + fot@’(ﬁﬂ')dﬂ where ¥'(£,t) = v'(xy(€,¢),t). Then
LG ={rcR:z=u0,¢1), €cQ}, Si={rcR®:2=21,¢1), €S}

Since S; is determined at least locally the by equation ¢(x,t) = 0, S is described
by ¢(zy(&,t),t)|t=0 = 0. Moreover, we have

o _ Veol@,t)
Ty = n(xy(&,t),t) = |Vod(z,t)] w:mv(g,t)'

To simplify considerations we introduce the following notation

[ulle = llullaq), Qec{Q S DI, B}, 0<I1eZ,
Hu”k,p,q,QT = HUHLQ(O,T,WI?(Q)), Q € {Q,S,D,H,B},
p,q € [1,00], 0<keZ,

where Q! = Q x (0,1),
ulp, = llullz, @, Q€{2,5 DI, B}, pel[l, o0
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2. Weak solution

Weak solutions to problem (1.1)—(1.7) we formulate in the Lagrangian co-
ordinates, where (1.5); should be written in the form 7 - T(7,p') = 0 where
— =
P =D +po-

DEFINITION 2.1. By weak solutions problem (1.1)—(1.7) we mean functions
v, H which satisfy the integral identities

(2.1) / / (~7 B, + Dy (0) - Dy (7)) dé dt

T 11 L
_/ /(ulH'va'a_,ulva @)dfdt
0 Q
T i T
:/ /f-wfdt—/ /pom@d&sdt—/m-¢<0>d£,
0 Q 0 S Q

T L o o B
(2.2) /0/H(—MH~1/)t—uv-VUH-w+Urothmotvw) de dt
T 1 -
—/ /pl(ixﬁ)-rotvwdfdt
0o Jao

S -
:0—2/0 /B(mxE*)~¢dsBdtfu/1_[Ho~w<0>d§,

where ¢, are sufficiently regular and ¢(x,T) = ¢(z,T) = 0, T, is the unit
outward vector normal to S or B.

1 2
In (2.1), (2.2) we use notation A(£,t) = A(z,(€,t),t), Hljg = H, H|p = H,

olog =01, olp =09, T = QUD, ulg = p1, plp = pa, in (2.2) v is extention
on II,

Dy, (0) = {v(02,6k Ve, U5 + 02,&1 Ve, Ui)}, 10t ,0 =V, X7,
Vo = &@Vg“ div,v =V, -v= (r“)xifkv&ﬁi, a& = Vgi.

Let A be the Jakobi matrix of the transformation x = x,(&,t), then det A =
exp(fot div,vdr) = 1. Moreover,

¢
xéj = 05 +/o O, v'(&,7)dr and &, = xgl.
Then we get

t
sup|ze| < 1+ sup / w(é, )| dr
£e e Jo

t t
<tte [ folhadr <1+ evhy [ olRadr <1+ oViltlsazan
0 0 l
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then sup,cq, |£2| < ¢(a), where a = V/t|[T]|5,2,2,0¢ and ¢ is an increasing positive
function.

To prove the existence of the solution to the above problem we linarize (2.1),
(2.2) to the form

T
(2.3) / /Q (~7%, + Do (@)D, (@) d dt

T 71/ i/ —1l
7/ /(/LlH V. H '@*MquH 2¢)d€dt
0 Q

=/OT/Qf@dﬁdt—/OTLponu¢d§Sdf_/§l”0@(o)d§’

T o o 1 o -
(2.4) /0 /H ( —pHY, — puV, Hy + ;rotuHrot u@/)) dé dt
T 1
- / / p1(u x H)rot 2 d€ dt
0o Ja

_ ;/OT/B(M xE*)Engdt—u/HﬁoE(O)df,

1
—/ . . .
where H and u, divu = 0 are given functions.

In [4] we proved

THEOREM 2.2. Assume that vy € H*(Q), 9:(0),9,4(0) € La(Q), f;, fir €
LQ(OaTaL2(Q))7 ? € L2(07T7H2(Q))7 ﬁo € HQ(H)7 ﬁt(o) € Hl(H); E* €

Loo(0,T, H\(B)), Eup,Hoy € L2(0,T, Lo(B)), Hay € Lo(0,T, HX(B)), H. €
Ly(0,T,H3(B)), S, B € H2. Then there exists T* > 0 such that for T < T*
there exists a solution to problem (1.1)—(1.7) such that v € Lo(0,T, H3(Q)) N
Loo(0, T, H()), Ty € Loo (0, T, H () NL2(0, T, H2(2)), Ty € Loo (0, T, La(2))
NLo(0, T, HY(Q)), P € Lo(0,T, H(Q)), P, € Lo(0,T, H\(Q)), H € Ls(0,T,
H3(I1)) N Lo (0,7, H(IT)), H; € Loo(0,T, H'(IT)) N Ly(0,T, HX(IT)), Hy €
Loo(0,T, Lo(I1)) N Lo (0, T, HY (1)), where (T*)7(p(0)+ B) < b, b > 0 sufficiently

small, v > 0 some constant and

(2.5) B =|E. (2),2,2,B* + HE*t”g,zz,Bt + ||F*||§,2,2,Bf
+ [Hatll3 20,80 + 1Hwetlld 2,08 + 1Fellg 22,80 + 1713 22,5

3494y 1494,y 1494y 1454,

(2.6)  @(0)= > (10{5(0)[I% o + OFH (0% ).

i+k<2
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Moreover, if p(0), B are sufficiently small then we get

2.7) N0l 200.0m + 1013 20007 + 10115 22,07 + 10115 2.5 07 + 102l 55 07
+ ||P||2 22,07 T ||PtH1 22,07 T ||Ht||1 2,00, T ||H||%,2,00,HT

+ HH||3,2,2,HT + I H. 13 (0) + B.

At first, in Section 3, we derive differential inequality (3.23) which makes
possible an extension of the local solution of (1.1)—(1.7) step by step from interval
[0,T7] to [0, +00). In Section 4 we show Korn type inequalities which are necessary
to prove inequality (3.23). In Section 5 we show the Main Theorem

THEOREM 2.3 (Main Theorem). Assume that f, f; € HY(Qy), H. € H*(B),
H. € H*(B), H. € HY(B), (v(0),p(0),H(0)) € N(0), b/2 < (0)T7 < b,
©(0) < e1, where bye; > 0 are sufficiently small, v > 0 same constant and
S,B € H®2. Then there exist a global solution of (1.1)~(1.7) such that

(U(t),p(t),H(t)) GM(t)» t€R+'
In Lemmas 3.1-3.12 we use

LEMMA 2.4. For solution problem (1.1)—(1.7) we get

I o < ala)([He]T o, + 1H I3 0, 0115 0,),
IHIZ o <a(@)lH|Fq,, =123,
io <ala@)|vllfq,, i=1,23,
[H |13 0 <o)l Hell3 o, + IHI3 0,013 o, + IHI3 o, 013 0,
[Bel13.0, < al@)lllvell3 o, + 10115, 1013 0,1,
IHutll5 0 < ala) [ Heellg q, + V130, (1H: o,

+IHE o,) + el o, 1H3 0, + 1H3 0, 10112.0,].
Tl < al@)llvellg o, + 101130, (ol o, + 1013.0,) + 0150,
IH el o <o)l Hellt o, + Hvllg o, (1HI3 o,
+HE o) + 123 0, lvll3 0, + 1H3 0, 10112.0,].

[Teel} o < ala)lllvellf o, + 1013 0, (lvell3 0, + 0l15.0,) + 10]3 0,

where a = \/t|[D]|3.2,2.0¢ and a an increasing positive function.

PROOF. Differentiating H(¢,t) = H(x(&,t),t) with respect to t and & we get
H, = H,v+ H; and Hg = Hyx¢. Then

IH I} o < | Ha(a(&, 1), o(@ (€, 1), 017 o + ala) | HF g,
<l Ho(a(€,1), 1)l allv(z (€, 6), )3 0 + ala) | HellE o,
<a(a)(IH| 0, V130, + IH o,)-



FREE BOUNDARY PROBLEM 345

Hence the first inequality is proved. Similarly we can show another inequalities.(]
In Lemmas 3.7, 3.8, 3.10, 3.11 we are using

LEMMA 2.5. For solution problem (1.1)—(1.7) we get
(2.8) [Bellf o > inf agfvelf o, +2 | (viewe)bds + | bde,
’ £eq wot Q Q

where b = vgvxe + vgxg,

PROOF. From Uy = vize + VprvTe + ’ugzg we get

/Qﬁfg de/Q(vmxg)2 d§+2/ﬁ(vmgg§)bdg+/§2b2 d,

where b = vy, vze + v2xe. Then we obtain (2.8). Similary we obtain inequality
for

Bl 0 1o, i=1,2,3 B30 Tel3.05 BT o5 [Hell3 o O

In Lemmas 3.10, 3.11 we are using inequalities (3.16), (3.19); (3.20) in local
coordinates z, connected with {£} (see [3]).

3. Differential inequality

Assume that the existence of a sufficiently smooth local solution of problem
(1.1)—(1.7) has been proved and

2 -
H|lp=0 onB; n-T(v,p)=0, onST, wherep =p— po.

In this section we obtain a special differential inequality which enables us to

prove a global solution.

LEMMA 3.1. For a sufficiently smooth solution v, p', H of (1.1)—(1.7),
d 1
(3.1) aHU”g,Qt +lvl3 g, <c(lHTq, + Iv3a, + I£15.q,)-
PrROOF. Multipling (1.1); by v and integrating over €; we get
1
(3.2) = Opv? dx +/ vVou dz +/ D?(v) da
2 Q Q Q
11 1,
— HY Hvdzx + 11 V H“vdzx = fvdx.

Q4 Qq Q

Using

1d
vpdr = = — ’UQCZZ‘—/ vVou dr
/Qt ! 2dt Jq, Q
we get (3.1). O
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LEMMA 3.2. For a sufficiently smooth solution v, p’, H of (1.1)—(1.7),

d 1 1
(3.3) ﬁnvt”(z),m‘F ||vt||?,sz,, < C(Hvt||int\|v||iszt + || Hy ||%,Q,,|| H”%,Qt

+ (0l o, + 1H1E 0,)* + 1£e]13.0,) = X1

Proor. Differentiating (1.1); with respect to ¢, multipling by v; and inte-
grating over {2; we get

1
(3.4) 5/ (Ut)%dx+/ vthvt+/ vVutvtdx+/ D?(v,;) da
Q¢ Q Q4 Qy

11 1
— M1 / (HVH)t’Ut d$+M1 / (V HQ)tUt dxr = ftvt dr.
Qt Qt Qt,

Using

[ wode =35 [ do- [ wTuvd

vy dr = - — vy dxr — v Vo de
o, tVtt 2dt Jo, U o, + VUt

and Lemma 3.1 we get (3.3). O

LEMMA 3.3. For a sufficiently smooth solution v, p’', H of (1.1)—(1.7)

d
(3.5) %HvttH?),Qt Hllvelli o, <cllveelli o, llvl3 0, + lveli g,

L2 L Lo
+ I Hwlloo I HIL o, + [ He 1o,
+ (el o, + lI0ll3.0, (101l o, +1)

Lo L2 2 2
+ [ He 1o, + | Hl10,)" + I fiell5.0,] = Xo

ProoF. Differentiating (1.1); two times with respect to ¢, multiplying by
vy, integrating over €2, using

1d
/ Vet Uttt dl’ = —— / (Utt)Q d.’II - / vtthttv dl',
Q4 2 dt Qs Q4

and Lemma 3.2 we get (3.5). O

LEMMA 3.4. For a sufficiently smooth solution v, p', H of (1.1)—(1.7)

d

[6m, + I1H

o, < Al HIEm, 10]13 , -
PrOOF. Multiplying (1.1)3 4 by H and integrating over II;, using
1d 9
HH;dx = = — H*dx — HV Hvdx,

we get (3.6). O
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LEMMA 3.5. For a sufficiently smooth solution v, p', H of (1.1)—(1.7)

tan, + el o 1R )

d
(3.7) S HllG, + IH g, < e(lH | 10|

Proor. Differentiating (1.1)s4 with respect to ¢t multiplying by Hy, inte-

grating over II;, using
1d

H,Hy dx = 77/ (H))*dr — | H,VHpvdx
Ht 2 dt Ht Ht
we get (3.7). O

LEMMA 3.6. For a sufficiently smooth solution v, p', H of (1.1)—(1.7)

d
(38) I Hullgm, + 1 Heldm, < el Hull?m 10017, + loelt o, 1H1E )
+lloelli w1 Hell ) = Xs.

Proor. Differentiating (1.1)34 two times with respect to ¢ multiplying by
Hy,, integrating over II;, using
1d

Htthtt da: = 77/ (Htt)Q dl‘ — HttVHttU dl‘,
Ht 2 dt Ht H‘f,
we get (3.8). O
LEMMA 3.7. For a sufficiently smooth solution v, p', H of (1.1)—(1.7)

d d
(3.9 —lullGa, + ZlvlZa, + vl

g,Qt + ||P/||§,Qt

< L2 L2 2
< clp@)l 70l H 30, +(lvlzq,
+lvl3a,) +lvI3e, 0T, + X1 +IfIie,] = Xa

PROOF. From the inequalities (see [3])

915 0 + 17130 <e@IHIE o HIIZ o + 1703 o + 117 o)

(3.10)

d

— vl .0, <c(llvl3q, +ellvelz o, + 0115, 1017 q,)

dt

and (3.3) we get (3.9). O

LEMMA 3.8. For a sufficiently smooth solution v, p', H of (1.1)—(1.7)
d d d
(3.11) ﬁuvt”%,szt + %Ilvttllﬁ,nt + a””t”g,szt + ||Ut\|§,szt + ||P;:||%,Q,,

1
<clp(a)([[v]13 .0, (10115, + 12130, + I H [12,0,)

Lo L2 Lo L2
+ I He 1o H 20, + 1 He 20,1 H 7 0,)+
+e(lvelly q, + lvel3.0,) + 1ol 0,013 0, + X1 + Xo + |1 £

6,0.)
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PROOF. From the inequality (see [3])
I
T2 T T2 e
(3.12) IR T B+ | B o 1 o
+Teells o + 113 05

1
il o <e@Fl3 ol 0+ IF150 + 1 H l20)

d
Tlvlia, <llvdlio, +ellvalio, +lvlia,lvlio,

and (3.3), (3.5) we get (3.11). O

LEMMA 3.9. For a sufficiently smooth solution v, p’', H of (1.1)—(1.7)

d d
(3.13) %Hvlligt + @Hvtllg,g, +lvl3 g,

L4 L2 L2
<clp(a)(| H 10, + | H5.0,l HI20,)
+e(lvellf o, + 1013,0,) + 10130, 10115 0, + X1+ 1£115.0,]-

PROOF. From the inequality (see [3])

1 1 1
—112 77 (14 2
v < p(a
(3.14) 19112, (a)( )
a”UH%,Qt < ”’UH?,Qt + 5||Ut||%,9t + ”UH%,Qt”UH(%,Qt
and (3.3), we get (3.13). O

LEMMA 3.10. For a sufficiently smooth solution v, p', H of (1.1)—(1.7)

d
(315) | Hil}3 5.0, +IIHel3 1,

+ S NHulE, + 2ol g, +
< cpla) 1, ol

(ol + e, + ol

+ ”U”;Ht(”Ht”%,Ht 2, T ||’U||§,nt + ||Ut||%,l'[t)

+ a2||H||§7Ht + X3+ Xy4] = X;.

PROOF. From inequality (see [3])

d, ~ R _ _
IHe 15 o+ IS g < @1 Hull} g + 1915 g IHIZ 6 + 1723 4

Tl & +HH|| allPlsslol5 4 +1)

(3.16) I g+ N2 02 ol
DN g < clel Bl g+ 1Bl ),
d 2

S, < el Hulltm, + 1l + 1He5 10l ),
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we get

d
(817) I HillFm, + |IHel3
<o) Heell3 1, + 1Hell3,m, 101130,
+ 1H 13,0, (10130, + lvell3.m, + Ivll3m,)
+ ol 0, 1H 3 o, + 1H I, 030, + (0130, + lvell3m,)
+ [[l3,m, +a ],

using (3.8), (3.9) we get (3.15). O

LEMMA 3.11. For a sufficiently smooth solution v, p', H of (1.1)—(1.7)

d d d
(318) ZIHIEn, + + Sl g, + Sl
+ 1 Hili3n, < (@)1 HIB 1,113
I i Nl + N 0, + X+ Xs] = Xo.

PRrOOF. From inequalities (see [3])

(3.19) HH I3 q+ IH13 &

Scm(a)[IIHH QIIUII o TIP3 o + IHI? o + 1 Hll? o + @I HIZ 5,

IIHTTH o+ IHI; g <@ 51115 6 + 1015 6 + IHI3

+ I HIIE 5119115 5 + HHtHl,@]’

(3.20) )
IIH I3 g el IS g + I 5).
gllellﬁfz <clel |} 6 + | Hill3 5),
we get

(3:21) [1H|E n, < cos(@IH3mll0l3 m, + 0113,
N, 03 1, + 1HS , + HE o, 013,

Then from the inequality

d
SIHIB g, < + 5l

and (3.9), (3.15) we get (3.18). O
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LEMMA 3.12. For a sufficiently smooth solution v, p’, H of (1.1)—(1.7)

d d
22) —||H|]? —||H
(3:22) —IHn, + 2|

ST
dt'"t

d
2 2
2., + %HHHHOJL

d
G.an T g lvlsg, + I1H5 m, + [ HIEm, < Xo.
PROOF. From the inequality

d
—||H
7l

|%,Ht < HH”%,Ht + 5||Ht‘|int +||H

%,Ht [|v] (2),Ht

and from (3.18) we get (3.22). O
2
Now let H = H,, on B, then from Lemmas 3.1-3.12 we get

LEMMA 3.13. For a sufficiently smooth solution v, p, H of (1.1)—(1.7)

d
(3:23) o+ <clyla)dp(l+¢)+ 1115, + IfellE o, + IH.5 5
1H |1 5 + I Hetll3 5 (1 + | Hall3 ) + [ Huee 17 5],

where 7y is an increasing positive function,

o(t) = Y (10vlE o, +IOFHIZ 1),
ith<2

o(t) = > (10/vl7.0, + 10 HI7.0,) + 13,0, + 17l
i+k<3
i<2

(3.24)

2
1,0

4. Korn inequality

LEMMA 4.1. Let ; C R3 be a bounded domain, v, p’, H solution of (1.1)—
(1.7) and

(4.1) Eq, (v:) = / (8,0] + Ozj08)? da < oo.
Q
Then there exists constant ¢ such that
2 4 L4
(4.2) [velli 0, < c(Ba, (ve) + Ivll1,0, + | H [I1,0,)-

PROOF. Introduce a function u by

3
(4.3) U= Z bii(x) + v,
i=1

where

v =(x—7) X e,

1
(4.4) T = (/ xld:m/ achx,/ x3dx),
1%\ Ja, Q Q

ei = (0i1,0i2,0i3) 1=1,2,3.



FREE BOUNDARY PROBLEM 351
Define b = (b1, ba, b3) by

(4.5) rot v dz.

1
b= ——
2|9| Jo,

Since rot p; = 2¢; i = 1,2,3, quations (4.3) and (4.4) imply

(4.6) / rotudz = 0.
Q4

From (4.4) we have fo pidr =0 for i = 1,2,3 so

(4.7) /Q udx = /Q vedz, and also Eq,(¢;) =0, i=1,2,3,

S0 t t

(4.8) Egq, (u) = Eq, (v¢).

By Theorem 1 of [6] we have

(4.9)  Oriw; = Eiklakajl, i=1,2,3, w=rotu, S;= id 4 Ol

so by (4.6) and Lemma 2.4 of [5] it follows that

3

(4.10) Irotulls o, < ¢ Y 1I18i15.0, = ¢Ea, (1) = cEq, (v).
ij=1

Employing the identity
Opitly = %(&,ﬂ-ui + Opiu?) + %(@Nui — Oyiu?)
and (3.10) we have
(4.11) IVullg o, < (B, (u) + [rot ullf o,) < B, (u) = cEq, (ve).
Using (4.3) we obtain
(4.12) IVvell§ 0, < c(Eq, (ve) + [b]).

Integrating (1.1); over Q; we get

11 1
(4.13) /vtdx:f/ vVvdx+/ w(HY H -V H?)dz
(N (N Q

and multiplying (1.1); by ¢;, ¢ = 1,2,3 and integrating over €; from (4.3) we
get systems of equations

3
i=1 /&

11 1
:/ ugajder/ vVvd:c+/ w(HY H -V H?)dz,
o o Q
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for j = 1,2,3. Since detI’ # 0, where I' = {T';;}, I';; = th ©ipj dx, we can
calculate b from (4.14), so

1
(4.15) b < c(llullg o, + vl g, + I H 1 g,)-

Now by Poincare inequality and (4.7), (4.8) we obtain

1 1
(4.16) nm%QtSQWLfAA—/iudﬂﬁﬂ,+2n441/ wdz|,
’ %] Ja, o %] Ja, n

wfed,,)
— vy dx
‘ ‘Qt| Q¢ 0,9,

1
<c(Eq, (u) + [[vlli g, + | H T .q,)

9(%%&+

4 b4
= c(Eq, (ve) + [|vll1,0, + I H [I1,0,)-
Using (4.15) and (4.16) in (4.12) we obtain (4.2). O

LEMMA 4.2. Let ; C R3 be a bounded domain, v, p’, H solution of (1.1)—
(1.7) and

(4.17) Eq, (vy) = / (Dpiv], + 8p5v8,) % da < oo.
Qq

Then there exists constant ¢ such that

(4.18)  lveell? o, <c[Eq, (ve) + [lox

o lvlf o, + vlsa, (vl o, +1)

L 2 ! 2 2 L 2
I H 0, He 170, + l0ll10, + 1 H I 0,)]-

PROOF. Let u = 30 bipi(x) + vi, where @; are described by(4.4). The
rest of the argument is as in Lemma 4.1. O

5. Global existence

To prove global existence we introduce the spaces
N(t) ={(v,p', H) : (t) < o0},
wMo = {0+ [ ot < oo},
where ¢(t), ¢(t) be defined by (3.24). From Theorem 2.2 we get
LeEmMA 5.1. Let (v(0),p'(0), H(0)) € N(0) and p(0) < e1. Then (v(t),p'(t),
H(t)) € M(t), t <T where T is the time of local existence and
T
(5.1)  (t) +/0 $(1)dr <ce1 + | Bullf 22,8, + |1 Butllf 2.2,

+ |1 Hill3 .2, By T [ Hat

1494

15222 Br T | Hatt]|3 2.2 Br

3494y 1494y

+ Hft||(2),2,2,szT + ||f||%,2,2,szT = B+ ce.
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Proor. From inequalities

222,00 + [T(0)]5 0.

13200 +c@IHNS 2000 + ”F(O)ngb

3494y 1494

[vll3.0 < el 20,00 + )T
[H|3n < elH:

and Theorem 1.1 we get (5.1). O

LEMMA 5.2. Assume that there exist a local solution of (1.1)—(1.7) in M(t),
0 <t < T with initial data in N(0) sufficiently small and

(52) o) = IfIq, + 1l o, + 1HE 5 + [H.]l1 5
I Hll3 5 (L + [ Hatll3 5) + [HarellT 5 < ce™,

0<t<T, where u >1/2. Then
(5.3) o(t) < ce V2 p(0) + 1 .
- w—1/2
PRrROOF. From (3.23) and (5.2) we get
d —
(5.4) T+ 0 < c((@)dp(l+¢) + ).

From Lemma 5.1 we have cy(a)pp(l + ¢) < ¢/2 if 3 is sufficiently small. Then
from (5.4) we get

d 1
. —p+ ¢ <ce M.
(5.5) dtg0+2¢_ce

We have ¢ < ¢ then from (5.5)
(5.6) %cp + %@ < ce M.
From (5.6) we get (5.3). O
LEMMA 5.3. Let assumptions of Lemma 5.2 be satisfied and ¢(0) < e1. Then
p(t) <eq fort €[0,T], T > 0 is the time of the local existence.
ProoF. Let T > 0 be so large that

1 1 11
-T/2 o L ~T/2 < 1y
=y TRt =

where v > 0 and, from Theorem 2.2, b/2 < ¢(0)T” < b. Then we get

1

me_”‘) < ¢(0). O

o(T) < ce™"7%p(0) + ¢
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THEOREM 5.1. Assume that f, f, € H* (), H. € H*(B), H. € H?*(B),
H. € H'(B), (v(0),p'(0), H(0)) € N'(0) and

(5.7) 0(0) < &1,

where €1 is sufficiently small. Assume also that S, B € H%/?. Then there exists
a global solution of (1.1)-(1.7) such that

(0(t), 9/ (1), H(t) € M(t), € R

PROOF. The theorem is proved step by step using local existence in a fixed
time interval. Under the assumptions that

(5-8) (v(0),p'(0), H(0)) € N(0),

Theorem 5.1 and Lemma 5.1 yield local existence of solutions of (1.1)—(1.7).
By (5.8) and Lemma 5.1 implies that the local solution belongs to M(t),
t < T. For small €; the existence time T is correspondingly large, so we can
assume it is a fixed positive number. To prove the last result we needed the Korn
inequalities (see Section 4) and imbeedding theorems. The constants in those
theorems depend on €2; and shape of S, so generally they are functions of ¢.

But in view of (5.1) with sufficiently small €1, 8 we obtain

(5.9) ’ /0 Codr

Hence from the relation

<cB, telo,T].

t
(5.10) x:§+/ v(z(&,7),T)dr, £€85, t<T,
0

for sufficiently small €1, 8 and fixed T, the shape of Q;, t < T does not change too
much, so the constants from the immbeding theorems can be chosen independent
of time. Now we wish to extend the solution to the interval [T, 2T]. Using
Lemma 5.3 we can prove the existence of local solution in M(t), T < ¢ < 2T.

To prove
(5.11) p(2T) < &1

we need inequality (3.23) where the constants depend on the constants from the
imbedding theorems and Korn inequalities for ¢ € [T,2T]. Therefore we have
to show that the shape of S¢, ¢ < 2T, does not change more than for ¢ < T.
Assume that there exists a local solution in the interval [0, ¥T]. Then in view of
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Lemma 5.2, we have for t € [0, kT

’/HdT

(i+1)T

<o Z / (lollay + 1 l2m,) de

k-1 (i+1)T 1/2 (+1)T 1/2
<C1T1/2Z[( / ||v||§,mdt) ( / ||H|%,tht) ]
carty

=0
G4+D)T 1/2
[ ear)
i=0 7T

<o z f[

(5.12) v dr| +

< [l + 1z, i

k-1

1/2
—iTu .
— 1/2 + @(ZT)]

_ 1/2
<2, T2 | € o 2, ©(0) / :
- 1—e TR\ u—-1/2

Taking k = 2, g1, sufficiently small and T, p sufficiently large we see that
fo t)dt is small for any t € [0,277], so (5.11) implies that the shape
of Sy changes no more than in [0,7], and then the differential inequality (3.23)
can olso be shown for this interval with the same constans. Hence in view of
Lemma 5.1 the solutions of (1.1)—(1.7) belongs to M(t), t € [T,2T]. Next Lem-
mas 5.1-5.3 imply (5.12).

Repeating the above considerations for the intervals [kKT, (k + 1)T], k > 2,
we prove the existence for all ¢t € R g
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