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SINGULARLY PERTURBED NEUMANN PROBLEMS
WITH POTENTIALS

ALESSIO POMPONIO

ABSTRACT. The main purpose of this paper is to study the existence of
single-peaked solutions of the Neumann problem

—e2div (J(z)Vu) + V(z)u =uP in Q,

ou

o = 0 on 09,

where Q is a smooth bounded domain of RN, N > 3,1 < p < (N +
2)/(N —2) and J and V are positive bounded scalar value potentials. We
will show that, for the existence of concentrating solutions, one has to check
if at least one between J and V' is not constant on 0. In this case the
concentration point is determined by J and V only. In the other case the
concentration point is determined by an interplay among the derivatives of
J and V calculated on 02 and the mean curvature H of 0f).

1. Introduction

In this paper we study the following problem:

—e2div(J(z)Vu) + V(z)u = uP in Q,

1.1
(1) @ =0 on 0,

ov
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302 A. POMPONIO

where () is a smooth bounded domain with external normal v, N > 3,1 <p <
(N+2)/(N—-2), J:RY - R and V:RY — R are C? functions.
When J =1 and V =1, then (1.1) becomes
—2Au+u=uP inQ,
% =0 on 0f.
Such a problem was intensively studied in several works. For example, W. M. Ni

(1.2)

and I. Takagi in [11], [12], show that, for e sufficiently small, there exists a solu-
tion uc of (1.2) which concentrates in a point Q. € 9Q and H(Q.) — maxgq H,
here H denotes the mean curvature of 9Q2. Moreover, in [10], using the Liapunov—
Schmidt reduction, Y. Y. Li constructs solutions with single peak and multi-
peaks on 0f) located near any stable critical points of H. Since the publications
of [11], [12], there have been many works on spike-layer solutions of (1.2), see for
example [5]-[9], [14] and references therein.

What happens in presence of potentials J and V7

In this paper we try to give an answer to this question and we will show
that, for the existence of concentrating solutions, one has to check if at least one
between J and V is not constant on 9. In this case the concentration point
is determined by J and V only. In the other case the concentration point is
determined by an interplay among the derivatives of J and V calculated on 0f2
and the mean curvature H.

On J and V we will do the following assumptions:
(J) J € C*(,R), J and D?J are bounded; moreover,
J(x)>C >0 forallxze,
(V) V € C*(Q,R), V and D?*V are bounded; moreover,
V(z)>C>0 forallzel.
Let us introduce an auxiliary function which will play a crucial role in the
study of (1.1). Let I": 9 — R be a function so defined:
(1.3) D(Q) = V(Q)+V/ = D=NE2 ()N,

Let us observe that by (J) and (V), I" is well defined.
Our first result is:

THEOREM 1.1. Let Qo € 0. Suppose (J) and (V). There exists g > 0
such that if 0 < e < g, then (1.1) possesses a solution u. which concentrates in

Q- with Q. — Qq, as € — 0, provided that one of the two following conditions
holds:

(a) Qo is a non-degenerate critical point of T,

(b) Qo is an isolated local strict minimum or mazimum of T.
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Hence, if J and V are not constant on the boundary 92, the concentration
phenomena depend only by J and V and not by the mean curvature H. Our
second result deals with the other case and, more precisely, we will show that, if
J and V' (and so also I') are constant on the boundary, then the concentration
phenomena are due by another auxiliary function which depends on the deriva-
tives of J and V on the boundary and by the mean curvature H. Let X: 09 — R
be the function so defined:

(14) Q)= b /  T(Q](VO) (ka)|? da

+"“3/7 V'(Q)[2][U (ko)) da — ks H(Q),

»(@)
where U is the unique solution of
—AU+U=U" in RY,
U >0 in RV,
U(0) = maxgn U,
v(Q) is the outer normal in @ at ,

R ={zeRY:z-v(Q) <0},

v(Q)
and, for ¢ = 1,... ,4, k; are constants which depend only on J and V and not
on @ (see Remark 5.3 for an explicit formula).

Our second result is:

THEOREM 1.2. Suppose (J) and (V) with J and V' constant on the boundary
00. Let Qg € 0 be an isolated local strict minimum or mazimum of ¥.. There
exists 9 > 0 such that if 0 < & < &g, then (1.1) possesses a solution u. which
concentrates in Q. with Q. — Qp, as € — 0.

EXAMPLE 1.3. Suppose that J = 1 and fix any Qg € 9. For k € N, let
Vi be a bounded smooth function constantly equal to 1 on the 9Q and in the
whole Q, except a little ball tangent at 9 in Qq, with VVi(Qo) = —kv(Qo) (see
Figure 1).

It is easy to see that, outside a little neighbourhood of Qg in OS2, we have

i(Q) = 701H(Q), while i(Qo) = 701H(Q0) + kCQ,

where

1 —
= v(Qo) 2T da.
2 J1(@o)wzoy
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The shape of Vi

Q

FIGURE 1

Since Cy > 0, we can choose k > 1 such that (g is the absolute maximum point
for ¥ and hence there exists a solution concentrating at Q.

Theorem 1.1 will be proved as a particular case of two multiplicity results
in Section 6, where we will prove also Theorem 1.2. The proof of the theorems
relies on a finite dimensional reduction, precisely on the perturbation technique
developed in [1]-[3]. In Section 2 we give some preliminary lemmas and some es-
timates which will be useful in Sections 3 and 4, where we perform the Liapunov—
Schmidt reduction, and in Section 5, where we make the asymptotic expansion
of the finite dimensional functional.

Finally we mention that problem (1.1), but with the Dirichlet boundary
conditions, is studied by the author and by S. Secchi in [13], where we show that
there are solutions which concentrate in minima of an auxiliary function, which

depends only on J and V.

Acknowledgments. The author wishes to thank Professor Antonio Am-
brosetti and Professor Andrea Malchiodi for suggesting the problem and for
useful discussions.

Notation.

o RY = {(z1,... ,2n) € RN 2y > 0}.

. IquRN,thenR; ={z € RN : 2.y <0}, where with z - 4 we denote
the scalar product in RY between z and p.

o If r > 0and zg € RY, B.(29) = {x € RY : |z — x| < r}. We denote
with B, the ball of radius r centered in the origin.

o f wRY - R and P € RN, we set up =u(- — P).

e If U% is the function defined in (2.2), when there is no misunderstanding,
we will often write U instead of U¥. Moreover, if P = Q/e, then
Up=U%(- - P).

o If Q € 99, we denote with v(Q) the outer normal in @ at Q and with
H(Q) the mean curvature of 92 in Q.
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o Ife>0,weset Q. =Q/e={r cRY :ex € Q}.

e We denote with || - || and with (-|-), respectively the norm and the
scalar product of H*(€).). While we denote with |- ||+ and with (- |- ),
respectively the norm and the scalar product of H!(RY).

o If P € 99, we set Op, = 0/0e;, where {e1, ... ,en—1}is an orthonormal
basis of Tp(0€2:). Analogously, if @ € 99, we set Jg, = 0/0€;, where
{€1,... ,en_1} is an orthonormal basis of T (992).

2. Preliminary lemmas and some estimates

First of all we perform the change of variable x — ez and so problem (1.1)

becomes
—div(J(ex)Vu) + V(ex)u = uP in Q,
@1) { @ =0 on 0f).,
ov
where Q. = e, Of course if u is a solution of (2.1), then u( - /) is a solution
of (1.1). Solutions of (2.1) are critical points u € H(Q.) of

1 1 1
b u:—/ J(ex Vquer—/ V(ex)u? dox — —— ulPTL.
=g [ el [ Vietar— g [

The solutions of (2.1) will be found near a U%, the unique solution of
—J(Q)Au+V(Q)u =uP inRY,
u >0 in RY,
u(0) = maxpy u

for an appropriate choice of @ € 9. It is easy to see that

(2.2) U%(2) = V(Y VT (VV(Q)/I Q)
where U is the unique solution of
~AU+TU=0U" iRV,
U >0 in RV,
U(0) = maxpn U,
which is radially symmetric and decays exponentially at infinity with its deriva-

tives.

We remark that U® is a solution also of the “problem to infinity”:

—J(@Q)Au+V(Q)u=wuP inRY,
(2.3) ou
i 0 on BRﬁ .
The solutions of (2.3) are critical points of the functional defined on H'(RY)

Q ,l 2 1 27# 1
(24) F (u>2J<Q>/M Vul +2V(Q)/Mu p Ly
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We recall that we will often write U instead of UQ. If P = e71Q € 09, we
set Up =U®(- — P) and Z° = {Up : P € 99, }.

LEMMA 2.1. For all Q € 9Q and for all e sufficiently small, if P = Q/c €
0Q,, then

(2.5) IV fe(Up)|| = O(e).
PRrOOF.

(VfE(Up)|v):/Q J(ex)VUp - Vv + A V(ax)Upv—/g Ubv

:/ J(ex+Q)VU - Vu_p
(Q-Q)/e

—|—/ V(ax—l—Q)Uv_p—/ UPv_p
(Q-Q)/e (Q-Q)/e

:/ J(Q)VU -Vu_p
(2-Q)/e
V(Q)Uv_p — UPu_
+/(9Q)/e (@0e-r /(QQ)/E or
+/ (J(ex 4+ Q) — J(Q))VU - Vu_p
(Q-Q)/e

+ / (V(ex+Q) - V(Q)Uo_p
Q-Q)/e

v

- [ QAU+ V@U - Tr + @ | oUr
(Q-Q)/e

0. OV
+ / (J(ez+ Q) — J(Q))VU - Vu_p
(Q-Q)/e
+ / (V(ex+ Q) —V(Q))Uv_p.
(Q-Q)/e
Hence, since U = U® is solution of (2.3), we get

20 (VAW =IQ [ FE

+ / (J(ez 4+ Q) — J(Q))VU - Vo_p
(2-Q)/e

+ / (V(er+Q)—V(Q)Uv_p.
(Q-Q)/e

2) 1/2

Let us estimate the first of these three terms:

ou
9@ [ S < Clulsons [
Q. 00

v

oUp
ov
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First of all, we observe that there exist ¢g > 0 and C > 0 such that, for all
e € (0,e0) and for all v € H'(Q.), we have

vl z200.) < Cllvllar .-

Moreover, after making a translation and rotation, we can assume that @ co-
incides with the origin @ and that part of 9Q is given by zy = ¥(z') =
(1/2) Zfi_ll Xix? + O(|2'|?) for |2| < p, where p is some constant depending
only on Q. Then for |y'| < p/e, the corresponding part of 9. is given by
yn = U(y) = e ey) = (e/2) N A2 + O(€2]y2). Then it is easy to see
that
N-1 N-1

ou, , oU 102U

Iy w(y')) = Ay () 0) — =22 (,0) ST A2 | + O().
5, W) 8[2 Vigy W0~ 55 ); v | +0()

Let us observe that by the exponential decay of U and of its derivatives, we get:
I

where 8?25 = 0Q: N B.-1/2. Therefore

(2.7) </aszE 2>1/2 - </asz£mBil/z

Let us calculate the second term of (2.6). We start observing that, from the

ou
ov

2 N-1 N-1 2
ou 10%U
=a-2/ [§ At/ 0) = 55 (4,0) > Aiy?] +o(e?

=1

8_U
ov

ou

2\ 1/2
o ) +o(e) = O(e).

assumption D2.J bounded, we infer that
[J(ez + Q) = J(Q)] < e J'(Q)||z] + cre®|f?,

and so, using again the exponential decay of U and of its derivatives,
(2.8) / (J(ex+Q)—J(Q)VU -Vu_p

(Q-Q)/e

1/2
<l [ s - s@pwor)
(Q-Q)/e
1/2
<alol| [ Ar@PRPvUr s [ laivur| T = o@)
N N

RY RY

Analogously, we can say that:

(2.9) [ e+ @ - v@)Uep = 0@l
(Q-Q)/e
Now the conclusion follows immediately by (2.6)—(2.9). O

We here present some useful estimates that will be used in the sequel.
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PROPOSITION 2.2. Let P = Q/ec € Q.. Then we have:

(2.10) /SU’Z;H:/R (U

N
+

Ry [ 0oy ay +ofe)
]RN—I
(2.11) /m %Up = _Ew 4N71[UQ(y’,O)]2dy'+o(€)»

(212) J(Q) /Q VU +V(Q) / of)

€

= [Lwopn = ER e oy Pay
R RN -1

N 2
T

(N -1DH(@)

@S [ W oR a +ofe)

@13) [ JeolVURE =@ [ VP e [ TQUITUR +ofe),

v(Q)
2 _ 2 / Q\2
(2.14) /SEV(E:E)UP V(Q)/SEUPJN—:/V(Q)V (@[)(U2)? + ofe).
Moreover, we have
(2.15) / UL opUp =¢ L zo Q)+ o(e)
: o P YP; p+1 Qi )

(2.16) api[m) | vuek v [ U%]=a€a@r<@>+o<a>.

where C = [on T and T s defined in (1.3).
s

PRrROOF. The first two formulas can be proved repeating the arguments of
Lemma 1.2 of [10]. Equation (2.12) follows easily by (2.10) and (2.11) observing
that

ou
ULt ¢ J(Q)/ —LUp.

0. 81/

J(Q)/QE |VUP|2+V(Q)/QE Up :/Q

Let us prove (2.13). Arguing as in the proof of (2.8), we infer:

€

/ J(e:z:)|VUp|2:/ J(ex + Q)|VU?P?
Qe (2—-Q)e
—I@ [ WUPe [ S@UITUOPR o)
(Q-Q)/e (Q-Q)/e
=J VUp[? J! VU :
@[ IVUpP e [ SQUEITURE +ofe)

R, (@
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We can prove equation (2.14) repeating the arguments of (2.13). Since

1
UP0p,Up = dp, / urtt,
/sg P p+1 a ©

=

equations (2.15) and (2.16) follow easily because, as observed by [10], the error
terms O(e) in (2.10) and (2.12) become of order o(e) after applying dp, to them.O

3. Invertibility of D?f. on (Ty, Z%)*

In this section we will show that D?f. is invertible on (Ty,Z%)*, where

)

Ty, Z° denotes the tangent space to Z° at Up.
Let Leq: (TypZ%)* — (T, Z%)* denote the operator defined by setting
(Le,qulw) = D*f(Up)[v, w].

LEMMA 3.1. There exists C' > 0 such that for € small enough one has that

(3.1) |(Legulv)| > C|v||?,  for allv € (Ty, Z°)*.

PROOF. By (2.2), if we set a(Q) = V(Q)Y®~Y and 3(Q) = /V(Q)/J(Q),
we have that U?(z) = a(Q)U(B8(Q)x). Therefore, we have:
op,U%(z — P) =0p,[a(eP)U(B(eP)(x — P))]
=c0p,a(cP)U(B(eP)(z — P))
+ ca(eP)dp, (e P)VUC (B3(eP)(x — P)) - (x — P)
— a(eP)B(eP)(9:,U)(B(eP)(x — P)).

Hence
(3.2) op, U (x — P) = —0,,U%(x — P) + O(e).

For simplicity, we can assume that () = P is the origin O.

Following [10], without loss of generality, we assume that @ = P is the
origin O, zy is the tangent plane of 9Q at Q and v(Q) = (0,...,0,—1). We also
assume that part of 0 is given by zny = ¥ (') = (1/2) Zfi_ll Niz? 4+ O(|2']?)
for |#'| < w, where p is some constant depending only on Q. Then for |y/| <
u/e, the corresponding part of 9. is given by yy = ¥(y') = e 1(ey’) =
(e/2) X5 My + Oy P).

We recall that Tyyo Z° = spangi o ){9p, U®,...,0py_,U%}. We set

VE :spanHl(Qs){UO,ﬁleO,. .. ,8IN71UO},
V+ :spanHl(Rf){Uo,(’“)won,... ,8$N71U0}.

By (3.2) it suffices to prove (3.1) for all v € span{U®, ¢}, where ¢ is orthogonal
to V.. Precisely we shall prove that there exist C7,Cy > 0 such that, for all
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€ > 0 small enough, one has:

(3.3) (LeoUCIU®) < =Cy <.
(3.4) (Le,oglp) > Callo|”.

The proof of (3.3) follows easily from the fact that U is a Mountain Pass critical
point of F© and so from the fact that there exists ¢y > 0 such that, for all e > 0
small enough, one finds:

D?FOWU°)U°,U°] < —¢ < 0.

Indeed, arguing as in the proof of Lemma 2.1 (see (2.8) and (2.9)) and by (2.10)
and (2.12), we have:

(Ls,oUO|UO):/ J(sx)|VUO|2+/ V(sx)(UO)2—p/ (U©O)p+t

2 Q. Qe

~J(0) / VUOP 4+ V(0) /Q Uy —p /g UOPH 1 0(e)

=D2FOUO)[UC,U°] + O(e) < —co + O(c) < —C4.

Let us prove (3.4). As before, the fact that U® is a Mountain Pass critical
point of F© implies that

(3.5) D2FO(U®)[h, 0] > c1]|¢||2 forall ¢ L V.

Let us consider a smooth function y;:RY — R such that

xi(z) =1 for |z| < e /8,
x1(z) =0 for |z| > 2e71/8,
|Vxi1(z)| <268 for e /8 < |a| < 2e71/8,

—~

We also set x2(x) =1 — x1(z). Given ¢ L V., let us consider the functions
i(7) = xi(x)o(z), i=1,2.
If Q # O, then we would take
¢i(z) = xi(x — P)o(x), i=1,2.

With calculations similar to those of [3], we have

(3.6) 161* = llgnll* + llg=[1* + 2/sz x1xz(9° + [VoI*) +0(/%) |9,

Iy

We need to evaluate the three terms in the equation below:

(3.7) (Le,0o9l9) = (Le,odr|o1) + (Leop2|d2) + 2(Le,0d1]¢2).
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Let us start with (Ls o¢1|¢1). Let n = 7. a smooth cutoff function satisfying

n(y) =1 for |y| < e~ 1/4,
ny) =0 for [yl =271,
IVn(y)| <2e¥* for e7 V4 < |y| < 26714

Now we will straighten 9€2. in the following way: let ®: Rf N B.-1/2 — §): be a
function so defined:
Oy, yn) = (v, ynv + ¥(Y)).
We observe that
1 0

Db (y) = 1o

Let us defined ¢; € HY(RY) as

o) = $1(®(y)n(y) if [y <e /2,
\y) = 0 if |y| > o—1/2.

We get

[ var= [ Vier (@) dy
RY Rmek,IM

N—-1
) )
-/ S 122 (@) 4 engs 22
RYNB, —1/4 =1

aLL'i aLL'N
-/ (V)@ +0E)g|?
R£QB2E*1/4

2

+o(e)14]*

| +| 2

+ Dy (@)

- / V12 + O]

=

Analogously, we have
[L0r = [ o andso Il = ol + 061
RY Q.
Let us now evaluate (L. o¢1|¢1):

(La,o¢1|¢1)=/ J(E$)|V¢1|2+/Q V(m)ﬁ_p/ﬂ (UO)P—1¢?

Qe €

— J(0) /Q Véil? + V(0) /Q & p /Q (U142
e /Q J(O) ]|V ]? + / V()] + ofe) 6]

€
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70) [ e vio) [ t-p [ WOyttt ool

2
/Mww FV(0 /Mm
—p [ 0O@P T+ 0o
= D2FOUO)[n, ]
—p [ (WO@ = Oy + 0 ol

+

We have
O p— Op
[y e@pt—wor | <c [ wwin’
=0 G = O ol

Therefore, we have that
(3.8) (Leor|é1) = D*FOU)[61, 61] + OE*) 4]

We can write E = ¢+ (, where £ € V4 and ¢ L V;. More precisely

N—-1
= (0 [UO)1UC|UC|Z2 + > (61]0n,UC) 1 0n,UC||0R,U |57

=1

Let us calculate (;5;|UO)+.

(&IlU%:/ Vo, -VU® + [ ¢U°
RY RY

:/ V[¢1(cp(y))].VUO+/ ¢1(D(y) U®
RfﬁBZE,l/Al RNNB, 1,4

_ / (V1) (@) - VU + 61(®) U]
RfﬁB _1/4

¢ ou°
+EZ / )\iyl—a ! (cp)—axi

= | Vo -VUO@ )+ [ U@ + 0|9
Q. Q.

= [ Vo1 900+ [ 600+ 0ol = O ol
Qe Q.
In an analogous way, we can prove also that (&5\I|(9PZ.UO)Jr = 0(**)||4||, and so

(3.9) gl = OE* )il
(3.10) I¢ll+ = llgull +OE* )l
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Let us estimate D2FO(UC)[¢1, ¢1]. We get:
(3.11) D*FO(U°)[o1, 1]
= D*FOU)IC, (] +2D*FOU) €] + D*FEU)LE, €.
By (3.5) and (3.10), we know that
D*FOWUO)G, ¢l > allcll = elloul® + O )16,

while, by (3.9) and straightforward calculations, we have

D*FO(U)(¢.€] = O M)lléll*,

D*FOU°)E. €] = O(E) )]
By these estimates, (3.11) and (3.8), we can say that

(3.12) (Le,od1|¢1) > c1]|1]|* + O(**)[| ]2

Using the definition of y; and the exponential decay of U?, we easily get

(3.13) (Le,od2ld2) > calld2ll® + o(e)l|6lI*,
(3.14) (Leo$1d2) > csly + O(/%)|6]1%,

where Iy is defined in (3.6). Therefore by (3.7), (3.12)—(3.14) and recalling (3.6)
we get

(Le,0dl9) > call])* + O(*)l6].
This completes the proof of the lemma. O

4. The finite dimensional reduction

LEMMA 4.1. For e > 0 small enough, there exists a unique w = w(e, Q) €
(Ty, Z%)t such that Vf.(Up +w) € Ty, Z. Such a w(e, Q) is of class C?, resp.
CYP=1 with respect to Q, provided that p > 2, resp. 1 < p < 2. Moreover,
the functional A-(Q) = fe(Ug)e + w(e,Q)) has the same regularity of w and
satisfies:

VA(Qo) = 0 V£-(Ugy e + wle, Qo)) = 0.

PROOF. Let P = P, denote the projection onto (T, Z%)t. We want to
find a solution w € (Ty, Z¢)* of the equation PV f.(Up +w) = 0. One has that
Vf-(Up+w)=Vf(Up)+D?f.(Up)[w]+ R(Up,w) with | R(Up, w)|| = o(||w]),
uniformly with respect to Up. Therefore, our equation is:

(4.1) Leow+ PVf.(Up) +PRUp,w) =0.
According to Lemma 3.1, this is equivalent to

w = N. g(w), where N.g(w)=—L.qo(PVf:(Up)+ PR({Up,w)).
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By (2.5) it follows that

(4.2) [Ne,(w)]| = O(e) + o([|wl]).

Then one readily checks that N. g is a contraction on some ball in (Ty, Z°)*
provided that € > 0 is small enough. Then there exists a unique w such that w =
N: g(w). Let us point out that we cannot use the Implicit Function Theorem
to find w(e, Q), because the map (g,u) — PV f.(u) fails to be C?. However,
fixed ¢ > 0 small, we can apply the Implicit Function Theorem to the map
(Q,w) — PV f.(Up + w). Then, in particular, the function w(e, Q) turns out
to be of class C* with respect to Q). Finally, it is a standard argument, see [1]
and [2], to check that the critical points of A.(Q) = f-(Up + w) give rise to
critical points of f.. O

REMARK 4.2. From (4.2) it immediately follows that:
(4.3) [w] = O(e).
For future references, it is convenient to estimate the derivative Op, w.
LEmMMA 4.3. If y = min{l,p — 1}, then, fori=1,... ,N — 1, one has that:
(4.4) |0p,w]| = O(7).
PrROOF. We will set h(Up,w) = (Up + w)P — UL — pUL 'w. With these

notations, and recalling that L. gw = —div(J(ex)Vw) + V(ex)w — pUL "w, it
follows that, for all v € (Ty, Z%)*, since w satisfies (4.1), then:

/ J(ex)VUp - Vv + | V(ex)Upv — / Ubv
Qe Qe Qe

+/ J(ex)Vw -Vo+ | V(ex)wv — p/ UL tww — / h(Up,w)v = 0.
Q. Q. Q. Q.

Hence Op,w verifies:

(4.5) /Q J(e2)V(0p,Up) - Vo + /Q V(ex)(0p,Up)o — p /Q UL (0, Up)o

)
Qe

~plp=1) [ UF 2 0nUp)wo = [ (10 (0r.Up) + huOr ) v = 0.

Qe

J(ex)V(0p,w) - Vv +/Q V(ex)(Op,w)v — p/Q UL (0p,w)v

€

Let us set L' = L. g — hy. Then (4.5) can be written as

(16) (L'@rw)o) =po-1) [ UEHOnUpwo+ [ oy @nUp

€ Qe

—/ J(ez)V(apiUp).vU—/ V(sx)(ﬁpiUp)v+p/ UP(0p,Up)v.
Q. Qe Qe
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It is easy to see that

(4.7) < cajwll]fv]]

pp—1) / UL 2(0p,Up)un
Q.

and, if ¥ = min{1,p — 1},

/ hUp (3131 Up)’U

Qe

(4.8) < coflw[™lv]l.

Let us study the second line of (4.6). We recall that often we will write U
instead of U%. Reasoning as in the proof of Lemma 2.1 (see (2.8) and (2.9)), we
infer:

I= / J(ex)V(0p,Up) 'Vv+/ V(ex)(0p,Up)v fp/ UY~ " (0p,Up)v
Q. Q. Qe

= / J(Q)V(Op,U) - Vo_p + / V(Q)(@p,U)v_p
(Q-Q)/e (Q-Q)/e

+ g/ T(Q)[x — PIV(9p,Up) - Vo + g/ VI(Q) — P)(0r Up)v

Q. Qe

~p [ UF 0n Um0+ OC) ol

Suppose, for simplicity, ) coincides with the origin O and that part of 9 is
given by 2y = ¥(2') = (1/2) XN Nia2 + O(|'|3) for |2/| < i, where p is some
constant depending only on Q. Then for |y'| < /e, the corresponding part of
09 is given by yn = W(y') = e Mp(ey’) = (¢/2) iy Aiy? + O(E2|y'?).

Since by (3.2) 9p,Up = —0,,Up + O(e), by integration by parts, we get:

s/ J(Q)fx — PIV(9p,Up) - Vv = 5/ 00,7 (Q)VUp - Vv + O(e)|v]],
Q. Qe

-/ VIQ)lr - Plor Uy = / V@)U + 0@l
Hence

= / J(@Q)V(0p,Up) - Vv + 5/ 0q,J(Q)VUp - Vu
QE Qe
+/ V(Q)(0p,Up)v + 5/ 0,V (Q)Upv
QE Qe
~p [ UF @rUr)u+ 0@l
Qe
Being U = U solution of (2.3), we have that
~J(Q)A(0p,U) —£dq, J(Q)AU +V(Q)(9p,U) +£do,V(Q)U —pUP~H(0p,U) = 0
and so
oUp

0
1=1Q) | GhOrUp+c00.0(@) [ FLut 0@l
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Arguing again as in the proof of Lemma 2.1 (see (2.7)), we can prove that

4 AUp
’J(Q) . 5(65[]}9)’1} + 00, J(Q) /BQE W’U

= 0@
Hence
(4.9) I=0(")|l.
Putting together (4.6)(4.9), we find
(L (@wi)v)| = (es ][ + O(e)) [[v].

Since h,, — 0 as w — 0, the operator L', likewise L, is invertible for £ > 0 small
and therefore one finds

[0p,w]| < caf|w[™ + O(e).

Finally, by Remark 4.2, the Lemma follows. (|

5. The finite dimensional functional

THEOREM 5.1. Let Q € 9Q and P = Q/e € 9Q.. Suppose (J) and (V).
Then, for e sufficiently small, we get:

(5.1) A (Q) = f:(Up + w(e, Q) = col'(Q) +eX(Q) + o(e),

where T is the auxiliary functions introduced in (1.3),

1 1 —
wm (i) [

and X: 02 — R is so defined:

62) Q=3[ TQEIVUPd+; [ V@I
e e
1—-q 1 1 —-Q
— 3B J(Q)H(Q) — (5 - m)A H(Q),
with
1 = %/RN?I[UQ(w’,0)]p+1|w’|2dx’,
=R — (N* 1) Q. 2
B = 1 /RN—I[U (z',0)])* dx.
Moreover, for alli=1,... ,N — 1, we get:
(5.3) Op, Ac(Q) = €co0o,I'(Q) + o(e).

PROOF. In the sequel, to be short, we will often write w instead of w(e, Q).
It is always understood that € is taken in such a way that all the results discussed
previously hold.
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First of all, reasoning as in the proofs of (2.13) and (2.14) and by (4.3), we
can observe that

(5.4) /Q J(ex)VUp - Vw = J(Q)/Q VUp - Vw + o(e),
(5.5) /Q V(ex)Upw :V(Q)/Q Upw + o).
We have:

A(Q) = f-(Up + w(e, Q))

1 1
-1 /Q Je)V(Up +w)? + 5 /Q V(ex)(Up + w)?

1

- — Up 4+ w)Pt?
p+1 QE( P )

by (4.3)

1 1 1
:—/ J(e:z:)|VUp|2+—/ V(ez)UI%——/ uptt
2 Ja. 2 Ja 2 Ja.

e

+/ J(EI)VUP'VM+/ V(ex)Upw
Q. Q.

1 1
- Upw+<——>/ ot
/Qe F 2 p+1)Jo. "
1

Cp+1Ja,
by (2.12)—(2.14), (5.4) and (5.5) and with our notations

[(Up +w)?* = UR™ — (p+ 1)Upw] + ofe)

1 e o - i
=5 | UM —SATH(Q) - 5B J(QH(Q) + 5 7(Q) VU

2 /Rf 2 2 5 ‘/RU(Q)

+§/7 VI(Q)[w]Uz—%/M Up+1+%ZQH(Q)

v(Q)

+J(Q)/SEVUP'Vw+V(Q)/SEUpw/ UBw

e

+ (% - I%) /RN urtt —5(% — Z%)ZQH(Q) + o(e).

From the fact that U is solution of (2.3), we infer
J(Q)/ VUP~V'LU+V(Q)/ Upw*/ Ubw
Qe Qe Q.

= / [~ J(Q)AUp + V(Q)Up — UB]w + J(Q)/ 9up .

Q. a0, ov
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By these considerations we can say that

1 1
A(Q) = <§ - m) /Rf urt!

vl [ r@uvuPs [ viQEe?

e R
- FIQHQ - (5~ 1 ) A HQ)| + ot
2 2 p+1
Now the conclusion of the first part of the theorem follows observing that, since
by (2.2)
U%(x) = V(@Y VT (VV(Q)/T(Q),
then

/N N
R +

Let us prove now the estimate on the derivatives of A.. First of all, we
observe that by (2.5) and by (4.4), we infer that

IV f=(Up)[0p,w]| = O("*),
and so, by (4.3) and (4.4), we have:

yrtl — V(Q)(P+1)/(P*1)*N/2J<Q)N/2/ ias
R

Op, A(Q) =V f-(Up + w)[0p,Up + dp,w] = V f-(Up + w)[dp,Up] + O(e'*7)
=V f-(Up)[0p,Up] + D* f-(Up)[w, Op,Up]
+ (Vfe(Up +w) = Vfo(Up) — D*f-(Up)[w])[0p,Up] + O(e*7).
But
IV fe(Up +w) = Vf.(Up) = D*f(Up)[w]|| = o(||w]]) = o(e)
and, moreover, by (4.1) also D?f.(Up)[w, dp,Up] = O(e'7), therefore
(5.6) 9p,A=(Q) = V£-(Up)[0p,Up) + O(e'*7).
Let us calculate V f.(Up)[0p,Up].
Vf:(Up) [0p,Up]

= / J(a:v)VUp . V(aplUp) +/ V(E,T)Up(aplUp) - / U};(aplUp)
Qe Qe Qe

=J(Q) /Q VUP'V((?P,-UP)‘FV(Q)/ Up(9p,Up)

e

+5/7 J’(Q)[;c]VU-V(BpZ.U)—i—a/ V/(Q)[2)U(9p,U)

v(Q) v(Q)
*/ Ulg(@piUp) +0(€).
Q.

Suppose, for simplicity, @ coincides with the origin O and that part of 9 is
given by zx = (2) = (1/2) N7 Nz + O(|2'[?) for |2/| < p, where p is some
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constant depending only on 2. Then for |y’| < u/e, the corresponding part of
99, is given by yy = ¥(y') = e~ Y(ey’) = (¢/2) Zf\gl NiyZ + O(E2Y)?).
Since by (3.2) 9p,Up = —0,,Up + O(e), by integration by parts, we get:

[ r@Quvv-ven = [ aas@Ivur

e R, @

[ vQuuenn-; [ av@u:

v(Q) v(Q)

Therefore we infer
VI UROn U] = 307 [7@) [ V0P V(@ [ 03]
- /Q UL (9p,Up) + ofc),

and so, by (2.15) and (2.16),

1 1 —
VIRV =< | (5 57) [, T [001@ = 2000 r(@ + o)
By this equation and by (5.6), (5.3) follows immediately. |

REMARK 5.2. Let us observe that by (5.1) and (5.3), for ¢ sufficiently small,
we have

(5.7) |A: — col'llcra0) = Ofe).

REMARK 5.3. By (2.2), it is easy to see that, if J and V are constant on the
boundary 9, then ¥, defined in (1.4), coincides with ¥, defined in (5.2) with
the following definitions:

Cy = J|aQ» Cv = V|aQ7
Oy ) et+1)/(p—1)
kl = (V)T, k2 = v/ CV/CJ,
(CV)2/(p—1) 1— 1 1 _
= ky=—=BC;—|-———|A
3 5 ; 4 5 Cy 3 pr1)

where

(Cy) 1/ (=1)

A= f/ [U(2'\/Cv/Cs,0)P 2/ |* da,
RN-1

5 = (V= DCre [, o veeror.
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6. Proofs of Theorems 1.1 and 1.2

In this section we will state and prove two multiplicity results for (1.1) whose
Theorem 1.1 is a particular case. Finally we will prove also Theorem 1.2.

Let us start introducing a topological invariant related to Conley theory.

DEFINITION 6.1. Let M be a subset of RN, M # (. The cup long (M) of
M is defined by

I(M)=1+sup{k € N|3ay,...,a € H*(M)\ 1, 01 U...Uay #0}.

If no such class exists, we set {(M) = 1. Here H*(M) is the Alexander cohomol-
ogy of M with real coefficients and U denotes the cup product.

Let us recall Theorem 6.4 in Chapter II of [4].

THEOREM 6.2. Let N a Hilbert-—Riemannian manifold. Let g € C*(N) and
let M C N be a smooth compact nondegenerate manifold of critical points of g.
Let U be a neighbourhood of M and let h € C*(N). Then, if ||g — hll o1 @) is

sufficiently small, the function g possesses at least (M) critical points in U.

Let us suppose that I' has a smooth manifold of critical points M. We say
that M is nondegenerate (for I') if every € M is a nondegenerate critical point
of I'|pr+. The Morse index of M is, by definition, the Morse index of any z € M,
as critical point of I' 51

We now can state our first multiplicity result.

THEOREM 6.3. Let (J) and (V) hold and suppose T has a nondegenerate
smooth manifold of critical points M C 0. There exists €9 > 0 such that if
0 < & < eg, then (1.1) has at least I(M) solutions that concentrate near points
of M.

PRrROOF. Fix a é-neighbourhood Ms of M such that the only critical points
of I in My are those in M. We will take U = Mj.

For ¢ sufficiently small, by (5.7) and Theorem 6.2, A, possesses at least (M)
critical points, which are solutions of (2.1) by Lemma 4.1. Let Q. € M be one of
these critical points, then u% = Uq. je+w(e, Qc) is a solution of (2.1). Therefore

L= QE
e (af2) = Ugplafe) = v (L)
is a solution of (1.1). O

Moreover, when we deal with local minima (resp. maxima) of I', the preced-
ing results can be improved because the number of positive solutions of (1.1) can
be estimated by means of the category and M does not need to be a manifold.
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THEOREM 6.4. Let (J) and (V) hold and suppose T has a compact set X C
O where T' achieves a strict local minimum (resp. mazimum), in the sense that
there exist § > 0 and a d-neighbourhood Xs C ) of X such that

b=inf{I'(Q) : Q € 90X} >a =T, (resp. sup{I'(Q):Q € 0Xs} <T|,).

Then there exists g > 0 such that (1.1) has at least cat(X, Xs) solutions that
concentrate near points of Xs, provided € € (0,eq). Here cat(X, X5) denotes the
Lusternik—Schnirelman category of X with respect to Xs.

PrROOF. We will treat only the case of minima, being the other one similar.
We set Y = {Q € X5 : A(Q) < co(a+ b)/2}. By (5.1) it follows that there
exists g > 0 such that

(6.1) X CY CXs,
provided ¢ € (0,e9). Moreover, if Q € X5 then T'(Q) > b and hence
A-(Q) > col(Q) 4+ O(e) > cob + O(e).
On the other side, if @ € Y then A.(Q) < co(a + b)/2. Hence, for € small, ¥

cannot meet 0.X;s and this readily implies that Y is compact. Then A, possesses
at least cat(Y, X5) critical points in X;. Using (6.1) and the properties of the
category one gets
cat(Y,Y) > cat(X, Xy),
and the result follows. O
REMARK 6.5. Let us observe that the (a) of Theorem 1.1 is a particular case
of Theorem 6.3 while the (b) of Theorem 1.1 is a particular case of Theorem 6.4.

Let us now prove Theorem 1.2.
PROOF OF THEOREM 1.2. Let @ be a minimum point of 3 (the other case
is similar) and let A C 92 be a compact neighbourhood of @ such that
min Y < min ¥.
A OA

By (5.1) and Remark 5.3, it is easy to see that for e sufficiently small, there
results:
min A. < min A..
A OA
Hence, A. possesses a critical point Q. in A. By Lemma 4.1 we have that

ue,@. = Ug, /- +w(e,Qc) is a critical point of f. and so a solution of problem
(2.1). Therefore

ueq. (w/2) = Ug. je(w/e) = U (—_Q)

is a solution of (1.1). O
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