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ABSTRACT. This work deals with the analysis of eigenvalues, bifurcation
and Holder continuity of solutions to mixed problems like

—div (|| 7?7 |Vu|P~2Vu) = fr(z,u), u>0 in Q,
u=20 on X1,

0
|:U\’P7|Vu|p*2—u =0 on Yo,
ov

involving some potentials related with the Caffarelli-Kohn—Nirenberg in-
equalities, and with different kind of functions f(z,u).
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1. Introduction

In this paper we analyze the properties and behaviour of solutions to problem

—Apu= fr(z,u) inQ,
(PA) u>0 in €,
B(u)=0 on 012,

where we assume Q C RY is a smooth bounded domain with 0 € Q, A, v =
div (|z|7P?|Vo|P72V), 1 < p < N and —c0 < v < (N — p)/p, with different
choices of fy. The boundary conditions are given by

B(u) = uXs, + |x|7m|Vu|p72@X22,
v

where ¥;, i = 1,2, are smooth (N —1)-dimensional submanifolds of 92 such that
LiNYy =0, U =092 and 31 N Xy =T is a smooth (N — 2)-dimensional
submanifold. We denote by v the outward unitary normal to the boundary and
by Ay, the characteristic function of ¥;.

Section 2 is devoted to study the functional framework needed to analyze
these problems.

The main feature of this work is to consider these kind of mixed boundary
problems with weights associated to Caffarelli-Kohn—Nirenberg inequalities [7].
Precisely, the function fy(z,u) will be:

(1) fa(z,u) = NulP~2u/|z|P? with 3 < (y +1), A > 0. In Section 3, we
construct an eigenvalue sequence by minimax techniques in a similar
way to Garcia and Peral in [12], and we extend the classical properties
to the first eigenvalue of the Dirichlet Problem with the Laplace operator
to our framework, i.e. A;(8) is positive, simple and isolated.

(2) fa(z,u) = dwg(z)u~! +|z| w1, with different choices of the expo-
nents s, g and 8 < (y+ 1), p < (y+1), A > 0, where

() || ~#7 if v € QN {lz| <1},
wp(T) =
5 z[7PO+) itz e QN {Jz] > 1)

(1.1)

If s =p, 1 < g < p we have two more cases: for 8, < (y+ 1) we prove
bifurcation from infinity, precisely, there exists a branch of solutions
(A, uyx) € (0, A1(wg)) x L*() to problem (P)) bifurcating to the left
from infinity at the associated first eigenvalue A1 (wg). As a consequence,
we prove that for § = (y+ 1), p < (v + 1), there exists a continuum
of solutions (A, ux) € (0, Ay np) X EL7(Q) bifurcating to the left from
infinity at A, ny, given as the best constant in the associated Hardy—
Sobolev inequality. The study of (P, ) in these cases is done in Section 4.
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When 3, < (y+1) and s = p < ¢ < p , where:
pN
(12) R N
N-py+1-p)
we prove bifurcation from zero. Precisely, there exists an unbounded
branch of solutions I'g C (0, A1(wg)) x L>(§), bifurcating to the left
from (A1 (wg),0).

If we consider 1 <s <p<gq<pj , and < (y+1), p < (y+1), we
prove that there exists a continuum of solutions bifurcating from (0, 0);
in L*(Q) if 8 < (y+1) and in E57(Q) if 3 = (y+1), see Theorem 4.8
and Remark 4.13.

if u <+,

fy<p<y+1,

Finally, in Section 5, we extend the classical results about global Holder con-
tinuity by using the De Giorgi and Stampacchia techniques ([11], [22]) adapted
to our framework.

2. Functional setting, boundedness and compactness

We will note the weighted Lebesgue space
Lo(Q) = {u: 2 — R measurable, / |u|"|z| """ dx < oo}
Q

for some o € R. Given p € C®(Q) we set

1/p
Il = ( [l +190m)1at > dx) |

The Sobolev space D}/’p(ﬂ) is defined as the completion of C*°(Q2) with respect to
the norm ||-||,. In a natural way, we define Dé:g(Q) as the completion of C§°(€2)
under the norm || - ||, . In the space Dé:g(ﬁ), the norm || - ||, is equivalent to
the norm of the gradient in L?(2), because of the Poincaré inequality.

The natural space where we look for solutions to (Py) is
(2.1) ELY(Q) ={veD)P(Q):v=0o0n 5},

which can also be defined as the closure of C!(Q U ¥2) with the norm || - [,.-

Taking into account that Hy_1(X1) # 0, we have that, as before, the norm

[ - llp~ in EST(R) is equivalent to the norm of the gradient in L2(2). As a
consequence, from now on we shall use the notation

||<P||%§,IW(Q) = |lelh ., = /Q |z| 7PV |Vp|P dz for all ¢ € Egl’y(ﬂ)

We start formulating an extension of a Picone Identity in [19], that will be useful
in the sequel.
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LEMMA 2.1 (Picone). Let v >0, u > 0 two differentiable functions, then

uP
pp—1

(2.2) || 7P| VulP > |:cmV< >|Vv|p2Vv.

There is a more general form of the Picone Identity in [2] for entropy solu-
tions. We will use the following particular case of the Caffarelli-Kohn—Nirenberg
inequalities (see [7]).

PROPOSITION 2.2 (Caffarelli-Kohn-Nirenberg). Let r, v and [ be real con-
stants such that

1 ~ 1

(2.3) p>1 and r, — — — > 0.
p

B
N r N
Then there exists a positive constant C such that for all u € C§°(RY) we have
(2.4) 2= ullzr < Clll2| =Vl || e
if and only if

o+l

(2.5) —%:% :

S

and 0< (B —~v<1.

Furthermore, on any compact set in parameter space in which (2.3) and (2.5)
hold, the constant C' is bounded.

We observe that in the limit cases we have for § = «, r = p* the corresponding
Sobolev inequality. And the case § = (v + 1), » = p which corresponds to the
Hardy inequality.

REMARKS 2.3. We define the constant
[z [Vul]}

wepyr@) [l ullp’
uZ0

)‘%N,p =

taking into account that —oo < v < (N —p)/p, we have that 0 < A\, n, =
((N =p(v+1))/p)P < oo. In the case of Neumann problem, it is clear that
Ay.Np = 0, because the infimum is attained by constant functions. When we
take the infimum over the space Egj(ﬂ), we have that the new constant denoted
by Ay np(X1) verifies Ay v p(X1) < Ay np because of the inclusion ’Dé:z(Q) C
E57 (). Moreover, A, vp(X1) > 0, to prove it we use the Picone identity as
follows: consider the quotient

el vl

IR T
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and we take the infimum of Q in E37(2). Define w(x) = |2|* for some constant
a < 0 with |a| small enough such that |a|(p — 1) < N — p(y + 1). Given
a minimizing sequence {v,} to A, np(X1), by Picone identity (2.2),

P
/|wn|p|x|*mdxz/ |:c|p7<V<wZﬁ1>,|Vw|p2Vw>dx
Q Q
B vmx‘fp(wrl) .y VB
- /Q(Amw)wp—qx—p(wl) d:”/22 =
VP
n _ p —pPY
Zc(co,oz)/Q PrCesy dz C(Zg,co,a)/Q|an| |z|7P7 d,

where we have used the Trace Theorem in the last inequality. Then we conclude
that Q(vy,) > C > 0 where C' depends only on Xs, ¢y and a.

O o ()

NOTATION. Along this work we will note |E|,, = [, |z|™dz, for any mea-
surable set £ C RN,

Before proving the L*°-regularity we enunciate an iteration lemma by Stam-
pacchia (see [23]) that we will use.
LEMMA 2.4. Let ¢ be a real function verifying:
(a) @(t) >0 forallt >0,
(b) ¢ is non-increasing,
(c) if h > k > ko, o(h) < C(p(k))”/(h — k)", with positive constants s,
v, C.
Then, there exist positive constants sg, S1, and So such that:
(a) if v > 1, p(ko +d) =0, where d* = soC(p(ko))" 1,
() if v =1, p(h) < @(ko) exp[sy — p(h — ko)], where p = (55C) /%,
(0) ifv <1 and k>0, p(h) < (s0%/0=) 4 5ok ) (ko)) h =/ (=)

THEOREM 2.5. Let u € EY7(Q) be a solution to problem
—Apu=f ing,
B(u)=0 on 09,

with —oo <7y < (N —p)/p, f€ Ly () for somer >N/p, and n=—p*y(r —1)/r.
Then u € L>®(2).

PrOOF. Consider vy = sign(u)(|u|—k)*, then vy € EY7(Q) and uy, = (vk)a,
in A(k) = {x € Q : |u(x)| > k}. Using vy as test function in —A, Ju = f we
obtain

(2.6) / |Vog|P|a| 7P doe = )\/ fug dx
A(k) Q

. ) 1/p* 1/r dr 1/s

< ([ herrrae) ([ipecrera) ([ S0
€S
A(k) Q A(k) ||
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with 1/p* +1/r +1/s =1, ¢ > 0. Then we conclude that

. . (p—1)/p" d 1/s
([ wriamas)” <o [ A
A(k) Ak) 7|5

Assume that 0 < k < h, then A(h) C A(k) and as a consequence,

i (p=1)/p" X i (p=1)/p"
h— k)Pt z|7P 7 da < vl 2| 7P da :
(
A(h) A(k)

By the last two inequalities and taking es = p*~y, we get
—1 (p—1)/p" 1/s
(h = k)P A2y < CulA(E)]

—p*y’

defining ¢(t) = |A(t)|-p+y We have

C .
R < ——— (k)P (sp=1))
o) < =S o0
Now we conclude by Lemma 2.4(a), because v = p*/(s(p — 1)) > 1 if and only if
r > N/p, where ¢ = p*y/s and v+ & = yp*(r — 1)/r. O

When the second member, f, is a power of u, we prove the next result.
LEMMA 2.6. Let u € EY(Q) be a solution to problem
—Apu = |z ul1 %y in Q,
{ B(u)=0 on 09,
with ¢ < p% ,, p < (y+1). Then u € L>(1Q).

PrOOF. Following the notation of the proof to Theorem 2.5, taking vy as a
test function and the measure do = da/|z[P7u”,

(2.7)/ |vuk|p\x|*mdx=/ |9 2wy ||~ da
A(k) A(k)

* d
o R R e e o
A(k) |[Pn

. (¢=1)/p% . 1/p%
< ( [ e dg) ( [ dg)
A(k) A(k)
1/r 1/s
(/ |x|(P§,,l,uqu)rdQ> </ dg)
Q A(k)

where 1/r +¢q/p3 , +1/s = 1. To do that we need to prove

1
1—(+ f >>0 and r > 1,
" Pypu
but this is clear because the first inequality is equivalent to r > pX ,/(p? , — q),
and then r > 1. Also, we point out that the first term on the right hand

side of (2.7) is bounded because u € EY7(Q), and taking into account that
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(p% ,,—@)pr—p3 v > —N is equivalent to 0 > —N by taking r = p> ,/(p3 , — q),
then the third term on the right hand side of (2.7) is bounded, hence we conclude
that

. (»-1)/p% 1/s
(2.8) (/ v dg) < C(/ dg) .
A(k) A(k)

On the other hand,

L g P07 v\
(2.9) (h— k)P~ |A(h)|7p* < (/ v dg)
r A(k)
for all h > k > 0, hence by (2.8), (2.9) we obtain
c ®},./ (0=1))(1=1/r=a/p} )
(2.10) |Ah)|=pz o < m\A(W—p%u T

In order to apply Lemma 2.4 we take

* p*»l 1 q
o(t) = \A(t)|_p: L K=D, and v =1L (1 - === ) > 0.
' T Pyu

Now if v > 1, we conclude by Lemma 2.4(a). If v < 1, Lemma 2.4 permit us
to improve the integrability of u by an exponent greater than p*. Then we can
iterate the process of estimate |A(h)|—p- . and the exponent increases in each
step. Therefore, in the case v = 1 we finish in the first iteration, and if v < 1,

we B (oL 0)
p—1 L

by Lemma 2.4(c), the new exponent of integrability ¢go of w is in the interval

defining

q € (p},,p5,/(1 —1p)). Iterating the argument, in a finite number of steps,
we finish. O

COROLLARY 2.7. Let u € E37(Q) be a solution to problem
—Apu= |z PPlulP~2u  in Q,
{ B(u)=0 on 082,
with < (y+1). Then u € L*™(Q).
The proof follows as a particular case of Lemma 2.6.

LEMMA 2.8. Assume that

1 B8 1 ~+1
2.11 -— > - — — < (B—7v) <1
(211) N,y md 0S(B-y)<

Then, if u € E37(Q),

(@) [zl ullzr@) < CEQ |77 Vulll o).
(b) the above inclusion is compact.
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PRrROOF. The first part is a consequence of the Holder and Caffarelli-Kohn—
Nirenberg inequalities.

Let {uy} be a sequence in EY7(Q) such that [|[Vug||z|™7 || Lr) < M < 0.
Then there exists a subsequence weakly convergent to a function u € Egj(Q)
By the classical Sobolev Theorem, for some subsequence,

Uk, —u a.e. in Q\ By,(0),
(2.12) ug, —u in Lp(Q\ By, (0)),
uk, —u in L"(Q\ By/,(0)).

n

The diagonal subsequence u,,, which will be denoted by w,,, converges a.e. in 2.

We denote w,, = u,, — u, then by (2.12), w,, — 0 a.e. in £, moreover,

(2.13) / " |2~ da
Q

* * v . (p*—r)/p"
< </ lwnl? 2| 7? ”fdx> </ mr(vfﬁ)p /(p*—r) dx) ’
@ Q

In the last inequalities we require that g, r will verify

(H) r(y = B)p*/(p* —7) > =N.
But (H) is equivalent to the first inequality in (2.11), because

r[(8—)p" + N] < Np*

is equivalent to
1 1
1,81 o
r N p* N N »p N
We use a Vitali type argument, by the Egorov Theorem and (H), we have that
for all € > 0 there exists a measurable set A. C Q with |\ A.| < € such that

wy, — 0 uniformly in A.. Therefore

J6] 1 ~v+1

(2.14) /|wn|r|a:|*’grd:c§/ |wn|r|x\*ﬁrdx+/ \wn|r|x\*ﬁrdz
Q A, Q\A.

r/p
S/ |wn|r|x—ﬁrdx+0(/ an|f’|x|—mdx)
A, Q

(p™—r)/p*
< / 2| " =) dx) ’
O\A.

/ |lwn|" 2| P"dz — 0 asn — oo

Ae

where

because w,, — 0 as n — oo uniformly in A, and —r3 > —N by hypothesis (2.11),

/ |[Vwp|Plz| 77 de < C' uniformly in n,
Q
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moreover, by (H) it is clear that there exists s > 1 such that sr(y—8)p*/(p* — r)
> —N, then by Holder inequality,

/ ([T =" /(0 =r) g
Q\A.

1/s
< (/ |x|sr(wfﬁ)p*/(p**7’) d:c) |Q\AE|1*1/S < gl
Q\A.

where 6 =1—1/s > 0 and C > 0 is a constant which depends on Q, r, v —
and N. Then we conclude that

0 < lim sup <limsup |wn ||| P dm) < C'limsup €° = 0. 0O

e—0 n—oo Q e—0

COROLLARY 2.9. Assume 3 < (y+ 1) and —oco <y < (N —p)/p. Then we
have the following compact inclusions, B3} () —— L ().

Proor. We divide the proof in two steps.
Step 1. If v < B the proof is an immediate consequence of Lemma 2.8.
Step 2. If B < v, we have that

[ tal#al de < [ Jal =l ol 07 de < € [ faf 7l da
Q Q Q
for some § < v < fy < (7 + 1). Hence we conclude as before. O

3. Construction of an eigenvalue sequence
by minimax techniques and properties of the first one

3.1. Construction of an eigenvalue sequence by minimax techniques.

In this subsection we will study the eigenvalue problem

(EPS)

—Apu=Az|PPlulP~2u  in Q,
B(u)=0 on 09,

with Q, 7 as in the introduction and 8 < (y + 1).
We will prove the existence of an eigenvalue sequence A\x(8) C RT, with
Ak(B) — o0 as k — oo for which problem (EP?) has nontrivial solution. To

prove the positiveness, we consider the associated functional

1 A
)= [ 1ol PFupdo =2 [ fal Pl do
P Ja P Ja

defined in E%7(Q). If ug is a solution to problem (EP?) then J'(ug) = 0 and
therefore,

0= (T (ug),up) = / |x] 7P| Vug|P do — /\/ |9:|7p'8|u0|p dx.
Q Q
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Taking into account that for 5 < (v + 1), EZ(Q) C LE(Q) it follows that
0> / || 7P| Vg |P de — )\C'/ || 7P| Vg |P de,
Q Q

as a consequence we have A > 1/C, where C' > 0 is the best constant in the
ig(sz) < Cll[Vall
the Caffarelli-Kohn—Nirenberg inequalities [7].

Hardy—Sobolev inequality ||u] that is a consequence of

p
L2 ()

REMARK 3.1. The best constant of the above Hardy—Sobolev inequality in
bounded regular domains and with mixed boundary conditions depends in gen-
eral on Q. See [24] and [10].

Once we have proved the L*-regularity and the compactness in the above
section, we will briefly explain an adaptation to our framework of that in [12] to
construct a sequence of eigenvalues, where the method used follows the ideas of
Amann [3], i.e. the Lusternik—Schnirelman theory.

Consider the manifold
1
M, = {u € EZ7(Q): 7/ |z|7P7|VulP dz = a}
PJa
and we define the functional
1
b(u) = f/ \x|_pﬁ|u|p dx.
P Ja

Then we look the eigenvalues as critical points of the functional b restricted to
the manifold M, by using the mini-max method. Following the strategy of [12],
we can formulate the following results on the existence of an eigenvalue sequence.

THEOREM 3.2. Consider Cy, = {C C M, : C is compact, C =—C and ~(C)
> k} where y(-) is the genus (see [21] for a definition and its properties). Define

v = sup minb(u).
CeCy ueC

Then vy > 0, and there exists ux € M, solution to (EPg) with blug) = v,
>\k = Oz/Vk,

To finish this subsection, it can be proved that the sequence of critical values
{vi} is infinite, namely that we have a sequence of eigenvalues.

PROPOSITION 3.3. Let vy defined as in Theorem 3.2, then limyg .o vy = 0.
As a consequence, A\, = au,;l — o0 as k — oo.

The proofs of the results of this subsection are a little modification of that
in [12] once we have the required compactness in Corollary 2.9. We omit it
because of the extension of the paper.
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3.2. Properties of the first eigenvalue to problem (EPg) We consider

the problem
Ay u= Nz PPlulP~2u  in Q,
(EP?) Py || PP |ul
B(u)=0 on 0%,

with —oo < v < (N —p)/p, B < (y+1) and Q C RY is a smooth bounded
domain with 0 € Q. The first eigenvalue is given by

w3 =it { [ 1ol 7190 s € B, Jullyo = 1}
Q

We prove that the classical properties to the first eigenvalue of the Dirichlet prob-
lem with the p-Laplace operator, i.e. A1(() is simple and isolated, are satisfied
also for mixed Dirichlet-Neumann problem with the operator A, .

THEOREM 3.4. The first eigenvalue to problem (EPE{’), M (0), is simple and
isolated.

The proof of this theorem follows as a consequence of the next four lemmas.

LEMMA 3.5. Every eigenfunction uy corresponding to A1 () does not change
sign in 2, i.e. either uy >0 or u; < 0 in §Q.

PRrROOF. If v is an eigenfunction corresponding to the first eigenvalue, also
u = |v| is a solution of the minimization problem and then an eigenfunction. By
the strong maximum principle (see [16]) w > 0 and then v has constant sign. [J

LEMMA 3.6. A1(0) is simple, i.e. if u, v are two eigenfunctions corresponding
to the first eigenvalue A1(0), then u = awv for some a € R.

The proof of this lemma is similar to that in [17] with the appropriate changes
to our framework.

LEMMA 3.7. If v is an eigenfunction corresponding to the eigenvalue A > 0,
A # M (8B), then v changes sign in Q, i.e. v¥ Z0Z# v~ and

Q7| _ps > (AC)~PH/E for some e = £(B) > 0,
where Q~ = {z € Q: v(z) < 0}.

PrOOF. If we take v~ as a test function, by Holder inequality for some

£(B) >0,
/ |z| 7P |Vo|P dax = )\/ |z| PP (v™)P dx
Q Q

< A(/ 2| PP (v™ )P da
Q

Then by Hardy-Sobolev inequality and (3.1) we obtain [Q~|_,5 > (AC)~(P+e)/e
where C' is the optimal constant in the Hardy—Sobolev inequality. O

|Q—|5/ pte)

p/(p+e) (
) B
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LEMMA 3.8. A1(B) is isolated; that is, A1 () is the unique eigenvalue in [0, a]
for some a > M\ ().

PROOF. Let A > 0 be an eigenvalue and v a corresponding eigenfunction.
A > A1(B) because A1(8) is the infimum, then, A\ (53) is left-isolated. We argue
by contradiction, i.e. we assume there exists a sequence of eigenvalues {\;},
A 7 A1(8) which converges to A1 (). Let {uy} be a corresponding sequence of
eigenfunctions with |lux||p,, = 1. We can extract a subsequence, denoted again
by {uy}, weakly convergent in EY7 (), strongly in L7(2) and almost everywhere
in Q to a function u € EZ7(Q) (to simplify, we denote £ = E%7(2) and E* its
dual space). Then we have that p is subcritical, hence by Holder inequality
we get

([P~ = [ulP™?u)|2| 777

= sup [((JunlP"Pup — |ufP 2wz PP, o)
el =1

<C sup (gl ?ur — [ul’~?u)|z| 77, )]
el z=1

E*

SC” S”UP ) ||<P||Lg(Q)H(|Uk\p_2uk - |U|p_2U)||L;,(Q) —0 ask— oo,
wllE=

where r = p/(p — 1). Since ur, = (=A, )" (Ag|z| PP |ug[P~2u), and it is not
difficult to see that the operator (—A, -)~! is continuous from E* to F, we have
that the subsequence {uy} converges strongly to u in E, and subsequently, u is
an eigenfunction corresponding to A (5) with |lul|,, = 1. Hence, by applying
the Egorov Theorem ([6, Theorem IV.28]) to sequence {uy}, we have that for
all 0 < ¢ <« 1, there exists a measurable set A, C Q such that |Q\ A < ¢
and {ug} converges uniformly to u in A.. As a consequence for k large enough
we have that uy is positive in A., that is a contradiction with the conclusion of
Lemma 3.7. g

4. Bifurcation

Along this section we will consider —co < v < (N —p)/p; B, < (v + 1),
and the critical exponent p? , defined in (1.2). Hence the term |z~ u?"" is
“subcritical”, if ¢ < p ,. Along this section we will assume that A Np(E1) =
Ay Np» 16 Ay N p(21) is not achieved in EZ7(92), see [10] for more details.

We start with a nonexistence result via a Pohozaev-type identity.

THEOREM 4.1. Assume v < u < (v+1), Q C RY is a bounded domain veri-
fying 0 € Q, (z,v) > 0 on X1, (x,v) =0 on Xo; where v is the outwards unitary
normal to 0. Then the double critical problem (Py) as in the introduction with

uP~1

Sl ) = /\|w\P(v+1) + [ Pt
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has not positive solution.

PrOOF. We assume we have the necessary regularity in the following oper-
ation, if not, we can use an approximation argument as in [15]. Multiplying in
the equation of (Py) by (z, Vu) and integrating by parts, we obtain

(4.1) W/ |x|_p7|Vu|pdx+p;1/ (z,v)|z| PV |Vul? do
p Q p P35

1
—7/ (x,v)|z| P |Vul? do
b Js,

N — 1 P N —pf P>
N -opr+ )/ 1?+1) de + Pt AL,
p Q |x|p v p'y“u Q ‘.’El Ris

/ ( >( o ) d
— T,V < 0.
N p|x|1’(’7+1) p:7H|x|pv,“,N

If u would be a solution to problem (Pj) then

upwu
(4.2) /|ac| p7|Vu|pdx—)\/ z |p(7+1) ——dux.

As a consequence, by (4.1) and (4.2) we conclude that

-1 1
(4.3) (—— (x,v)|z|"PY|Vul? do — f/ (x,v)|z| P |VulP do
p p

21 E2

B <N—p§,#u _N-p(y+ 1))/ uP "
P, p Q [z [Prmt

/ ( >( AuP N uPrn > i
- T,V - 0.
s pla[pOFD " pr [Pt

Therefore the second member in (4.3) is zero and the first member is positive,

that is a contradiction. O

In particular we deduce that there are no positive solutions of (Py) in the
hypotheses of Theorem 4.1 in any appropriate cone with zero Neumann boundary
condition in the lateral surface, and zero Dirichlet boundary condition in the
complementary. This result is an extension of [18].

We remark that in problem (P)) if fa(z,u) is at most p-linear in u, we have
uniqueness of solution. For the sake of completeness we include the proof of
a comparison result which imply directly the uniqueness.

LEMMA 4.2 (Comparison). Assume that up < (y+1), ¢ < p. Let v, u be a

subsolution and a supersolution respectively in Eg](Q) of the problem
wp—1 _ .

—Ap w = )\W + |x| T w in Q,

w>0 in €,

B(w)=0 on 0N.

(4.4)
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Then v < u.

PrOOF. We consider
—Apu . —Ap v
up—1 pp—1

2 |x|_‘ZM(uq—P _ ,Uq_P)'

Multiplying by the test function (vP —uP) and integrating in the last inequality

we obtain:
—-A -A
/ ( p,zu_ p,lyv> (Up_up)+ dx > / |x‘—qu(uq—p_vq—p)(vp_up)-i- dx > 0.
o\ uf~ vPT Q

Let w = (vP — uP)4 be a test function with gradient
Vw = p(vP 'V — up71Vu)X[v>u]

then we have

—Apu _ —Ap,v w dz

o\ wrl vP—1

::/|ﬂﬂ”QVuF4<va( w1)>—ﬁVUVQ<VuV< ”1)>)dx
Q up vP

= [ ||| VuP~2( Vu pvp_1 Vo—|p+ p-l (vP —uP) | Vu yx dx
o ) up71 uP [v>u]

p—1 -1
+ /Q |m|_m|Vv|p_2<Vv,puVu — (p _2 (vP — up))Vv>X[v>u] dx

pp—1 VP

p—1 P
= [t (920,90 = 19 (1 0= 05 ) Yo o
Q

up~1

pp—1

ubP! uP
—|—/ |z| 7P <p |Vu|P~2(Vov, Vu) — |[VolP (1 —(p— l)vp>)x[v>u] dz.
Q

By Picone’s identity, Lemma 2.1, we have that the last two terms in the above

equality are nonpositive, as a consequence, meas([v > u]) = 0. O

4.1. Bifurcation from infinity. In this subsection we study phenomena

of bifurcation from infinity. We consider the problem

—Apu = P rwg(z) + |27 Hu?t in Q,
(P57) u>0 in Q,

B(u)=0 on 0f2,
with1l < ¢ <p, —co <y < (N—p)/p; B, < (y+1), and the function wg defined
by (1.1) at the introduction. We point out that wg(z) is a little modification
of the potential |z|~?, for which we have proved, in Section 3, the existence
of an infinite sequence of eigenvalues and the properties of the first one. The
same computations can be done with wg(z) instead of |z|7P#. Precisely, we

prove in Theorem 4.6 that A;(wg) (which will denote the first eigenvalue to the
associated eigenvalue problem to (P5”) that we will call (EP%?)) is the unique
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bifurcation point from infinity of positive solutions to problem (P5”). Moreover,
there exists a branch of solutions (), uy) to problem (P5?) such that ||uy || — o0
as A/ A (wg).

At the end of this subsection, as a consequence of the bifurcation to problem
(P%?) and following [14] with the appropriate changes, we prove that A, n, is

the unique bifurcation point from infinity of positive solutions to problem
p—1

U .
7AP,’YU‘:>\W+‘I|7(”‘U(I71 mn Q7 1<q<pa ,U‘S (’Y+1)7
(Py) u>0 in
B(u)=0 on Of.

We formulate the precise result.

THEOREM 4.3. A, N, 15 the unique bifurcation point from infinity of posi-
tive solutions to problem (P.). Precisely, there exists a continuum of solutions
(A un) € (0, A np) X BT () to problem (Py), crossing the point (uo,0), where
ug is the unique solution to (P.) for A = 0, and such that blows-up as A / Ay N p.

To study the bifurcation phenomena to problem (PLQ)ﬁ ), we use the change
v = A/ (P=Dy, then v satisfies the equation —A,, ;v = \(wg(x)vP~ 4 |z|~WHyi~1)
with v > 0 in Q and B(v) = 0 on 99Q. In the sequel we denote f(x,s) =
wg(z)sP~! + || 795971, In these terms we can follow the strategy of [4]. We
will work in the Banach space Y = {u € C(Q) : u = 0 on 99}, endowed with the
norm || - ||s; we also set B, = {u € Y : ||u|lo < r}. Consider the map

P\:Y =Y, ®y(u)=u—(=Ap,) "(Af(z,u)).

Taking into account the regularity obtained in Section 5, ®, is a compact per-
turbation of the identity. To study the bifurcation from infinity of solutions to
problem (P?) we set z = u/||ul|,, u # 0, and consider

\IIA(z):z—|z§o[(—Ap’7)_1<)\f<x - ))] 2#0, Wy(0)=0.

"=l%
Then A is a bifurcation point from the trivial solution for ¥y (z) = 0 if and only

if A is a bifurcation point from infinity for @, (u) = 0.

The following lemmas are in order.
LEMMA 4.4. For X € (0, A\ (wg)) we have i(¥,0,0) = 1.

PRrROOF. Given 0 < A* < Aj(wg) there exists R > 0 such that Uy(u) # 0
provided A € [0, A*] and v € Y with ||ul|sc > R. Otherwise, there exists a se-
quence {(ug,\x)} such that ||ug|lcc — o0, Ax — X and Uy, (u) = 0. Letting
v = ug||ugl|5t, by the properties of f and the elliptic regularity given in Theo-
rem 5.1 allow us to conclude that, up to a subsequence, vy — U uniformly. And,
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taking into account that uj, = —AL (A f(x, ug)) we obtain
~Dp (1) = Ae(ws(@)op " + 2|0l [lugl|E7).

By passing to the limit as k — oo we get —A, v = leg(m)@pfl. Moreover,
v >0 and ||]| = 1. Hence by Lemmas 3.5 and 3.7, A = A (wg) & [0, \*], that
is a contradiction.

It follows that W;y(2) # 0, for all ¢ € [0,1] and all z with 0 < ||z]|cc < R71.
Therefore, for any 0 < ¢ < R~! and the invariance by homotopy yields that

deg(Vy, B:,0) = deg(Id, B:,0) = 1. O

LEMMA 4.5. For all A > A\ (wg) we have i(¥,0,0) = 0.
PrOOF. We claim that if A > A;(wg), there exists R > 0 such that

—Ap(u) =Af(z,u)+7 inQ,
B(u) =0 on 0N

has not positive solution with |lul|. > R, for all 7 > 0.

Assume by contradiction that there exist two sequences {uy} and {7} C R
such that ||ugl|lc — o0 as k — oo, and —A, ,(ux) = Af(x,ur) + 7. Then
v = ug||ugl|z} verifies

—1 - —1 - -
(45)  —Apaur = Mws(@)o] " + |20l ukl|L5F) + i llur ]| 57

Passing to a subsequence, we can assume that vy — v uniformly and either

(8) el iz — ¢ > 0,
or

(b) Tieflurllss? — oo.

In the case (a), the right hand side of (4.5) remains bounded in Y, and we
can assume, up to a subsequence, that vy — U € Y uniformly. Hence, taking
limits,

—Ap T = Awg(2)T e > (A +e)wg(z)tP ™ >0 forall 0 < e < A— A (wp).

Then, taking p¢; with 0 < p < 1, ¢ a positive eigenfunction with ||¢1 ]| = 1,
and by the iteration method with p¢;, © we arrive to a contradiction with the
isolation of A1, see Theorem 3.4.

In the case (b), for k large enough we have

—Ap v > )\wg(x)vz_l >0,

and we conclude as in the case (a).
In particular we can conclude that

—Apyu = A, u) + ] 2P
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has not positive solution if ||ul| > R, for all ¢ € [0,1]. Letting 2z = ul|u||32, one
infers that

—Ap(2) = 1213 VUAf (2, 2] 2l158) + ¢
has not positive solution if 0 < ||z]j.c < R7!, for all t € [0,1]. Hence the
homotopy H:[0,1] x Y — Y,

H(t,2) = 2 = (=2, 5 (21387 fla, 2)120122) + 1))

verifies H(t,z) # 0 for all 2z € Y with 0 < [|2]lc < R~} and for any ¢ € [0, 1].
Therefore, for all 0 < ¢ < R™! we get

deg(¥y, B.,0) = deg(H(0, -), B.,0) = deg(H(1, -), B,0) = 0. d

THEOREM 4.6. Let \i(wg) be the first eigenvalue to problem (EP5?). Then,
Ai(wg) is the unique bifurcation point from infinity of positive solutions to prob-
lem (P5?). Precisely, there exists a branch of solutions Y5 to problem (P5?)
such that ||uxlleo — 00 as A /" A (wg).

PrOOF. The arguments are similar to those in [4] and we will be sketchy.
We have that, by Lemma 4.4, i(¥y) = 1 for all 0 < XA < A(wg), while, by
Lemma 4.5, i(¥) = 0 for all A > A\;(wg), where i(-) means the Leray—Schauder
index with respect to 0. This change of index permit to show that the solutions
of ¥y = 0 contains a continuum branching off (A;(wg),0), which corresponds a
branch of solutions to problem (P”) emanating from oo at A = A (wp). O

Now we compare the best constant in the Hardy—Sobolev inequality with the
approximating eigenvalue problems, (EP5”). (See [13]).

LEMMA 4.7. Let A\1(wg) be the first eigenvalue to problem (EP5?) as before.
Then Ai(wg) > Ay Np, and moreover, limg »(y41) A1(wg) = Ay N p-

PROOF. The first inequality follows immediately from the definition of the
first eigenvalue by the Rayleigh quotient. Also it is easy to see that {\i(wg)} is
a nonincreasing sequence. Then we have to prove that the limit cannot bigger

than Ay n,p. Assume by contradiction that lim Aj(wg) = Ay.n,p + p. Then,
B/ (v+1)

we can choose ¢ € EZ7(Q) such that
Jo 2TV lP da p

fQ |x|,p(7+1)@p dr = v,N,p T 5

Therefore,
Jo [2I7P[VelP da
fQ wg(x)pP dv
that is a contradiction, because the last member in this inequality has to be
smaller than A\, n, + p for (v + 1) — 8 > 0 sufficiently small. O

At(wg) <

Next lemma is in order to prove Theorem 4.3.
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LEMMA 4.8. Let {(ug, pup)} be the sequence of solutions to problems (P5°),
with A = pg such that

(a) (ug, pp) € 3.

(b) g — Ao € (0, Ay, np) as B/ (v +1).

(© llugllpyr@) < C for all < (y+1).
Then there exists a subsequence ug, = uy, that is a Palais—-Smale sequence to the
functional

J(u, M) = /|$| PVulPde — — /|x|p(v+1) /\xl Wyl dg,

i.e. lim u, =u, a solution to (Py) with A = Ag.

n—oo

PrROOF. By (c) there exists a subsequence ug, = u, such that u, — w in
EgT (), up — w in LY(Q) and u, — u a.e. in Q. We will denote wg, = wn,
then, since

0= lim <J/(un7ﬂn)7¢>

= )\0 hm (|17|7p(’y+1) - wn(x))uﬁflqﬁdx =+ <J/(’U,, >‘O)a ¢>

n—oo Q

By Fatou’s Lemma it follows that

i | [ (il 7% (o) o
Q

n—oo

S/limsup”x\_p(ﬂ'l)—wn(x)\|un|p_1|¢\dx20.
Q

n—oo

Then we have proved that J'(u, o) = 0. As a consequence of that and the
hypotheses,

= (Jn(un) = J'(u), un — )
= lim {/ 2| 7P (| Vun P2V, — |Vu|P~2Vu, V(u, —u)) de
Q

n—oo

[ Oolal O — i (@) — )
Q

2|~ (ud ™t — u ) (uy, — ) dx}.

Q

If p > 2, that limit is greater or equal than

o(1) + ¢, lim / IV (up, — u)|P dx
n—oo Q

+ lim [ (No|z|POTVuP — ppw,, (2)ul ) (uy, — ) da.
n—oo Q
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Moreover, since p,, — Ao as n — oo and by Fatou’s Lemma

lim [ (wn(@)ul™t — 2| POV (4, — u) d

= lim [ (wn(z) — |2| PO NP~ (u, —u) dz

+ lim [ wu(@) (W™ — P (u, —u)dr =0
n—oo Q

then we have proved in the case p > 2 that

0= lim (J'(un, No) — J'(u, Ao))

n—oo

><1— Ao ) hm/|x|*m|V(un—u)|pdw+o(1).
Q

Ay, Nyp ) n—oe

If 1 < p <2 we argue in a similar way as before but using in this case that

(JalP~22 — [y[P 2y, @ — y) > cp(Jo] + [y))* |z — yl*. 0

PrROOF OF THEOREM 4.3. By Lemma 4.8 we can pass to the limit, since
the limit inf of the set of the branches is not empty, because, by uniqueness, all
these branches cross the axis A = 0 at the same point.

To finish, we prove that the limit branch is non degenerated. First we prove
that the approximated branches do not collapse into the vertical axis. By unique-
ness for A = 0: if we have a sequence {ug,} of solutions to the approximated
problems such that ug, — ug, then the Palais-Smale condition implies ug, — ug
the solution corresponding to A = 0. On the other hand, it is easily seen that the
approximated branches are bounded away from the horizontal axis. It suffices
to see that if u,, is a solution to the corresponding A,, then

Jg, (Un, Ap) = min Jg,_ (u, Ap)

1 1
< min </ || 7P| VulP doe — f/ || "l dz) =-C,<0.
D Ja qJa

Hence the branches do not collapse at the horizontal axis.

Now we will prove that A, n,, is the unique bifurcation point from infinity to
problem (P,). By a rescaling argument, suppose that there exists another one,
namely, Ao, and a sequence {(ug, Ag)} with ||ug|p~ = Mr — oo and Ay — Ao.
It is clear that A\g < Ay n,, we define vy = M, 'uy, therefore,
v271

=P || —qH,,q9—1
|x\p(v+1)+M’“ e[~

—Dp vk = Ak
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As a consequence,

Ao = lim A = 1
07 N T To (0 /Jz[P D) da
1— Mi~?C
lim . = Ay Np>

\
e
|
8
—_
~
>
=
=
S

where the inequality is consequence of Holder and Hardy—Sobolev inequalities,
and C is a positive constant which depends only on ¢, €. 0

4.2. Bifurcation from zero. In this subsection we consider the problem
—Ap o (u) = dwg(@)us~! + |z|7 w1 in Q,
(P:R) u>0 in Q,
B(u)=0 on 02,

with —0co < v < (N—=p)/p, 1 < s <p<gq<pi, (see(12)), 5 < (y+1),
< (y+1) and wg(z) as in the previous subsection. We prove that there exists
a continuum of solutions to problem (P(:ﬂx) bifurcating from (A, ||ul|s) = (0,0)
if s < p. In the case s = p we can follow the strategy of Theorem 4.6 to prove a
:,ﬁ)\)a finding an unbounded branch,
I's, bifurcating to the left from (A1(5),0). We prove the next result.

global bifurcation result for each problem (P

THEOREM 4.9. Consider the problem (P.3) with s =p < q; B, pu < (v +1).
Then Ai(wg) is the unique bifurcation point from the trivial solution. Pre-

cisely, there exists an unbounded branch of solutions emanating from (A, ||ul|oo) =
(A1 (wg), 0).

PROOF. By similar arguments to Lemma 4.4 one shows that i(®,) = 1 for
all 0 < A < A1(wg), while as in Lemma 4.5 it can be proved that i(®,) = 0 for
all A > A1(wg). Then the conclusion follows as in the proof of Theorem 4.6. [

In the sequel we assume s < p. In this case we prove the next result.

THEOREM 4.10. Assume that 1 < s <p < gq and B,u < (y+1). Then there
exists a continuum of solutions ¥ to problem (P5°) bifurcating from (X, ||ulo) =
(0,0). Moreover,

(a) If (A\,u) € & and A > 0, then u Z 0.
(b) There exists a constant po > 0 such that if p € (0, po] and (A u) € X,
with ||u]|eo = p, then X > X(p) > 0.

There are two difficulties that may not use the global bifurcation theorem
by Rabinowitz, [20]. The first one is that s < p, then the term u*~! could have
infinite derivative at zero. The second difficulty is the presence of the potential
|z|7P7 in the operator.
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We can solve the first difficulty proceeding as in [5], we consider the trun-
cature function hs(t) = 557 P[t[P~2t if t < § and hs(t) = t571if t > 5. We
define the approximated problems (Pg,/\) as (P‘:BA) with hs(u) instead of u*~1.
To solve the second difficulty we can proceed as in Theorem 4.9 and we have
that there exists a continuum Cs of solutions to (P‘; ,) bifurcating from (A, 0)
with AJ = 0P7%\;(wp), and A;(wg) is the first eigenvalue to problem

—Apqp = Awp(z)e?™! inQ, ¢e EL(Q).

T o finish we use a topological lemma given by Whyburn in [25]:

LEMMA 4.11. Let {X"},en be a sequence of connected sets in a complete
metric space E. Assume that

(a) JX™ is precompact in E, and

(b) liminf 3™ # ().
Then, limsup X" is not empty, closed and connected.

For R > 0 and Ty denoting the ball of radius R in £ = R x X, with
X = ELY(Q)NC(Q). Let we denote ¥° the connected component of C5 N T

that contains (A\J,0). For a sequence J,, — 0 and X" = X% we have that |J X"
is precompact by the next lemma.

LEMMA 4.12. Assume the hypotheses of Theorem 4.10 and let {(Ag,ur)} be

a bounded sequence of solutions to (P‘;)\), then there exists a subsequence which
converges to (Ao, uo), a solution to (PY3) with A = Ag.

Proor. Up to a subsequence, we have that A\, — Ao, ur — ug (weakly)
in B57 () and uy — ug (strongly) in L3(Q) by Lemma 2.8, therefore, uj, — ug
in EY7(Q) because

/ |x|7m|Vuk\p*2<Vuk,V(uk —up))dx
Q

= A\ / ul M (ug, — uo)wp(z) de + / |m\*q“uzfl(uk —up) dx — 0,
Q Q

and by the classical inequalities, for z,y € RY,
_ _ |1’ - y|p for p > 27
(4.6) (|z[""%z — [yP Py, x —y) 2 ¢, s )
(lzl + [y)P2 e —y|* for1<p<2,
we conclude that

/ |z|7P7 |V (up — uo)|Pde — 0 as k — oo. O
Q

END OF PROOF TO THEOREM 4.10. Since A" — 0 as 4, — 0 it follows
that (0,0) € liminf X", then Lemma 4.11 applies to X™. The conclusion is that
Cr = limsup X" = limsup(Cs, N Tr) # 0 is connected and closed. Moreover,
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it is clear that Cr meets Tg for all R > 0. We set C = UR>O Cgr then we have
proved is a continuum in F with (0,0) € C.

To prove (a) and (b) we argue as follows:

(a) We claim that there exists ¢(\) small such that if (A, u) € X then ||ul|s >
¢()\), this is enough to prove (a). Since A{ — 0 as § — 0, given A > 0, there
exists dg > 0 such that

A (80)80 7P > A (wp) if 6 < &.
Let € > 0 small, we can find ¢(\) > 0 such that
Mis(t) + 1771 > (A (wp) + )P~ for all ¢ € (0,c(N)].
Hence if ||u]|so < ¢(N), we have that
—Apu > (Ai(wp) + &)wslulP~2u.

Moreover, we can find a > 0 small such that for ¢; a positive eigenfunction
associated to the first eigenvalue A1(wg) we find a1 < u. As a consequence, by
the iteration method, we find a solution to the eigenvalue problem

A, qu= (A + 5)w5(x)|u|p72u nQ, uwu=0 on .

But this is a contradiction with the isolation of Aj(wg) (Lemma 3.8).

To prove (b), we argue by contradiction, i.e. we assume that there exists
(An,upn) € ™ with A, — 0, u, — u and ||unllec = p < po- Then we have that
uy, — u in EY7(Q), hence u # 0 is a weak solution of

~Apou=[ul* u with ull < po,

but this is a contradiction because if we define v,, = u, /||t |00, and w, is a
sequence of solutions to —Ap u = [u[?""u in EY7(Q) with [up [ — 0, then

‘ota a subs P . _
there exists a subsequence weakly convergent in Ey (Q) verifying —A, v, =
037 |u,||45P and for some subsequence,

/ (Vo |P7dz = / vl Hun |57 da — 0,
Q Q

that is a contradiction. O

REMARK 4.13. Theorem 4.10 may be generalized to obtain bifurcation in
energy from (0,0) when § = (v + 1). The proof is obtained following similar
arguments of [1], since the exponent s < p gives margin to use Lemma 2.8 in
order to obtain the required compactness.
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5. Holder continuity

In this section we are going to prove Hoélder continuity for the solutions to
problem

(5.1) { —Apu=f inQ,

B(u)=0 on 092,

where we assume that Q C RY is a smooth domain with 0 € Q, f € Ly with
r>N/p,n=—p*y(r—1)/r, —oo < v < (N —p)/p and the boundary conditions
B( ) as in the introduction. The main theorem of this section is the following.

THEOREM 5.1. Let u € E5" () be a solution to problem (5.1). Then u €
Cr(Q) for some 0 < Kk < 1/2.

The proof of this theorem is an immediate consequence of Theorems 5.7
and 5.15.

We start with next two lemmas by Stampacchia (see [23]), that we will use
in the sequel.

LEMMA 5.2. Let « be a positive constant and let {xy} be a sequence verifying
Tpy1 < C’ka;Ha), conC >0, B>1.

Then, if zo < C71/an1/a2’ it follows x, < B~*/“xy and as a consequence

1imk_,oo T — 0.

LEMMA 5.3. Let ¢:]0,00) — [0,00) be an increasing function and suppose
that there exists 6, 0 < 6 < 1 such that for all R > Ry

(5.2) #(AR) < 0"¢(R) + BR®, con0 < <.

Then there exists C = C'(0,n,3) such that for all p < R > Ry it has,
Y
oo < c{ (%) otm+ B0},

5.1. Interior Holder continuity. In this subsection we will prove holder
continuity of solutions to problem (5.1) in a neighbourhood of the origin, to do
that, we will work inside of a small ball Bg,(0) verifying Br,(0) CC Q. We will
note At (k, R) = {z € Br(0)|u™(x) > k}.

THEOREM 5.4 (Cacciopoli type inequality). Letu € E5" () be a solution to

“Apu=f  in§
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with f € Lyp() for some r > N/p, and n = —p*y(r —1)/r. Then, for all
0<p<R<Ryandall k € R, we have

(5.3) / |z| 777 |VulP dz
A(k,p)
H

< || 7P |u — k[P dz + HXP|A(k, R)|" PN,
(R—p)P /A(kﬁ) P

where

PROOF. First we observe that ¢ > 0 is a consequence of r > N/p. We define
t (u) = u— T*(u) then

ot
2, (u(x))

0 a.e. in A (k,p),
ug, () a.e. in AT(k,p).

Let g(r) be a nonnegative function such that g € C*([0,00)), g(r) =1 for r < p
and g(r) = 0 for r > R. It is clear that the function v(z) = t; (u)g(jz — y|) €
E57 (). Taking v as a test function, we get

(5.4) / o ()7 VP de
A+ (k,R)

+/ (uk)|xp7|Vu|p2<Vu,
A+(k,R)

Now we estimate the terms in the above equality. By Holder and Young inequal-

T —

YNy = r)(u—k) dz.
>g o= [ o FIOR

ities,

r

lg'(r)?
+(k,r) lg(r)[P1

(5.5) ’ / g (r)(u— k)| [ VulP~2(Vu, =) da
At(k,R)
1

- 1
<P slel PIvup do [
A

|| 77 [u(z)—k[? dz
p A+ (k,R) p

- (u= k)" 9(r)"" )/
(5.6) ’/Mkmfg(r)(u k) de g(/ﬁ(m) ot o

1/r 1/s
([ ) (A
A+ (k,R) A+(k,R) 7]

where 1/p* +1/r +1/s = 1, e > 0. We observe that we can take es = p*v,
(v +&)r = p*y(r — 1). Therefore by Caffarelli-Kohn—Nirenberg (Remark 2.3)




EIGENVALUES AND BIFURCATION FOR ELLIPTIC EQUATIONS 263

and Young inequalities it follows that

< 05/ || 7P| VulP do
A+ (k,R)

p,/r / ’ *
el “-“dx) Ak, R LA,

(57) \ / o A=) s

U
O\ Ja+m

for some positive constants ¢, §. Taking into account that

1 1 p
/

o) =1-£
p(T, p*) N+e

and inserting (5.5) and (5.7) in (5.4) with the function

)

1 for 0 <r <p,
R—r)P(R+pr—(p+1
g(r) = ( ) ERP)pH( )p) for p <r <R,
0 for r > R,

we obtain (5.3) with A% (k,r). The same computations with the obvious changes
can be done with A~ (k,r), and as a consequence for A(k,r). O

LEMMA 5.5. Let u € L* be a positive function verifying (5.3) for all k € R.
Then, if ko + sup |u| < M, we have

1/p
(5.8) sup u—ko < c(/ |x] 7P (u — ko)P das)
Qry2 A(ko,R)

| A(ko, R)|(igiWR—(N—p*v)E/(ap)R—“/(p*—p)/(ap) +\R?
where pf = (N — p*y)e and o®> + o =¢, a > 0.

PrOOF. Without loss of generality, we take kg = 0. By (5.3), a simple
computation permit us to estimate

(5.9) / [P (u — k)P da
A(k,p)

1 _
< p/N PV (y — k)P P 1-p/N+e
< c|A(k,7)| {(T_p)p /A(k’r) || 7P (u — k)P dw + Xx"|A(k, r)| %

forall 0 < p<r < R. Si h <k para todo p < r tenemos

1

5.10 Ak, p)|— Si/ x| 7P (u — h)P dx.
(5.10) Ak ) < G [

Defining U (k,t) = fA(k " |z| 7P (u—Fk)Pdx, the inequalities (5.9) and (5.10) imply
(5.11) U(k,p) < e(r — p)"PU (h,r)|A(h,r)|P/¥
+ exP(h — k) P (k, m)| Ak, 1) 202 Ak, 7) |2, [ AR, ) P/

—p*Y
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Since |A(k,7)|—pey < cr? PP A(k,7)|_p,y, it follows that
(5.12) Uk, p) <clr — p) PV (b, 7)|Alh, 1)/
+ ex?(h = k) "PU (k, 7)| Ak, 7)| 20 2 0 NP A, ) PN

—p*Y

r xXr? NV (v—pa)
€ A € i
{etm+ (%) ) U PIAG L,

IN

We define
o(k,t) =U(k,t)|Ak,t) ﬁp*ﬂ/.

Then taking power « in (5.10) and multipying in (5.12) by |A(k, p) we obtain

‘oc
—pY

p B \ P ,.—(N—p*y)e .
ok, p) < C|:(Tip> + (kXih) }T(k_;:);l pY @ P glre ).

We define d = YR®+CR~(N=p"0e/(ap) R=7(#" ~P) p}/P with C a positive constant
that we will elect. We define the sequences

1 R 1 .
kl_d(122>, 7"74_2(1+21>, ZZO,].,

For ¢; = ¢(k;, ), the last inequality implies

bi1 < Cd*pa2p(1+a)iR*(pr*g)sfv(p**p)¢ll+a, i=0,1,...

Taking C sufficiently large, we have the hypotheses of Lemma 5.2, then as a con-
sequernce
lim ¢; =0, 1ie. ¢(d,R/2)=0.

Therefore we conclude that

1/p
sup u < d:c</ |x_mupdx)
Qry2 A(O,R)

A0, R)[*/2 R ((N=p"e=(" =)/ (op) |\ P,
The proof finish substituting v by u — kq. 0

LEMMA 5.6. Let u € L* be a function verifying (5.3) for all k € R. Let us
take 2ko = M (2R) — m(2R). Assume that for some 0 <n < 1, we have

|A(ko, R)| < n|Qr|-
Then, if there exists n € N such that
w(u,2R) > 2"\ R, for k, = M(2R) — 2~ "V (u, 2R),
we obtain

|A(kn, R)| < Cn~WNE=1)/(p(N=0+1))|Q 5| (N=Py=1/(P(N=(+1))
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PRrOOF. For kg < h < k we define the truncature function

kE—h ifs>k,
G(s)=14 s—h ifth<s<k,
0 if s <h.

Hence G(u) = 0in Qr\ A(ko, R) and by hypothesis |Qr\ A(ko, R)| > (1—1)|Qr|.
By the Hardy—Sobolev inequality,

(/ G(U)N/(N—('H-l)) dr
A(ko,R)

<C |z|7Y|VG(u)| dx = C |z| 77| Vu| dz
Qr A(h,R)—A(k,R)

we define A(h, k) = A(h, R) \ A(k, R), it follows

)1—(’Y+1)/N

(k — h)|A(k, R)|*~O+1/N < ( Gu)N/WN=0+1) g

1-(v+1)/N
Qr >

1/p
gcwh,kn““’( /. . m|p”|wp) .

On the other hand, by (5.3) with R and 2R,

/ || 7P| VulP de
A(h,R)

<= 2777 (w — )P dz + exP| A(k, 2R)| 2V
RP ] A(h2R)

< CRN*P(VH)(M(QR) —h)P + CXPR(N*P*V)U*P/N) (M(2R) — h)P.
Where we have used that if h < k,, M(2R) — h > M(2R) — k, > xRP, and
pB = (N — p*vy)e, then we conclude that,
/ 2| 7P| VulP de < cRN"POTD(M(2R) — h)P.
A(h,R)

Hence,
(5.13) (k—h)|A(k, R)|'"=OFV/N < C|A(h, k)|* /P RN -POFD)/P(M[(2R) — ).
Taking the levels
ki, = M(2R) — 2i%w(u, 2R),
then (5.13) applied to h = k;_1, k = k; implies that
|A(ks, )|~ OFVN < | Ay, k;)|F /P RIN—PO+1)/p
taking the power p/(p — 1),
|A(kmR)‘(p(N—(“/-Fl)))/(N(p—l)) < |A(ki,R)\(p(N_(VH)))/(N(p_l))
< ¢|A(ki_y, k;)| RN PO+ (p=1)
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Adding from ¢ = 1 to i = n we obtain

n| Ak, R)| PN =0FD)/(NG-1)) < (RIN=P(y+1))/(p=1) Z |A(Ki_1, k)|
i=1
< cRW=POAD)/ =1 A(kg, R)|
and finally we have
|A(kn, R)| < Cn~WN@=1))/(p(N=(v+1)))
Q| PO/ (P(N=(y+1))+(p=1)/(p(N = (v+1)))

= Cn~WNE=D)/EWN=0+1))|Q p|(N=Pr=1)/(p(N=(y+1))) O

Now we can prove the main theorem of this subsection that is an extension
to our framework of the classical De Giorgi Theorem.

THEOREM 5.7. Let u € L™ be a function verifying (5.3) for allk € R. Then
u 1s Hélder continuous in a neighbourhood of the origin.

PROOF. Let as take 2kg = M(2R) — m(2R) as before. We can assume

1
|Alko, B)] < 51Qnl.

We take k, = M(2R) — 1/2""1w(u, 2R), then k, > ko. By using (5.8) for k,
instead of kg, we have,

1/p

(5.14) sup (u—ky) < c(/ |z| 7P (u — ky)P d:z:)
QR/2 A(kn,R)

Ak, R)‘i{[gﬂ{R*(N*P*V)E/(aP)RW(P*P*)/(QP) + yR?

<esup(u — kn)|Alkn, R)|2)2 | Ak, B)[22

-pY
R

- R=WN=p™)e/(ap) ply(p=p™))/ap 4 BB

Claim. For n big enough we have

c| Ak, R)|*/2

—p*Y

A(ky, R)|i/zf’vR*(N*P*v)E/(ap)R‘v(pfp*)/(ap) <1/2.

As a consequence,

(5.15) w(u, ];) <w(u,2R) (1 - 2n1+2

Then either

) + exRP.

w(u,2R) <2"M1\R? or w(u,2R) > 2"T1\RP,

and as a consequence, it satisfies (5.15. In both cases we have

R 1
w(u, 2) < w(u, 2R)<1 - 2n+2) + exRP.
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By applying Lemma 5.3 with § = 1/4 and 7 = logy(1 — 1/2"*2). Then

B
w(u, p) < C((;) w(u, R) + Xpﬁ>, for all p < R < Ry.
To finish we only need to prove the claim. To do that we use the Lemma 5.6. If

w(u,2R) > 2"\ RP,
|A(kn, R)| < Cn~WNE=1)/(N=G+D))|Q 5| (N=Pr=D/(p(N=(+1)))

then we obtain

c|A(ky, R)\%’%IA(%m R)|i/ivR—(N—p*v)E/(ap)Rv(p—p*)/(ap)
< en N@=1/(eN=(+1)) p=7 RININ=py=1)/(p(p(N = (v+1))))

- R~ /p=(0"=p))/(ep) < q /9

for n sufficiently large, because the exponent on R is nonnegative for o or equiv-
alently € small enough. Hence we have proved the claim and then the Theo-
rem 5.7. 0

5.2. Holder continuity at the boundary. In this subsection we will prove
the Holder continuity of solutions to problem (5.1) in neighbourhoods of the
points where the boundary conditions change. Hence we will work at subsets
of the form B, (zo) N Q with 29 € 1 N3 = I and > 0 small. Taking into
account that the weight |z|P7 is regular at the boundary, we observe that it is
enough to prove that regularity for solutions to problem

{ ~Apju=f inQ,

) B(u)=0  on 09,

where Q C RY is a smooth bounded domain, f € L" with » > N/p. Then by
simplicity we prove it to solutions to problem (P), where the boundary conditions
B( ) are as in the introduction, but without the weight || ~P7. In this subsection
we denote EY, (Q) = EY(Q) with v = 0.

Before to start, we remark that in this kind of problems there is a lack
of regularity for these mixed Dirichlet—Neumann problems in I'. The known
results about these questions are detailed in [22] for an elliptic second order
operator with fixed boundary conditions, i.e. the solutions are in C*(Q) for some
0 < k < 1/2 and in [8] for the laplace operator with moving boundary conditions,
i.e. the solutions are in C*(Q) for some 0 < x < 1/2 with x independent of
Hy-1(31) € [0,09)]. Here we extend the results about Holder continuity of [22],
[8] to our framework.

Some notations are in order. For u € W1?(Q) we denote AT (k) = [u > k|
{x € Q:u(x) >k}, k€R. And for y € Q, p > 0 we denote Q(y, p) = B,(y) N
A% (k,p) = A+ (k) N9y, ).

=
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For y € T, there exists a positive constant 7 and some p such that for all
0<p<p,
(5.16) ||u||Lp*(Q(y7p)) < 71| Vullprqy,p))  for all u € EQI(Q).

LEMMA 5.8. We can choose 7 € (C(N),00) independent of Hy—1(%1) €
(0,109]) such that (5.16) holds.

The proof of this lemma can be obtained with the appropriate changes of
Lemma 6.1 in [8].

REMARK 5.9. We point out that this lemma is the key to treat phenomena
of convergence of the boundary conditions to have some compactness properties,
although we will not treat here this problem, (see [8], [9] and [10]).

THEOREM 5.10. Let u be a function in EY, (Q), then we have that

(5.17)  |AT(h, p)| PN PN

u xZ.
|h k-|p A+ (k,p)

This result is proved in [22] for p = 2, the extension for p # 2 is a straight-

< (|A* (k. p)| = |AT (h, p) )

forward computation, and we omit it.

THEOREM 5.11 (Cacciopoli type inequality). Let u € EY () be a solution
to problem (P). Then there exist two positive constants ¢, A independents of T
such that for y € Q, 0 < p < R < p(y) and all k > 0 we have

(5.18) / |VulP de < #/ lu — kP d
At (k,p) (R=p)P Ja+(k,R)

p/((p—1)r)
+ A </ lfI" d:v)
A+ (k,R)

The proof of this theorem follows in a similar to the proof of Theorem 5.4.

\A+(k, R)|p2(1*N/(PT))/(;D,1)N+(17P/N)'

THEOREM 5.12. Let u € EY (2) be a solution of (P). Fired 0 < o <1 and
given ky > 0, there exists a constant 0(a) > 0 such that fived y € Q, p < p(y),
for all k > ky that verifies

(5.19) |AT(k, p)| < 01Q(y, p)]
then

(5.20) |AT(k + od, p— ap)| =0,
where

1 2 p/((p—1)r)
cﬁz——/‘ u—kmm+fu1wWW@n</ Nﬂﬂ
0pN A+ (k,p) A% (k.p)
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See [22] for a proof in the case p = 2, the proof of this theorem is a little
modification. As a consequence we can prove the next result.

THEOREM 5.13. Let u € EY, () be a solution to problem (P). Fized y € Q
and 4p < p(y) we define

lih= sup wu(x), lo= sup wu(x)
z€Q(y,4p) z€Q(y,4p)

and w = osc (u,4p) =11 —la. Let 0 <y < 1 be such that Iy — mw >0,
| AT (1 = mw; 2p)| < 0]y, 2p)|

where 0 is the number related to o = 1/2. Then there exist two positive numbers
n<1and N =N(r,|f|

L) independent of p and y such that

(5.22) osc (u, p) < fw + N pP=N/(er)/(p=1),

PROOF. It is clear that there exists 71 = n1(A1) > 0 sufficiently small and
probably dependent of y and p such that k1 =11 — 1w > 0 and

|A* (Iy — mw; 2p)| < 60]Q(y, 2p)|.
If we take
M-V > / " da
Q

we have

1(2p)N / lu— 1 — mw|P de + pP” (L=N/(pr))/ (p=1)
0 At (li—muw;2p)

p/((p 1) )
A (l] —mw;2p)

< (w4 o M/PppA=N/(er)/(p=Dyp — v
then by Theorem 5.12 we get
1 1
u(z) <lh —mw + 5w + 502M1/ppp(1_N/(pT)/(”_1)) a.e. in Q(y,p)
thus we obtain
1 1
osc (u,p) < sup u—ls < (1 - 771>w + ZcgM/Ppp=N/(pr)/(p=1)
Q(yp) 2 2
and as consequence we have proved (5.22) with 7 = 1 —n,/2 and N = ¢, M'/?/2.
Now we are going to see that in fact we can take 77 < 1 independent of y € Q
and p. To do that we consider the sequences

1
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and we take in correspondence h = l; — 11w, k = l; —n;w. By (5.17) it follows
that

op(i+2)
| AT (I — mjpaw; 2p) PN PN < Cl(/ [Vul? dff)
wP At (l1—n1w;2p)
(AT (I = mjws 20)] = |AT (I = njaaw; 20) )P,
by Theorem 5.11 it has

c1(7,p)270 )¢
wppp

: </ (6= 1y +150)P d + wNAM(4p)p2<1N/(pr))/(pm)
A+ (li—njwidp)

(AT (L — njw; 2p)| — |AT (In — mjgpaw; 2p) )P

|AT (11 = njy1w; 2p)| PN PN <

If j < n we obtain
|AT (11 — naw; 2p) | PN PN < Cwy pN P

1-N/(pr —1 p
. <c144N—1 e, AMAPO=N/ B/ (1) gp(N+2) (/’p( [/t )> )
w

(AT (L = njw; 2p)| = JAT (L = nyw; 2p) )P
if we sum in the above inequality with respect to j = 1,... ,n we get
A A* (I — fw; 20)| PN PN

p(1-N/(pr)/(=1) \ P
<t <01¢+01AM4P<1N/W))/(Pl) <2n+2p ) )ppuvl).

w

Now we define

p
w
R= 012%[01@11\’—1 + AM4PO=N/ )/ (p=1))
Let 7 be such that R/fwy < #PNV-D/N_ to do that, it is sufficient to take
n > C7° for some positive constants C, s. Therefore we have two alternatives:
(1) If w(p) < 27H2pp=N/(er)/(P=1) "then it satisfies (5.22).
(2) If w(p) > 272 pp(L=N/(er)/(P=1) then

R\ N/GO-1) N
) wn (20)Y < 619, 20)]

|A* (1 — 1e)s 20] < (

nwn

thus we obtain l; — 7z > 0 and

osc (u, p) < Tjosc (u, 4p) + N pP/ P~ DEA=N/(pr)), O
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THEOREM 5.14. Let u be a solution to problem (P) and suppose the hypothe-
ses of Theorem 5.13. Then, there exist two constants H > 0 and 0 < k = k() <
1/2 such that for ally € T, p < §(y) we obtain

(5.23) osc (u, p) < Hp".

PrROOF. Let r(y) = min{l,p(y)}. By Theorem 5.13, we have that for all
p < r(y), w(p) < wdp) + NprQ=N/@))/(p=1) " Given 7 as in Theorem 5.13,
7 =1 — ny, we take % such that 4°7 = a < 1 and we define

et ()
K = min{ R, 1——) ;.
p—1 pr

We have observed, in the proof of Theorem 5.13, that

R
wn 0PN —1)/N

=cr’

Y

n

for some positive constants ¢, s, and we recall that, by Lemma 5.8, 7 € (¢(N), 00)
does not depend on Hy_1(X1). As a consequence, 7 is independent of Hy_1(X1).
Since 47 = a < 1, k = min{k, 1 — N/p} then 4% < 2"+1/27+1 _ 1 and taking

logarithms, we have
1 ) 2ﬁ+1
< —
" loga 8 <2n+1 - 1)

is independent of Hy_1(X1).
Let T be a positive constant such that w(p) < Tp" for r(y)/4 < p < r(y),
then by (5.22) we deduce that

w(p) <TATp" + Np"  for % <p< g,

in general we get

i—1 ~F
K=\t T K==\S§ K 7 N K r
W(P)S{(4 77)T+N§ (4"7) }P S(TG +1_a)/’ for T SPS T
s=0

Since we can take 7 big enough such that Tal < 1, we have

H:1—|—1l forp<5(y):r(gi). O
—a

42

THEOREM 5.15. Let u be a solution to problem (P). Then, u € C*(Q2) for
some 0 < k < 1/2 independent of Hx—1(%1) € (0,]99]).
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Proor. The Hélder regularity of solutions to (P) in a subset ' CC QUE;

for i = 1, 2 is classical. Let we consider z1, 2 € Q(y,p), y € I’ and 0 < p < p.
Then

(1) if |z1 — 2| > 0 then

|u(z1) — u(z2)] < max u(z)

|£E1 — 5132|"C - or ’
(2) if |x1 — 22| < 4, since |u(x1) — u(z2)| < w(|zy — x2|) < H|zy — 22]" it

follows that
[u(z1) — ()]

< H.
|z1 — 22|"

The same arguments work in Q(y, p) for y € Q\ T (see [23] for example). In any

case, we obtain that ||ul|¢.q) < M where M = max{2(max u(x))é", H}. O
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