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Hausdorff dimension of the graph of the

Fractional Brownian Sheet

Antoine Ayache

Abstract
Let {B®(t)};cga be the Fractional Brownian Sheet with multi-
index o = (o, ...,0q), 0 < a; < 1. In [14], Kamont has shown that,

with probability 1, the box dimension of the graph of a trajectory
of this Gaussian field, over a non-degenerate cube Q C R? is equal
to d+ 1 — min(ay,...,aq). In this paper, we prove that this result
remains true when the box dimension is replaced by the Hausdorff
dimension or the packing dimension.

1. Introduction

The fractal dimensions of a subset E of R allow to account for its geome-
trical complexity. The most known are the Hausdorff dimension, the box
dimension and the packing dimension. Two excellent references on them
are [15] and [29]. Throughout this article these fractal dimensions will
respectively be denoted by dimg(F), dimpg(F) and dimp(E). Recall that
the inequalities

(1.1) dimy(F) < dimp(F) < dimp(F) < d+ 1,

always hold. In this article we will mainly focus on the Hausdorff dimension
so let us recall its definition. We refer to [15] and [29] for the definitions
of the box dimension and of the packing dimension. For each o > 0, the
a-dimensional Hausdorff measure of F is defined by

HYE) = (lsiminf { Z(Zn)a, EC U B(xi, 1), r; < 5},

—0
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where B(x;,r;) denotes the open ball of radius r; centered at x; and
dimy(E) = inf{a > 0, H*(F) = 0} = sup{a > 0, HY(E) = +o0}.

There has been considerable interest in the fractal dimensions of the images,
graphs, level sets and multiple points of vector valued Gaussian fields (see
for example [1, 6, 7, 12, 14, 10, 11, 24, 30, 31]). Let us recall an important
theorem of Xiao [31] that allows to determine the Hausdorff dimensions of
the image and of the graphs of a wide class of Gaussian fields, namely the [3-
index vector valued Gaussian fields. This Theorem is an extension of many
other results in the literature (see for example [1, 8, 22]) and correct some
of them. To state it we first need to recall the definition of the [-index
Gaussian fields, which has been introduced by Adler (see for example [1]).

Definition 1.1 Let {X (t)};ere = {(X1(2),. .., X0(t)) }rera be an R™-valued
and mean 0 Gaussian vector field defined on RY. We assume that the coor-
dinate fields X4, ..., X, have stationary increments and for all 1 < 7 < n
and t € R, we denote

(1.2) 05 (t) = E(1X;(t) — X;(0)|%).

J

If for each j =1,2,...,n there exists a real 0 < B; <1 such that
B; = sup{a >0, |1|i1rr1O [t|=%0;(t) = 0}
t|—

(1.3) = inf{a >0, lim [f]~0;(t) = +oo},

then the field {X (t)}iera will be called a (d,n)-Gaussian field with index
B= (B, ....0n)

The [-index Gaussian fields are extensions of the well known Levy’s
Fractional Brownian Field (LEBF) whose definition will be recalled below.
Xiao has completely determined the Hausdorff dimensions of the images and
the graphs of these fields. More precisely he proved that

Theorem 1.2 [31] Let {X(t)}ere be a (d,n)-Gaussian field of index [3,
with coordinate so arranged that they satisfy 0 = Gy < 1 < --- < [, < 1
and let K C R? be a compact set. Suppose that there exists a constant € > 0
such that for all (s,t) € K x K,

(1.4) det cov(X (t) — X (s)) > eHaf(t —3).
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Then, with probability 1,

(1.5) dimy X (K) = min {n; dimy K + zﬁjgzl(ﬁj — )
J

SEVESS

and
(1.6) dimy I'(X, K)

— 1= < < . _ .
mln{ 5, 1<y _n,dlmHK—i—ZEl(l az)},

where X (K) is the random image X(K) = {X(t),t € K} and T'(X, K) is
the random graph T'(X, K) = {(t, X (¢)), t € K}.

An important example of a Gaussian field, that does not fall into the
class of f-index Gaussian fields, is the Fractional Brownian Sheet (FBS),
which is an extension to the d dimensional parameter space R¢ of the well
known Fractional Brownian Motion (FBM). Recall that the standard Frac-
tional Brownian Motion (FBM) of index 5 €]0, 1] is the mean 0, real valued
Gaussian process { Bg(t) }+cr defined on R and with the covariance kernel

(1.7)  E(Bs(t)Bs(s)) = Ks(t,s) = %(!tlw +[s[? — [t — s*?),

for all s € R and t € R. This process was introduced in 1940 by Kolmo-
gorov [13] and then made popular by Mandelbrot and Van Ness in 1968 [20].
Since then it turns out to be very useful in modeling. The monograph of
Doukhan, Oppenheim and Taqqu offers a systematic treatment of FBM,
as well as an overview of different areas of applications [9]. There are two
possible extensions of the FBM to the d dimensional parameter space R¢,
the first one is the isotropic LEBF (see e.g. [27, 7]) and the second one is the
FBS, also called the anisotropic Fractional Wiener Field (see e.g. [14, 2, 3]).
Similarly to the FBM, the LFBF of index [ is the mean 0, real valued,
Gaussian field whose covariance kernel is given by the formula (1.7) but
with the convention that the symbol |.| stands for the euclidian norm on R
While the FBS of multi-index (ay, ..., ag4) €]0,1[% is the mean 0, real valued
Gaussian field, whose covariance kernel is given for all s = (s1,...,54) € R¢
and t = (t1,...,t3) € R? by the product

d
(1.8) BB (1) B)(s) = [] Kau tir 1),
i=1
where for every i = 1,...,d, K,, is the covariance kernel of a standard 1-D

Fractional Brownian Motion (FBM), of index «;. The FBS seems to be an
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important Gaussian field. Indeed, it is a generalization of the well known
Brownian Sheet (see e.g [1, chapter 8]) and there is more and more interest
in it (see for instance [16, 5, 32]). Recall that the Brownian Sheet is an FBS
whose indexes «; are all equal to 1/2. It arises in a natural fashion in a
variety of statistical situations as a result of weak convergence arguments
(see for example [23]). The FBS seems to share the same property. Indeed, it
has been shown in [5] that it can be approximated by processes constructed
from the Poisson process.

The box dimension of the graph of the FBS over a non degenerate cube @)
of R4 was determined by Kamont in 1996 [14]. She showed that with prob-
ability 1,

(1.9) dimp(T(B®,Q)) = d + 1 —min(ay, . .., ag).
Thus it follows from the inequality (1.1) that almost surely,

dimy(D(B@,Q)) < dimp(I'(B™,Q))
(1.10) < dimp(T(B",Q))

d+ 1 —min(ayq, ..., aq).

Up to now, no non trivial lower bound of dimg(I'(B®),Q)) is known,
mainly because of two difficulties. The first difficulty is that the FBS being
not a (-index Gaussian field one cannot use Theorem 1.2 to determine the
Hausdorff dimension of its graph. While the second difficulty, is that the
techniques that have allowed to obtain the Hausdorff dimension of the graph
of the Brownian Sheet (see for example [1] chapter 8) can hardly be extended
to the FBS. The goal of our article is to show the following Theorem.

Theorem 1.3 Let Q = [0, [ax, bs] be a cube of R* and let

D(B™,Q) = {(t,B™(t); t € Q}

be the random graph of the FBS over Q. Then, with probability 1, the Haus-
dorff dimension, the packing dimension and the box dimension of its graph
satisfy,

(1.11)  dimg(I'(B@,Q)) = dimp(I'(BY, Q))
= dimp(I'(B@,Q)) = d+ 1 — min(ay, ..., ag).

It follows from relation (1.10) that to get Theorem 1.3, we only need to
prove that the inequality

(1.12) dimy (T(B@,Q)) > d+ 1 — min(o, . .., ay).
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Thanks to the Frostman’s Theorem (see e.g [1, 12, 15]) to obtain this
inequality we only need to show that u, the occupation measure of the field
t > (t, B (t)) has, with probability 1, a finite u-dimensional energy, for any
u €]1l,d+1—min(ay,...,aq)[. More precisely, for any Borel set A C R4+,
1(A) is defined as the integral

1(A) :/QX{(t,B(a>(t))eA} dt,

where X g (1))ca} denotes the characteristic function of the set {(¢, B @) (t));
t € R?} and we need to prove that with probability 1 the integral

/ 2 — ™ () a(dly)
QxQ

is finite. By a monotone class argument this is easily seen to be equivalent
t0 Jouo(s =t +[B@(s) = B (t)]) ™ dsdt < +oo, which follows from

(1.13) /Q Bl =1+ B(s) = B dsdt < 400

From now on, for the sake of simplicity, we will suppose that Q = [1/2,1]<.
This is really not restrictive, Theorem 1.3 can be proved similarly when @)
is any other cube of R¢. The following Lemma allows to obtain an upper
bound of the integral (1.13).

Lemma 1.4 For all (s,t) € RY x R%, s # t and for every real u > 1, we
have

(1.14) El(|s = |+ [BW(s) = BY(t)]) ] < c|ls —t]' Mo (s,1),
where 0(s,t) = E(|B®(s) — B (t)?) and ¢ > 0 is a constant.

Implicitly, this Lemma has often been used in the literature (see for
example the proof of Theorem 16.4, page 244 of [15]) but for the sake of
clarity and completeness we prefer to recall its proof, which is very short.

Proof. We have
E[(]s — t| + [ B (s) — B“(1)])™]

e [t e e (— 5 ) @
=—F— [ (|s— z))exp | —=———= | dz
o(s,t)v2r Jr P 202%(s,t)
ls—1| 2
N da:+7/ x " dx
/o o(s,0)V271 Jis—y

B |S_t|17u
| + u—1

IA
»
|
=

2

IN
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At last, using Lemma 1.4, one can easily see that to obtain (1.13), it is
sufficient to prove the following Proposition.

Proposition 1.5 For every u €|1,d + 1 —min(ay,...,aq)[, we have

(1.15) 221(“1)/ o (s,t) dsdt < oo,
1=0 Wi

where for all integer | > 0, W, is the domain defined as,
(1.16) Wi={(5,t) €Q xQ; sy #t; and 2771 < |s —t| < 271}

The remainder of our article is organized as follows. In section 2, we give
a “wavelet decomposition” of the FBS, then in section 3, using this “nice”
decomposition we prove Proposition 1.5.

2. “A wavelet” decomposition of the FBS

First, a word about notations.

o {2/2)(29x—k)}(j yezxz will be a Lemarié-Meyer wavelet basis [17, 21].
Recall that such bases satisfy the following properties.

(a) v and its Fourier transform 1 belong to the Schwartz class S (R),

namely the space of all infinitely differentiable functions wu(t)
which satisfy, for all integers, m and n,

d n
lim ¢ | — ) = 0.
(b) The support of ¢ is contained in the domain

2w 8
{fé ?Slf‘fg}-

(c) Forall &, >, ., b (€ 4 2km)|? = 1.

e For every H €]0, 1], ¥ will be the function defined as,

(2.1) W (z) = /Reimmﬁbszg/z dn.

Thanks to properties (a) and (b) of the Lemarié-Meyer’s wavelets, this
definition makes sense and 17 belongs to the Schwartz class.
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° Forallj:(jl,...,jd)EZd,k:(kl,...,k:d)GZdandt:(tl,...,td)E

R4, we set
d
(2'2) H ]l:kl ’
where for every [ =1,...,d
(2.3) P (t) = V(20 — ky) — (k).

Let us now state a fundamental result.

Proposition 2.1 Let {€ 1} rezixza be a sequence of independent N(0,1)

random variables. We will denote (j,a) = 27:1 jiay the scalar product of
the vectors j and a. For every t € R?, the series

(2.4) BO= Y 27050,
(J,k)EZAXZ

is convergent in L*(Q), where is the probability space. Moreover, up to a
multiplicative constant, the field { B (t)},cra is an FBS with multi-index o.

Proof. Since the random variables €, are A'(0,1) and independent, a nec-
essary and sufficient condition for the series (2.4) to be convergent in L*(Q2),
is that

> wuigor-T1( ¥ regor) <o
(j,k)edeZd IR DEAY

So, let us show that this last series is finite. First, we will prove that, for
any [ =1,...,d,

(2.5) > 2P (1) < o

(jl7kl)€N><Z

As, the function ™ belongs to the Schwartz class, its derivative of any
order n, satisfies

(26) ] () v

where ¢; > 0 is a constant, that depends on n.

S Cl(2 + |ZL’|)_1,
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Therefore, using (2.3) we get that

Yo e g ()

(J1,k1)ENXZ

<2 Z 2—2jzaz(|waz(2jltl _ /fz)|2 + Waz(_km?)

(jhk‘l)ENXZ

<o Y 27420 — k) H (24 (k) )
(i, k1) ENXZ

<c3 Z 27U < g,
JIEN

where ¢3 = 2¢2 SUp,cp Y ez (2 + |7 — Ki]) 7 < 00. Now, let us show that for
any [ =1,...,d

(2.7) > ey ()P < oo

(J1,k1) ENXZ
It follows from (2.3) and the Mean Value Theorem, that for all (j;, k;) € NxZ,
Wzgljﬂﬂ (tl)| < 2_jl|tl|M—le€z (tl)a

where

M_jy , (t:) = sup {‘ (%) P ()

Consequently, we obtain that for some J; big enough,

DD 2B )P <A Y Y2 (L k) < oo

=T, €T =T, MiEZ

;T € [=270ty| — Ky, 270ty — kl]} :

At last, let us prove that the field {B(®(t)},cpa is an FBS, up to a
multiplicative constant, i.e. its covariance kernel satisfies the relation (1.8),
up to a multiplicative constant. It follows from (2.1) and (2.3) that

. ~ » einltm —1\—
2 Jzazwjlikl(tﬂ =9 Jzaz/R W—+1/2 6’““”7%0(77) d77-

Setting, & = 27in, we get that

o ' e ,
zfyzaleo,;ikl (t) = 2”/2/R (EAOCTM) F (29 + k) (&) d&,

where F(¢(27t.+k;)) is the Fourier transform of the function z +— (27t x+k;).
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Then, since the sequence {2/2F (1(27. + k;)); (ji, ki) € Z?} is, up to a
multiplicative constant, an orthonormal basis for L*(R), it follows that

. - (6it151 _ 1)(6*1'8151 _ 1)
Z 2~ 24 lw]l K )1/)31 k’l< ) —/ |§l|2al+1 dfl = C4Ko¢l<tl73l)7

(J1,k1)EZXZ R

where ¢4 > 0 is a constant and K, is the covariance kernel of a standard,
1-D FBM, with index oy (see (1.7)). Thus we obtain that, for every ¢ =
(t1,. .. td) e R%and s = (s1,...,84) €

d
E(B@(t)B(s)) C5HKal (t1,81) = c5K4(t, s). .
1=1

We will say, with some abuse since j is a multi-index, that the series (2.4)
is a “wavelet decomposition” of the FBS.

Remark 2.2 Observe that using techniques similar to that of [19] and [4],
it has been shown in [3] that when d = 2, the series (2.4) is almost surely,
uniformly convergent in t, on every compact of R2.

From now on, the field B will be identified with B the FBS with
multi-inder «.

3. Proof of Proposition 1.5

We can suppose without loss of generality that
(3.1) a; = min(aq, ..., aq).

If h = (hl,hz,...,hd) € R we set hy = (hg,...,hq) and for every
i1, ki e 741 waliﬂ will denote the real valued function defined on R4}, as

d
(3.2) 00 (B) = [ [ o5 (8)-
To obtain Proposition 1.5 we need the following Lemmas whose proofs
will be given later.
Lemma 3.1 There exists a constant c; > 0 such that the inequality,
) 1/2
33 (X W60 -d%  @P) <als-dl
k1€7,d4-1

holds for every j; € N1 and §,,t, € [0,1]9!
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Lemma 3.2 There exist an index j1 € N and a constant c5 > 0, such
that, the inequality,

(3.4 (X 1,0 >|2>1/22c2,

l;‘lEZd 1
holds for every $; € [, 1]%7L.

Lemma 3.3 There exist two constants c3 > 0 and ¢y > 0 satisfying the
following property. For every l € N, (s,t) € W;, s = (s1,892,...,84), t =
(t1,t9,...tq) and for some index Jy € N, the inequalities,

(35) 032_J1_1 < |81 — t1| < 032_J1
and
3 1/2
(36) (150~ 5 00F) e
k1€Z
hold.

Lemma 3.4 There exists a constant c5 > 0, such that the inequality

(3.7) ( > s (t )1/2 < cs

ki1€Z

holds, for every index j; € N and real t.

Lemma 3.5 There exists a constant cg > 0, such that the inequality
(38) / ’81 — tl‘ial d81 R dedtl Ce dtd S CﬁQil(dial),
Wi

holds for every l € N.

Assuming Lemmas 3.1 to 3.5, Proposition 1.5 can be proved as follows.

Proof of Proposition 1.5 Let [ > 0 be an arbitrary integer and (s, t) € W},
s=(81,...,8q), t = (t1,...,tq). J € Nx (Z_)41 will denote the index J =
(J1, —jl), where J; € N and J; € N%! have been introduced in Lemmas 3.2
and 3.3. Recall that we have set 0%(s,t) = E(|B®(s)— B (t)|?). It follows
from the Relation (2.4) that

—(J.a)| 7 (x T(a 2
o2(s,t) > > 47U PN (s) — i) (1)

kezd

g1t (ién) DS ()™ o 81) = U5 (1 Wﬁljl,iel(fl)f'

kezd
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Thus, we have

) 1/2
o(s,t) > C72J1011<Z |w§11,k1(81 1/{]1 k1 (1 | ‘w—J kl |2>

keZd
D\ /2
Jia A T ?
—erzte (S [ 0l 9%, 60 - 07 @)
kezd

where the constant ¢; = 20711 does not depend on (s,t) (see Lemma 3.2).
Then Lemmas 3.1 to 3.4 imply that

o(s,t) > 271 (cyey — csc1 |31 — 1h).

Moreover, it follows from (1.16) that |3; — #;| < 27" and from (3.5) that
27N > o2 g) — ¢1|*. Thus, we obtain that for every [ € N,

o(s,t) > cre3 sy — t1]|* (cqco — 05012_l).

Therefore, there exist a constant cg > 0 and an integer [y, such that for
every [ > [y and (s,t) € Wj, we have

(39) O'(S,t) 2 68’51 — tlyal.
At last, let us show that for all u €]1,d + 1 — oy [, the series

221“ 1/ o (s, t) dsdt

I=lo

is convergent. Using (3.9) and Lemma 3.5, it follows that

Zzl“ 1/ o (s, t)dsdt < Zzl“ 1/ |1 — 1|7 dsdt

I=lo
S CQZQ—l(d+1—O¢1—u) < 00.
l=lo

Now, let us give the proofs of Lemmas 3.1 to 3.5.

Proof of Lemma 3.1. First, let us show that (3.3) holds for j; = Oya-1
and every 3;,%; € [0,1]97, i.e.

B 1/2 A
310 (X W60 -G 6F) el -l

l%lezd—l

We set for all k, € 241,

(3.11) M, =su 8gé}“(h)
' B = SPY | Ton, ’

hy €]0,1[4, 1 = 2,...,d}.
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It follows from the Mean Value Theorem that
1/2

( S0 () - w0k1<t1>\)1/2s¢df1( 5 M,i) 51— 1.

]%1624_1 ]Aﬂezd—l
Thus, it is sufficient to show that
2
(3.12) > M2 <o
];1€de1

Recall that ky = (K2, ..., kq) and hy = (ha, ..., hq). Tt follows from (2.2)
and (2.6) that for all by €]0,1[* Y and [ =2,...,d,

oY dip™
0,k1
hi—k @ (hyy — k) — O (ki
k()| = |Gk B
1 1 1
< o\l +
(2+‘hl_kl|)2<n1;£n#(2+‘hn_kn‘ 2"’“%‘)
< ¢ ] @+ kD)
2<n<d

Thus, we have

>omz < > [ a+kDT < ] <Z(1+|kn|)‘2> <00

kiezd—1 kiezd-12<n<d 2<n<d \kn€Z

and we obtain (3.10). At last, let us show that (3.3) holds for every j; =
(jo,...,ja) € N1 For all, hy = (ha,...,hy) € R? we set 2791.hy =
(2772hy,...,2774h,). Since, &, and t; belong to [0,1]%"!, it is clear that
27913, and 27.¢; belong to [0,1]%"!. Thus, using (3.10), we obtain that

- R 5 1/2
Z |w*J1 k1 _w*jl,ffl(tl)}

klezd 1
~ ~ 2 1/2 ~
( > W (274)) wg;%l(g—n.tm)g G270 (5 — £)] < 1|8 — ).
k €zZd-1 [

We need the following result to prove Lemma 3.2.

Remark 3.6 For every H €]0,1], let ¥ be the function defined in (2.1).
Its derivative satisfies

kEZ

Ayt

> 0.
dz

——(k )
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Proof of Remark 3.6 For all z € R, we have %~ (z) =i Jg € 7;?;71)/2 n.
Thus, for every k € Z,

(3.13) %U{) _ Z-/O27r ok ( Z (n+ 271'71)1[)(7] + 27n) > i

g I+ 2mn|H+1/2

Suppose now, ad absurdum, that for every k € Z, %(kz) = 0. Then,
it follows from (3.13) that all the Fourier coefficients, of the 2m-periodic C'*
function

g 3 2+ 20

— |+ 2mn|H+1/2

vanish, and consequently, this function vanishes as well. Thus, we would
have for all n € R,

=0.

Z (n+ 27?71)1&(77 + 27n)

nez ’n + 27Tn‘H+1/2

By setting, in this last equality, n = 47 /3, we would obtain by property (b)
of the Lemarié-Meyer wavelets that ¢)(47/3) = 0 but this would contradict
their property (c). [ |

1 1] d—1

Proof of Lemma 3.2 It follows from (3.2) that, for every 8, € [3,

and J; = (ja, - .., ja) € N* ! we have
1/2 1/2
(% W) = TL(X W)
kiezd-1 m=2 kn€Z

Thus, it is sufficient to show that for every m = 2,....,d, there exists a
constant ¢, > 0, such that the inequality,

1/2
km€Z
holds, for all s, € [%, 1]. One can apply Taylor’s formula to order 2 and get
g;nm km<3m) wam (2_jm Sm — km) - wam<_k5m)
_ dypm (279m 5, )2 APy
p— ]m _
(27" sm) = (—km) + s

where e_;, 1, (Sm) €]0, 1].

(_km + 6_jm7km (Sm)sm)7
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Thus, it follows that
1/2 '

(X 10 @l) = 2 ( X
kem €Z kem €7
(2_.jmsm)2

SRy

km€Z

dypm B
dx

deam
dx?

(—km + €—j ko (Sm)Sm)

2>1/2

Using (2.6) and since s, € [3,1], we obtain that

1/2
(1ol

km€Z

S (z

km€Z

dapm
dx (kom)

)1/2 - 2—%( >+ |k:m|)—2> 1/2.

km€Z

Then it follows from Remark 3.6 and this last inequality that there exists

an index j,, € N, such that for every s, € [%, 1], one has
1/2
(X 10 e) =z e
km €7
. 1/2
where ¢, = 237 (kaez o (_km)’2> > 0. u

To prove Lemma 3.3, we need the following result of [25] and [26] whose
proof is given for completeness.

Remark 3.7 [25, 26] For every H €]0,1[, let ¥ be the function defined
in (2.1). There exist a compact set A C R and a constant c; > 0, satisfying
the following properties:

(1) Urez(A + k) =R, where the set (A+k) ={x+k, x € A},
(ii) for every x € A, |YH(x)] > c7.

Proof of Remark 3.7 First, similarly to the proof of Remark 3.6, one can
show that for every real z, there exists an integer k, such that ¢ (z—k) # 0.
Then, using the continuity and the 1-periodicity of the function, g(z) =
> wez | (x — K)|? this implies that for some constant ¢ > 0, the inequality,

(3.15) S W@ -k)P =,
keZ

holds for every real x. Now, the function ¢¥ being in the Schwartz class,
there exists ¢y > 0, a constant such that for all x,

(3.16) [ ()] < eo(2+ [a]) !
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Let Ky > 0 be an integer such that
(3.17) o > (I+k)?<d)2

|k[>Ko
At last, for all z € [0, 1], we have
(3.18) S M@ -k =d)2.
|k|<Ko

Indeed, it follows from (3.15) and (3.17) that

Yo Wle—RPzd = Y @+la—k)7

|k|<Ko |k|>Ko
> —ct Z (24 |k| = |z||)~ —c Z (1+1]k)2> /2.
|k|>Ko |k|>Ko
Therefore, the constant ¢; and the compact set A can be defined as
er = (qien) " md A= {z € R, |07 (@)| 2 cr}. .

Proof of Lemma 3.3 Let A and c¢; be the compact set and the constant,
that have been introduced in Remark 3.7. Here, we suppose that H = «;.
Since A is bounded, there exists a real cg > 0, such that for every x € A,
one has |z| < c¢g. Moreover, as the function ¥* is in the Schwartz class, for
some constant cg > 0, the inequality

(3.19) [ ()] < o1+ s+ [yl) 7,
holds, for every y. Now, let c3 be a constant satisfying
(3.20) co(14+271¢3) P <271

For all l € N and (s,t) € W, s = (s1,...,84), t = (t1,...tq), there exists
a unique index J; € N, such that

032_J1_1 < ‘81 — t1| < 632_J1. (*)

It follows from Remark 3.7 (7) that for some K € Z one has 2715, — K, € A, i.e.

(3.21) 11 (271 s) — K1)| > ¢
At last, (2.3), (3.21), (3.19), (%) and (3.20) imply that
05k (51) = 05, ()] = [ (2751 — Ky) — ™ (271 — K
> [P (20s) — Ky)| = [0 (27 — K)))
> cr—co(l+cs+ 271t — Ky|) ™!
> cr—co(l+cg+ 2" sy —ty| — 2705 — Ky|) 7!
> cr—co(l+cs+2 s —cg) P >27"¢
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Therefore, we obtain that
~ 2\ /2
(Z |05, (51) = 054, (1)) ) > ¢y,
ki1€Z

where ¢, = 27 ¢7. |

Proof of Lemma 3.4 It follows from (2.3) and (2.6) that

1/2 1/2
(leﬁ " ) (ZWI (27t — ky) ) (le‘“ )
k1€Z

k1€Z ki1€Z

< 2¢osup { ( > @2+]r— k1|)‘2)1/2} < 0.

T€R k17

Proof of Lemma 3.5 For all [ € N, we set
(3.22) Gi={(z,y) € [0,1]% | —y| <27'}.
Thus, it follows from (1.16) that for every (s,t) € R¢x R% s = (sq,...,84),

t = (t1,...,tq), we have

d
(323) XWZ S, t S H Sna n )

where xw, (resp. x¢,) denotes the characteristic function of W, (resp. Gj).
Consequently, we obtain that,

d—1
(324) / |81 - t1|_a1 dsdt S (/ ‘81 - t1|_a1 dSldt1> </ dl’dy) .
w; G Gy

Now, using Fubini’s Theorem, we get that

(325) / ’Sl — tllial dSldtl S 0271(17061)
Gy
(3.26) / dsydt; < 27
G
At last, Lemma 3.5 follows from (3.24), (3.25) and (3.26). |
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