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HOLDER SPECTRUM OF TYPICAL
MONOTONE CONTINUOUS FUNCTIONS

Abstract

We compute the Holder spectrum and the moment sums of the typ-
ical (in the sense of Baire category) monotone continuous function, f.
We show that these functions are of multifractal nature, for example «
equals the Hausdorff dimension of those points where such a function, f
is of exact Holder class « € [0, 1]. We also prove that f “grows” only at
those points where it has bad Holder properties, that is, at those points
where it is of Holder class 0. The upper moment sum 7(q) = co if ¢ < 0,
Tr(q) =1—qif 0 < g <1,and Tf(q) = 0if 1 < g. The lower moment
sum 7,(q) =1-¢qif¢<0,7,(q) =0if0<¢g<1,and 7,(q) =1~ qif
1<q.

1 Introduction

In this paper we investigate the multifractal (Holder) properties of the typical
(in the sense of Baire category) monotone continuous function defined on [0, 1].
We denote the space of monotone increasing continuous functions equipped
with the sup norm by C ~[0,1]. It is a separable, complete metric space,
being a closed subspace of C[0, 1]. If a property holds for a residual subset of
C ~[0,1], then we say that the typical function f has this property.

In [11, 12] the differentiability properties of typical monotone, continuous
functions were studied and it was shown that the typical monotone, contin-
uous function, f is a strictly monotone, increasing, singular, function and its
derivative equals 0 wherever it exists. Of course, f’ exists almost everywhere
in [0,1].
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Jaffard [2, 3, 4, 5] has studied the multifractal properties of several spe-
cific continuous functions. For these functions many interesting methods, for
example, wavelets, Diophantine approximation etc. were used.

It is not difficult to verify that the typical continuous function on [0, 1]
is quite uninteresting from our point of view; it does not have multifractal
Holder properties, in fact, it is Holder class 0 everywhere in [0,1]. Hence it
is much more interesting to look at the class of typical monotone, continuous
functions which are of multifractal nature. By studying typical monotone,
continuous functions we study typical continuous measures on [0, 1]. We point
out that typical measures on arbitrary separable metric spaces were considered
by [10, 9], for example a typical measure typically has no local dimension.

We denote by E/ those points of [0, 1] where f € C_-[0, 1] is of exact Holder
class o and by Eéa those points where f is of Holder class [ for any 0 < «
and is not of Holder class 3 for any 3 > « (the detailed definitions will be
given in the preliminaries section).

The main results of this paper are given in Theorem 6. In assertions (i-ii)
of Theorem 6 we show that dimy Ef = dimg Eéa = « holds for a € [0,1],

while Ei o = 0 for & > 1. This implies that for any a € [0,1] there are “many
points” where the typical f € C »[0,1] function is of exact Holder class .
In assertion (vi) we will show that if o # 0 then f is not “growing” on the
sets Eia D EI. In fact, all the growth of f takes place on Eéo, by this we

mean that uf(Eéo) = ps([0,1]) = f(1) — £(0), where ¢ is the Borel measure
corresponding to f. Thus uf(ua#)Egi) =0.

Studying multifractal properties quite often the moment sums, 7¢(q) (for
the definition see (1) below), are used [1, 6, 7] and in “lucky situations” the
Legendre transform of 77(¢) provides the spectrum of f. As one can expect the
typical f € C [0, 1] is not the “lucky case”. In assertions (iii-v) of Theorem 6
we compute these moment sums. It turns out that for the typical f € C [0, 1]
7¢(0) = 1, 74(1) = 0 and 7¢(¢q) does not exist for other values of ¢q. If the
upper moment sums are considered we have 7,(q) = 00 if ¢ < 0, T(¢) =1—¢
if 0 < ¢ <1and7y(q) =0if 1< g For the lower moment sums, 7,(q), we
show that 7,(¢q) =1—-¢qif¢<0,7;(q) =0if0<g<Tand 74(q) =1—qif
1 < g. It might be worth to mention that an elementary computation shows
that for f(z) =z we have 7¢(¢) =1 — ¢ for all g € R.

In Section 4 we present the main construction of this paper. This construc-
tion will provide the dense G5 sets in C ~[0, 1] showing that certain properties
are typical. The proof of Theorem 6 will be split into parts according to the
different assertions made.
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2 Preliminaries

The integer part of the real number z; that is, the largest integer not exceeding
x, will be denoted by [z].
We use the notation A(A) for the Lebesgue measure of the measurable set
A C [0,1] while H*(A) denotes its s-dimensional Hausdorff measure [6, 7].
The space of continuous and continuously differentiable functions on [0, 1]
is denoted by C[0,1] and by C1[0, 1], respectively.

Definition 1. Given o > 0 and a point zy € [0, 1] we say that the function f
is C*(zp) if there exists a polynomial P of degree at most [a] and a constant
C > 0 such that |f(z) — P(x — x0)| < C|z — x| for all x € [0, 1]. The Hélder
exponent of f at xzq is defined by

hy(xzo) =sup{a: fis C%(xo)}.
Set
Eéa = {9 : hy(20) < a} and EL = {20 : hy(z0) = o, and f is C%(z0)}.

The set E/ denotes the set of those points where f is of “exact” Hélder class
a. Tt is clear that Ef C Eéa \ LJ/3<OJE'£ﬁ = Ef. However this inclusion is
proper; for example if we take g(x) = —log(x/10) - y/2/10 for x € (0, 1] and
g(O)déf(), then g € C ~[0,1], h,(0) = 1/2, but g is not C'/2(0).

To compute Hausdorff dimensions we will use Proposition 2.2 of [7] (see
also Proposition 4.9 of [6]).

Proposition 1. Let E C R™ be a Borel set, let p be a finite Borel measure
on R™ and 0 < ¢ < o0.

(a) If limsup, g, u(B(z,7))/r® < c for all x € E, then H*(E) > u(E)/c.
(b) Iflimsup,_ o pu(B(x,7))/r* > ¢ for all x € E, then H*(E) < 2°u(E)/c.

3 Elementary Lemmas for the Moment Sums

Given a monotone increasing continuous function g : [0,1] — R we denote
by g the Borel measure corresponding to g; that is, for which uy((a,b)) =
g(b) — g(a) for each interval (a,b).

Set

271
1 kE k+1 e ,
00 = gz 2 (0 (37757 ]) ) a7t = im0 )



136 ZOLTAN BuczoLiCH AND JUDIT NAGY

If the latter limit does not exist, we use 74(g) = limsup,_, . 74 ;(¢) and 7,(q) =
liminf;_ o 74.;(q).

It is not difficult to see that 7.,(¢) = 74(q) holds for any ¢ > 0; so there is
no problem if the finite measure p4 is not a probability measure as long as g is
a nonconstant increasing function, actually, when we compute moment sums
we can assume that g, is a probability measure.

Lemma 2. If g € C!0,1] and g’ > 0, then for every e > 0 there exists K > 0
such that 74(q) > 1—q—€ forall j > K, g € [0,1].

PROOF. Using the continuity of ¢’ > 0 we can choose g1 such that ¢’ > g1 > 0.
Using the mean value theorem for g from the above estimates we infer

k k+1 S 1
Ha |90 o7 | ) = 95

1 P 01\? qlog 01
(q) > ———1 (23(—_)):1— : )
Tg.5(q) = jlog 2 og 2 q+ log 2

This proves the lemma. O

Then

Lemma 3. For any q € [0,1] and g € C ~[0,1] we have T4(q) < 1 —q and
T4(q) = 0.

PROOF. Set pi; = piq([2, B5]). If ¢ = 0, then Zi:)l py; = 27 and hence

74(0) = 74(0) = 1. In the sequel, we assume ¢ € (0, 1]. Obviously, Zi];()l Mk =

g(1) — g(O)dﬁfGo > 0. Since pg,; > 0 we can use some well-known inequalities
between means of nonnegative numbers and obtain

271 0 201
> k=0 Uz,j < ko Mk _ @ (2)
2 = o

This implies > 7' pf; < G§27079) and an easy calculation implies 74 (q) <
1—gq.
Using that 7.4 = 7, for any ¢ > 0 we can assume p4([0,1]) = Go = 1. Then
J_ J_
Wi; = bk, and hence Zi:ol P = Ei:ol pirj = Go = 1. Thus 74,;(¢) = 0
and hence 7,(q) > 0. O

The next two lemmas are the ¢ > 1 versions of the previous two ones.
Their proofs are analogous so we omit some details.
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Lemma 4. If g € C'0,1] and g’ > 0, then for every € > 0 there exists K > 0
such that 74j(q) <1 —q+€ forall j > K, g € [1,1/€].

ProOF. Using the continuity of ¢’ > 0 we can choose g such that g > ¢'.
By the mean value theorem we infer

k k+1 < 1
Hg Ea 27 _Q22_J

02\ qlog 02
1 (w(f)):1— .
ANIPY 1% g2

Then

; <
79,5(q) < jlog?2

O

Lemma 5. For any ¢ > 1 and g € C ~[0,1] we have 7,(q) > 1 — q and
Fg(‘]) <0.

Proor. Define uy ; and Gy as in the proof of Lemma 2. From ¢ > 1 it follows
that we have the reversed inequality in (2); that is,

211 ¢ a
k=0 Mi,j

> Go
27 - 95"
This implies Zi;fol uZJ > (1270-9) and hence T,(q9) > 1—q.
As in Lemma 2 we can assume pg([0,1]) = 1 and using i ; < py,; we

obtain Zi:ol p4; < 1 which implies 7, ;(¢) < 0 and 7¢(q) < 0. O

4 The Main Construction

Assume m € N is given. We choose a countable dense subset, { f,}, in C ~[0, 1],
such that each f, is continuously differentiable and f/ > 0 on [0,1]. Using
Lemmas 2 and 4 with e = 1/n choose K,, > n such that for all ¢ € [0, 1] and
j > K, we have

1

Thg(@) 2 1=q— = (3)

and for all ¢ € [1,n] and j > K,, we have

1
(@) Sl—a+ (4)
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Using the uniform continuity of f,, choose and fix N,, > K, such that

k+1 k ko k+1 1
fn ( N, ) —JIn (27) = Hfn <|:2TazT:|) <on ()

holds for k = 0,..., 2V — 1.
We will choose a large integer vy, ,, > max{N?2, m} to be determined later.

Set

. 1 1 hym
hn’m - 4n2ml’n,7n < 4_"7«’ hn’m - 2Vn,m ’ (6)
1 1 1 k
5n,m = (hn,m)2m_ < P(kanym) = + 5n,m7 (7)

2Vn.m

4 5 2”7;,77; ’
where k € {0,...,2"»m — 1}. In some applications of our construction we will
use different values for hy, .. However for all these values we will have 0 <
hy o < 174" < 1/4n. Observe that A}, ., hnm, 6nm and P(k,n,m) are all
dyadic rationals.

Set
ovn,m _ 1 k-
Wim = U (m7p(/€7n,m)).
k=0
9n
fn
Irnim
hn,m
hym
| — — —
P(k,n,m) -
O k k+1 (S'I'L,/rn 1
2Vn,m 2¥n,m

Next we define the auxiliary function gi(x) = f,((k' + 1)/2N») if 2 €
(K')2Nn (K + 1) /2N ]\ Wy, (K = 0,...,28% — 1) and ¢7(0) = fn(0). On
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Wy.m we define g so that it is continuous on [0,1] and is linear on each
interval (k/2"»m P(k,n,m)).

Set gnin(x) = (K + Dhym if @ € (k/2"m (K + 1) /2" ]\ Wy, (k=
0,...,2"»m —1) and g%, (0) = 0. On W), ., we define g;*,, so that it is contin-
uous on [0, 1] and is linear on each interval (k/2"mm, P(k,n,m)).

Finally we put gm(z) = g3 () + 7' (2).

gn,m + Qn,m
In,m
gn,m - Qn,m
hm
In
By (5)
* 1 *ok ok *
We also have
* * 3
[fn(2) = gnm (@) < |fn(@) = g0 (@) + hp o < (9)
Using
On,m = ( é ) < é (10)

we set Grm = B(gn,m, On,m) and Hy,, = US2 Gpop. It is clear that H,, is
open in C »[0, 1] and using the density of the functions {f,,} and (9) it is easy
to see that H,, is dense. To prove the main result of the paper we will use the
residual set F* = NYX_, Hy,.
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5 Main Results

The purpose of this paper is to prove the following theorem.

Theorem 6. There is a residual subset F C C ~[0,1] such that for any f € F
we have

(i) EL =0 for a>1;
(ii) dimy Ef = dimy Bl = dimp EL, = a for all a € [0,1];
(iii) ?(q) =1—qandzs(q) =0 forz) <q <1, and7y(0) = 7,(0) = 74(0) =
(iv) Tp(q) =0 and 7,(q) =1 — q for 1 < g;
(v) T5(q) =00 and 7,(q) =1 —q for ¢ <0;
(vi) up(ELy) = f(1) = £(0); that s, us([0, 1]\ ELy) = 0.

We will split the proof of the theorem according to the assertions (i-vi). It
is also clear that if for each assertion we can find a suitable dense Gs set in
C ~[0,1], then the intersection of these sets will provide F.

5.1 Assertion (i)

PRrROOF. Recall that a monotone function is differentiable almost everywhere
and by [11, 12] there is a residual, dense G5 subset, Fy of C ~[0,1] such that
f'(z) = 0 at all points where f’ exists. We use a slightly modified version of
the main construction, in equation (6) we set hj, ,, = ;=. With these values

of hy, ., the sets H,, will still remain dense and open in C ~[0, 1]. By choosing
Un.m > m? sufficiently large we can assume that

W 1 1\
By = —22 >2< ) . (11)

M U ANOVn.m Vn,m
2vn, 4nQvn, Qn,

Denote by F1 = NS _,H,, the set obtained by the main construction and
suppose that f € f(i)déffl N Fo.
Proceeding towards a contradiction assume 1 < o < 2, zg € [0,1] and f is
C*(xg). Then
|f(2) = (a0 + a1 (z — x0))| < Cla — x0[*
and, clearly, ag = f(xo), f'(x0) exists and a1 = f'(xg) = 0 where we also used
that f € Fy. Hence

[f (@) = f(z0)| < Clz — 20|*. (12)
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Fix m > 2 such that a > 1 + % and C < m. Choose § > 0 such that
m|r|*/™ < 1 holds for 0 < |r| < §; hence

Clr|* < mlr|* < mr|' o < |r[M o

is also true. From f € F; it follows that there exists n > m such that
f € Gpm. We can also suppose that v, ,, is so large that 27%»m < §. Set
r=1/2"nm if gy + 1 € [0, 1], otherwise set » = —1/2¥»m . Clearly,

|g:j‘m(x0 + T) - gZTm($0)| = hnvm and gjw g::km are increasing;

hence
|n,m (2o + 1) = gnm(z0)| = ha -

Using f € B(gn,m: On,m) and 0 m < hpm/8 we obtain

3
|f((E0 + T) - f(xO)‘ > |gn,m(x0 + T) - gn,m($0)| - 2Qn,m > Zhn,mu

Therefore by recalling (11) and (12)

3 . 1 1+ h
Bnan < o+ 1) = Jlao) < Clrpe < i = ()7 < P

a contradiction.

We showed that for 1 < o < 2 there is no zg € [0, 1] for which f is C%(xo).
If fis CP(z) and 0 < a < 3, then f is C*(xg) as well. Thus we showed that
hy(zo) < 1 for any f € F(;) and x¢ € [0,1]. O

5.2 Assertion (ii)
Before turning to this assertion we state and prove a lemma.
Lemma 7. Assume g € C ~[a,b] and

Uy = {z € [a,] : 3y € [a,b] such that [g(y) — g(z)| = [y — 2[}.
Then A(U,) < 2(g(b) — g(a)).
PROOF. Set

Uy =A{x € [a,b] : Jy € (z,b] such that g(y) > g(z) + (y — )}
and

Uy = {z € [a,b] : Jy € [a,x) such that g(y) < g(z) + (y — z)}.
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Clearly, U, = U; U U,. We will show that A(U;) < g(b) — g(a), the proof for

U, is similar.

Letting go(z) = g(x) — z we have
Uy ={z € [a,b] : Ty € (x,b] such that go(y) > go(x)}.

Set g1(z) = max{go(t) : t € [x,b]}. Then g1(b) = go(b), g1(a) > go(a) and
g1(b) > —1 where this derivative exists.

It is easy to see that g;(x) is monotone decreasing and hence (by using
Theorem 2.9.19 of [8])

[bﬂiém@)mw)éww)%m)MMQW)+M5)

On the other hand g7 = 0 almost everywhere on U; and hence

/ mz/ (—1) = (a - b) + A(T).
[avb] [aab]\Ul

By the above two displayed inequalities it follows that A(U;) < g(b)—g(a). O
Now we verify assertion (ii).

PrOOF. Any f € Fi is almost everywhere differentiable, and hence it is
C(x9) at almost every zo € [0, 1]. This and assertion (i) imply dimg (Ef) = 1.

Fix 0 < a < 1land 1 > 8 > a. Next we show that dimg Eia < a.
Actually, this is valid for any f € C [0, 1] and follows easily from Proposition
1. If g € Eéa, then f is not C?(z) and hence there exists x, — xo such
that

|f(zn) = f(x0)| > |20 — 130"6~

Letting 7, = |z, — xo| we have

Tn
This implies limsup,_q, ps(B(zo,7))/r? > 1. From Proposition 1 it follows
that H%(EL ) < 2°us(EL,) < oo and hence dimpy EL_ < 3. Since this holds
for any 8 > « we obtain dimg Ei& <a.
We turn to the much more difficult task to verify that dimg Egi > «a, where

0 < a < 1is fixed. Since Ef C Eﬁa this will imply dimg Ef = dimg Eia =
a. We will use the main construction again with hy = 1/4" and assume
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that f € Fy = NS°_ Hy,. This means that for each m there exists n(m) > m

such that f € NY_1Gm),m- We will choose a suitable subsequence m, > /.

For ease of notation we let Gy = Gymy)mes Ne = Nugmy)s Ve = l/n(mg)’mz,

he = hn(m@),mgu (SZ = 611(777.[)77?127 0t = On(myg),mes and Pl(k) = 2N, + 55 for

k=0,...,2Y2 — 1. Observe that each of the above numbers is a dyadic rational.
We choose hj, such that it is a dyadic rational and

20 1p)/® <y < 20hy/ (13)
Set hY = h}/2¢. Thus
hl/a
- <hf < hy'®. (14)

We assume that the subsequence my is sufficiently rapidly increasing; name-
ly, 2™+t exceeds the denominator of the above numbers at “level ¢”. This
assumption will be convenient; for example, this way the intervals used in
the definitions of g7, = g;(mul) and g7y, = g:(mz+l)7me+1, will belong to a
subdivision of the intervals occurring at “level £”.

Next we define closed sets F; and Fy and using their intersection we define
some Cantor type sets. Using Proposition 1 we will estimate the Hausdorff
dimension of these sets. Furthermore we will also obtain information about
the Holder properties of f on these sets. Put

2V
Fy = {JIPu(k) + b/, Pe(k) + 1] and Fy = (1] Fy.
k=0 <L

We also let Fio = N3, Fy.

It is clear that if we choose the sequence my to be sufficiently rapidly
increasing, then each F consists of x(¢) > 2 many intervals of the form
Jo i = [Pe(k)+h}, Pe(k)+h)]. By repeated subdivision ([7] pp. 9-10) we define
a Borel probability measure, p, with support on Fi, by setting pin(Jex) =
1/k(€), that is, we assign equal weight to each interval Jy .

Assume ¢ > 2. Choose a component of Fy_;. This component is a closed

interval of length hj’ 1dﬁfh2 1—hy_, and F} has one subinterval in each interval

[k/2ve, (k+1)/2"]. (We assumed that m({) is increasing sufficiently fast; hence
from hj’ | being at “level £—1" it follows that it is an integer multiple of 1/2"¢.)
Then k(¢) > hj)’ ,2"* and hence

pa(Je ) < (15)

1
= h/// 2,,2'
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Our next purpose is to show that for all x € F., we have

pa(B(,7))

TOK—E

<1 (16)

lim sup
r—0+4

for all € € (0,«). We consider r € (1/2"¢+1,1/2"¢] for each £ = 2,3,.... We
split each such case into two subcases

LWy <r<1/27;
IL 1/2v+1 < 7 < h).

Assuming e € (0, «) is fixed first we consider subcase I. In this case B(x,r)
can intersect at most three different J; ;, and using (13) and (6)

3 3
,ua(B(.'L‘,T)) hy” 2%t hyl 2ve
ra—e — (hz)afe — 2(@_1)((1_6)]”@&76)/&
e—a)(£—1 m
— 3'2( )( ) 2Ve(a—F_1) < 3'4 ZQVZ(Q 6_1)
W )T =H,
3-4™ 5 ia_e 1
< 2 omi(fE-1) o Z
B 1

where the last inequality holds when my, is chosen to be sufficiently large.

Subcase II. In this case B(x,r) can intersect less than (2r/277¢1) 42 <
4r2¥t+1 many components of Fyyq, each of p1o measure o (Je )27 /b’ By
(15)

4r T 1
pa(B(z,7)) < Wua(‘]f,k) < 4? B gue
¢ 0 —1
Thus
Y/ pap—
pa(B(z,7)) _ "Ry R, 27
ra—ec , a—e
(#m)

4 < 3 )1(a6) g <4 g 1
= ‘ <4 <
(hy)e—e = (g

where in the last line we used an estimate similar to the one used in subcase
I. Hence for all z € F, we have (16).

Next we investigate the Holder properties of f at points of F.
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Since f € B(ge, 0¢), we have

|f(y) = f(@)] > |ge(y) — ge(x)| — 200 > [9e(y) — ge(x)| — he /4. (17)

Recall that g, = g5 +g¢;* and g;* increases by hy on each interval [k/2¢, Pp(k)].

Assume z € F,, C Fy and o + % < 3 < 1. Then using d; < hj, there exists
y € [x — 2hj, x| such that |g;*(y) — g;*(«)| = hs and hence using (17) and (13)
we obtain

v

3 3/W\* 3 1 s
|f(y) = )] —he>1<—e> ng@hﬁ T

31
s b 8 1B
16@/@&24(}'1’ yl” > [z —yl

where the last inequality holds if we choose a sufficiently large £ and v, namely,
choosing vy > m? > (3 we have

31 3 01w 3.2,
= == gra—to 5 Dol —la 5 g
16 1/ Pgta — 16 () 1/t 16

Since the above type estimations are valid for all 5 € («,1) when ¢ is suf-
ficiently large we obtain that F C Eéa. From (16) and Proposition 1 it

follows that dimgy F., > « which implies dimH(Eéa) > q.

Next we refine our argument to obtain dimpg Egj > «. To obtain this re-
sult we find a subset F2 C Fy for which p,(F%) > 0 and F2 C EI.
By Proposition 1 this will imply the result about the Hausdorff dimension.
To obtain F we delete some components of F, to obtain the closed sets
FZO. We will have a lower estimate on the p, measures of these sets yielding
pa(FL) = pa(N2 FY) > 0.
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ge+ 0¢
f
ge
ge — O¢
h//gl h%”
| | | | |
I I T I I
k+1

2% Py(k) Pe(k)+h) i

Assume x € F). Then x € [Py(k) + hy, Pe(k) + hy] C [k/27, (k +1)/2"]
for a suitable k. If y € [Py(k), (k + 1)/2¥], then g;*(x) — ¢;*(y) = 0. If
y & [Pu(k), (k+1)/2%], then h} < |y — x| and one can easily see that

ok kk - v,
g0°0) = 0" @) < (|| 1) e <t ly = a2

= he + |y — zlhy < (2h7)* + |y — x|
< 2%y —|* + |y — x| < 3ly — x|%,

(18)

where we also used (6) and (14).

In the next argument we assume that ¢, is sufficiently large and ¢ > £.
We define the sets Fy by induction on .

We assume that ¢; is so large that for all £ > £y we have

2h < hi 2 (19)
To start our induction we choose a component Jy, déf[Pgo (K")+hy, Poy (k") +hy, ]
; def

of Fy, in a way that gj is constant on J; =[k'/2", (k' + 1)/2"%] and set
FO = J.
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he—1 ge—1
12
ho_q
-
| | | | |
I I T I I
! h/ !’
_K 0—1 k1
2Ve—1 / 2Ve—1
Py (K') ,
———— I Sy
1
— | I Jo_y

— Jo—1

Assume ¢ > € and Jp [Py (k) + hl/_y, Py (K') + H_,] is a com-

def

ponent of F? ;. Then J,—y C J,_,=[k'/2"-1, (k' 4+ 1)/2"¢-1]. We also sup-
pose that g;_; is constant on J; ;. Set J;" | = [Pr—1(K), (K" +1)/2"¢1]. Ob-
serve that ¢g;*, is constant on J;' ;; hence g,—; is also constant there. From

f € B(ge-1,00-1) we infer

Qve—1

4

K +1 hyt! 1
f ( : ) — f(Pra(K) <2001 = =1 < nlh < i 2

where we used (10), my > ¢ and (19).
From f € B(gs, 0¢) and 29, < h;” it follows that

l90(®) — ge(@)] — 2052 < F() — F(@)] < lgely) — ge()] + 207 2

for all x,y.

(20)

(21)

Assume z € Jy;_1 C Fy_y and y € [K'/2"¢-1, Pj_1(K')]. Then (18), (14),
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Lo |
ly — x| > hy_q and |f — ge—1] < 00—1 < hg " yield

Lo
(W) = F(@)] < 2057 + |ge-1(y) — go1 ()]
42 ok ok
=2h; "+ 19750 (y) — 9751 ()]
1
< 2hi  hi oy +3Jy — x|
< 4h2/—1h?—1 + 3|y — x|
<ly—xz|+3ly —z|* <dly — |

Using (20) and (21) we obtain

QVe—1

E+1 . N .
” ( ) = ge(Pea(K) < b 2y ™ < 2n

*%

Since g, = g; + g;* and the functions g;*, g;* are monotone, we also have

* k' +1 * / 142 " 2 L
9e \ gy ) — 96 (Pe—1(K)) <2hi 3" < dhy_yhi_y < Shelyhe—y (23)
where we assumed that £y < /¢ is sufficiently large and hence 4h,_; < 1/2.
Now Lemma 7 implies that there is an exceptional set U* such that

" LK +1 .
s <2 (o7 (G ) =6 (i) ) < e

and from z € J; | \ ¥* it follows that |g;(y) — g; («)| < |y — z| holds for all
ye ).

We can assume that vy is chosen so large that 2/2"¢ is less than all the
jumps g ((K" + 1)/2N) — gz (K'/2N) > 0, (K € {0,...,2N» — 1}). Hence g
is either constant on an interval [k/2"¢, (k + 1)/2"¢] or increases by at least
2/9ve.

This implies that (b—a) > 1/2"* for each component (a, b) of ¥*. Denote by
Uy the union of those intervals of the form [k/2"¢, (k + 1)/2"¢] which intersect
U*. By adding to each component (a, b) of ¥* those intervals [k/2"¢, (k+1)/2"¢]
which contain ¢ and b we obtain ¥§. Hence A(¥f) < 3A(¥*) < 3hy  he_1.
Denote by F; the union of those components of FyNJ;' ; which do not intersect
U, We define F) so that F N.J;' | equals F;. Observe that F, NJy—1 = FyN
Jj_, consists of hj’ 2" many components and we need to delete A\(¥§)2" <
3he—_1h}’ ;2"¢ many of them to obtain FPNJ, | = F2 N Jy—1.

Since the p, measure of each component of Fy is pq (Fy N Je—1)277¢ /) 4,
we obtain

ta(FY OV Je—1) > (1= 3he—1) pta(Fe N Je—1) = (1 — 3he—1) pa (Ff_1 N Jp—1).
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Adding the above inequalities for all .J,_; type components of F) ; we have

pa(FY) = (1= 3he—1)pa(Fpy). (24)

Using vy > ny > my > £ and (6) we infer

pa(FL) > [ (1=3he1)ua(F5) > 0. (25)
=0o+1

For each z € FY and y € J}'_; we have |g;(y) — g; ()| < |y — z|. We also
know that x € F) C F/ and (18) implies

l9¢7(y) — 97" ()] < 3ly — |
Hence |g¢(y) — ge(z)] < 4]y — x| holds for all z € F) and y € J//_ ;. By (21)

we obtain |f(y) — f(z)| < 4|y —z|* +2h;+2. We also note that if Jgdéf[Pg(k)—i—

hY}, Pe(k) + h)] is a component of F?, then J, C Jlfdéf[k/Q”f, (k +1)/2"¢] and

g, is constant on Jj, since otherwise |g; (y) — g; (z)| < |y — z| cannot hold for
all y € J;. (Recall that we assumed that the jumps of g; are at least 2 - 2"¢.)

Assume z € FQ and y € J ;\ J,. Then |y — x| > k) > h;/a/Q; hence
2%y — z|* > hy. Therefore

I ]
1f(y) = f(@)] <4y —z|* + 2k " < Adly —x|* + 4hily — x| < 5ly — x|*.

Ifx € F) C Fyoyandy € [K/2v1, Py (K')) = J);_, \ J/_,, we have already
seen in (22) that [f(y) — F(@)] < dly — 2/, Hence [f(y) — F(@)] < 5ly — 2|°
holds for all z € F{ and y € J, ; \ J,.

Finally, if z € N2, Fy = FY, and x # y € J; , then there exists £ > {5+ 1
such that y € J;_; \ J; and hence |f(y) — f(z)| < 5|y — 2| holds. Therefore
FY c EJ and by Proposition 1, (25) and (16) we infer dimg (F2) > a.

This shows that for functions in }'(ii)déf}'l assertion (ii) holds.

5.3 Assertion (iii)

PROOF. Assume F(;;; is the dense open set F* of the main construction (used
with the value of Ay, . given in (6)) and f € F;;). Given jo € N set m = jo
and choose n > m such that f € Gy, . Then N, > K, > n > m = jo; using
(5) and the definition of g} we obtain

def K KE+1 " K +1 " 4
Hink =R\ (o8 N | ) T 9\ v )~ 9w )



150 ZOLTAN BuczoLiCH AND JUDIT NAGY

Since f} > 0 on [0, 1], we have 0 < ufmmindgmin{ufmk/ (K =0,..,2N —
1} and we can assume that v, »,, was chosen so large that 27" < ps. min/8;
hence hy, ,, <27V < pif, min/8 and 0n.m < M /8 < Iy, 1, /8 < pig, min/8-
Recalling (8) we obtain

K kK +1 K +1 k'
wi\ (oo | ) = e ) aw
K +1 K
> n,m AN - Ynm AN _2 n,m
= | (QN" ) o <2N")‘ o (26)
* k/—"_l * k/ *
> 9n ( N, ) —9n (2717)‘ - QQn,m - th,m
Hf,, k'
> —5

Thus, using (3) we have

2N
1 q 2
> - ] ,/2)9 = BN S P
TN (9) 2 5 log2 8 ’;_O (b /2) = Tp, N, () N, S lma- o
This implies 7(q) = limsup; ., 77 ;(q¢) > 1 — ¢. By Lemma 3 we obtain
Trg) =1—-q

Since f is strictly monotone increasing, one can easily show that 74(0) = 1.

Assume 0 < ¢ < 1 is given and fixed. We verify that 7,(g) = 0.

Given f € F(;;y and jo > 1/q we choose n,m as above. Observe that out
of the 2¥»m intervals of the form [k/2""m (k+1)/2"»m], (k=0,...,2"»m™ —1)
there are only 2V many intervals on which g is nonconstant. We call these
intervals irregular and the remaining intervals are called regular. We denote
by T the set of those k € {0, ...,2"»m — 1} for which [k/2V"m (k + 1)/2¥mm]
is regular. For irregular k’s we use the trivial estimate

ko k+17\)’
(v ([ 52])) < motion =1

where we used that replacing f by cf we can assume that pf is a probability
measure. For k € T using g ((k + 1)/2"mm) — g*(k/2"™™) = 0 we obtain

k k+1 k+1 k
Nf <|:2Vn,7n ’ 2Vnm:|) - f <2Vn,m) o f <2Vn,nz>
k+1 k
S gn,m (W) - gn,m <2Vnm) + 2Qn,m,
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o (k41 . EY L,
- gn,m 2,/71')7" gn,m 2Vn,,m, Qn,m

= hn,m +20n,m < th,m-

If jo and hence n > m = jo > 1/q is sufficiently large, then we can assume
that vy, > N7 satisfies 2/»m - 2909 = 2Vmm . 24(h% | [2Vnm)d = Q¥mm .
24(1/4n2(m+Dvnmya < 1 < 2N Now using #({0,...,2"»m — 1} \ T) = 2N»
#I' < 2¥»m and the above estimates we obtain

1
Tf7Vn.m,(q) < o Tloz?2 log(QNn + Q¥Vn.m 'Qqh%,m)

Vn,m 108

log(2 - 2N") < # log(2v¥m) (27)

~ Up,m log2 Vn,m log 2
1 1
< < —,
vV Vn,m Jo
Hence 7(¢q) < 0 and Lemma 3 completes the proof showing that 7,(g) = 0.

O

5.4 Assertion (iv)

The proof of this assertion is similar at many places to that of Assertion (iii).

PROOF. Assume ¢ > 1 is fixed. Let F(;,) = F* of the main construction
and for given jo € N choose m,n and define ¢, i, ftf, min @S in the proof
of Assertion (iii). We can again assume that hj, ,, < pf, min/8 and g m <

K min/8.
Then similarly to (26) we obtain

S | LK +1 LK
oo (v ]) <l (5) = (o) |+

2@”7771 + 2h:/7m < 2/“Lfn7k"
We can use (4) when n > jo > ¢ and we have

2Nn g
1

g+1
<71 2 ’ q<1— .
TrN, () < N loga %% 3_0 (2pp, 1) <1—q+

Jo

This implies 7,(¢) <1 — ¢. By Lemma 5 we obtain 74(¢q) =1 — ¢.

Next we show T¢(g) > 0.
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Observe that from v, ,, > N2 and (7) it follows that if we choose j,, such
that 2777 = 6, p,, then v/j, > N,,. We can also assume that jo < m < nis so
large that

(1) = g5(0) > F(1) = £(0) = 20mm — b > w.

Observe that if £ € {0, ...,2/» — 1} is chosen so that k" /2/» = k' /2N~ for
a suitable k¥’ € {0,...,2"» — 1}, then

k,// + 1 k/,//
In ( %in ) ~n (27) = Hfn ks

we denote the set of these k" by I'”.
For k" € T similarly to (26) we obtain

k// K +1 L (K +1 LK ) ’ufmk,

By using an inequality between means of non negative numbers we have

1

oNn _q a Nn _
w=o Mhw | o Teso irar _ ga(l) —g5(0)
2Nn = 2Nn N 2Nn '
Hence
ot cmaonag < (S = FON vy
Xt = ()~ 020 > (S22 ) ot
Thus
2]n 1
k// k”+1 q
0.0 = g ios (s ([ 5]))
k// k”-l—l q
s 2 (v ([5m-750))

k' er”

1 F) = FON v g 1
Zjnlog2k’g<( 2 ) 2" qz_q>

1 FO) = FON -
> e (P10 2

IOEION
1 ()
> + .
~ Vin Jn log2
This implies 7¢(¢) > 0. By Lemma 5 we obtain 7¢(g) = 0. O
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5.5 Assertion (v)

PrOOF. First we show 7,(q) > 1—¢. Assume f € f(v)déff(i) = F1NFy. Then
f' = 0 almost everywhere and hence there exists § > 0 and a measurable set
H C [0,1] such that A(H) > 1/2 and for any « € H, y € (x — §, 2+ 0) we have

[f(y) = f(@)] <y =z, (28)

Assume j is chosen so that 1/27 < §. Denote by I'yy the set of those
k € {0,...,29 — 1} for which H N [k/27,(k + 1)/27] # 0. From \(H) > 1/2 it
follows that #I' g > 2771, From (28) it follows that s ([k/27, (k+1)/27]) < 277
holds when k € I'y. Hence using ¢ < 0 we have

1 kE k+1 4
. > E - -
130 2 o5 108 <M<[2j’ 27 ]))

kely

. . (1—q)—1

> - log(grlgﬂq> — %
Jlog?2 J

This implies 7,(q) > 1 —q.

Next we show 7(¢q) <1 — ¢. For any n > m we have

k+1 k
n,m - Ynm Z hnnr
g ’ <2Vn,7n ) g ’ (2Vn,m ) ’
Since @, m < hn,m/8 we have
k+1 k
Hfn,mk = f (2,/7%7”) - f (2ynm)
- k+1 k 9
9n,m Wnom 9n,m Wnom On,m

3 S 1
4n+12yn,7n 42n2yn‘7n :

3
> _hnnL:
4 )

Keeping in mind that ¢ < 0 we infer
¥n,m _1

1
_ q
Tfvmm (@) = V08 2 log ;;_0 o m.k

—4ngq
—— log(2¥mm4 a9 m) = (1 — .
Vn,m log 2 og( )= a0+ Vn,m

From vy, », > Ng > Kﬁ > n2 > m?2 easily follows that # — 0 as m, and

hence 7, tends to oo. Therefore 7,(¢q) <1 —g¢.
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Now we verify that 7¢(g) = oo.

Observe that by (7), P(k,n,m) < (2k + 1)/2»=+1 and hence gn ,, is
constant on [(2k + 1)/2vmm+L (k +1)/2v»m]. Therefore,

k+1 2k +1 _ ()™
f (2”n,m> - f <2ynvm+1> < 2Qn,m - 4 .

Thus in line (29) below recalling (11) we obtain

QVn,m+1_1

1 v K +1 K !
— lo - | = S —
Tf7V7L m,+1(q) (I/nm 4 1) 10g2 og <f (2Un,m+1> f <2Dn,'m+l)>

k’'=0

1 . k+1 2k +1\\?
>(ynm+1 log Z ( <2vn,m)_f(2un,m+1))

1 (hp,m)™2
= og (2w )
- (Vn,m + 1) log2 o8 ( 449 )

log(2¥mm (4m2Vnm)~ma474) (29)

- (Vn,m + 1) log2
_ Unm(l—mq) = —2mnglog?2 +log(4~7)
o Unom + 1 (Vn,m + 1) log 2

Recalling that ¢ < 0 and vy, ., > N2 > K2 > n? > m? we obtain T¢(q) = co.
O

5.6 Assertion (vi)

Assume f € f(vi)déf}"(ii) We will use the notation and choice of A}  intro-

n,m
duced in the proof of assertion (ii) and hence choose a suitable Subsequence

my > £. We will denote Wy = W, () ,m,- Clearly,

ove_1 ove_1
k k+1 k
oW = 0 an(Pe) o () = 3 e (550t ) =0 (550 )
k=0 k=0

= ge(1) — ge(0) > f(1) — f(0) — 20p.

Assuming m, > 2, we have by (6) and (10) g¢ < h7/2 < hy/2"**1. There-
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fore

s ¥ = 3 5P - 1 (5 )
k=0

2Vt —1

k
> kZ:O (ge(Pz(k)) — gr (ﬁ) - 2@e>
> (1) - f(0) - 2471,
S F(1) = F(0) = he > F(1) = F(0) — =

~ 5

Thus u7([0,1] \ We) < 1/2%. By the Borel-Cantelli lemma js-almost every
x € [0,1] belongs to finitely many of the sets [0, 1]\ Wy; that is, for ps- almost
every x there exists £, such that for all ¢ > £, we have x € W,.

If x € Wy; that is, © € (k/2¥¢, Py(k)) for a suitable k, then

1) = £ (557 ) 2 3Pk~ a1 (557 ) = 20

ok ok k
> 65" (P - g7 (57 ) 200 = b =221

1

he 5;7”2
> = >
2 2

Taking y = k/2%¢ or y = P,;(k) we have

>

=2
o ‘“m

Pi(k)) — f(k/27) _ 57
£(w) ~ flay] > TN TR 0
On the other hand |y — z| < d; and hence |f(y) — f(z)| > |y — z|*/?¢/4.
Since we can choose any ¢ > ¢,, we have hy(x) = 0. This shows hy = 0,

pp-almost everywhere in [0, 1]; that is, ,uf(Eéo) f(1) — £(0) = pys(]0,1]).
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