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THE CENTERED COVERING MEASURES
OF A CLASS OF SELF-SIMILAR SETS ON
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Abstract

Let S C R? be the attractor of the iterated function system { f1, fa, f3, fa},
where fi(z) = Nz + b, i = 1,2,3,4, © = (z1,22) € R%, 0 < \; <
ﬁl)l = (070)7 b2 = (1 — )\270)7 b3 = (1 — )\371 — )\3)7 and b4 =
(0,1 — A4). This paper determines the exact centered covering measure
of S under some conditions relating to the contraction parameters.

1 Introduction.

Computing and estimating the dimensions and measures of the fractal sets
are one of the important problems in fractal geometry. Generally speaking,
computing the Hausdorff and packing dimensions, especially the Hausdorff and
packing measures, are very difficult. For a self-similar set satisfying the open
set condition, we know that its Hausdorff dimension and packing dimension
equal its self-similar dimension (see [6]), but there are almost no important
results about the Hausdorfl measure and packing measure except for sets like
the Cantor set. The centered covering measure was introduced by Raymond
and Tricot in [9]. The dimension defined by centered covering measure is equal
to the Hausdorff dimension for any set and was used to give estimates for the
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multifractal spectrum of a measure. They have been used for other purposes
as well and have recently become an object of study themselves (see [10]).

However, because of the difficulty in the definition, there are few results
about the explicit computation of the above measures for fractal sets. Ayer
and Strichartz in [1] discussed the computation of Hausdorff measure for line
Cantor sets, and Dejun Feng in [3] gave a formula for packing measure for
linear Cantor sets. In [13], we obtained the exact centered covering measure
for the symmetry Cantor set. All of the above results are obtained for the
self-similar sets on the line. This paper considers the exact centered covering
measure for a class of self-similar sets on the plane.

Let § > 0, s > 0. Recall that a centered ball d— cover of a given set
E C R™is a d— cover of E by the balls with center in E. Define

Ci(E) = ;i_r)% inf{Z(Qri)s : {B(x4,7)}i>0 is a centered ball d-cover of E}
i=1

We call C§(E) the centered covering pre-measure of E. It is not a measure as

C§(F) is not monotonic. However, it gives rise to a measure and is called the
centered covering measure as follows:

C*(E) = sup{C§(F) : F C E}.

The following properties of the above measure can be found in [5],[9],[10],
and [11]. Note that here H*(E) denotes the s— dimensional Hausdorff measure
of E.

Lemma 1.1. Let s > 0, E be a subset of R™, then

(i) 27°C*(E) < H*(F) < C*(E).

(i) VA > 0, H*(AE) = M H*(E), C*(A\E) = A\*C*(E), where \E = {\x :
x € E}.

(iii) H*(E), C°(E) are metric outer measures and Borel regular.

It is easy to see that for any sets E C R"™, there is a number dim¢c(E),
called the centered covering dimension of E such that

dime(E) =inf{s: C*(E) =0} = sup{s: C*(F) = oco}.
From Lemma 1.1, we have dimg (E) = dim¢(E) for any set E, where dim g (E)
denotes the Hausdorff dimension of E.

Let 1 be a finite measure defined on the Borel sets £ C R", for x € R",
and the centered upper spherical density of x with respect to p is defined by

e u(Br)
D (p,x) = hr:lj(l)lp U

The relation between the upper spherical density and the centered covering
measure is given in the following Lemma.

(1.1)
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Lemma 1.2. [5/[9] Let E ¢ R", C*(E), D (u,z) defined as above. If we
replace 1 in (1.1) by C*(.) and C5(E) < oo, then D°(C%,z) = 1 for C—
almost all x € E.

Y
A
Po.1) Py
E
O FPyg X

Figure 1

Let Sy be the unit square on the plane. We establish an orthogonal co-
ordinate system as follows. Take the origin to be a vertex of Sy (see Figure
1), and {f1, f2, f3, f4} be the iterated function system iterating on Sy, where
fl(x) =Nr+b;,i=12,3,4, = (l‘l,l‘g) S R2, 0< N\ < ﬁ, b1 = (0,0),
by = (1 — X2,0), b3 = (1 — A3,1 — A3), and by = (0,1 — A\4). Then there exists
an unique non-empty compact set S that satisfies [6]

If the set S is a self-similar set satisfying the strong separation condition (that
is, f;(S) N f;(S) =0 for i # j), then dimp(S) = dimc(S) = s, where s is the
unique positive solution of the equation

doa=1 (1.2)

Moreover, 0 < H*(S) < C*(S) < co. That is, the above measures are positive
and finite [6].

Denote by p the unique probability measure satisfying the self-similar re-
lation

4
p=> Xuofih. (1.3)
i=1
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By the scaling property of C*(S), u = ¢oC?|s, where ¢y is a constant. Then
the self-similar set S is the support of .

We first give some notation. Denote by P, ,) the point with coordinate
(7,y). In Figure 1, E'F is a straight line parallel to the diagonal P, 1)F(1,0)-
Set t = dist(P,0), ET'), A(P,0),t) = So N (AP0 EF) when 0 < t < §
and A(Py,0),t) = So — (So N (AP;4,1)EF')) when g < t < V2, where
AP, EF denotes the triangle with the vertexes P, ,), E, and F. Let

p be determined by (1.3), take d,, = inf w. We also de-
0<t<V2
fine 2, = inf %j"’)’t)), B = inf HAPaLD) g gt -
min O<t§\/§ t min O<tS\/§ tS min
inf %f’”’t)) in the same way.

0<t<V2

Lemma 1.3. Let 0 < A\ <
and s < 1. Then

o \f, k=1,2,3,4, s be determined as in (1.2),

s :mm{ ' V25X ,AZ—F)\f—s—)\j }
(min{l — X\i, 1= A1) (V2(1 — Ap))*

where (k,i,7,p) € {(1,2,4,3),(2,1,3,4),(3,2,4,1),(4,1,3,2)}.

ProoOF. Without loss of the generality, we only prove the case when (k, i, j, p) =
(1,2,4,3). By self-similarity, we only need to consider the interval (0, v/2] with
V2\1 < t < V2. We shall prove that the infimum in the definition of d. ;,
could not be attained when EF intersects f;(So) in the interior of f;(So)
(j=2,34). As 0 < M\ < 2—1\/5, the straight line EF doesn’t intersect with

three of f1 (So), fQ(So), fg(So), and f4(50)

If there exists to € (min{ 1;%2 A4} max{ HA? 1+>‘4 }) such that

#AP.0),t0) V28NS
t(s) (mm{l — /\2, 1— )\4})3’

EF must intersect at least one of f3(Sy), f1(So) in their interiors when t = t;.
Define to = dist(P_x,0), EF) and ty = dist(Pg1-x,), EF). Note that if
EF doesn’t intersect f(Sp) in its interior, we take t;, = 0, where k = 2 when
Ao < A\q and k =4 when Ay > 4. Then
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AP0 t0)) o A+ maz{p(A(Pa-2,,00,t2))s HAFP0,1-20), a))}
t5 - mm{1 22 1- )‘4}+maa:{t2,t4})

AT + maz{p(A (P(1—>\2,0)7t2))a I(A(Po,1-x,),t4))}

(mm{l\/5 A )® + (max{ta, ta})®
. A mafv{ﬂ(A(Pu—AQ,o)»b))v#(A(P(o,l—x4)»t4))}
> min{ 1, I A s t
(min{ \/52, s ® }) (max{ts,ts})
. V2o maz{p(A(P1-x,,0):t2)), HA(P0,1-10),t4)) }
= min{ }
(min{l — Ao, 1 — Ag})*®’ (max{ta, t4})® ’
which contradicts the definition of d}.,,,,.
If there exists ¢y € (v/2(1 — A3),v/2) such that
AP0 t0) AT+ A3+ A
£ (V2(1 = X))
EF must intersect f3(Sg) in its interior when ¢ = ¢y. Define
tg = diSt(P(1,A3’1,A3), EF)
Then
#AP.0),t0) A+ A5+ A+ p(APL-x5.1-25): 13))
ts (V2(1 = X3) + t3)°
o MM+ A+ AP-ra 129, E3))
(V2(1 = X3))* + 15
> min{ PHE PPV 7 M(A(Pu—,\i,l—xg)is)) 3
V25(1 = A3)® t5
which contradicts the definition of d,;,. This completes the proof.
O

We now give the main result of this paper.
Main Theorem. Let 0 < A\ < +f t =1,2,3,4, 0 < s < 1. If the
parameters A1, Ao, A3, Ay satisfy the following conditions

(i) 2), <(%)1 s, where k # p, k,p € {1,2,3,4},

(i1) )\(;r/\;gj\g < % where k # i,k # 5,1 # 3, k,i,5 € {1,2,3,4},

then
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where

Doz = 1I£?§4{(2ﬁ(1 - At))s}'

The proof of the main theorem will be given in next Section, we first give
an example that the exact centered covering measure can be determined by
the main theorem.

Example. Let A\ = A3 = ﬁ and Ay = Ay = % for the convenience of
computation. Then s = logag(v/3 + 1), % ~ 0.8902 and the following can be
easily computed.

V2 20V2
dl_:d?)_:is dd2-:d4-:75.
man man (20 X 19) ? an min man ( 399 )
1 1
201 = 2)3 = 200 = 0.0050, and 2Xy =2X\4 = 0= 0.1000.
1—A3)dt . 1—X)d3 .
(&= \/?élsm’"%ls - (= j;) ) T & 0.0496,
1—Xg)d? . 1— Xg)d* .
(= ff)m) - = ff)s"”")lis ~ 0.2043.
(T=X)d . 1 (1=A)dY, . 1 . .
(=) TS = (TS & (0.0461 for d,u € {2,4) and j,v € {1,3}.
V2 V28
1—\)d 1—X,)d2,
((\/le"””)lls = ((\/27)5”“”)115 ~ 0.2198 for 4,u € {1,3} and j,v € {2,4}.
A+ FAS A+ A+
= ~ 0.8668
(I=Xp)® (1—=XA3)® ’
AS+HAT+HAS A A+ A3
= ~ 0.6450.
(1—=2X9)® (1—Xg)®
ATHA A ASHAT AL AT A AL A3 AT A ~ 0.6345
(1—/\1)3 - (1—/\3)8 - (1—)\1)3 a (1—)\3)3 e '
A+HA+AL AN A A HFAT AL AT AT+ A ~ 0.8811
(]. — )\2)5 (1 — )\4)5 (1 — )\2)5 (1 — )\4)‘S ' '

The above equalities indicate that all of the conditions of the main theorem
are satisfied so that

1 1 - 10
(2v2(1 = A))* " (2v2(1 = A))* " 19V2

Diyar = max{

),
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and thus Y
s _19V2
C*(8) = ().

2 Proof of the Main Theorem.

This section gives the proof of the main theorem. The desired statement
follows from the following Lemmas (see [1], Lemma 2.2).

Lemma 2.1. [1] Suppose 0 < a < 1, p < pg, a > ag and y > Nz®. Then

1
0<z< (%)m implies (ap:my)a < X

For any P, ) € fi(S0), i = 1,2,3,4, and let sz,y) be the farthest vertex

of f;(So) from Py, where j # i, j € {1,2,3,4}, and the lower label jq
in ?gﬁ’y) denotes {F(x’y)} = lim fj o f*(Sp). For example, in Figure 1, if

jq
—(0,A1) —(0,A1) —(0,M1)
Pay) = Poa) € fi(So), then Py, ™" = Py gy, P33 = Payy, Py~ =

Py,.,1), etc. With above notation, we have

m

Lemma 2.2. Under the conditions of the main theorem, for any P )
fx(S) and any real v with 2\, <7 < /2, k =1,2,3,4, we have

M(B(P(r,y)7r)) < 1

s — . —(z,y) S’
(2r) (2- dist(Pp ), Pou™))

where (k,p) € {(1,3),(2,4),(3,1),(4,2)}. Moreover,

B(P; ., 1
sup pB(Pay),r))

Vin<reva  (2)° (2 dist(Pg ), P”))s

ProOOF. Without loss of the generality, we only prove the case when (k,p) =

(1,3). For any P, € f1(S0), Pﬁ’w must be a vertex of f;(So), 7 =2,3,4
1(see Figure 2). If the circular arc of B(P(, ), r) intersects f;(Sp) in its interior,
et

tjq = S’U,p{t € (07 \@)‘j] : A(ﬁgzy)at) N B(P(w,y)vr) = w}a qe {1727374}~

Then A(F;‘Z’y), tjq) intersects the circular arc of B(P(, ), r) at an unique point

which is denoted by @, and Q; € f;(So). It is easy to see that

r = dist(Ply), Q;) > dist(Ply), Poo”) — dist(P'o”, Q).
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s

Note that the angle between the sides of square and its diagonal is 7. Thus,
the above inequality implies

r = dist(Ply .y, Q) > dist(Piay), Py — V2t (2.1)

We first note that f1(So) C B(P.y),7), and we may suppose that

diSt(P(z,y),fiz’y)) < dist(P(w)y),ﬁgZ’y)) < diSt(P(Ly),ﬁéz)y))
without loss of the generality. We continue our proof in the following four
cases:

Y

H(Ty) —(,
P, Pus Py = Pé?, 2

Q4

Play) B

Pa0)

Figure 2

Case 1. When 2\ <7 < dist(P(I’y),Piz’y)), then either B(P(,.,),”) N
fio(So) = 0(jo = 2,3,4), or the circular arc of B(P,,,r) intersects only
one of the squares f2(So), f3(S0), f1(So), or the circular arc of B(P, y,7)
intersects two of the squares f2(Sp), f3(So), fa(So), or the circular arc of
B(P(y,4),r) intersects all of the squares f>(So), f3(S0), f1(So).

If B(Pyy),7) N f,(S0) = 0(jo = 2,3,4), it is obvious that

MBLPay.r) AN 1 (2.2)

(2r)® T2V (2v2)

If the circular arc of B(P, ), r) intersects only one of the squares f2(Sp),
f3(S0), fa(So). With the above notation, r = dist(P; ), Qj,), jo = 2,3,4,
and p(B(Pg,y),7)) <AL+ A5, — u(A(?ﬁj&y),tmq)). Combining with (2.1), we
obtain
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Jogq

s - . 7($7 )
(2r) (2 (dist(Play), Piog ) = V2tjeq))*

Joq

s s (@)
Al + )\jg — (AP ! tjoq))

Joq

(2- diSt(P(w,y%P(‘m,y)) - 2\/§tjoq)s

Joq

s s 5 (@)
BB(Plyy ) _ XA, — n(APS 10)

We take in Lemma 2.1, a = s, pg =p = A{ + Aj,a=2- dist(P(x,y),?g-z(’Iy)),
ap = 2(1 — A1) when jo = 2,4 and ag = 2v2(1 — \;) when jo, = 3, y =
M(A(?(-I’y) tiog))s T = 2v/2t,,. By Lemma 1.3, we have

Joq

7(137( )
v _ N(A(Pjoqy ,tjoq)) > 1 d9
T @Vt VB
Take A the right hand side of the above inequality, and condition (i) of the
main theorem ensures 2v/2t;,, < (‘“;—i‘o)1+ By Lemma 2.1, we have

M(B(P(m,y)7 ’I")) < )“i + Aj’o

(2r)® - (2- dist(P($7y), P(-w’y)))s .

Jo

(2.3)

If the circular arc of B(P,,,), ) intersects two of the squares f2(S0), f3(S0),
f4(So). Let
. STy . @)\ . —(@,y)
dist(Plg,y)y, Prgg ) = maz{dist(P y, Pi o), dist(Pay), Pjog )}
where (ig, jo) € {(2,3),(2,4), (3,4)}. With the above notation, we have

s s s +(z,y) —(z,y)
WBPay)sr)) AL+ A + A — (AP " tiog) = AP tiog))

i0q Joq
@2r) = (2 (dist(Playy o) = /hinq))
M X, — HAP b))
T (2 dist(Pay), Py = 23/ 2tmgq)?

We take in Lemma 2.1, a = s, pop = p = A] + A}, + Aj, a = 2+

Jo”?

dist(Pl.), PO, a9 = 2(1 — ) when mo = 2,4, and ag = 2v2(1 — A1)

moq
when mg = 3, y = u(A(?x(’ﬁ?,tmoq)), T = 2v/2t 4. By Lemma 1.3, we have
7(5”’ )
_ M(A(Pmoz atwmq)) 1 q

— dl ..
T (2V2tmq)® 28y/25s T
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Take A\g on the right hand side of the above inequality, and condition (i)
of the main theorem ensures 2v/2t,,,, < (“;—20)1%8 By Lemma 2.1, we have

:U’(B(P(z,y)v T)) < Aig + /\'?0 + /\jo .
(2r)® T (2 dist(Pl, Pe))s

77 moq

(2.4)

If the circular arc of B(P,, ), r) intersects all of the squares f2(So), f3(So),
and f4(Sp). Note that

diSt(P(I7y) , ?z(;;,y) ) > diSt(P(w,y) , ?éz,y) )

and

dist(Pa.y), P > dist(Pa ), P,

z,y)>

and then

7(:51 ) 7(w7 ) 7(7:7 )
WBPay),r) _ 1 — (AP, " t2q) = APy, " t3)) — w(A P4y tag))

(2r)s B (2- (dist(P(z’y),ﬁgZ’y)) —V2t39))*
1= w(APEY ts,))

T (2 dist(Pay), P — 2v/2t5,)"

We take Lemma 2.1 a = s, pp=p=1,a =2 dist(P(xyy),?‘(f;’y))
2/2(1 = M), v = p(AFS Y tsy), & = 2123,
HAPEY 150) o 1
(2\/§t3q)5 = 2s,/25 min*
Take A the right hand side of the above inequality, and condition (i) of the

main theorem ensures that 2\/§t3q < (“;20 )1% By Lemma 2.1, we have

, ag =

By Lemma 1.3, we have 2 =

M(B(P(r,y)7r)) < 1
(2r)s T (2 dist(P(w),Péz’y)))s

(2.5)

Case 2. When dz’st(P(%y),Pg’y)) <r< dist(P(xyy),?éZ’y)), then

B(P(z’y), ’I“) D) f4(SQ)

In this case, either B(P(,,),7) N f2(So) = 0 and B(P, ), ) N f3(So) = 0, or
the circular arc of B(P, ), r) intersects one of the f>(Sg) and f3(Sp), or the
circular arc of B(P,,,),r) intersects all of the f>(Sp) and f3(So).
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If B(Py,y),7) N f2(S0) = 0 and B(P(, 4),7) N f3(So) = 0, then

s — . —(z,y) s :
(2r) (2- dist(Pe.,), P™)

(2.6)

If the circular arc of B(P, ), r) intersects one of f>(Sp) or f3(Sp), then

HB(Playsm) _ M+ X+, = AP 1)
2r)* T (2 (dist(Pay), Poo?) = V3tq))®
NN, - u(A(Pﬁﬁf i)

(2 dist(P(g.y), P o y)) - 2ft]0q)s

where jo € {2,3}. We take in Lemma 2.1, a = s, pgp = p = Aj + A\ + A8

Jo?

a=2-dist(Pg.y), P ’y)) ap = 2(1 — A1) when jo = 2, and ag = 2v/2(1 — A1)

Joq

when jo =3,y = (A(P;‘:;y), tiva))s T = 2v/2t;,,. By Lemma 1.3, we have
7(I7y)
g _ N(A(Pjoq atjoq)) 1 dq .
o Ve EVE

Take Ag on the right hand side of the above inequality, and condition (i) of
agAo )ﬁ
Po

the main theorem ensures 2v/2t;,, < ( . By Lemma 2.1, we have

By ) o MENEX, g (2.7)
S < ‘ e ,3}. .
(2r) (2 - dist(P.y), Pjoqy )

If the circular arc of B(P,,),r) intersects all of the f2(Sp) and f3(So), it is

obvious that dist(P(%y),?éz’y)) > dist(P(w,y),ﬁ;?y)). Then

B(Pay ) 1= (AP 1)

(2r)s B (2 (dist(Py,y), qu,y)) V2tsq))*
) 1= p(APEY t3,))
(2- diSt(P(m’y),?g]’y)) - 2\/§t3q)s

As in Lemma 2.1, take a« = s, pp =p=1,a =2 dist(P(m’y),?éz’y)), ag =
2V2(1 = \y), y = M(A(?g;’y),tgq)), r = 2v/2t3,. By Lemma 1.3, we have
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= dr ..
T (2V2t3,)s 2sy/2s M
Taking A\p on the right hand side of the above inequality, the condition (i) of

7(I7)
vy AP ) 1,

the main theorem ensures 2\/§t3q < (“‘;2‘0 )ﬁ By Lemma 2.1, we have

:U‘(B(P(x,y)vr)) < 1

. 2.8)
S —@w (
(2r) (2 - dist(Pay), P, Y ))®

Case 3. When dz’st(P(Ly),ﬁ;Z’y)) <r< dist(P(Ly),?éz’y)), then

B(P(a:,y)a 7‘) D f4(50) and B(P(w7y),7") D) fz(So)

In this case, either B(P(,.,),7) N f3(So) = 0, or the circular arc of B(P(,),)
intersects f3(So). If B(P(y,y),7) N f3(So) = 0, then

M(B(P(w,y)v T)) < /\f + )‘g + /\ésl

. < — : (2.9)
(2r) (2 dist(Pe. ), Poc”))e
If the circular arc of B(P,,,),r) intersects f3(So), then

7(1‘7 )
B(B(Payr)) _ L— p(APEY ts,))

()7 T (@ (dist(Ply. PLY) — v3ta))®
7(1» )
1— u(A(Py, " t3q))
(2 dist(Py g, P?) — 2/3t3,)*

The discussion is now the same as above, take in Lemma 2.1 o = s, pg =p =1,

0 = 2:dist(Ply .y, Po”), ap = 2V2(1-A1), y = p(APLY t3,)), 7 = 2/3t3,.
By Lemma 1.3, we have

7(7)
y _ pAPy ) 1,

- i . .
o (2V2ts,)s 2528 T

Taking Ao on the right hand side of the above inequality, and condition (i) of

the main theorem ensures 2v/2t3, < (“‘;72‘0 )i By Lemma 2.1, we have

WB (P 7)) _ i
- 3 7(m1 ) ,.
(QT)S (2 . dzst(P(Iyy), P3q Y ))5

(2.10)
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Case 4. When dist(P(z,y),ﬁgz’y)) <1 < /2, then B(Pz,y),7) D fr(S0),
k=1,2,3,4. It is obvious that
B(P,
,u( ( (z,y)vr)) < 1

, 2.11)
D < — —w (
(QT) (2 . d'LSt(P(z’y)a P3q Y ))S

The above discussion indicated that the right hand sides of the above inequal-
ities (2.2) — (2.11) are all no more than

1
: @y,

(2-dist(P ), Ppy”’))*

)

p=2,3,4. Note that P, € fi(So), and ?S;y is the farthest vertex of the
square f,(So) from P, ). Then dist(P(m’y),ﬁS;’y)) >1— X\ when p € {2,4},

and dist(P(ryy),P;z’y)) > v/2(1—\;) when p = 3. Moreover, dist(P(z,y),?;Z’y)) <
/2. Combining condition (ii) of the main theorem with the above inequalities,
we complete the proof of Lemma 2.2. O

Corollary 2.3. For any P, € f(S), we have

M(B(P(:L’}y)vr)) 1
sup p; < ,
VEA<r<V3 (2r) (2v2(1 = M\p))®

where k =1,2,3,4.

PRrOOF. Without loss of the generality, we only consider the case k = 1. Note
that the point F(y, \,) is the nearest point from P(; 1) in all of the points of
f1(So). By Lemma 2.2, we have

sup PBPoa):T)) 1 _
VBN <r<yE (2r)® (2v2(1 = Ay)®
Then,
oy HBPey) o p(BRoan) 1
Vin<r<va  (@2r)° VIN<r<v3 (2r)® (2v2(1 = \)*
This completes the proof. O

Lemma 2.4. Let 0 < A\ < Tlx/i’ k=1,2,3,4, u be the self-similar measure

defined as in (1.3), and s be determined as in (1.2), then
. . = 1
(i) For any point P, 4y € S, D™ (i, Pyy)) < 1?,?%(4{7(2\6(17%))8}'

(i) D’ (u, Ploy) = 1@?§4{m} for p— almost all P ) € S.
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PROOF. (i) For any point P, ,) € S, there exists a sequence i1, 42, , iy, - -
such that {P, ,} = lim f; o fi, o--- 0 f; (So), where i; € {1,2,3,4}, j =
n—oo

1,2,--- ,n. If a real 7 satisfies 0 < 7 < v/2, there is an integer n > 0 such that
V20 Aiy - A, Ay <T < V2Xi, Aiy - A, - Tt is easy to see that
(fin o fizorw0 fi, ) THB(Pay),r))
= B((fosgorosn)  Ploa): Guidis -+ 20 ) ),
then v2X\;, ., < (A Aiy -+ Ai,) 7' < V2. Note that for any point P, ) €
fi(S) and any radius 0 < 7 < v/2)\;, the condition 0 < \; < Tlxﬁ implies that
B(Py,),7) N f;(S) =0, j #1i, 1,5 € {1,2,3,4}. Combining this fact with the

self-similarity of .5,

M(B(P(z,y)7 T)) B /’(‘(B((fil o fi,0---0 fin)_1<P(z,y))’ O‘il)‘iz T )‘in)_lr)) )

(2r)° (2N Ay -+ A, )7 hr)®
By Corollary 2.3,
B(P,
—M( (P 7)) < max {—1 }.
(2r)s 1<k<4 (2\/5(1 —A))®
Then,
—s 1
D (u, Py, < max {——— 1.
(1, Pl ) 1954{(2\/5(1 - Ak))s}
.. 1 _ 1 >
(ii) Take GV 112%)(4{7(2\/5(17&))5}. For any p > 1, k > 1,

let fllz = flo o flo ©-++0 flov where (k()le) € {(L?’)v (274)7 (37 1)’ (472)} We
construct a subset F), ;, of Sy that satisfies u(F, ) = 1 as follows

For= U U fiv o fisorr 0 fin o fro 0 [ (So),

N=p (iyig-in)E€l,

where I, = {(i12---4pn) @ i; € {1,2,3,4},5 = 1,2,--- ,n}. According to
2], we have u( () () Fpx)) = 1. By the above results, if P, € SN
k>1 p>1

(N (N Fpr)), then P,y € SN F, for any & > 1 and p > 1. The def-
k>1 p>1
inition of Fj; implies that there exists some n > p (n relative to p) such

that dist(P,,), PY) < V2Xi, A, - -+ Aip, Ak Af,, where {PJ} = klim fivofi,o

0 fin © fro © fF(S0). Take 7, = V2(Xi, Ay -+ iy — iy Aig - Aiy Akg) +
\/5)\1‘1 )\7;2 - )\in )\ko )\ﬁ)7 then

B(Ps),7p) O B(PY,V2(Niy Nig - Xiy = My Niz + Xiy A ))-

n
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Thus,

1(B(Pay),mp)) = 1(B(PY V2N Ay -+ Xiy = Aiy Xig iy Ak )

and

N(B(P(x,y)a Tp))

(QTP)S N
ALAL A
25V/25(Niy Aig + Aiy = Ay Aig e Aiy Akg iy Ay e Aiy Ak AL )

1
25V25(1 = Mgy + Ao Af)®

Note that r, — 0 when p — oo, and Py, ,) € SN () Fpx) for any k > 1,
p>1

which implies
1

> .
) o 23\/27(1 — Mg + /\ko/\ﬁ))s

ﬁs (U7 P(z,y)

Combining P, ) € SN () () Fpr)) with the above inequality, let k& — oo,
E>1 p>1
then
) > ;
P 925 (1 — A )

Asu( N (N Fpk)) =1and S is the support of the measure u, then the above

D (n, P

E>1 p>1
inequality is valid for pu— almost all P, ,) € S. This completes the proof of
Lemma 2.4. O

PROOF OF THE MAIN THEOREM. By the definition of the self-similar measure
u, for any measurable subset £ C R?, u(E) = CC(f(g)S ). Combining with the
definition of the centered upper spherical density and Lemma 1.2, we have

ﬁs(,u,P(x’y)) = ﬁ for p— almost all P, ,) € S. Lemma 2.4 showed that if

ES(,U/y P(m7y)) = 11/2?%(4{m} for n— almost all P(Ly) S S, then CS(S) =

(1121_a<x4{m})_1. This complete the proof of the main theorem. O

Remark. The method developed in this paper can be generalized to other
self-similar sets with a larger number of generators and dimensions no more
than one, but the computations are more tedious.
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