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Abstract

We give three equivalent properties characterizing the essentially
ejective sets of a compact commutative topological group.

1 Introduction

Let G be a compact commutative topological group with the normalized Haar
measure y. Our aim is to characterize those subsets H of G for which

“no measurable subset of G can be periodic by every element of H,”

that is, if for a measurable set A C G we have that u ((A+ h) \ A) is “small”
for every h € H, then p(A) or 4 (G \ A) is also “small”. In other words, every
measurable set A C G can be “ejected out” of itself by some element of H.
This property is described in the following definition.

Definition 1.1. Let H be an arbitrary subset of G. The function
CH : [07 1] - [Oa l]a
G ()= inf sup p((A+h)\ A)
w(A)=z heH

is the measure of ejectivity of the set H.

If ¢g(x) > 0 for some = € [0,1], then we say that H is ejective, while
if (g (z) > 0 for every x € (0,1), then H is called essentially ejective. If
Cx (x) = 0 holds for every x € [0,1], then we say that H is nonejective.
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Since the function h +— p((A+ h)\ A) is continuous, a set H is (essen-
tially) ejective if and only if its closure, cl H has the same property; so we can
and will restrict our attention to closed sets.

According to our best knowledge, the notion of ejectivity was introduced in
[2]. Among other things, the authors discussed there some basic arithmetical
properties of the function (g, studied the measure of ejectivity of the whole
group and gave a criterion for the ejectivity/essential ejectivity of general
sets. In this paper we focus on essential ejectivity. Later on, we will give
more concrete references to [2] indicating the similarity of certain ideas and
techniques.

It turns out that the notion of nonejectivity is closely related to the weak
Dirichlet property. In the definition of this class of sets, for a probability

measure v on G, ¥ stands for its Fourier-transform; that is, 7 (y) = / ~vdv
G
for every character . The principle character is denoted by ~p.

Definition 1.2. A Borel set H C G is a weak Dirichlet set if for every prob-

ability measure v supported by cl H, sup |7 (y)]| = 1.
Y#Yo

We also define a function to measure how far is H from being a weak
Dirichlet set.

Definition 1.3. Let H C G be a Borel set and let M (H) denote the set of
probability measures supported on cl H. Then let

Y(H)= sup inf/|’y—1\2du.
VEM(H) V#10 /g

It is easy to show that H is weak Dirichlet if and only if ¢ (H) = 0. For
more information about weak Dirichlet sets and their relation to other thin
classes of harmonic analysis see e.g. [5] or [6].

It is not surprising that no function can be “periodic” by every element
of an essentially ejective set. We introduce a function to describe this phe-
nomenon. We will use

Fo {f G- C‘f € Lo(G), 1 fl]ae) = L/Gfdu: o},

where (L2(G), ||.||1,(c)) denotes the Hilbert-space of square integrable func-
tions with the usual norm. For a function f and h € G,

Apf(z) = f(z+h) = f(z)

denotes the difference function of f.
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Definition 1.4. For an arbitrary subset H of G, let
o 2
§(H) = flgffslelgllAhflle(c:)-

Our main result is the following equivalence.

Theorem 1.5. Let H C G be a compact set. Then the following properties
are equivalent:

1. H essentially ejective,
2. H is not weak Dirichlet,

3. ¢(H) > 0.

This result will be proved through the following theorems. The first gives
a quantitative form to the implication 2. = 1.

Theorem 1.6. Let H C G be a Borel set. Then
Y (H
Cu () > %(m—xzy (1)

specially every not weak Dirichlet Borel set is essentially ejective.
The second theorem states 2. < 3. in a quantitative way.
Theorem 1.7. Let H C G be a compact set. Then & (H) = (H); that is,
inf sup ||Anf||? = su inf / — 1% dv.
juf sup 1AL fI 7,0 VGMI()H) R Iy — 1]

Moreover, for every § > 0 there is a real valued f € F with
sup ||AnflI7, ) < (H) +6
heH

such that the Fourier-transform of f, §f has finite support and real coefficients.

Finally, we would like to remark that a suitable analogue of Theorem 1.5
holds in arbitrary compact groups, without assuming commutativity (This was
pointed out to the authors by the referee.) and together with other possible
generalizations will be discussed elsewhere.

We will use G* to denote the character group of G and p* for the Haar
measure on G* normed so that the constant in Plancherel’s formula is 1. The
Fourier-transform on G mapping La(G) to Ly(G*) will be denoted by §.

For a function f: G — R and a,b € R, let

a<f<b={reG:a<f(zx)<b}

The sets [f < u], etc. are defined analogously.
For a set K C G, Xi denotes the characteristic function of K.
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2 Proof of Theorem 1.6

The proof uses a refined version of an idea of de Bruijn [1] proving the weak
difference property for the Lo class on the circle group R/Z. A similar proof
can be found in [2], Theorem 4.1, [4], Theorem 3.1 and in [3], Theorem 3.2.

Let H C G be a Borel set. To prove inequality (1) we have to show that
for every Borel set A C G,

sup (4 + )\ 4) = P () (a?)
heH
We have
1 ifte(A+h)\A,
a(t—h)—Xa() =4 —1 ifte A\ (A+h),
0 otherwise .
Consequently,
L|XA<tfh>—xA<t>\2du<t>:2u<<A+h>\A>. )

Since for the Fourier transform of the functions X4 and X4 (Id — h) we have

(3%4) (7) = /G X (£)~ (£) dp (1)
and

(8Xa (Id = h)) Xa(t—=h)~ (t)du(t)

=/
[ xa@re+mane
'Y

)/xm (0du(0) = (1) (FX0) ().

by applying Plancherel’s identity to (2) we get
n((A+h)\A) = /G | (FXa) () Pl () = 112 dp* (). 3)
By the definition of 1) (H), for every n > 0 there is a v,, € M (H) such that

inf / (k) — 12 duy(h) > 46 (H)

Y#£v0 J
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For an 1 > 0, by integrating (3) with respect to this v,, we get

[ 2w\ v,
- / / (3X) () Pl () — 1[2du* () dwy (B)
G JG~*
- / (3%) () / by (R) — 1[2dy (h) de* ()
G* G
> (i (H) — ) / 1(FXA) (I du* (7).

G*\o

By Plancherel’s formula we also know that

[ 1@ () = ()

while (§Xa)(70) = u(A). Since v, is a probability measure, the v, mean of
2u((A+ h)\ A) smaller than its supremum. Thus

sup (4 + )\ 4) > LI 20
heH

p(A) = (r0)r(A)*);
so according to our normalization

sup p((A+h)\ A)
heH

> Y20 u) - ap®)

Letting n — 0 we get the desired result. O

3 Proof of Theorem 1.7

First we show that ¢(H) < £(H). Let f € F. By Plancherel’s identity we
have

| B () = 11 e =1 )

and

/G* [BF Iy (h) = 117 du* (7) = I8 ARSI, o)

2 2
=1 Anfll1,c) < SEEHA}L][HLQ(G)'
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Thus for every v € M(H) we have

/ 35 ()2 / (k) — 12 du(h) du* ()

G* G (5)

- / / BN y(R) — 112 dpe* () dw(B) < sup |80 FI .
G JG* heH

Since §f(v0) = 0 for our f € F, from (4) and (5) we get
int [ ) = 1P du(i) < sup 180,
Y#EY0 J G heH

which proves

su inf h) —1)>dw(h) < inf sup ||ALf||F .
ot [ )~ 1 () < faf s 1801

For the other direction, let § > 0 be fixed. From the definition of ¢(H) we
have

inf / (B — 112 du(h) < $(H) + 6 (6)
G

Y#Yo
for every v € M(H). For every v € G*, let

M., = {u € M(H): /G |v(h) — 1|2 dv(h) < (H) + 5}.

Then (6) implies that U, cge\ (1) My = M(H).

Now regard M(H) as a subset of the dual space of continuous functions on
H with the weak* topology. Since the functions h +— |y(h)—1|? are continuous,
{My: v € G*\ {v}} is an open cover of the compact set M(H). Thus there
is a finite set

I'= {71772)"%77’7,} C G* \ {,70}
such that M(H) = J,cp M»; that is,
inf / |v(h) — 12 dv(h) < %(H) + 6, Vv € M(H). (7)
7€l Ja

We assume that if I' contains a character «, then 7 € I as well.
Consider the Banach-space (R",|.||s) and its convex subset

K ={(a [ mm-1Paw.a [ b - 12am...

...,a/G|%(h)—1|2du(h)) vEM(H),0<a< 1}.
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By (7), K is disjoint from the orthant L = (¢(H )+, 00)™; so by the separation
theorem of Hahn and Banach there is a linear functional

¢ € (R, [[|loo)™ = (R ||-[[1)

with ||¢]]1 = 1 such that
¢(z) < 6(y) (8)

for every x € K,y € L. Let

We can identify ¢ with a sequence (c1,¢a,...,¢,) € R™. By applying (8) for
z=0=(0,...,0) andy =y +ry,i=1...,n,0<r <ooweget

0:¢(Q)§¢(g0+ryi):¢(g0)+rci7 i=1,2,...,n, 0 <r < oo

that is, 0 < ¢;, i =1,...n. Since ||¢]1 = 1,

o= el =l¢lh =1, (9)
i=1 i=1

while by applying (8) for z € K, y =y, from (8) and (9) we get

S0t = 1R () < (i) +5 (10)

for every v € M(H).
If for a v € T we have v = ;, let ¢(y) = ¢;. With this convention let
f G — R be defined as

~yerl

This function f is obviously real valued, while from 7; # vy and (9) we get
that

Lﬂ@@@z@ﬂ%%ﬂ,
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+ — n
1113, = I8F 10 = D w = =1,
i=1

yel

while by applying (10) for the Dirac-measure v = §5, h € H we have
12w f L) = IBARAII, o)
() +c(¥)
= S UGN PR — 17 = 30 AT iy g

yel’ yel’

=Y el(h) — 12 = /Gzcz-m(w AP By () < G(H) + 5
=1 =1

for every h € H. Thus f € F, it is real valued, §f has finite support and real
coefficients, and sup;,c g HAth%Q(G) < Y(H)+ 4. Letting 6 — 0 we obtain

inf sup ||A 2 su 1nf/ —12d1/
ot s lAflE < s ot [ 1P

which completes the proof. O

4 Proof of Theorem 1.5

In order to prove the remaining implication 1. = 3. we have to show that no
set H with £(H) = 0 can be essentially ejective. We do this by proving that if
&(H) = 0, then there is a constant Cy > 0 such that for every i > 0 one can
find a Borel set A,, C G with

Co < pu(An), p(G \ Ay) (11)
and
sup N((An +h) \An) <. (12)
heH

This implies that H is not essentially ejective, since then for an appropriate
sequence 7; — 0 and sequence (A,,;) of Borel sets we have that (11), (12) hold
and p(A,;) converges to some x € [Co, 1 — Co]. For every j sufficiently large,
by removing or adding a set to A, with measure |z — j(A,,)|, we can obtain
a sequence (B;) of Borel sets such that p(B;) = = and

lim sup n((Bj + h)\ Bj) =0,

J—00 pe
which shows that H cannot be essentially ejective.

The sets A, will be sublevel sets of appropriate functions. Before con-

structing them, we prove two technical lemmas.
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Lemma 4.1. Let H C G be so that E(H) = 0, and for a § > 0 let [ satisfy
the conclusions of Theorem 1.7. That is, [ is real valued,

FO) = cvt), ;eRj=1,...,m, (13)
j=1
satisfying
[ 10 dutt) =o. (14)
G
111720 ZZC?Z L, (15)
j=1
and
1ALflZ, ) <0 (16)
for every h € H. Then there is a p € [—1/4,1/4] for which
sup a((f < pl+ W)\ [f < pl) <505 (17)
€

PROOF. For every u € Rlet A, = [f < u]. Since v < f(x+h)— f(z) whenever
x € Ay \ (Aygo — h), from (16) we get that

p(Au + 3\ Auyy) = / 1dp(z)
Au \(Au+v *h)

18
</ |f(x+h)—f(x)\2dﬂ(x)§ 1AL 12,0 - 5 (18)
Au\(Autv—h)

v2 12 V2

for every u,v € R and h € H.
Let [ € N, its value will be chosen later. Since ,u(A% \A*%) < u(@) =1,
we have that

M(A_%-F% \A—l-q-i) <= (19)

for some k € {0,1,...1 —1}. Let p = —% + £ with this k. Then for every
h € H, using

(Ap + h) \Ap C ((Ap + h) \Ap+%> U (Ap+i \Ap) )

from (18) with u = p, v = 5; and from (19) we have

p(Ap + )\ Ay) < 6407 4 7. (20)

For | = 6~ 3, this shows (17) and proves the lemma. [J
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Lemma 4.2. Let f € Ly(G) be real valued of the form (13) satisfying (14)
and (15). For every e = (g;) € {—1,+1}", we put f.(t) = Zsjcj'yj(t). Let
j=1

& denote the set of those signings where f. is real valued; that is, where a
character and its conjugate have the same sign.

1. For a couple a,b € R with 0 < b < a, let

O)=—(z—a+b)(z—a—0b)(z+a)?
= —2? 4+ (b + 20®)2? + 2ab’z + a®b* — a’.
Then for every e € &,
b? 4+ 2a® + a*b® — a* — / FAt) du(t) < [ max G)(ac)}
G - z€la—b,a+b]
xmin {ju(la b < fo Satd)p~a-b< fo < —a+ b))},
2. For an appropriate gy € €, [, fgo (t) du(t) < 12.

PROOF. 1. We estimate the integral [, ©(fc(t))du(t) for every signing ¢ € £.
Since ©(z) > 0 if and only if z € (a — b,a + ),

[ et < | w0 ua-v< s <ari)

On the other hand,
[ ett@ant) = - [ o dute)
G G
+ (B +202) / F2(0) dpa(t) + 2ab? / Lo(t) du(t) + a%8® — a*.
G G
Since by (14) and (15)

[ f0dun =o. [ 2o dutn =1,
G G

this means
b% + 2a% + a®b? — ot — / FAt) dul(t)
s

< { max @(z)] u(la—b< fe <a+b).
z€[a—b,a+D] -
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Repeating the same calculation for ©(z) = O(—z), we get
b? + 2a% + a?b* — a* — / A du(t)
e

< Le[[fn%f(aﬂ] @(x)} p(—a—b< fo < —a+b)

Le[cfn%?fwb] @(J:)] p(—a—b< fe < —a+1b])

which proves the statement.
2. In the following, for two characters v and ~" we write v < +' if and only

if vy =~" or v =~'. We prove this part of the lemma by averaging on the
signings in £. We have

JRECETC
G
:Z€j1€j25j3€j4cjlcj20jscj4AWJlWizWJsWM d:u’(t) (21)

= Z €j1€52€53€j4Cj1Cj2Ci3Cia-
Vi1 Vi2 YizVia =70

If in a term of the right-hand side of (21) there is an index jj such that
Vi % v, for k # [, then by symmetry the averaging on the signings in £ cancels
this term. If this is not the case; that is, the indices can be matched in a way
that the characters corresponding to the indices in a pair are =<-equivalent,
then by the constraint that conjugate characters must get the same sign the
term appears with multiplicity equal to |£], the cardinality of £. Let J be the
set of the index quartets (ji, j2,j3,74) of the non-canceling terms satisfying
Yjr VizVisVia = Yo, 8O we have

ﬁ Z /G fé(t) du(t) = Z Cj,Cj5CjsCiiy - (22)
g€

(J1,92,43,d4)€J

We show that
2

Z Cj1Cj2CjsCia <12 ZC? . (23)

(J1,92,33,9a)€J j=1

This will complete the proof since combining (22) with (23), from (15) we get

|51|§/Gf§<t) dut)y <12 (> 2| =12,
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so for at least one g, € £ we have [, f§40 (t)dp(t) < 12.

To see (23), note that since f is real valued, ¢; = ¢; if 7; < 7,. To simplify
our counting we change on both sides of (23) the indices corresponding to
conjugate characters to the smaller index, so we can write

E : _ 22 4
Cj1Cj2Cj3Cia = E Q;,;C; G5 + E aic;

(J1,J2,73,J4)€J 1<i<j<n 1<i<n
and
2
n
2| 22 A
E | = E bijcic; + E bic; (24)
j=1 1<i<j<n 1<i<n

with appropriate coefficients a;,b; and a; ;,b; ;. That is, to prove (23) it is
enough to show that a; < 12b; and a; ; < 12b; ; for every 1 <,j < n.

The computation of a;, b;, a;; and b; ; is simple but lengthy, so we write
out the details only for the b;’s. For the other coefficients, the calculations
being similar, we present only the results.

By the choice of the indexing, b; = 0 if and only if 7; has a conjugate
character of smaller index; that is, 7; = «y; for some j <. If v; is selfadjoint,
¢} appears with multiplicity one in (24), while if 7; = v; for some j > 4, then

using ¢; = ¢; we get that et =ct = ce? = 3c2, so ¢} appears with multiplicity

3= Ci% T 9%
four in (24). To summarize the b; # 0 case,

4 AT

Similarly, b; ; = 0 if and only if ~; or 7, has a conjugate character of smaller
index, else
iy =%, v =7,
if v # % Vi =75
iy =%, v # 7
i v # %, v #7-

To estimate the a;’s and the a; ;’s, consider the following partition of J.

bij =

0 = = N

Jl - {(jlaj27j3,j4) eJ: Vi = Vj2 = Vjs XIYJZL}

and Jo = J \ Jy. Take now a; for some 1 <4 < n. These terms come from J;.
Again, a; = 0 if 7; has a conjugate character of smaller index, else

o L, ifv=%
t= 16, if v # 7.
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Note that we can give only an upper bound given the restriction (j1, j2, j3,j4) €
J.
Similarly, a; ; = 0 if v; or v; has conjugate character of smaller index, else

12 it v =755, v =75,
a; < 24 ?f Vi #?’ v :E7
24 it v =7, v #7
96 if % £ AT
So the inequalities a; < 12b; and a; ; < 12b; ; for every 1 <4, j < n hold. This

finishes the proof. O

Now we turn to prove the existence of the set satisfying (11) and (12), so
let n > 0 be fixed. By Theorem 1.7 there is a function f € Ls(G) satisfying
(13), (14), (15) and (16) for & = (£)3. For every € € &, f. also satisfies these
conditions. By Lemma 4.2 2., there is an g, € € such that [, fgo (t)du(t) < 12.
This, by Lemma 4.2, 1. for a = 4 and b = 3.75 implies that

3 <b? + 2a% + a?* —a* — / ) du(t) < { max @(z)]
a €
1

z€[a—b,a+Db]
. 1 1 1 )
xmingp (7S fe, STHN ) pn{ (ZT= <o <=7 ) 15
that is, with Cy = m we have
z€la—b,a+b]

sorllus ) ofeesl) e

We can apply Lemma 4.1 for f to obtain a p € [~7, 7] for which

11
47 4

222”(([f§0 <pl +h)\ [fe, <p]) <56% =n.

For A, = [fe, < p|, this shows (12), while (11) follows from (25), since for
p €[5, 3] we have

1 1
|:f50 < 4} - An = [fgo < P] C {fso < 4} .

So the proof is complete. [
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