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TRANSVERSAL MAPPINGS BETWEEN
MANIFOLDS AND NON-TRIVIAL
MEASURES ON VISIBLE PARTS

Abstract

This paper has two aims. On the one hand, we generalize the notion
of sliced measures by means of transversal mappings and study dimen-
sional properties of these measures. On the other hand, as an application
of these results, we explain in what sense typical visible parts of a set
with large Hausdorff dimension are smaller than the set itself. This is
achieved by establishing a connection between dimensional properties of
generalized slices and those of visible parts.

1 Background and Preliminary Discussion.

Given integers k£ and d such that 0 < k < d — 1, and an affine k-plane K in
R? (0-plane is simply a point), we use the notation Proj, for the projection
onto K. The following definition of visibility goes back to Urysohn [U] in the
1920’s. Let E C R? be compact. A point a € E is visible from K, if a is the
only point of F in the closed line segment joining a to Projy (a). The visible
part of E from K, denoted by Vi (F), is the set of all points that are visible
from K (see Section 2).

Visibility was investigated in connection with set theoretic problems by
Nikodym in [N]. The study of dimensional properties of visible parts was
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initiated in [JJMO]. Denoting by dimpy the Hausdorff dimension, we have for
almost all affine k-planes K not intersecting F that

provided that dimg E < d — 1 [JJMO, Theorem 3.2]. On the other hand,
under the assumption dimyg E > d — 1, we have

for almost all k-planes K not intersecting E' [JIMO, Proposition 3.3]. It is not
known whether the opposite inequality holds in (1.2). Some special examples
of planar sets with Hausdorff dimension bigger than 1 are investigated in
[JJMO]. In particular, it is shown that Hausdorff dimensions of all visible
parts of a quasi-circle are equal to 1. In [O] an upper bound bigger than 1
is verified for Hausdorff dimensions of typical visible parts of connected and
compact subsets of the plane. For further information on related topics, see

In this paper we approach the open question concerning the validity of the
equality in (1.2) by proving the following weaker result.

Theorem 1.1. Let k and d be integers such that 0 < k < d—1 and let E C R?
be a compact set with dimyg E > d — 1. Assume that p is a Radon measure
on E such that w(E) > 0 and dimgpu > d — 1. Then u(Vk(E)) = 0 for
Ty x-almost all K € Agy with KNE = 0.

Here we use the notation dimyg g for the Hausdorff dimension of any finite
measure 4 on R? (and later in Sections 2 and 3 on a metric space X); that is,

dimyg p = p-essinf dim, , pu(z)
x

where | (B(z.r)
0 z,T

dimy po() = lim inf ngoTr"

(In (1.3) B(z,r) is the closed ball with center at = and with radius r > 0.)

For more information about dimensions of a measure, see [Fa, Chapter 10].

Moreover, the natural Radon measure on the space of affine k-planes of R? is

denoted by T'gx (see Section 2 for definitions). Observe that, if (1.2) holds as
an equality, Theorem 1.1 follows from it.

Theorem 1.1 is proved in Section 2 as an application of the results con-

cerning dimensional properties of generalized sliced measures. These measures

are defined as a natural extension of the following notion of sliced measures

(1.3)
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introduced by Mattila in [M2]. Given a k-dimensional linear subspace V' of
R?, let V+ be the orthogonal complement of V. The slices of a finite Radon
measure j by affine planes V, = V + a, where a € V*, are defined as weak
limits of the normalized restriction measures

d—k -1
H¥(B(a,9)) M|proj;1(3(a,é)) (14)

as 6 goes to 0. (Here H? % is the (d — k)-dimensional Hausdorff measure,
B(a,8) = {v € V* | |[v —a|] < 6}, and p|a is the restriction of p to a set
A, in other words, u|4(B) = u(A N B) for all B C RY) The dimensional
properties of these measures, which turn out to exist for H% ¥ -almost all
a € V1, are investigated in [JM]. In this paper we generalize the notion of
(1.4) by replacing the preimage of the projection by a preimage of a transversal
mapping between manifolds. Our results in Sections 2 and 3, culminating in
Theorem 2.1, have a similar flavor to some of the results in [PS]. [PS, Theorem
7.7] may be regarded as a generalization of the projection results in [M1] for a
parametrized family of transversal mappings, whilst Sections 2 and 3 extend
the results of [JM] to a similar setting.

Our basic setting is as follows. Let (L, pr.), (M, par), and (N, pn) be I-, m-,
and n-dimensional smooth Riemann manifolds, respectively. Note that when
considering visible parts of a set £ C R in Section 2, L will be a submanifold
of the set of affine planes in R?, M = R%, and N will be a submanifold of R¢.
Assume that [ > n, m >n, and Il : L x M — N is a continuous function such
that for i = 0, 1, 2 there is a constant ¢; > 1 for which

HDQH(/\,:C)HS ¢ (1.5)

for all A € L and = € M. Here the i derivative with respect to \ is denoted
by D§7 the 0" derivative meaning the function itself. Furthermore, suppose
that there are finite collections {¢, V} and {¢,U} of C%-charts on L and N,
respectively, with the following property. There exists R > 0 such that for all
A€ Landye N

B(AR)CVand B(y,R) CU (1.6)

for some V and U. Assume also that the second derivatives, and thus the Lip-
schitz constants, of the mappings ¢, ¢!, ¢, and ¢~ ! are uniformly bounded
from above by a positive constant K.

We will restrict our consideration to the class of transversal mappings
whose role becomes evident in the proof of Lemma 3.1.
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1.1 Transversality.

For A € L, let ITy =TI(\,-). Suppose that the following form of transversality
is satisfied. There is a constant C; > 0 such that for all A € L and &1 # 2o € M
for which pn(IIx(z1), x(22)) < R, the following condition holds. Defining

_ pollx(z1) — pollx(zs)

Dy o (A )
1z (M) oo (21.72)
the property
[Py w0 (A)] < Ci (L.7)
implies that
det(D®, 4, (\) D®y, 4, (N)T) > C7. (1.8)

Here ¢ is as in (1.6), the derivative with respect to A is denoted by D, and
AT is the transpose of a matrix A. Moreover, we assume that there exists a
constant L > 0 such that

ID?®., 0y (V) < L (1.9)

for all 1, xo, and .
We continue by generalizing (1.4) in a way that is useful for our purposes.

1.2 Sliced Measures Determined by Means of Transversal Map-
pings.

Let u be a Radon measure on M and let A € L. Denote by Cf (M) the

family of continuous non-negative functions on M with compact support. As

indicated below, it follows from the axiomatic theory of derivation in [F, 2.9]
that for all ¢ € Cf (M) the limit

o (M) (Bly,0) 1
%HO H"™(B(y,9)) ;HO H"™(B(y,0)) /H;l(B(y,(s))d)du (1.10)

exists and is finite for H"-almost all y € N. Here vy(A) = [, ¢ du for all
Borel sets A € M and f.m is the image of a measure m under a function
f: X = Y; that is, fom(A) = m(f~1(A)) for all A C Y. It is well-known
that in a separable metric space (X, p), satisfying a certain geometric condition
described in [F, 2.8.9], the family

V ={(z,B(z,r)) |z € X,r > 0}

is a p-Vitali relation for any locally finite Borel regular measure p on X [F,
Theorem 2.8.18] and [F, 2.8.16]. As indicated in [F, 2.8.9] this covers as a
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special case Riemann CF-manifolds (k > 2) with the usual metrics. The
existence of (1.10) follows now from [F, Theorem 2.9.5]. Using the separability
of Cf (M) it may be shown that the exceptional set of points y € N in (1.10)
is independent of the choice of v, and therefore we conclude from the Riesz
representation theorem [M1, Theorem 1.16] that, given A € L, for H™-almost
all y € N there is a Radon measure py 4 such that

1
Ydpy,y = lim 7/ Ydu 1.11
/ Ym0 HY(B(y,9)) Jus (By.e) (L11)
for all 1 € Cj (M). Clearly
spt f1a,y C spt NI ({y}), (1.12)

where spt u is the support of p.

Remark 1.2. (1) In (1.11) transversality plays no role; only the continuity
of II is needed.

(2) By [F, Lemma 2.9.6] the function y — [t dp, , is H"-measurable for
all ¢ € Cg (M).

The following disintegration formula holds for the measures py,,: Given
a non-negative Borel function f on M with [ fdu < oo, it follows from [F,
Theorem 2.9.7] that for all Borel sets B C N

[ [tamgarens [ g (1.13)
B ;' (B)

Moreover, the equality holds in (1.13) provided that (II).u is absolutely
continuous with respect to H" [F, Theorem 2.9.2]. In this case we write

2 Sliced Measures and Non-Trivial Measures on Visible
Parts.

In this section, we will state our main result concerning dimensional properties
of sliced measures defined in (1.11) and apply it to visible parts.

According to [JM, Theorem 3.8], if x is a Radon measure on R? with
compact support and with dimy g > k, then for almost all (d— k)-dimensional
linear subspaces V of R? we have

essinf{dimy py, | @ € V* with py(R?) > 0} = dimg p — k. (2.1)

The following analogue of (2.1) will be proved in Section 3.
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Theorem 2.1. Let o be a Radon measure on M with compact support. As-
suming that dimyg u > n, we have

H"-essinf{dimy pr,y | y € N with px (M) >0} = dimg p —n
for H'-almost all X\ € L.

Theorem 2.1 is being used as a tool when verifying Theorem 1.1. We
proceed by introducing the notation needed for this purpose.

Let k£ and d be integers such that 0 < k < d— 1. The Grassmann manifold
of linear k-dimensional subspaces of R? and the space of affine k-dimensional
subspaces of R? are denoted by Ggj and Ay, respectively. (A O-plane is
simply a point.) Letting v4% be the unique orthogonally invariant Radon
probability measure on Gg,, and defining for all Borel sets A C Ag %

Tup(A) = /H‘i’k({a EVL |V 4ae A drap(V),

gives a Radon measure I'g, on A ;. Observe that both Gy and Ay are
smooth Riemann manifolds [F, 3.2.28], and I'y is equivalent to H® with
s = dim Ad,k-

2.1 Visible Parts.

The visible part of a compact set £ C R? from an affine subspace K € Ad
with ENK =0 is

Vik(E) ={xz € E | [Projg(z),z] N E = {x}}.

Here Projy(z) = Projy (x) 4+ a is the closest point to 2 on the affine plane
K =V +a, where V € Gy, and a € V1, and [z, y] is the closed line segment
between x and y.

Remark 2.2. (a) The visible part Vx (F) is a Borel set being the graph of a
lower semi-continuous function [JJMO, Remark 2.2 (a)].

(b) Let IT : L x M — N be as in Section 1, and let A € L such that
(IT))spe < H™. Then for all Borel sets B ¢ M

taylB = (1lB)ry

for H"-almost all y € N. This can be verified using similar arguments as in
[JM, Lemma 3.2].
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PROOF OF THEOREM 1.1. Consider a compact set £ C R? with dimy F >
d—1. Let p be a Radon measure on F such that u(F) > 0 and dimg g > d—1.
Givene > 0, let Ag x(E,¢) consist of those K € Ag for which dist(K, E) > e.
Defining for all K € Agx(E,¢)

Ni = {z € R? | dist(z, K) = ¢},

the assumptions of Section 1 are satisfied for the natural projection Il : R —
N; the transversality of Ik follows from [JIMO, (3.4)]. Since dimpgp >
d — 1, Proposition 3.8 (2) gives that (I ).u < HY! for T'yj-almost all
K € Ayi(E,¢). Defining D as the set of such affine k-planes and using
Remark 2.2 (b), we get for all K € D and for all Borel sets B C E

pxyle = (1lB) Ky

for H% '-almost all y € Nx. Note that D depends only on p. Combining this
with Theorem 2.1 implies the existence of D C D (depending again only on
w) such that I'y (Aqx(E,€) \ D) = 0 and for all Borel sets B C E we have

H  essinf{dimg(u|5)K,y | ¥ € Nk with (u|B)ry(R?) > 0}
> H* Lessinf{dimp pix, | y € Nk with pg,(R?) > 0} (2.2)
=dimgp—(d—1)>0
for all K € D.
The final step is to conclude that if K € Agr(E,¢) with u(Vk(E)) > 0,

then
K £D. (2.3)

The claim follows then by letting € tend to 0 along a sequence. To verify (2.3),

assume to the contrary that K € D. Recalling Remark 2.2 (a) and applying
(2.2) with B = Vg (E), gives

dimp (Vi (B) NI ({y})) > 0

for H"!-almost all y € Nx with (u|v,(r))K,y(R?Y) > 0. Noting that the set
Vi (E) N ({y}) contains at most one point for all y € Ny, this gives a
contradiction, since

H ({y € Nk | (plvie ) .y (RY) > 0}) > 0

by (1.13). O
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3 Proof of Theorem 2.1.

This section is dedicated to the verification of Theorem 2.1. Our methods com-
bine those of [JM] and [PS]. We begin by proving the following generalization
of [M1, Lemma 3.11].

Proposition 3.1. Assume that B C L is bounded. Then there are constants
¢ >0 and §g > 0 such that for all x1 # x9 € M and 0 < § < &g we have

H'({X € B | pn(Ix(21), Ix(22)) < 6}) < 8" pas(wr, 22) 7"

Proposition 3.1 is obtained as an outcome of a sequence of lemmas (Lemmas
3.2-3.7) in which the role of the transversality condition (1.8) is crucial. The
basic idea of the proof is similar to that of [PS, Lemma 7.7]. Note that in
the setting of [PS] both L and N are Euclidean spaces whereas M is a metric
space.

Let R and Cy be as in (1.6) and (1.7), respectively, and let Ry = R/(3c¢1)
where ¢; is as in (1.5). Consider A\ € L and z; # z2 € M such that
on (I, (1), IIx, (22)) < R/3 and |®,, 4,(Ao)| < Ci. Picking coordinates
(m,...,m) in B(Ag, R1) and applying transversality property (1.8) and the
Cauchy-Binet theorem, we find an (n x n)-minor A(Ag) of D®,, ,,(Xo) with

|det A(Xo)| > ¢Cy. (3.1)

Here A()\p) is determined with respect to the coordinates (7, .. ., 7, ) induced
by (71, .-, Mn,-..,m) and ¢ is a positive constant depending on [ and n. Given
A= (A1, A A1, -, A1) € B(Ag, Ry), set

Hy = {)\/ € B(/\Q,Rl) | N = ()\’1, . 7>‘;L7)‘n+1a S ,)\1)}.
Defining a function ¥y : Hy — R™ by

w)\()‘,) = (I)Il,xz ()‘/)

for all X € H,, the following lemma holds. (Observe that by (1.5) and the
choice of R; the function v is well defined.)

Lemma 3.2. There exists 0 < Ry < Ry which is independent of Ay such that
the following properties hold:

1. For all X € B(\o, Ro) the absolute values of the singular values of Dyt
are bounded below and above by positive constants that do not depend on
Ao and A.
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2. For all A € B(\o, Ro) the function by : B(\, R/3)NHy — ¢x(B(X, R/3)N
H)) is a diffeomorphism, and

Ua(B(A, p) N Hy) D B(¥a(A), dp)
forall0 < p < R. Here R and d are independent of Ao and .

PRrROOF. (1) From (1.9) we see that the absolute values of the singular val-
ues of (Dy,)(Ao) are bounded above by a constant C(L). Furthermore,
since (Diy,)(Ao) = A(No), inequality (3.1) implies that the absolute val-
ues of the singular values of (Dy,)(\g) are bounded below by the constant
¢C,/C(L)". The claim follows since the function A — (D®,, ,,)()) is uni-
formly continuous by (1.9).

(2) Defining a function z’b} : Hy — R" by

DAN) = (D) (V)M (V)

and using the uniform continuity of the function A — (D®,, »,)(A), we see
that the derivative Diy(X) = Dy (A)~LDuy(X) is close to the identity in
some ball B(A\, R) N Hy. (Here R does not depend on Ay and A.) Applying
[PS, Lemma 7.6] gives that ¢, : B(\, R/3) N Hx — ¥ (B(\, R/3) N Hy) is
a diffeomorphism, and 1%\ (B()\,p) N H,\) D B(qz,\()\),p/2) forall 0 < p < R.
This in turn completes the proof of (2). Note that the constant d depends
on the lower bound of the absolute values of the eigenvalues of Dy (A), and
therefore, by (1), it is independent of Ag and . O

According to the next lemma, there is a zero of the function ®,, ,, close
to each parameter A for which |®,, ., (N)| is small enough.

Lemma 3.3. Suppose that x1 # xo € M and X\ € L such that B

pn (Ix(z1),Ox(x2)) < R/3. Then, given any 0 < § < min{C, Rd/4}, the
condition |®,, 4,(\)| < & implies the existence of \ € L such that ®,, »,(\) =0
and pr(\,N) < 6/d < R/A.

PROOF. Lemma 3.2 gives the inclusion
U (B(/\, d/d) N H)\) D B(Py, 4, (A),0)
which implies the claim. O

Given any x; # x5 € M and \ € L with ®,, ,,(\) = 0, define an (I — n)-

dimensional submanifold L,, 5, () of L by

Ly, 2y (N) = @71 (0)N B(X R).

Z1,T2
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Lemma 3.4. Let x1 # xo € M and A € L such that ®,, ,,(\) = 0. Then for
all 0 < 6 < Rd/4 we have

AeBAR/2)|[es0M <k | BN,/
NELuy oy (X)

PROOF. We may assume that R < 2Ry. Then ®,, ,,(\) is defined for all
A € B(A,R/2). Letting A\ € B(\, R/2) such that |®,, ,,(\)| < ¢ and using
Lemma 3.3, we find X' € B(\,§/d) N Hy such that &, ,,(A) = 0. Since
N e B(), E), the claim follows. O

Let 6y = min{C}, Rd/4, R/3}. Consider z; # 2o € M. For the proof
of Lemma 3.1 we may assume that B C V for some V defined in (1.6) and
K§ < dopar(w1,22). Recalling that the Lipschitz constants of ¢, o1, ¢,
and ¢! are uniformly bounded above by K, and applying Lemma 3.3, one
finds a constant N (depending only on K, R, [, and the diameter of B) and
A, ..., A\x € L with <I>w17w2(5\i) = 0 such that

{Ae B | pn(ITx(z1),IIx(22)) < 6}

N
- U{)‘ € B(S‘Zaé/z) | |(I)I17lz()‘)| < K(S/pM(xlva)}'

i=1

Defining for all A € L with ®,, ,,(A) =0 and § >0

N(Lyy2o(V),6/d) = |J  BW.d/d),

N€ELyy 2y ()

we see from Lemma 3.4 that Lemma 3.1 is an immediate consequence of the
following result.

Lemma 3.5. Given x; # x5 € M and X € L with ®, ,,(A) =0 and 0 < § <
do, we have

H (N (L, 22 (N),5/d)) < co™.
Here the constant ¢ is independent of X and 8.
Lemmas 3.6 and 3.7, in turn, lead to Lemma 3.5.

Lemma 3.6. Let xy # 29 € M and X € L such that ®,, ,,(\) = 0. Then
there exists o > 0 which is independent of A such that for all X € B(S\,E),
h € TaHy (T\H is the tangent space of Hy at ), andy € Th\Ly, 4, (5\) with
18]l = llyll = 1, we have <(h,y) > «. (Here <t(h,y) is the angle between h and

y.)
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PROOF. Let p = h—y € T) L. Denoting by c the lower bound given in Lemma
3.2 (a) and using (1.9), we get

¢ < [Dapa(MA| = [(Da®ay a0) WA = [(Da®ay a0) (W] < (L) ]

since (Dz®y, z,)(A)y = 0. This completes the proof. O

For z1 # 29 € M and A = (Ay,...,\;) € L with ®,, ,,(A) = 0, define
Vi={NeL|N=0, i Noiq, A}

From Lemma 3.6 we immediately get the following result which, in turn, com-
pletes the proof of Lemma 3.1 by verifying Lemma 3.5.

Lemma 3.7. Given x1 # x2 € M, X € L with LT, (5\) =0and 0 < d < by,
there is an integer I < c(l,n)(R/8)'™™ and a covering of Vin B(\, R) with
balls By, ..., By of radius § which induces a covering 0]"]\7(1]_%17x2(5\)7 5/d) with
balls El, A By of radius c()d.

One more tool is needed for the verification of Theorem 2.1. The réle of
Lemma 3.1 is crucial in the following proof which combines the methods from
[FM, Lemma 4.1] and [M1, Theorem 9.7]. For reader’s convenience we will
give a brief outline of the proof in our setting.

Given locally finite measures v and v, on a metric space (X, p), denote
by D(v1, 19, z) the lower derivative of 11 with respect to v5 at a point = € X;

that is,
(B, )
D =1 f———==.
i(l/hVan) 1?361 V2(B($7’I’))

Moreover, for s > 0, the s-energy I;(v) of a measure v is defined as

1) = [[ plw.) dote) avty).

Proposition 3.8. Let p be a Radon measure on M with compact support.
Then the following properties hold:

1. We have (I1))p < H™ if and only if D((T1y)wp, H™, y) < 0o for (ITy).p-
almost all y € N.

2. Both dimgp > n and I,(pn) < oo imply that (I1\).p < H™ for H!-
almost all A € L.
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PROOF. (1) Supposing that (IIy).u < H", the finiteness of the lower deriva-
tive follows directly from (1.11). On the other hand, assume that

D((IT))up, H™,y) < oo for (IIy).pu-almost all y € N. Given A C N with
H"™(A) =0, it is sufficient to prove that

(I0\)«p{y € A | D((TTy)upr, H™,y) < c} =0

for all 0 < ¢ < oo. This follows from [F, Lemma 2.9.3] by choosing oo = ¢ =
(I1).p and B = H" therein. (Recall that the family {(y, B(y,r)) | y € N,r >
0} is both a (II).p-Vitali relation and a H"-Vitali relation, and therefore this
choice is possible.)

(2) Let dimyp g > s > n. Defining for all ¢ = 1,2, ... a restriction measure
Wi = pt|ar, where

M; ={zx € M | p(B(z,r)) < ir® for all r > 0},

we have I,(u;) < oo. Moreover, it follows from Fatou’s lemma, Fubini’s
theorem, and Lemma 3.1 that

/B / (T )i, 1 ) d(TLy) i) dH () < T, ()

for all bounded sets B C L. From (1) we get (IIy).p; < H™ for H'-almost all
A € L. This settles the claim since = € U; M; for p-almost all z € M. O

Now we are ready to prove Theorem 2.1.

PROOF OF THEOREM 2.1. The methods from the proof of [JM, Theorem 3.8]
can be extended in a straightforward manner to our setting. Indeed, similarly
as in the proof of [JM, Theorem 3.8], we see from the disintegration formula
(1.13) that

H"-essinf{dimu pr y | y € N with py (M) >0} <dimgp —n

for H'-almost all A € L. The opposite inequality reduces to proving that for
H'-almost all A € L the set

E\ = {y € N |there is a Borel set A C 7, ' ({y})
with dimp A < s and py ,(A4) > €}

has H"™ measure zero for fixed s < dimy ¢ —n and € > 0. This follows from
(1.13), Proposition 3.8, and Remark 2.2 (b). (For details see the proof of [JM,
Theorem 3.8].) O
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