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THE EQUALITY BETWEEN BOREL AND
BAIRE CLASSES

Abstract

In this paper, we study some properties of the Banach space B4 (X),
which consists of all real Baire functions on a perfectly normal space X.
We obtain the equality between Baire and Borel classes as a consequence
of existence of an approximation property and a Tietze extension for
these classes. Moreover, when Y is a zero dimensional topological space,
we obtain a refinement of the known results for the equality between
Ba(X,Y) and Bg(X,Y).

1 Introduction.

A topological space X is perfectly normal if it is Hausdorff, and every closed
subset of X is a zero set of some real continuous function (cf. [1], [3], [6] and
[10]).

We denote the Borel sets of multiplicative (additive) class a by Py (Sq)
[10], beginning with Py = F (Sp = G), as the followings.

,Pa:]:ag&]:m%'-'
Sa:g7f0'7g§a'7""

We designate 5o(X) = C(X), the set of all real valued continuous functions
on X. For each finite ordinal «, we define Baire functions of class « as

Ba(X) ={f: X — R :there exists (fn)r2; C Ba—1(X) such that
lim f,,(x) = f(x), for each x € X}
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We define Borel functions of class « as
Bo(X) = {f: X — R: for each closed set F in R, f~}(F) € Py}

As X is perfectly normal, then by the same induction as in [10], G, (X) C
B, (X). It is obvious that B, (X) C Buy+1(X).

In general, 3, is not equal to B, see [5]. The Lebesgue-Hausdorff theorem
[10, page 391] says that if X is a metric space and Y is either the n-dimensional
cube [0, 1]", or the Hilbert cube [0, 1], then the first Baire and Borel classes
of functions from X to Y are equal. Rolewicz [16] showed that if YV is a
separable convex subset of a normal linear space, the first Baire and Borel
classes of functions from X to Y are the same. In this paper we improve these
results for perfectly normal spaces in the scaler case. Furthermore, we also
extend our results to the case when the values of our functions are in a zero
dimensional metric space. Our proofs are based on small modifications of the
classical proofs of Lebesgue, Hausdorff and Banach for metric spaces [10 and
11].

Since X is perfectly normal, similar to the metric case [10], it is possible
to see that P,’s (S,’s) form a chain and F C Gy, and for each A € P, there
exists a sequence (G)52; C S,—1 such that A = N2, G,,. For additive sets,
“S” “P”, and “N” are replaced respectively by “P”, “S” and “U”. See [10,
§-30] for details.

The ambiguous sets of class « is denoted by H, ([10]) and defined as

Ho = Sa NPy,.

In the following lemma, we mention some of the properties of perfectly normal
topological spaces. (Throughout this paper except the remark after Theorem
1.9, we suppose that « is finite.)

Lemma 1.1. In a perfectly normal space X, we have:
(a) Every set in S (o > 1) is a union of some countable disjoint sets in Ho,.

(b) For each sequence (Gp)22; C So (o > 1), there exists a mutually disjoint
sequence (H,)$, in S such that U2, H; = UX, G, and H; C G; for
each i. In addition, if X = U2, H;, then each H; belongs to H,.

(¢c) For every sequence (F,)>%, in Py (o > 1) such that NSy F,, = 0, there
exists a sequence (E,)2%, C Hy such that NS, E, = 0 and F, C E,
for each n. In particular, if A and B are two disjoint P,, sets, then there
exists a set E in Hy such that AC E and BNE =0. That is if A € P,,

C eS8, and A CC, then there exists E € H, such that AC E CC.
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PROOF. The proof is similar to that of metric spaces. See [10, §-30, V, VII,
VIII). O

In the following lemma, we give a representation of S, (resp. P,) subsets
of a subset A of X.

Lemma 1.2. Let BC AC X. If B is S, (resp. Po) in A, then there is an
Sa (resp. Po) set G in X such that ANG = B. Consequently, if A in X and
B in A are P, (resp. S, or H) sets, then B is Py (resp. Sy or Hey) set in
X.

PROOF. We define the statement A(«) for ordinal number « as the following
composition:

If Bis S, in A, then there exists an S, set G in X such that ANG = B
and

If D is P, in C', then there exists a P, set K in X such that CN K = D.
Now, the proof will be completed by induction on . O

In Lemma 1.3, we obtain a representation for H, subsets of a subset A of
X.

Lemma 1.3. If A is P, in X and K is Hy in A, then there exists H € H,
i X such that K = ANH.

PROOF. It’s obvious that K is P, in X. By applying the previous lemma,
there exists S € S, such that K = SN A. Thus K C S, and the above lemma,
completes the proof. O

Here, the set of real functions, defined on X, is denoted by RX and, (RX)°
represents the set of bounded real functions on X. For f € (R¥X)°, we define

[flloc = sup{[f(2)| : © € X}.

For definitions of R-module, R-algebra, lattice and uniformly closed R-modules,
we refer to [11] and [12]. Let U be a subset of the power set of X and A be a
subset of RX. We say that A separates the points of / whenever for each two
disjoint sets, A and B in U, there exists f in A with 0 < f < 1 such that

f(A) ={0}, f(B)={1}.

If A is a lattice R-module, then it suffices that there exists an f in A such
that f(A) = {0} and f(B) = {1}. Let é : X — R be the constant function
that assigns e (in R) to each member of X.
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Suppose that A C R¥, we define

{/71((=00,a]), f([a,00)) : f € A,a € R},
U (AU {-1,1)) : f € A

Assume that g : R — (—1,1) is a function such that ¢q(r) = (1 + |r|)~* for
each r in R. We say that A is closed under composition from left with 1y when
o o f and g Lo f are in A for every f in A(The latter case is well-defined
when range(f) C (—1,1)). As usual the restriction of f : B — R to A is
denoted by f]a.

Uy (A)
Uz (A)

Here we give a Baire-a characterization of H, elements in X.
Lemma 1.4. We have H € H,, if and only if X € B (X).

PROOF. We prove by induction. Suppose the statement holds for (a—1). Let
H be in H,. As X is perfectly normal, then it is normal and the statement is
true for « = 1. By Lemma 1.1.(b), there are a nondecreasing sequence (F, ) ;
of elements P,_; in X and a nonincreasing sequence (G,)52, of elements of
S,_1 such that

Us F,=H=n2,G,,.

For each positive integer n, F,, C G,,. By use of induction, there is an H,, €
Hq—1 such that f, = XH, € 60471(X) ) fn(Fn) = {1} and fn(GfL) = {O}
Obviously, X is the point-wise limit of f,,. The proof of the other side is
obvious and is omitted. O

The Tietze extension theorem has been generalized for many cases of con-
tinuous functions (cf. [2], [14] and [15]). In order to give a Tietze extension
theorem for real Baire-a functions, we need some more lemmas.

Lemma 1.5. Let A be a lattice R-module, uniformly closed and 1 € A such
that A separates the points of U and Uy (A) C U. Suppose that A € U and
f € (RY)° such that for every set D C R of the form (—oc,a] or [a,00) (a € R)
and every h € A, we have (f —h|a)~ (D) € U. Then, there exists g € A° such
that gla = f.

PROOF. The proof is similar to that of [10, §-14, IV, Tietze theorem]. We
will mention it for the sake of completeness. It’s obvious that for every two
disjoint set A and B in U, and for each real number a and b, there exists a
function h in A such that h is bounded h(A) = {a} and h(B) = {b}. Now
suppose that || f]|ec < ¢ and define

Ai={z € A: f(z) < —c/3}, Ay = {z € A: f(z) = ¢/3},
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Az ={yeR:|y| <c/3}.

Since A is an R-module, then 0 € A. Consequently, for each closed set D in
R of the form (—o0,a], [a,o0) (a € R), we have

(f = 0la)~'(D) = fH(D) eU.

Now, since A; and A, are two disjoint members of U, therefore, there exists g
in A such that

9(A1) = {=c/3},9(A2) = {c/3}, llgllec < ¢/3,
|f(z) — g(z)| <2¢/3 for each z € X. (1)
Let go = 0. We construct by induction the sequence (g,)52; in A such that

Z:gz )| < (2/3)" for each z € A. (2)

As A is an R-module and (f — h|a)"*(D) € U, hence h(z) = Y7, g;(z) is in
A. Now by setting f(z) — Y1, 9:(z) and (2/3)"c instead of f(z) and ¢ in (1)
respectively, we choose gn4+1 in A such that ||gn+1llec < 1/3(2/3)"c and

n+1
Zg, < (2/3)" e, for each x € A.

We define g(z) = Y2 gi(x). By our construction, this series converges uni-
formly, therefore g is in A. Also, for each x in A, we have f(z) = g(z) by (2),
and it is obvious that ||g||c < c. O

As a consequence of the Lemma 1.5, we obtain the following corollary.

Corollary 1.6. Let A be a lattice R-algebra, contain 1, closed under compo-
sition by g from left, which is uniformly closed, and separates the members
of U and U D Us(A). Suppose A €U and f € (RA)° such that for each closed
set D C R of the form (—o0,al, [a,00), and {—1,1} and every h in A, we have
(Yoof — h|a)~H(D) € U. Then there is an element g in A such that gla = f

For the Baire extension, we obtain the following result which improves the
extension theorem of [8] for Borel functions.

Theorem 1.7. Let A be in P,. Every [ in B,(A) has an extension to a
member of Bo(X). Moreover, if f is bounded, then this extension can be
bounded too.
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PROOF. It is easily deduced from Lemma 1.4, Corollary 1.6 and Lemma 1.1(c).
O

Now, we obtain an approximation theorem for 32 (X). We define

Yor = {ZeiXHi :n€N,e; € R and H; € H, for each i <n }
i=1

Theorem 1.8. The uniform closure of o r is 55(X).

PROOF. One can prove by a similar proof as that of Theorem 7.29 of [9].
Suppose fo is a nonconstant function in 52 (X). We set

d=sup{fo(z) :x € X} >inf{fo(x):z€ X} =c
Define
f=@/@=a)(fo—d)+1
It is enough to prove that f is in the uniform closure of ¥, r. But we have
f(X) C[-1,1]. Let
E={zeX: : f(x)<-1/3}, F={z e X: f(z) >1/3}.

The sets E and F are two disjoint sets in P,. Therefore, by lemma 1.1(c), there
exists K1 € H,, such that £ C K and FNK; = . Define g3 = 1/3(1 —2xx, ).
Consequently, g1(E) = {-1/3}, g1(F) = {1/3} and ¢;(X) C [-1/3,1/3].
Also, it is obvious that g1 € Eor and || f — g1lleo = 2/3.

In this way, there exists g2 in X, g such that 3/2(f — g1) satisfies the
equation

13/2(f = g1) — g2lloc = 2/3.
Thus,
1f = 91— 2/3g2ll00 = (2/3)% , g1 +2/392 € B -

Now, there is g3 € X, r such that

1(3/2)(f — g1 — 2/3g2) — glloo = 2/3.
Here
91+2/3g2 + (2/3)%g3 € Sap,
and
If — 91 —2/3g2 — (2/3)%g3lc = (2/3)°.

By induction, for each n, there exist g1,92,...,9, in X4 r such that

If = 2(2/3)i_1gi||oo = (2/3)",
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and .
hn =Y (2/3)"gi € Tag.
=1

Therefore, h,’s converge uniformly to f. Hence we obtain 82(X) is a subset
of the uniform closure of X, r. The other direction of proof is obvious. O

For general real Baire and Borel classes, we obtain the following result.
Theorem 1.9. For each finite ordinal number o, we have B,(X) = B (X).

PRrROOF. By virtue of Theorem 1.8, bounded real valued Baire and Borel func-
tions coincide. The rest of the proof is straightforward by use of the ¥y func-
tion. O

Remark. By similar arguments, one can easily see that for an infinite ordinal
number «, we have 3, (X) = Bay1(X).

Despite the example given in [5], we give another example to show that in
general, the equality between (1 (X) and B;(X) does not hold.

Example 1.10. (a) Let X be a countable set with co-finite topology. It is
well known that X is not perfectly normal (and even regular). Furthermore,
we have $1(X) # B1(X).

(b) Here we give an example to show that the equality between Baire and Borel
functions can happen even when X is not reqular. Let X be an uncountable
set with co-countable topology, then we have 1 (X) = B1(X).

J. Fabrykowski [4] showed the existence of a sequence of continuous func-
tions on [0,1], whose pointwise limit is finite on the rational numbers and
infinite on the irrational numbers. In [13], G. Myerson proved that one can re-
place rational numbers with an arbitrary F, set in [0, 1]. In [7], R. W. Hansell
improved these results by obtaining the following theorem.

Theorem A. Let X be a perfectly normal space, and let Y be a complete
separable metric space that is also an absolute retract. If p is any non-isolated
point of Y, then a mecessary and sufficient condition for the existence of a
Baire class one function f: X — Y such that S = {x: f(x) # p} for a given
set S C X, is that S belongs to the class of F, subsets of X.

In this direction, we give a similar result for Baire real functions of class
«, when « is a finite ordinal number

Theorem 1.11. Let X be a perfectly normal space. Suppose p € R, then a
necessary and sufficient condition for the existence of a Baire class o function,
f: X —>Rsuchthat {r € X: f(z)#p} =S for a given set S C X, is that
S belongs to S,.
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PROOF. By linearity of R, it is enough to prove theorem for p = 0. Suppose
that S is an S, set in X. Thus there is a non-decreasing sequence, {P;}5°, of
Pa—1(C P,) set in X such that

S =Ux,P,.

The set X — S = P belongs to P, and PN P; = ) for each ¢ € N. By Lemma
1.1. (c), for each 7, there exists an H; € H,, such that PNH; = § and P; C H;.
Suppose e € R is not equal to zero. Therefore, f; = 57 xm, belongs to 85 (X).
We define f as f =322, f;. It is obvious that |f(z)| > 0 for each z € S, and

f(X =5) = f(P)={0}.

By the uniform convergence of X52 , f;, f belongs to 32 (X) and the proof is
complete. The proof of the other side of the theorem is obvious. O

Now, we extend the results of [4] and [13] for perfectly normal spaces.

Theorem 1.12. Let X be a perfectly normal topological space and S be a
subset of X. There is a sequence of functions in 55_1(X) whose pointwise
limit is finite on S and infinite on complement of S if and only if S belongs
to S, .

2 Baire Functions with Ranges in a Zero-Dimensional
Space.

In arbitrary topological spaces, the relation Pg C P, may fail for § < «, but

we always have
Po=X -8,

Suppose that Y is a topological space. For a finite ordinal number «, we define
B,(X,Y), the class of Borel-a functions from X to Y by

BalX,Y) = {f: X =Y : f71(G) C S }.

Let 5o(X,Y) = C(X,Y) be the class of all of continuous functions from X to
Y. We define Baire class a (« is a finite ordinal number) functions from X to
Y by

Boa(X, V) ={f: X =Y :3(fn)r: C Ba-1(X,Y) such that
nhﬂngo fulz) = f(z) for Vo € X }.

A topological space is said to be zero-dimensional, if it has a base consisting
of only its clopen subsets. We suppose that Y is a zero dimensional metric
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space and X is an arbitrary topological space. The space Y can be written
as the union of disjoint clopen sets with arbitrary small diameters [3, 10].
We denote the set of members of B, (X,Y) with relatively compact ranges
by BS(X,Y). We define 52(X,Y) in a similar way. The main result of this
section shows the uniform density of simple functions with finite ranges in
B2(X,Y).

In [5], Fosgerau has proved the following theorem.

Theorem B. LetY be a complete metric space. Then the family of first Baire
class functions coincides with the first Borel class functions from [0,1] to Y if
and only if Y is connected and locally connected.

In order to obtain some other variant results similar to Theorem B, we need
to introduce some notations. Let f be a function with finite values y1, yo,. ..,
Ym on mutually disjoint sets Ay, As,..., A,,, respectively. For simplicity, we
denote f in the form f = >, y;xa,. Therefore here, “summation” is only
a formal notation. Now, we give the main theorem of this section. For a
topological space, not necessary perfectly normal, we can define P,, S, and
H,, similarly.

Theorem 2.1. Suppose that 'Y is a zero-dimensional metric space and X is
an arbitrary topological space. Let

SIML(X,Y) = { Y v, m €N, yi €Y, {H}, CHe

=1

s a partition ofX}.

Then each element of BS(X,Y) is the uniform limit of a sequence from the
set SIM,(X,Y).

PROOF. Suppose that f € BS(X,Y). Since the range of f is relatively com-
pact so there exists a sequence, (y,)52; in Y, which is dense in the range
of f. Since Y is zero-dimensional, for each € > 0 there is a base for ¥ with
diameter at most ¢ and so there exist mutually disjoint clopen sets B.(y;,)
with diameter at most € containing y;_ such that

Range(f) € Uiz, Be(yi.)-

Let T3, = f~*(Bc(yi.)). Each T;_ is an S, set in X and X = U<, T} . There-
fore, each T;_is an H, set in X. Now define fo = > 1, Yi.XxH,, - It is easy to
see that

d(f7 fe) <e
Now, for each € = %, we obtain a function f,, such that the sequence (f,,,)>_,
converges uniformly to f. O
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Let us recall that an ultra-normal topological space X is a Hausdorff space
in which disjoint closed subsets may be separated by clopen sets ([14]).

Corollary 2.2. Suppose that Y is a zero-dimensional metric space and X is
an ultra-normal topological space. Then

Bj(X,Y) = B (X,Y).
ProoF. It is well known that
BI(X,Y) C BY(X,Y).

By the previous theorem, as the range of Baire and Borel functions are separa-
ble, it is enough to show that for mutually disjoint sets Hy, Hs, ..., H,, € Hy
and y1,y2,...,ym € Y such that U™, H; = X, we have f = > I" | yixn, €
B2(X,Y). Notice that for each k = 1,2,...,m, there exists a suitable sequence
of non-decreasing closed sets F}, ,,’s such that U2, Fy, ,, = Hj. Since the space
X is an ultra-normal space, and F ;, Fs;,..., F}, ; are disjoint closed sets for
each ¢ € N, there exist disjoint clopen sets, Oy ;’s such that for each k, we
have Fj,; C Oy,;. We define f; by

fi=> ukxo,, € C(X,Y).
k=1

We must prove that
lim fi(x) = f(z) @€ X.

If z € X, then there exists an integer k such that © € Hy. Therefore, there
exists an integer ¢ such that x € Fj ;. But F};’s are non-decreasing, thus
for each j > i, € Fy ; and so f;(x) = yg. It follows that every member of
SIM;(X,Y) belongs to 87(X,Y). O

Lemma 2.3. Let a be a finite ordinal number. For an ultra-normal , perfectly
normal space X and a zero-dimensional metric space Y with distinct elements
y1 and yo, we have y1xmg + y2(1 — xm) belongs to Bo(X,Y) if and only if
H e H,.

PRrROOF. Notice first that for each finite ordinal number « and any two dis-
joint sets P; and P» in P,, there exists H in H, which separates these two
sets. Now, the proof is by induction. As H € H,,, therefore, there exist two
monotone sequences of sets such that

PICPC-CP,C...inPoy, - C8 C--CS8CS8 inSa

and
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Uy P =H =N5,5,.

Since for each n, we have P, C S, there exists H,, € H,_1 which separates
P, and X — S,,. Now, we define f,, = y1xm, + y2(1 — xm,). It is clear that

Jim fo(2) = yrixa(2) +y2(1 = xm)(2) VoeX.

Hence y1xu + y2(1 — xu) € Bo(X,Y). The proof of the other side is obvious.
O

Remark. As in Corollary 2.2, we can prove the statement for any finite set.

Theorem 2.4. Let o be a finite ordinal number. For an ultra-normal , per-
fectly normal space X and a zero-dimensional metric space Y, we have

Ba(X,Y) = Bo(X.Y).
PROOF. It is a direct consequence of Theorem 2.2 and Lemma 2.4. O]

Remark. By theorem B, for an arbitrary separable zero-dimensional metric
space Y, the equality between 1-Baire and 1-Borel classes does not hold.

/81([0, 1]7 Y) 7é Bl([ov 1}7Y)

Acknowledgement. The authors are grateful to the referees for their valu-
able suggestions.

References

[1] R. A. Alo and H. L. Shapiro, Normal topological spaces, Camb. Univ.
Press, 1974.

[2] R. L. Ellis, Eztending continuous functions on zero-dimensional spaces,
Math. Ann., 186 (1970), 114-122.

[3] R. Engelking, General topology, Warszawa, 1977.

[4] J. Fabrykowski, On continued fractions and a certain example of a se-
quence of continuous functions, Amer. Math. Monthly, 95 (1988), 537—
539.

[5] M. Fosgerau (Lyngby), When are Borel functions Baire functions?, Fund.
Math., 143 (1993), 137-152.

[6] L. Gillman and M. Jerison, Rings of continuous functions, D. Van Nos-
trand Co., Inc., Princeton, 1960.



384

[7]

[8]
[9]

[10]
[11]
[12]

[13]

[14]

[15]

[16]

H. R. SHATERY AND J. ZAFARANI

R. W. Hansell, Lebesgue’s theorem on Baire class one functions, Topology
with applications, Szekszard (Hungary), 1993, 251-257.

F. Hausdorff, Set theory, 2-nd edition, Chelsea Pub. Co., 1962.

E. Hewitt and K. Stromberg, Real and abstract analysis, Springer-Verlag,
New York, 1974.

K. Kuratowski, Topology, Volume 1, Acad. Press, New York, 1966.
K. Kuratowski, Topology, Volume 2, Acad. Press, New York, 1967.

R. D. Mauldin, Baire functions, Borel sets and ordinary function systems,
Adv. Math., 12 (1974), 418-450.

G. Myerson, First-class functions, Amer. Math. Monthly, 98 (1991), 237—
240.

L. Narici and E. Beckenstein, On continuous extensions, Georgian Math.
J., 3(6) (1996), 565-570.

J. R. Porter and P. G. Woods, Eztensions and absolutes of Hausdorff
spaces, Springer-Verlag, 1987.

S. Rolewicz, On inversion of non-linear transformations, Studia Math.,
17 (1958), 79-83.



