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ON THE DUAL SPACE OF
BV-INTEGRABLE FUNCTIONS IN
EUCLIDEAN SPACE

Abstract
The dual space (with respect to the Alexiewicz norm) of the class of
BV-integrable functions on a compact cell [][ai,b;] C R™ is shown to

=1
be isometrically isomorphic to the space of finite signed Borel measures

on [][ai,b:), and the usual integral representation theorem holds. An
=1

example is also given to show that Lipschitz functions are not part of
this dual space. This answers a question of Thierry De Pauw.

1 Introduction.

It is well known that the divergence of a differentiable vector field need not
be Lebesgue integrable. In [9] a new extension of the Lebesgue integral (the
so-called v-integral in that paper) was introduced to overcome this drawback.
This integral, now commonly referred to as the BV-integral, has been studied
extensively [1, 2, 3, 4, 10, 11].

Let R(E) be the space of BV-integrable functions on a compact cell F :=

I1lai, b;] in R™, and || - ||4 denotes the Alexiewicz norm [3, Section 3]. In
%Eb paper we answer a question of Thierry De Pauw [3, Question 3.1]. More
precisely, we prove that the dual of (R(E),| - ||a) is isometrically isomorphic
to the space of finite signed Borel measures on ﬁ [a;,b;), and that the usual
integral representation theorem holds. Moreovze:rl, we give an example of a

real-valued Lipschitz function H on [0, 1] x [0, 1] such that H is not contained
in the dual of (R([0,1] x [0,1]), ]| - ||a)-
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2 Main Results.

All integrals will be assumed to be BYV-integrals, unless specified otherwise.
In view of the continuity of the indefinite BV-integral, [3, p.196], for each
f € R(E), we may define a continuous function Fy on E by

Fr(z1,...,%m)

fm f(tl,...,tm) d(tl,...7tm) 1faz Sll?z <bi for all 7 € {1,2,...,m},

— [T [w:,b4]

=1

0 if x; = b; for some i € {1,2,...,m}.

It is easy to check that

1
2TanHA < sup  |Fp(@1,emm)] < flla (1)

(1'17---,1‘m)€

for each f € R(E).

We can now state and prove our integral representation theorem involving
the multiple Riemann-Stieltjes integral, [7, p.157].

Lemma 2.1. T is a bounded linear functional on (R(E),||-||a) if and only if

), |
there exists a unique finite signed Borel measure v on [] [ai,b;) such that
i=1

m

7(1) = [ Fitrt) d([ L) 2)

i=1
for each f € R(E). Moreover, |T| = ||v|-

PROOF. Suppose that T is a bounded linear functional on (R(E), || -||a). For
any given f € R(E), the function Fy is continuous on E. Hence we may
modify the proof of [8, Proposition 3] to obtain a unique finite Borel measure

v on H [a;, b;) such that T'(f) can be expressed as a Lebesgue-Stieltjes integral
i=1
and ||T|| = ||lv||. More precisely, for each f € R(E), we have

T(f) = /m Ff dl/.
fijese

It remains to prove that the above Lebesgue-Stieltjes integral can be ex-
pressed as a Riemann-Stieltjes integral and (2) holds. Let [¢,d) := [¢1,d;) X
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- X [¢m,dm), where ¢ = (¢1,...,¢p) and d = (dy,...,d). If @ is a finite
positive Borel measure on [a, ), then the following inequality

{ant FOlu(wo) < [ Fran<{ sw BO(wv) @

t€u,v) [u,v) t€fu,v)

holds whenever [u,v) C [a,b) and u; < v; for alli =1,2,...,m. In particular,
(3) holds whenever = |v| — v or p = |v|. It is not difficult to check that (2)
holds. Since the converse is obvious, the proof is complete. O

Our next lemma, which sharpens [3, Lemma 3.2] and [6, Theorem 4.7] can
be formulated as

Lemma 2.2. If T is a bounded linear functional on (L*(E),||-|4), then there

exists a finite signed Borel measure v on [] [ai,b;) such that
i=1

19 = [ (I )

i=1
for each f € LY(E). Moreover, ||T|| = ||v|.

Proor. By Hahn-Banach Theorem and Lemma 2.1, there exists a finite signed
Borel measure v such that (2) holds for each f € £!(E). For each (x1,...,7,) €

E, we put g(x1,...,Tm) = V(H [ai,xi)). Then
i=1

m

V(H[Q’Ji,b)) =g(by,...,bm Zg biy.o oy bic1, i, b1y o, D)

i=1
+Zg bl,... i— 1,1’2,b2+1,...,bj_l,l’j,bj+1,...,bm)
(4)
- Z + Z o (™ Zg(xla e Th—1, 08, Thg 1, - -, Tin)
idk 6,k k

+ (71)mg(m1a cee 71:7”'7/)'
It follows from (4) and the linearity of the Riemann-Stieltjes integral that
(2) still holds when the term H [t;,b;) is replaced by (— )mH [ai,t;). An

application of [7, Theorem 7.3. 5] and Young’s multiple 1ntegrat10n by parts
formula [12, equation (17)] completes the proof. O

The next theorem, which is a substantial improvement of [3, Theorem 3.1],
solves the first part of [3, Question 3.1].
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Theorem 2.3. T is a bounded linear functional on (R(E),| - ||la) if and

only if there exists a finite signed Borel measure v on [][a;, b;) such that

f(u(ilf[l[ai, ))) € R(E) and !

for each f € R(E). Moreover, ||T| = |v|l.

PROOF. In view of Lemma 2.1 there exists a unique finite signed Borel measure
v so that (2) holds for each f € R(F). An application of Lemma 2.2 shows
that

T(f = / f 174 g,

)=/ 4 (I ))

for each f € L}(E). By using Lemma 2.2 instead of [3, Lemma 3.2] the rest
of the proof is similar to that of [3, Theorem 3.1]. The proof is complete. [

The next example answers the second part of [3, Question 3.1] negatively.

Example 2.4. There exists a real-valued Lipschitz function H on [0, 1] x [0, 1]
such that H is not contained in the dual of (R(E), || - |la)-

PROOF. Define a function h on [0, 1] x [0, 1] by

Wz, y) :{ él/xy) sin(1/zy) i ﬁfgf

Since h(-,y) & £1([0,1]) for all y € (0, 1], it follows from the Fubini’s theorem
that h & £1(]0,1] x [0, 1]).
For each z € [0,1] and 0 < 8 < 1, f(=,-) is Lebesgue, and hence BV-

integrable on [a, 8] for all 0 < o < 5. An application of [10, Theorem 6.2.1]
and [3, Remark 5.1(ii)] shows that f(z,-) is BV-integrable on [0, 5] and

’/OB h(z,y) dy

Define a function H on [0, 1] x [0, 1] by

H(s,t)/os{/oth(x,y) dy} dz.

< 28.
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Clearly, |H(zo,y0) — H(z1,y0)] < 2(z1 — x0)yo for each subceell [zg,x1] X
[0, yo] of [0,1] X [0, 1]. By Lebesgue’s dominated convergence theorem, Fubini’s
theorem and [10, Theorem 6.2.1], we have

/yy {/w h(z,y) dfc} dy‘ < 20(y1 — o)

whenever 0 < zop <1 and 0 < yp < y1 < 1. It is now easy to check that H is
Lipschitz on [0, 1] x [0,1]. Recall that h & £1(]0, 1] x [0, 1]), so an application
of [7, Theorem 7.2.3] shows that H is not contained in the dual of (R([0, 1] x
[0,1]),]] - [|4). The proof is complete. O

|H (z0,y0) — H(zo,y1)| = lim

s—0t

Added in proofs. By using Example 2.4 and [5, Theorem], it is easy to
show that Corollary 8.1 and Proposition 8.2 in [3] hold.
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