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A LEBESGUE TYPE DIFFERENTIATION
THEOREM FOR BEST APPROXIMATIONS
BY CONSTANTS IN ORLICZ SPACES

Abstract

The best approximation operator by constants is extended from an
Orlicz space L?(R™) to the space L“",(Rm), and some properties of this
extended operator are established. Let f.(x) be any best approxima-
tion of f € L¥ (R™) on a suitable set B.(z) C R™. Weak and strong
inequalities are proved for the maximal function associated with the
family {f-(z)} which are used in the study of pointwise convergence of

fe(x) to f(x).

1 Introduction and Results.

Let ® be the set of all non negative convex functions ¢ € C*[0, 00) such that
©(0) = 0 and ¢ # 0. Let 2 be a bounded measurable set in R™ and as usual,
we denote by L?(2) the class of all Lebesgue measurable functions defined on
R™ such that the integral [, ¢(A|f(z)])dz is finite for some A > 0, where
dz is Lebesgue measure on R™. We write |E| for the Lebesgue measure of a
measurable set £ in R™.

The space L¥ () is analogously defined, where ¢’ is the derivative of the
function . Observe that for ¢ € ®, we have ¢(x) < z¢'(z) < p(2z), © > 0.
Therefore L?(Q) C L¥? (Q) for any bounded set €.

Given a function f € L¥(£2) we denote by p,(f) the set of all real constants
¢ which minimizes the integral [, ¢(|f(x) — c|)dz. It is easy to prove that
po(f) # 0 for f € L¥(2). The mapping which assigns to each f € L?(Q) the
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set e, (f) is monotone; that is, if fi < fo pointwise, ¢1 € p,(f1) and ¢z €
pe(f2), then min(cy, c2) € py(f1) and max(ci,c2) € pp(f2), (see [4]). Since
the set p1,(f) of the best approximations of the function f is a closed bounded
interval, we can restate the above definition of monotonicity as follows. If
f < g, then min p,(f) < min p,(g) and max p,(f) < max p,(f). We will use
this characterization of monotony.

A function ¢ satisfies the Ay condition if there exists & > 0 such that
©(2t) < ke(t), for all t > 0, and in this case we write ¢ € A,. It is straight-
forward to prove that p,(f) # 0, if p € @ N As.

Let ®* be the set of all functions ¢ € ® such that ¢’'(z + 1) < e¢’(x) for
x > 1 and some fixed ¢ > 0. B

Let ¢ € ®. We will write L®(Q) for the set of all measurable functions f
such that [, o(|f]) dz < co. Similarly we define L#' ().

The next characterization of p,(f) is well known when ¢(t) =t, p > 1.

Lemma 1. Let ¢ € ®*. Then for each f € L¥ (Q) the following are equivalent:
1. ¢ € py(f).
2 | fyppyn @ (1f — el sgn(f — ) dal < PO [{f =} N Q.

We denoted by ¢'(0) the right derivative of ¢ at 0. Here we have used, for
example, the notation |{f = ¢} N Q| to emphasizes the set (2, since sometimes
the function f will be defined on a larger set than 2.

Other characterizations of the best approximations may be found in [5],
for the case of p(t) = tP, p > 1, and a rather exhaustive set of characteri-
zations has recently appeared in [6], for the case p = 1. In both papers the
approximation class is a o lattice of functions. We state the next theorem for
the particular case when the approximation class is the set of real constants.

Theorem 2. Let ¢ € ®* and f € L?(). Then any of the following three
statements are equivalent to ¢ € p,(f) :

(1) (@) [ o 905 — e < [y ey (1 — ) o
(b) f{f<c}mQ O(|f —cl)dr < f{fzc}mﬂ O'(|f = cl) d.

(2) (a) Jo @' (If —c)dx <2 [iicqng ¢ (If —cl) da.
(b) fQ O (|f —c|)dx < Zf{fzc}mQ o' (|f = cl) da.

(8) (a) For any o > ¢ we have [, ¢'(|f —¢|)dx < 2f{f<a}ﬁﬂ O (|f —c|) dx.
(b) For any a < ¢ we have [, ¢'(|f —¢|)dx < 2f{f>a}rm O(If —¢|) d.
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From the proof of Theorem 2 it is easy to see the next remark.

Remark. The conditions (1), (2) and (3) of Theorem 2 are equivalent even
for f € L¥' (), when ¢ € ®*.

Note that ® N Ay C ®*. For example ¢(z) = eVl — oz +1 —e+ 1
is a function in ®* which is not a Ay function. For the remain results we
will not analyze spaces generated by functions in ®* — A,. Also observe that
L?(Q) = LY (Q) if ¢ € As.

Definition 1. Let ¢ € ® N As. We say that a constant c is a best approxima-
tion of f for f € L¥ () if the real number ¢ satisfies any of the three conditions
in Theorem 2, and we denote by p,(f) the set of the best approximations of

f.

Given ¢ € ® and assume ¢’ be a strictly increasing function. Then the set
Ly (f) has only one element. If ¢ € ® N Ay and ¢’(0) = 0 the characterization
of py(f) is particularly simple, in this case a constant c is a best approximation
of the function f € L¥(Q) if and only if

| #s =lsen(s =) do =0, (1.1)

Definition 2. Let ® be the set of all functions ¢ € PNA, such that ¢’'(0) = 0.

In order to get sharper estimates for the best approximation operator which
is originally defined in some function space it is suitable to extend the operator
to a wider space. For example in [5] the authors extend the best approxima-
tion operator from LP to LP~! when p > 1 and the approximation class is a o
lattice of functions. In [6] it is considered an extension from L! to the set of all
measurable functions which are finite almost everywhere and the approxima-
tion class is again a o lattice of functions. The same authors in [7] extend the
best approximation operator by constants from LP to LP~!, for p > 1, where
L° means the set of measurable functions which are finite a. e..

Now for a function f € L (), ¢ € ® it is easy to see that there exists an
unique solution for (1.1), provided ¢’ is a strictly increasing function, which
will be called the best approximation of f. For the case ¢ € ® N Ay and
f e L () to show that e (f) # O requires more work; see Lemma 10.

For f locally in L¥? (R™) we write f € Lﬁc(Rm) and for any x € R™ we
consider a family {B.(x)} of bounded measurable sets with 0 < |B.(x)|. Also
we set uc,(f) for the set uy(f) of the best approximations of f by constants

on the set B.(x).

Theorem 3. Let ¢ € &y, f € LY (R™), e > 0 and f.(z) € pe (f). Then we
have the following estimates.
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L@ (|f(2)]) < B2 1B(@)| 7 [y (£ W)]) dy.

2. ¢ (|fel) = f(@)]) < 2= [Be(@)| 7! [0y ¢ (F W) = F@)]) dy,

where the constant k is the one given by the Ay condition on .

We say that a family {B.(x)} differentiates L# (R™) if for every
ferLy (R™),

loc

1
lim ——— / _ dy—
B 1B Jp,y © W DAy =0

for almost every x € R™. Many families can be found in the literature which
differentiate specific examples of L¥'. The classical example among others is
the family of balls centered at z and radius € or cubes containing x with side €
and where the space of functions is L], .(R™), (see [1]). It is wort noting that
in our set up sometimes the family {B.(x)} is asked to differentiate a bigger
space than Lj (R™). As a corollary of (2) in Theorem 3 we obtain the next

loc
result.

Theorem 4. Let ¢ € g with ¢'(t) >0, t > 0 and {B:(z)} be a family that

differentiates L? (R™). Then for every f € L?ZIC(R’”) and for almost every
x € R™ we have

lim (sup{| fo () — f(2)] : fe(2) € p()}) = 0.

Given a function f € L} (R™) we denote by My (f) the Hardy-Littlewood

loc

loc

maximal function sup,- m fBE(z) |f(y)| dy, and for f € L¢ (R™) set
Mf(@) = sup{|fe(x)| : fe(z) € p5 (F)},

The next theorem is a direct consequence of part 1 in Theorem 3.

Theorem 5. Let o € By and f € LY, (R™). Then we have

loc

3k2
o' (Mf(x)) < TMH(W o f)(z),
where the constant k corresponds to the Ag condition on .

According to [3] we say that a function ¢ satisfies the Vs condition, and
we write ¢ € Vo, if there exists a constant 7 > 1 such that ¢(t) < s-¢(rt), for
all ¢ > 0. From now on the family {B.(z)}, € > 0, x € R™ should be more
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specific, for example we will take the standard balls centered at x with radius
¢, however other different families of sets can be used.

Let ¥ denote the set of all increasing functions v from [0, 00) into itself
such that ¥ (07) = 0, limy_ ¥(t) = oo. The following result is proved in
[2]. Given ¢ € WU. Then the V3 condition on % is equivalent to the strong
inequality

V(Mg (f)(x)de < C | H(Cf(x))dx,

R™ R™

for all f € L}, .(R), and where the constant C depends only on 1. The next

loc
theorem is consequence of the above result and Theorem 5.

Theorem 6. Let p € Oy, f € L¢ (R™). Then for any ¥ € ¥ N Vy we have

loc

(' (Mf(x)))dx < C - H(CP'(f(x))) da,

Rm
where the constant C' depends on ¢ and 1.

Corollary 7. For ¢ € &3 NVy and ¢(t)/t — 0o, ast — oo, let f € L¥(R™).
Then
[ eatseyar e [ @)

Rm

where C' is independent of f.

Note that the statements of Theorem 6 and Corollary 7 have a meaning
even if the maximal function M f is not measurable. It is easy to prove that
if ¢ € &g and ¢’ is a strictly increasing function, then there exists an unique
constant satisfying (1.1); i. e., u;,(f) is a singleton. Besides, given a sequence
x, tending to x it follows that the sequence f.(x,) is bounded. By the unique-
ness of the set x5, (f), a standard argument shows that fe(z,) — fe(x). Thus
fe(z) is a continuous function of  and therefore M f is a measurable function.
The measurability of M f for ¢ € ® is an open problem.

Given f € L¥(R™) we have

w(f(x)—fa(x)l)lBa(w)IZ/B()<P(|f(x)—f(y)+f(y)—fa(x)|)dy-

Since f.(x) is a best constant approximation to f and taking into account the
As condition on ¢, we obtain

1
p(|f(x) = fe(z)]) < ZCM o e(f(y) — f()]) dy.
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Thus f.(xz) — f(x), as e — 0, for a. e. . By Corollary 7 we also have f. — f
in the norm of L?(R™).

In the next theorem |E|* will denote the outer Lebesgue measure of a set
E CR™.

Theorem 8. Let ¢ € ® N Ay and ¢'(0) > 0. Then there exists C > 0 such
that

m .. C /
o e R Mi@) >0 < oo [ Sfw) d,
¢'(0) Jqip1>0)
for every f € L¥? (R™) and t > 0.
Theorem 9. Let ¢ € & N Ay with ¢'(0) > 0, and {B.(x)} be the family of

balls centered at x with radius €. Then for every f € L} (R™) we have

lim (sup{|/2(2) — f(2)| : fe(2) € w3 (F)}) =0,

almost everywhere v € R™.

2 Proof of the Results.

For completeness reasons we will sketch a proof of Lemma 1.

PROOF OF LEMMA 1. Set h(t) = [, ¢(|f(x) — t|)dx. Since h is a convex
function, it has a minimum at ¢ if and only if A'(¢*) > 0 and #/(¢™) < 0. Now
a direct calculation gives

0< 1 () = G O){f = c} N - / (17(z) — cl) sgn(f(z) — ) d,

{f#c}nQ

and

02 H(e) = ¢ O =chnfl = [ J(1f@) ) sgnlfa) - o)
{f#cnQ

Thus the above inequalities give part 2. O

Theorem 2 is known for the case that ¢(t) = ¢ and its proof is quite involved
when the approximant class of the real constants is replaced by a o-lattice of
functions, as it is done in [6]. In our case the proof is simpler.

PROOF OF THEOREM 2. Observe that the inequalities in (1) are a restate-
ment of those in Lemma 1. Moreover the statement (2) is clearly equivalent
to (1). Since (2) implies (3), we will prove that (2) is a consequence of (3).
In fact set @« = ¢+ 1/n in (3) (a), and a straightforward limit procedure gives
(2) (a). By setting &« = ¢ —1/n in (3) (b) we obtain (2) (b), and the proof is
completed. O
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The next lemma allows us to extend the best approximation operator from
L¢ to L¥'.

Lemma 10. Let p € ® N Ay and f € L€ (Q). Then there exits a constant c
which satisfies (3) of Theorem 2.

PROOF. Let f be in L¥ () and set f,,,, = min(max(f, —m),n). Since f,, is
bounded, by Theorem 2 (2) (b),

/ (P/(lfmn - Cmn|) dr < 2/ (pl(|fmn - Cmnl) dz, (2~1)
Q

{fngCmn}ﬂQ
where ¢nn € fio(fmn) are selected in such a way that the sequence (¢mn)n is
increasing, for example take ¢y, = min fg (frmn)-
For a fix m we have fi., /" fm = max(f,—m), as n — oo and set ¢, =
limy, o0 . We will first proof that ¢,, is finite. From (2.1) and the fact that
¢’ is monotone we have

/ & (fonn — Conm]) i < 2 / & (|fon — ) da,
Q {frnn>(x}mQ

for every a < ¢y Now, using the Fatou’s Lemma on the left hand side of the
above inequality and the Lebesgue Theorem on the right hand side we get

/ ([ fon — ) d < 2 / (| — al) d. (2.2)
Q {fm>a}nQ

Therefore ¢, € R.
Since Theorem 2 (3) (b) holds for the pair fi,, and c¢pn,, by taking n
tending to infinity we have

/ & ([ fon — ) di < 2 / I fm —en)de,  (23)
Q {fm>a}n

for any a < ¢p,. Now, since (Cmn)m is a decreasing sequence, the sequence
(¢m)m is also decreasing. Let ¢ = lim,, oo ¢, and taking the limit in (2.2) we
get that ¢ € R. Given a < ¢ choose an integer k such that « < a+ 1/k < ¢,
and since ¢, > ¢, by (2.3) we have that

/w'(\fm*cml)deSQ/ & (fon — cm]) d.
Q {fm>a+1/k}INQ

Then, if By = N2_1{fm > a+ 1/k}, we have

/ S(f — ) de <2 / S (If — e da. (2.4)
Q

BN
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Since {f > a+1/k} C By, C {f > a + 1/k}, by taking k tending to infinity
in (2.4) we get

/ SIf — ) dr <2 / J(1f — e da
Q {f>a}nQ

that is, we have proved condition (3) (b) of Theorem 2 for the pair f and c. It
remains to prove condition (3) (a) for f and c¢. For the function f,,, and its
best approximant ¢, we know that

/ @l(|fmn*0mn|)dI§2/ @,(‘fmnfcmnbdzv (2'5)
Q

{fmn<a}nQ

for any a > ¢pn-
Given «a > ¢, take an integer k such that « — 1/k > ¢, > ¢y and by
(2.5) we have

/ (| fonn — Cmnl) dz < 2 / & (fon — o) dz.  (2.6)
Q {fmn<a—1/E}NQ

Now set Ay = NS { fonn < a—1/k}. Then {f,, < a—1/k} C A C{fm <
a —1/k}. Thus Ak — {fm < a}, and taking n — oo in (2.6) and further
letting k — oo we get

/ S (fon — em]) d < 2 / S fm— em) e, (27)
Q {fm<a}nQ

for a > ¢;,. Now if o > ¢ and recalling that f,, is a decreasing sequence, by
taking limit in (2.7) we get

/ S(f — ) dz < 2 / S (f — ) d. 0
Q {f<a}nQ

Lemma 11. Let o € DN Ay and f € L (). Then the set por (f) is a closed
bounded interval.

PROOF. Given f € L? () we will see that if a constant ¢; satisfies (1) (a) of
Theorem (2), so does any constant ¢ > ¢;. In fact

/ w’(\f—c\)dwé/ w’(lf—ql)dafS/ S(If — 1) de
{f>c} {f>c1} {f<er}

< /{fﬁc}s@(lf—CI)dw
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Similarly if a constant ¢y satisfies (1) (b) of Theorem 2 so does any constant
¢ < ¢p. Thus py(f) is an interval, and using (3) of Theorem 2 we see that it
is closed. To see that it is bounded from above we use (2) (b) of Theorem 2
and we have, for any o < ¢, ¢ € p(f),

/e&’(lf—cl)da:SQ/ S — cl) de.
Q {f>c}nQ

Thus
/ I — ) dr < 2/ S (If — o) da,
Q {f>a}n2

which shows that the set p,/(f) has an upper bound.
Similarly condition (2) (a) implies that the set u,/(f) is bounded from
below. O

Now we prove that the best approximation operator extended to the space
L¥ () is a monotone operator.

Lemma 12. If p € ®N Ay, then the multivalued operator p, (f) is monotone
on L? (Q).

PROOF. Let ¢1 € uy(fi), c2 € pe(f2) and be fi < fo. We will assume that
min(eq, ¢2) = ¢o. Then

/ so'<|f1—c2\>dxs/ H(Ifz — sl do
{f1>c2}NQ {f2>c2}NQ
< / S (1fz — sl do
{f2<c2}NQ2

</ (11 - cal) da.
{f1<e2}NQ

Thus

/ ¢'(|f1 — min(cr, c)]) dz
{f1>min(c1,c2)}NQ

<

/ ¢'(|fr — min(er, c2)]) da.
{f1<min(e1,c2)}NQ

Therefore we have proved condition (1) (a) of Theorem 2, for the constant
min(cy, ¢2). Similarly it follows (1) (b) for min(eq, ¢2) which implies min(eq, ¢2)
belongs to e (f1). It is shown analogously that max(ci,c2) € per(f2). O
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Lemma 13. Let ¢ € ® such that ©(2t) < kp(t), t > 0. Then ¢'(a +b) <
5(¢'(a) + ¢'(b)), a,b>0.

PROOF. Since ¢’ is an increasing function, we have ¢(z) < z¢'(z) < ¢(2z).
Moreover from the convexity and the Ay condition on ¢ we have p(a +b) <
5((a) + ¢(b)). Now

2

(a-+ )¢/ (a+b) < p(2(a+1)) < kpla+) < = (pla) +o(b)

(@) b)) < (a4 D) () +0). O

PrOOF OF THEOREM 3. Given f.(z) € u, (f) we may assume f(z) > 0. In
fact, for a general f.(x) there exist best approximations 0 < ¢1.. € pS,(|f]),
and a non positive constant ¢z . € pg, (—|f]) such that ¢z < fo(z) < e1c. Set
ce(|f]) = max(c1,e, —c2,c), and taking into account that ¢ € p,/(f) if and only

if —c € ppr(—f), we have co(|f]) € pg,/ (If]) and [fe(2)] < c=(|f]).
Now ¢'(f.(x)) can be written as

<

1 1

m B. (m) (fa( )) ‘ ({E)| Bs(m)ﬂ{fs(z)>f}ip ((fg(l‘) B f(y)) T f(y)) dy

1
+ — SDI fe X dya
1Be(2)] Jp(o)nis. )< 1) Ve

and using Lemma 13 the above expression can be estimated by

K1 ,
¢ (fe(x) = f(y)) dy
2 [Be(@)| Jp. (£ (@)> £
L "(Fly)) dy + / ¢ (f(x)) dy
2 Y TR (] €
2 |B-(@)] Jo.mnis.)>1) |B=(@)] JB.@nis.@)<ry

(2.8)
By (1) (b) of Theorem 2 we have

1

¢ (fo(x) = f(y)) dy
1B-(2)] Jp.(@)nis. (@)

! — f.(x)) dy.
Tael / ey EUO) = L) dy

Then we can estimate (2.8) by

21 () dy+
©Y
|Be(2)] JB. () (1. (2)<f} 2 |B-(2) Jp.()

o' (f(y) dy <
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w1
2 [Be(2)] Jp. ()
To prove part (2), observe that if f.(x) € g, (f), then
fe(@) = f(x) € pg (f = f(=)).
Thus applying part (1) to the function f — f(x), the proof is completed. [

©'(f(y)) dy.

Given ¢ € U we set @(s) = sup{st — ¢(t);¢t > 0} for the complementary
function of . Observe that ¢(0) = 0, and if ¢(t)/t — oo, as t — oo we have
@ € U, see [1] or [8].

PrROOF OF COROLLARY 7. For f € L¥(R™) we get
| etts@yde< [ Mf@) ¢ (M5@) d.

Now for 0 < ¢ < 1 and by the Young inequality the last integral is bounded
by

e [ et [ (2o 0sw@)) d.
Recalling that @ € Ay if and only if ¢ € Va we get
(1-o) [ erfande<c [ G0 d,
and applying Theorem 6 we get
| etareya<c [ Fedreni<c | wi@)d.

where the last inequality follows from @(¢'(x)) < Co(x), with C' > 1. In fact,
since ¢ € Ay there exists @ > 1 such that z¢'(z) < ap(z), (see Theorem
4.1, pg. 24 in [3]). Moreover we always have z¢'(z) = ¢(x) + @(¢’(z)). Then

(¢’ () < (a = 1)p(z). O

Lemma 14. Given o € ® N Ay, ¢'(0) > 0 and a nonnegative f € L¥ (R™).
Then every c € ,ug,f(f) 18 a nonnegative constant.

PrOOF. By (1) (a) of Theorem 2 for every c € py (f),

/ S — ) dr < / J(1f — e da.
{f>c}nQ {f<ein

Now if some ¢ € p,(f) is less than 0, the inequality above gives us a contra-
diction. O
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PrROOF OF THEOREM 8. By Lemma 14 and Lemma 12 | f (z)| < max ug, (| f]).
So we can assume f > 0 and every f.(z) > 0. Set E = {z € R™ : M f(z) > t}.
For x € E choose f.(x) € pg, (f) such that f.(z) > t. Then, by (2) (b) of
Theorem 2 we have

|B.(2))¢'(0) < /

Be(z)

<9 / & (1) dy.
{f>t}NB(x)

Now by a standard covering lemma there exists a constant C, and a disjoint
family of balls {B., (z,)} such that

S(f — fol)) dy < 2/{f>f i P Sy

|E[* <C Y [B, ()], (2.9)
and for every n we have
2
Bes(e < oo | &(21(v)) dy. (2.10)
©'(0) Jip>tinB., (@)
Now from (2.9) and (2.10) we get the theorem. O

PROOF OF THEOREM 9. Let f € L¢ (R™), f.(x) e e (f) and s be a step
function. Then, for almost every x, there exists an e(x) such that for every
g, 0 <e<e(x), we have f.(x) = (f — $)(x) + s(x). Here we have used that
for a constant ¢ we have (f + ¢)c(z) = f-(z) + c.

The remainder of the proof follows the same patterns as the proof of the
Lebesgue Differentiation Theorem using the Hardy-Littlewood maximal func-
tion. Set

Lf(x) = 1irglj(l)lp(sup{|fs(ﬂf) = f(@)]: fe(@) € g }).

Then clearly I'f(z) = T'(f —s)(x), for a. e. € R™ and consequently I'f(z) <
M(f —s)(z) + |f(x) — s(x)|. Then we have

{Tf > 37 <{M(f =) > /23" + {If — s > t/2}].

By Theorem 8 and the Tchebyshev inequality we have

g st — [ s
90/(0) ~/{|fs>t/2} v (|f |)dy+ (P/(t/Q) /]Rm ¥ (|f |)dy

Since ¢’ € A, the step functions are dense in L# (R™). Therefore I'f () = 0,
for a. e. x € R™. O

{Tf > 83" <
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