ON A PAPER OF NIVEN AND ZUCKERMAN

J. W. S. CasseLS

1. Introduction. Let ‘digit’ mean an integer in the range 0 < a < 10. For

digits ay, ay, «++y ar; byy byy oo+ 5 bs (s > 1) and integer m, denote by

R, (a, o ya, b,eme,b)
the number of solutions of
bn =al’bn+1 =8yttt bn+r—1 =a (0<n<n+r§s; n=mmodr),
so that
(1) Ong(al,---,ar;bl,---,bs)Ss—r+l.
Suppose that
Xy Xy, e

is an infinite sequence of digits. It has been shown [2] that if

;
-T
R _(agyees,a5%,000,2y) =10
=1

1
(2) lim —
N—ooo [N m

for all integers r and digits a,, +++ , a;, then

‘ 1
(3) Nll_r'nm—lfm(al,...,ar;x

1,“‘1xN) =r—1 IO_r

for all integers r, m, and digits a;, +++, a,. A possibly simpler proof is as

follows.

2. Proof. Let €> 0 and digits a;, -++ , a,; be given. The simple argument of

Hardy-Wright [ 1] shows that if the integer s is fixed large enough, then
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—r+1
(@) Max |Ry(ay, voeyaps byyeee s b,) = ———| < e(s—r+1)
M H r 10

except for at most €10° sets of digits b, -++ , bs. (‘Exceptional’ sets.) Thus,
by (2) with b,, ++-, bg for a;, *++, a,, the number of exceptional sets

(5) x cee L x (1<t<N-s+1)

£ Xt ' Xpps—1

is at most 2 €N for all large enough N.
On the other hand,

(6) (S-—I‘+].) Rm(al’...’ar;xl’...’xN)

differs from

N-s+1

(7) > R (a,ee0,a5 %

m-t+1 x
t=1

0t Frpey)

by at most 252, since each solution of

Gy = Xpr @y = Xpyp

e @ =% (s<n<N-s;n=mmodr)
contributes exactly s —r + 1 both to (6) and to (7). Hence, using the estimate
(3) for the at most 2 €N exceptional sets (5), and the estimate (4) for the

others, we have

N-s+1
Rm(al"..’ar; xl,...,xN)_ T
2 2
2 + €e(N-s+1) + 2¢€N,
s—r+1

and so

lim sup 0 < 3e.
N

1
TV—Rm(al,...,ar;x ...,xN)_r"‘l 10°"

Since € is arbitrarily small, this proves (3) as required.
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