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ON THE CONSTRUCTION OF CERTAIN BOUNDED
CONTINUOUS FUNCTIONS

J.-P. KAHANE

We give an elementary method for constructing continuous functions
fulfilling the hypothesis of Theorem 1 of the preceding paper. Such
functions thus constitute counterexamples to the proposition and theorem
discussed therein.

THEOREM. Let φ(x) be continuously differentiate on [0, oo), and
suppose

( i ) 9>(0) = 0
(ii) φ'{x) is nonnegative, and strictly increasing to °o on [0, <*>)
(iϋ) φ'(x)lφ(x) —> oo , x —• CXD .

Put

( 1 ) / ( « ) = Σ 2 - » e x p ( ^ a ? ) , x<0

( 2 ) f(x) = eiφ{x) , x ^ 0 .

Then the bounded continuous function f(x) has properties 1, 2, and
3 o/ Theorem 1 m ίfte previous paper.

Proof. That 0 e sp / follows from (1) as in § 2 of the previous
paper.

To establish property 3, let us show that

ψ\*/(x + Φx - 0

uniformly in a as T —> co. If / is any interval of length T, denote
by A the part of I lying to the left of 0, and by B that part lying
to the right. We have, by (1),

The quantity in brackets is always in absolute value ^ 1 , and tends
to zero independently of the position of A as | A \ —• co (this fact belongs
to the rudiments of the theory of almost periodic functions, and can
here be verified by direct calculation). Since | A | ^ T, we have

( 3 ) —I f(x)dx—>0 independently of the position of
JL J -4

I as T —> °o .
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The integral I f(x)dx is bounded for all intervals B of the form

[0, b]. Indeed, if b> 1,

S b ri rb

f(x)dx = \ f(x)dx + \ f(x)dx .
o Jo Ji

Since φ'{x) ^ 0 we can, by (2), make the substitution <p(x) = ξ in the
second integral on the right, getting for it the value

S b Cφ{b) Λf

eίφ{x)dx = eίζ-^- .
i J<P(i) φ'{x)

In view of (ii), this last is in absolute value ^ 4/V(l) by the second
r

mean value theorem. It follows that I f(x)dx is bounded for all inter-
JB

vals B lying to the right of the origin, whence
(4) —I f(x)dx—>0 independently of the position of / as T—+ oo .

T JB

From (3) and (4) we see that 1/Γl f(x)dx is small in absolute

value for all intervals / of length T, if only T is sufficiently large,
which is property 3.

It remains to verify property 2. We show that if 0 < Xx < < XM

and the Ak are complex numbers

(5) sup
%>0

So as not to lose the reader in details, we do this for the case M — 2;
it will be clear how to extend the reasoning to any value of M.

Let ε be given, 0 < ε < π/2, and, choosing a positive determination
of the argument, put, for k = 1, 2, 3,

( 6 ) ak = φ-'Uπk + a r g ^ - ε) - X,

( 7 )

Clearly CJ

( 8 )

Also,

( 9 )

,k < bk < ak+1, a

^{Axe
iφ^x

φ^ylπk +

/Λ —> o° a s

bk — ak —

1') ^ (1 -

k-

-o,

ε2)

and

for

-I t .

by (ii

ak S

I claim t h a t φ(bk + X2) — φ(ak + X2) —> oo as fc —• oo # If c > 0,

by (ii):
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φ\x + c) ^ φ'(x + c) •> φ'(x + c)
- — — ^ c— • — — ^ C— • ,

φ (X) φyx + c) — φ\X) φ\X + C)

whence

/"I f\\ (+s \ Άs "I v I

( 1 0 ) ^ v ^ ^ —•> co y X ^ > oo ^

in view of (iii). Since X2 > Xi, there is, by (8), a c > 0 such that,
for all sufficiently large k, c + bk + X1 ^ αfc + X2. We thus have, from
(6), (7), (ii), and (10):

φ(bk + X2) -

2ε V'^ + ^i +

as k —> cχ3 f since 6̂  —> co ? k —> oo. This is the desired result which
implies, in particular, the existence, for all sufficiently large Jfc, of an
xk G [ak, bk] such that

<£>(α̂  + X2) = arg — (mod 2π) .

For such xk we have A2β^(Xfc+X2) = | A2 \ which, together with (9), yields
(5) for the case M — 2, since ε > 0 is arbitrary.

REMARK. Suppose φ{x) is even, and fulfills condition (i), (ii), and
(iii) of the theorem. Besides this, let it be twice continuously differ-
entiable, and be such that φ"(x) ^ C > 0 (example: φ{x) = eχ2). Then,
if f(χ) — e

i(ρ(χ\ e*λ* is not, for α^τ/ Xesp /, in the weak closure of any
bounded subset of Vf (notation as in the preceding paper). (This
observation is due to P. Koosis.)

Indeed, the function f(x) clearly has property 2, according to the
above work. A glance at the proof of Theorem 1 in the preceding
paper now shows that the desired result will certainly follow if we
establish, for all real λ, that

— Γ / ( a + X)e-iλxdx-*0 uniformly in l a s Γ->oo, But by a

lemma of Van der Corput ([1], vol I, p. 197),

I f T ( ϊ -1/2

eτ[φ{x+X)~λx]dx S 1 2 - ^ inf φ"(x + X)\ ^ 12C~ 1 / 2

I JO l o ^ a ^ Γ J

for all T, which implies the desired statement.
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