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ON THE CHARACTERIZATION OF MEASURES
OF THE CONE DUAL TO A GENERALIZED
CONVEXITY CONE

ZVv1 ZIEGLER

We consider in this paper the cone C(u,, - -, %,—;) of func-
tions which are convex with respect to an Extended Complete
Tchebycheffian system {uo(t), ui(t), - - -, Us—1(t)}. The cone dual
to C(ug, *++, Us—1) is examined and necessary conditions as well
as sufficient conditions for a measure to belong to this cone are
developed. The merit of these conditions lies in the fact that
they involve only the pattern of sign changes of the measure
and related functions, and thus are easily verifiable,

Several applications are given. These include new ine-
qualities for the Euler-Fourier coefficients of functions belong-
ing to given convexity cones. Some new inequalities for the
Fourier coefficients of the expansion of a function in a series
of orthogonal polynomials are also obtained.

We consider in this paper the cone dual to a generalized convexity
cone C(u,, *++,U,_,) with respect to an Extended Complete Tcheby-
cheffian system {u,(t), u,(¢), - -+, %,_,(t)}. The substantial role that
these cones play in various areas of mathematics, such as moment
theory, theory of approximation and interpolation and the theory of
differential inequalities is discussed in detail in [5], (see also [4], [11],
[6] and [7]). In a recent paper, Cargo [3] obtained independently
for the special case when n = 2 and u, = 1, some of the results of
[4] and [11].

The dual cone was introduced by S. Karlin and A. Novikoff [4]
who found necessary and sufficient conditions for a measure to belong
to the dual cone. Applications of the results of [4] to the theory of
reliability were later explored by Barlow and Marshall [1]. For the
case » = 2 and (uy(t) = 1, u,(t) = t) the conditions were stated earlier
by Levin and Steckin [8], and a multidimensional version for this
special case was recently obtained by Brunk [2].

The necessary and sufficient conditions involve some integral
inequalities and thus are not always easily verifiable. Some simple
sufficient conditions in terms of equalities and the pattern of sign
changes of the measure under examination were also evolved in [4].

In this paper we intend to elaborate on this type of criteria, i.e.,
necessary conditions as well as sufficient conditions involving only
equalities and the pattern of sign changes of the measure. Asa by-
product, we obtain the interesting fact that the dual cones are essentially
mutually disjoint, e. g. no nontrivial measure can belong both to the dual
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cone of the cone of convex functions and to the cone dual to the cone
of monotone functions. Several applications are given in §4. These
include some inequalities for the Euler-Fourier coefficients with respect
to the trigonometric system and also for the Fourier coefficients of
the expansion of a function in a series of orthogonal polynomials.

We introduce now the generalized convexity cones and their duals.
We will not discuss in any detail properties of these cones which can
be found elsewhere. The reader is referred to [5] for a thorough
discussion of ECT-systems and for the properties of generalized con-
vexity cones which will be used without proof in the sequel.

Let {u;}¢~* be an Extended Complete Tchebycheffian system (ECT-
system) on [a, b]. Assume that the functions u,(¢),¢ =0,1, ---, n — 1,
admit of the representation

U(t) = w(t)

( 1) . .
tas®) = w0 [ "o ("o pde - e

where wy(t), ---, w,_,(t) are continuous strictly positive functions on
[a, b]. This additional assumption on the set {u;}s~* entails no loss of
generality in the subsequent discussion.

DEFINITION 1. A function ¢(t) defined on (a, b) is said to be convex
with respect to the ECT-system {u;}7~* provided

Uo(Ly) + =+ Uo(tt1)

(2) =0, forall a <t, < oo <t <b.

u'n-l(tl) e un—l(tn+1)
$(t1) + -+ ¢(Cnsr)

The cone of functions satisfying (2) is referred to as a “generalized

convexity cone” and is denoted by C(uqg, * -+, U,_,). ‘

Throughout the paper, let dy denote a signed measure of bounded
variation on (e, b) such that for each ¢(¢) € C(u,, - - -, %,_,) the integral

Sb¢dp is well defined with infinite values permitted. The dual cone

of C(uy, -+, %,_,) is the set of all measures dp which satisfy
(3) [o(01dp®) = 0 for all p(t)e Clue, -+, )

This cone is designated by C*(ug, *++, %,_s).
The integral operators I;,7 = 0,1, ---, n-1 are defined by
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Ldp(t) = — §‘wo<t)d;z(t>
(4) J
fe) = - [wofd,  j=1,2-n-1.

The following theorem was proved in [4]:

THEOREM A. A signed measure dy belongs to the dual cone
C*(thoy +++, Un_y) if, and only if

(5) Sbut(t)d#(t)ZOy ?:2011""1%_1)
and
(6) I,_ I, ,---Idpit) =0, Jor all a £t <D,

Furthermore, it was shown that the “moment conditions” (5) are
equivalent to

(7) Iin—l"'IOd#(b):Oy ijyly"'yn_l-

The necessary and sufficient conditions stated in Theorem A are
in general hard to verify, the main difficulty being the inequalities
(6). Therefore, it seems advantageous to seek simpler conditions even
if they will not always be both necessary and sufficient. Very weak,
but easily verifiable necessary conditions are the “moment conditions”
(5). Some simple sufficient conditions which enable us to ascertain
that dpe C*(uy, - -+, u,_,) by checking its pattern of sign changes were
also found. In order to state them we need first introduce some
definitions. We adopt the following convention: a signed measure dy
will be said to have the sign ¢ (¢ can be (+) or (—)) on a set s if
eu(s) > 0 and there is no subset s’ of s for which eu(s’) < 0. A fune-
tion f(¢t) will be said to have the sign ¢ on an interval I if and only
if dpe = f(t)dt has the sign ¢ on I.

DEFINITION 2. A signed measure dy defined on (e, b) is said to
possess a first sign there, if there exists an interval extending to the
end-point @ on which dy¢ has a constant sign (this sign will be called
the first sign of dy). Similarly, dy is said to possess a last stgn on
(a, b), if there exists an interval extending to the end point b on which
dy has a constant sign (this sign will be called the last sign of dy).

DErFINITION 3. A signed measure dy is said to have & sign changes
on (e, b) if there exists a subdivision of (a, b) into disjoint consecutive
sets T, T\, -+, T}, such that dyu is of alternating signon T, T}, «--, T\.
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We replaced here the “consecutive intervals” of the corresponding
definition employed in [5] by “consecutive sets”—thus allowing a T'; to
consist of one point only. We note that if the support of the measure
consists of a finite number of points or if it is absolutely continuous,
the two definitions coincide.

The following theorem stated in [5] (and, in a slightly weaker
form, in [4]) is actually true only when one uses the concept of sign
changes in the way it is formulated here. The proof involves only
minor modifications of the proof presented in [5]. We will not” go
into details.

THEOREM B. If a mnontrivial signed measure dp satisfies the
“moment conditions” (5) then it has at least m sign changes. If dp
has exactly n sign changes and its last stgn is (+), then

dpe C* (g, *+ oy Upy) -

There exists a wide gap between the necessary “moment conditions”
and the strong sufficient conditions stated in Theorem B. The main
purpose of this note is to narrow it by obtaining stronger necessary
conditions as well as weaker sufficient conditions.

2. Necessary conditions. The first results which we will prove
concern the simple cone C*(u,).

LeEMMA 1. Let dp be o signed measure possessing o first sign
and a last sign on (a,b). A mecessary condition for dp to belong to
C*(uy) ts that its first sign be (—) and its last sign be (+).

Proof. Let dp be a measure belonging to C*(u,). Then, by ap-
plying Theorem A, we have

(8) [Lutyape) = 0.

We will first establish that the first sign of dy is (—). Indeed,
suppose there is an interval (a, t,] on which dg is positive.
Consider the function ¢(t) defined by

*) {cluo(t) ast=t, 0< o <
= C Cy .
¢ ca(t) L <t<b, P

Clearly, ¢4(t) belongs to C(u,). Compute now
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[L80d®) = o[ "utdp® + .| wtidpo
< czg:uo(t)dp(t) .
Using (8), it follows that
[[otape) <o,

which is impossible since du e C*(u,).

Similarly, we will now show that the last sign of dg is (+).
Indeed, assume that there exists an interval [¢,,5) on which dp is
negative. Consider the function +r(¢) € C(u,) defined by

— Cuy(t) a<t<t,,

0<e <e,.
—cuft) t,=t<b, *

¥(t) = {
A computation similar to that performed for #(¢) yields

[woden <o,

contrary to the assumption that du¢ e C*(u,). This completes the proof
of the lemma.

Corollary 1. Let dp be a signed measure possessing a finite
number of sign changes on (a,b). If dp belongs to C*(u,) then it has
an odd number of sign changes and its first sign is (—).

Let now the signed measure dp have 2k — 1 sign changes on
(a, b) and let {T;}?*~! be the subdivision of (@, b) associated with the
sign changes of dp. Set

Si:Tzi-zUTzi—1y ’Z:=1,2,°--,k
and let the points ¢, «--, ¢, be defined by
th=a, t; =sup{t:teT;,_}, 1=1,2,..-,2k .
Define the numbers J,, ---, J, by
(9) Jo=| w®due,  i=1,2- k.
83
The measure dy, with the %k atomic masses J,, ---, J, situated, re-
spectively, at the points 1,2, --., & will be referred to in this paper

as the measure induced by dp.

LEMMA 2. Let dp have 2k — 1 sign changes on (a, b) and let its
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first sign be (—). Then dp belongs to C*(u,) on (a,b) if, and only
©f the measure induced by it belongs to C*(1) on (0, k + 1).

Proof. Let ¢(t) be an arbitrary function belonging to C(u,); then

—1

[Lodut =5 | s

“M* M=

S, snauw + 1§ swun]

v

[ @f((izil)) STM“ (t)dext) + ¢0((’;2::1)) S 2,_1u°(t)d#(t)]’

The inequality follows from the fact that ¢(¢)/u.(t) is non decreasing
on (a,b) while dp(t) is negative in the first integral and positive in
the second.

Using definition (9) we thus obtain

o)
(10) JLowan = 52l

Suppose now that the induced measure dy belongs to C*(1). Then

i J; = 0, for each sequence {a;}¥ belonging to C(1).

Since {¢(t._1)/uo(tsi_)}i-, 18 a nondecreasing sequence it belongs to C(1).
Hence, the right hand side of (10) is nonnegative and S s(t)dp(t) = 0.
Since ¢(t) was an arbitrary function of C(u,), this implies that dp
belongs to C*(u,).

Conversely, suppose that dyp e C*(v,) and let {a;}¢ be an arbitrary
sequence of C(1). Define the function &(t) by

B(t) = ault) , for teS;,1=1,2,--+, &,
and note that
(1) Sadi = S | wiape = [Fodun z 0.

The inequality is due to the fact that &(¢)/u.(t) is a nondecreasing
function, i.e., that &(¢) belongs to C(u,).

Since the sequence {a;}* was an arbitrary sequence of C(1), this
completes the proof of the lemma.

Appealing to Corollary 1, we can deduce

COROLLARY 2. Let dyt be a measure of C*(u,) possessing a finite
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number of sign changes on (a,b). Then, either the induced measure
dp, is the trivial measure or it has an odd mumber of sign changes
and its first sign is (—).

Observe next that if the induced measure dg, has an odd number
of sign changes, the discussion preceding Lemma 2 can be applied to
dp, and a measure dy,, induced by dp,, can be obtained. To this end,
we only have to substitute u,(t) =1 in (9) and replace (a,db) by
(0, k + 1). By Corollary 2, dy, is either trivial or it has an odd number
of sign changes. Thus, if dy, is nontrivial, we can define a measure
dp, induced by dy,. This process can be continued as long as the
induced measure is nontrivial.

LEMMA 3. Let dp be a measure of C*(u,) possessing a finite
number of sign changes on (a,b). Then the sequence of montrivial
successively induced measures dp,, dp, -+ -, 18 finite.

Proof. Observe that the induced measures dpu,, du,, ---, have
finite supports. Note next that the number of points in the support
of dyp;,t=1,2, ..., is at most half the number of points in the

support of dy;, v = 1,2, ---. Hence, the assertion of the lemma follows.

THEOREM. 1. Let dp possess a finite number of sign changes
on (a,b). Necessary and sufficient conditions for dg to belong to
C*(u,) are: (a) that it satisfy (8), and (b) that dp and each measure
in the finite sequence of montrivial successively induced measures
ap,, A, -+, exhibit the pattern of sign changes specified in Lemma 1,

Proof. Necessity. The necessity of (a) follows from Theorem A.
The necessity of (b) follows by a repeated application of Corollary 2.

Sufflciency. Let dyy be the last nontrivial measure in the se-
quence, so that dyy,, is the trivial measure.

Since dpt has a finite number of sign changes, each nontrivial
measure dy;, 1 =1, .-+, N, also has a finite number of sign changes.
Since, by assumption, the measures exhibit the pattern of sign changes
specified in Lemma 1, they satisfy the requirements of Lemma 2.

By Lemma 2, if dy;.,,% =1, ---, N belongs to C*(1), then so does
dp;. Furthermore, if dy, belongs to C*(1) then dyu belongs to C*(u,).
Thus, the fact that dgy.,, the trivial measure, belongs to C*(1), im-
plies that dg belongs to C*(u,) and the theorem is proved.

We next derive necessary conditions for a measure possessing a
first sign and a last sign on (a, b) to belong to C*(ug, * -+, Uy_y).
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THEOREM 2. A necessary condition for a measure dpt possessing
a first sign and a last sign on (a, b) to belong to C*(wy, -+, u,_,) 1s
that its first sign be (— 1)* and its last sign be (+).

Proof. The proof proceeds by induction on n. For » =1, the
assertion is simply a restating of Lemma 1. Assuming that the as-
sertion is valid for n < k — 1, we will now prove it for n = k.

We introduce the first order differential operators (see [5])

1
w;(t)

(12) D,-f(t)=%[ ], d=01 01,

where the w!s are the functions introduced in (1).

Let now dyu be a measure of C*(ug, -+, u,_;) possessing a first
sign and a last sign on (a,bd). Using integration by parts and the
definitions (4) and (12), we find

§i¢(t)d/z(t) = Sbi% wo(t)d ()

S Mzodp(t) ‘b + Sb[Dosé(t)][Iodﬂ(t)]dt .
w(t) @ ¢

13)

The integrated part vanishes, since I du(b) =0 is a necessary
condition by Theorem A. It is very easy to see (cf. [11] or [5]) that
the set of functions {D,¢(¢) | ¢(t) € C(uy, **+, u,_,)} comprises a generalized
convexity cone. This cone is called the first “reduced” cone, and is
denoted, in terms of its basic ECT-system, by C(Dyu,, «--, Dyu;_,).
Thus, (13) implies that a necessary condition for dyu to belong to
C*(Ugy +++, Uy—y) is that L du(t)dt belong to C*(Dyu,, -+, Dyu,_,).

Since dp has a first sign and a last sign, so does Idp(t)dt.
Utilizing now the fact that the condition on the pattern of signs
formulated in the theorem depends only on the order of the cone, i.e.
on the number of functions in its basic ECT-system, we can apply
the induction hypothesis. We thus deduce that the first sign of I,dpu(t)
is (— 1)** and its last sign in (+).

Note further that

(14) Ldp(t) = — S:uo(t)d#(t) ,

and that, using relation (8), which is valid by Theorem A, we also
have

(15) Lapv) = | uap) .

Relations (14) and (15) imply that the first sign of dz(t) is opposite
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to that of I, du(t) and that the last sign of du(t) is the same as that
of Idp(t). This completes the induction step and thereby the theorem
is proved.

The set of measures of a dual cone C*(u,, -+, %,_;) Which possess
a first sign on (a,b) is a subcone. This subcone will be called the
restricted dual cone. Note that the trivial measure does not belong to
the restricted dual cone.

The condition on the pattern of signs proved in Theorem 2 readily
yield

COROLLARY 3. A restricted dual cone of odd order and a restricted
dual cone of even order are always mutually disjoint.

Note that in Corollary 3, the cones may be based on different
ECT-systems. For a fixed ECT-system, a more comprehensive result
in this direction is true, viz.

THEOREM 3. Let an ECT-system be given. Two dual cones with
respect to this system which are of different orders have only the
trivial measure in common.

Proof. Consider C*(uy, ++-, %,_,) and C*(uy, «-+, u,_;) with n > k.
Let dy be a measure belonging to C*(u,, -+, u;_;). Then the necessary
conditions of Theorem A imply that

(16) Ly oo Idu() =0, fora<t<b.

Suppose now that dy belongs also to C*(w,, « -+, #,_,). By repeated
integration by parts similar to that performed in (13), we find

b _ ¢(t) b_k——l D,~_1"'Do¢(t) L b
| o0 = — 28 Lape) ||~ 5 PS80, g |

+ S:[Dk_le_g o D] [LurLoms - - - Ldpe(6)]dt .

Tne integrated part vanishes by virtue of the conditions (7) which
are necessary conditions for du¢ to belong to C*(uw,, -, %,_,). Hence,
as in the proof of Theorem 2, we deduce that a necessary condition
for dyp to belong to C*(uy, + -+, u,_,) is that I,_,I, , .- Idp(t)dt belong
to the dual to the k-th “reduced” cone

C*(-Dk——l et Douky -Dk—-l e Dou’k—H, ct Y Dk—l e Doun—1) .

This is a dual cone of order n-k, so that by Theorem B, a necessary
condition for this to happen, is that either I,_, --- I du(t) have at
least n-k sign changes on (a,b), or that I, --- Idu(t) = 0. Since
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(16) has to be satisfied, we deduce that I,_, ... I du(t) = 0; this is
equivalent to dg being the trivial measure, so that the proof is
complete.

We have seen that for a fixed ECT-system, the intersection of
two dual cones of different order contains only the trivial measure.
The question of the structure and properties of unions of such cones
will be explored by the author in a future publication.

3. Sufficient conditions. We have, in the last section, streng-
thened the necessary conditions given by Theorem A, by adding that
if a signed measure dy belongs to C*(u,, ---, %,_,) and possesses a
first sign and a last sign, then its first sign must be (— 1)* and its
last sign must be (+).

We shall obtain in this section weaker sufficient conditions than
those specified in Theorem B.

Let the functions Ui(y;t),7=0,1, ---,n — 1, be defined by

17 Ui t) = Stui(t)d/«!(t) . i=0,1, -, m—1.

These functions are smoother than the measure du(t) and therefore
it is sometimes easier to check their respective patterns of signs than
to check the pattern of signs of dpu.

THEOREM 4. Let dp satisfy the “moment conditions” (5) and let
its first sign be (— 1)™ and its last sign be (+). If there exists a j,
0=j=n-—1, such that U;(u;t) has at most n — 1 sign changes on
(a, b), then dpe C*(uy, +++, Uy,_y).

Proof. The proof proceeds by induction. Let (u,, +--, %,_), m =1,
be an arbitrary ECT-system. (Note that this is a completely arbitrary
ECT-system. We have chosen to denote its functions by (uo, * ), Up_,)
in order to be able to avail ourselves of other theorems of the paper
without undue change of notation).

Assume that dp(t) satisfies the “moment conditions” (5) (where n
is replaced by m), and that its first sign is (— 1)™ and its last sign is (+).
Assume further that Uy(y; t) has at most m — 1 sign changes on (a, b).
We will now show that these assumptions imply that

dpe C* (U, =+ =y Umy) «
We note that Uyy;t) = — I,du(t), and observe that (13) and (5)
imply that

as) [ oz = | 1Ds0) Ldpoat -
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Thus, it will suffice if we show that I, d/(t)dt belongs to
C*(Douu M Dou’m—-l) .

Relations (18) and (5) imply that Idpu(t)dt satisfies the m — 1
“moment conditions” with respect to (D, ---, Diu,_,). Hence, by
Theorem B, it has at least m — 1 sign changes. However, by our as-
sumption, I,du(t) has at most m — 1 sign changes, so that it must have
exactly m — 1 sign changes. Furthermore, following the same reasoning
as in the proof of Theorem 2, we deduce that the first sign of I,du(t)
is (— 1) and its last sign is (+). Therefore, by Theorem B,
Ldp(t)dt belongs to C*(Dguy, «++, Dithy,_,) .

We have thus proved that if an ECT-system of order m,m =1,
is given and dy is a signed measure with first sign (— 1)™ and last
sign (+) satisfying the corresponding “moment conditions”, then the
condition that Uyy; t) have at most m — 1 sign changes on (a, b) implies
that dg¢ belongs to the corresponding dual cone.

Assume now that we have established that, given any ECT-system
of order m and a signed measure dp satisfying the corresponding
“moment conditions” and having the appropriate first and last signs, the
condition that U,_,(g;t),1 < » < m, have at most m — 1 sign changes
on (a, b) implies that dy belongs to the corresponding dual cone.

We wish to show that the same conclusion is implied by the
condition that U,(y; t) have at most m — 1 sign changes. This will be
the induction step and thereby the validity of the theorem will be
established.

Let dp(t) be a signed measure whose first sign is (— 1)™ and
whose last sign is (+) and let it satisfy (5). Furthermore, assume
that U,(y;t) has at most m — 1 sign changes. We wish to show that
these assumptions together with the induction hypothesis imply that
dre C*(uy, ++ -, Uy_y). It will suffice, as explained earlier, if we show
that I, dp(t)dt e C*(Dyuy, « -+, Ditly,_y).

Consider the ECT-system (Dyu,, ---, Dyu,_;) and define

(19) U;*w;t):StDouiﬂ(t)d/x(t), i=0,1, -0, m—2.

In the case where du(t) = f(t)dt, the left hand side of (19) will be
written as U} (f;t).
Integration by parts similar to that performed in (13) yields

20) U (Ldp;t) = %%Iod#(t) S U, §=1,2 - m—1.

Note that the functions Uj(y;¢),5 = 0,1, ---, m — 2 are defined
with respect to the ECT-system of order m — 1 (Dyuy, *++, Doth,_;) in
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exactly the same way that U,(x;t),7 =0,1,---,m — 1 were defined
in (17) with respect to (uy, +--, Un,_,). Note further that our assump-
tions on dp imply that the first sign of Idu(t) is (— 1)™* and its
last sign is (+) and that Idu(t) satisfies the “moment conditions”
with respect to (D, +«-, D#,_,). Thus, if we show that U} (I, dy; t)
has at most m — 2 sign changes, the induction hypothesis, which is
applicable since » — 1 < m — 1, will imply that

Iodlu(t) € C*(Doun R Dou/m—x) .

We start with an analysis of the patterns of signs of U}_ (I, dy; t)
and U.(y;t). Since the first sign of Idu(t) is (— 1) the same is
true for U} (Idy;t). Similarly, since the first sign of dyp is (— 1)
the same is true for U,(y;t). On the other hand, the last signs of
both dy and I,dpu(t) are (+) so that the last signs of both U} (I dy;t)
and U,(y; t) are (—).

Let v be the number of sign changes of U} (Idy;t); the above
analysis of first and last signs implies that

(21) y = m (mod 2) .

Suppose now that UZX (I, dy;t) has more than m — 2 sign changes.
Then, by (21), it must have at least m sign changes. We assert that
this is incompatible with the assumption that U,(y;?) has at most
m — 1 sign changes.

We divide the proof of this assertion in two parts.

(a) Let (Tf, ---, T¥) be the subdivision of (a, b) associated with
the sign changes of U} (I, dy; t) and let {¢;};, the points of sign change
of Uj.(Idpy;t), be defined by tf =sup{t:teT} },1=1,2,.-+,0.
Then U,(y; t) changes sign at least once in (a, t).

Note first that U} (I dy; t) is a continuous function, so that the
points ¢¥,7=1,2, -..,v, are among its zeros. By considering the
pattern of signs of U} (I dy;t) we see that (— 1)U/ ,(Idy; t) is
positive on (a,ty] and changes its sign to negative at t¢f. Hence,
there must exist a point x, a < a < tf, such that

(_ 1)m—1Dour—1(x)Iod#(x) <0.
Moreover, since Dgu,_,(t) is strictly positive on (a, b), we have
(— D" Ldp(z) < 0.

This inequality, taken together with relation (20) and the fact that
u;(t) and wy(t) are strictly positive on (a, b), implies that

(= )"0 (5 2) > 0.
However, we know that the first sign of (— 1)"U,.(¢; ) is (+).
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Hence, a sign change must have occurred for some #,a < t < x < t¥,
This completes the first part.

(b) In each interval [t},t}.),¢=1,2, .-,y (where ¢, =), the
function U,(y;t) has at least one point of sign change.

Indeed, with no loss of generality we may assume that Uj_ (I, dy; t)
is positive for ¢ e[t}, tf,]. Since there exists a point s, tf <s < tf,
such that U} (I dy; s) >0 and we also have U} (Idy;tf,) =0, it
follows that there exists a point ,, t¥ < x, < t}, for which

Dyw,_(x,) [idp(x,) < 0 .

Since Uj_ (I, dy; x,) = 0, relation (20) implies that U,(y;,) > 0.

On the other hand, ¢} is a point where U} ([ dx; t) changes sign
from negative to positive. Hence, for each y, y < tf, there exists a
point x,, y < @, < t§ such that Dyu,_,(x,)Idp(x,) > 0 and

U (Idy; x) =0.

We deduce from (20) that U,(y; x,) < 0. Hence, U,(#; t) must change
sign between x, and x,. Noting that y was an arbitrary point satisfy-
ing y < t¥, we conclude that there exists a point «, t} < ¢ < 2, < t},
which is a point of sign change for U,(y;t).

Combining parts (a) and (b) we see that U,(y;¢) has at least as
many sign changes as U} (I, dy; t). Thus, if U} (I dy; t) has at least
m sign changes, then so does U,(y;t), proving the assertion. This
completes the proof of Theorem 4.

Remark. The conditions specified in Theorem 4 are weaker than
those specified in Theorem B. Indeed, if dy¢ has exactly » sign changes
on (a,b) and conditions (5) are satisfied, it follows easily that the
functions U;(y¢;t),t=0,1,-..,n —1 can have at most » — 1 sign
changes. The converse is not true. There exist, in fact, examples
such that dy possesses in excess of n sign changes, while there exists
aj,0=<j=<mn-—1, such that U,(¢#;¢t) has no more than n — 1 sign
changes.

4. Applications. In this section we discuss several applications
of the foregoing analysis to Fourier series [part a)] and to expansions
of functions in terms of orthogonal polynomials [part b)]. Some of
the results stated here might have been discussed elsewhere, but even
in that case, the power of our criteria is exemplified by the simplicity
of the derivation of the results. Thanks are due to Prof. B. Schwarz
who drew our attention to the fact that a special case of assertion
(B) below is discussed in [9, Vol. 2, p. 81]. This is the only case which,
to the best of our knowledge, has been discussed in the literature.
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The inequalities discussed in this section are necessary conditions
for functions to be included in given convexity cones. The following
converse problem is suggested:

Determine a set of conditions on the Fourier coefficients of a
function which will be sufficient to insure the inclusion of the func-
tion in a given convexity cone.

(a) Fourier series. Let f(t) denote throughout this subsection
a function of L,(— 7, ) and let

(22) %’— + i a, cos kt + b, sin kt
k=1

be the corresponding Fourier series.

We shall present the inequalities for the Euler-Fourier coefficients
of functions belonging to convexity cones in the form of a series of
assertions,

(A) Let f(t) be monotone nondecreasing on (— w, ). Then

(23) (— )"y, =0, n=12 .
Proof. The assertion is equivalent to the relation
(— 1)+ g fitysinntdt =0,  for each f(t) of C(1).

Thus, we have to show that dy,(t) =(—1)"""sin nt dt belongs to C*(1).
We note first that the last sign of dy, is (+) and that dg, is odd.
Hence, it has the pattern of signs specified in Lemma 2. The zeros
of dy, inside (— 7, w), which are simple zeros and therefore points of
sign change for dy,, are the points {— = + kn/n,k =1,2, .-+, 2n — 1},
Thus, we have

—a+{(24+2)[n}x . .
Jizg (— L+sinntdt, =01, -,n—1,

—r+(2ix]/n)

and this expression is zero for each 7,0 <¢ <n — 1. Hence, the
measure induced by dg, belongs to C*(1), and by Lemma 2 so does dy,.

(B) Let f(t) be convexr on (— w, ). Then
(24) (- Da, =0, n=12 ..

Proof. The assertion is equivalent to the relation

(= 1) S_ fitycosmtdt =0  for all f(t) of C(L,¢).
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Thus, we have to show that dgs(t) = (— 1)" cos nt dt belongs to C*(1, t).
Observe that

Idpes(t) = — St (— 1) cos na dow = (= 1)’”: sin nt ,

so that Idps(w) = 0 and Idps(t)dte C*(1). By the remark following
equation (18), these are sufficient conditions for du,(t) to belong to
C*(1, t).

(C) Let f(t) be monotone nondecreasing on (— @, ). Then

E=1,2 ...,
n=12 .

ben.

(25)

glbkly

Proof. In view of (23), we have to show that
(—' 1)k+lbk 2 (_ l)lm+lbkn/n ’
i.e., that dp.(t) = [(— 1)**'sinkt — (— 1)*** (stn knt/n)]dt belongs to
C*(1). We note that

(26) Ldpo(m) = | dpetm) = 0.

From the well known inequality (see e.g. [9])
|sin No| < Nsinz|, N=12 ...,
it follows that

\Smkaglsinkt], E=1,2,+--,
n n =

so that the sign of dy.(t) is identical, for each ¢, with the sign of
(— 1)***sin kt. Thus, the first sign of dp, is (—) and its last sign
is (+), so that dy, has the pattern of sign changes specified in Lemma
2. Noting that the points of sign change of dyt, inside (—=z, ) are
{(— 7+ (in/k),7 =1, --+,2k — 1}, we have

—r{(2i+2)7/ k) .
Ji: g 27+2) k[(_ 1)k+1sinkt_(_ 1)lm+1 Slnk’nt]dt’

n
1=0,1,--- k-1,

—x(2ix k)

This expression is zero for each ¢,7=0,1,..-,k — 1. Thus, by
Lemma 2, dyt, belongs to C*(1).

(D) Let f(t) be convex on (— w,w). Then
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k 1,2, «.
27 2 ’ b b
(27) alzlonl, 7

Proof. In view of (24), we have to show that
(= Dba, = (— D"a,; ,

i.e., that dp,(t) = [(— 1)* cos kt — (— 1)"* cos nkt]dt belongs to C*(1, t).
We note that

Iod#D(t) = — St_”dﬂD(t) = _llc_ [(,__ 1)k+1 sin kt — (__ 1)Im+1 Sin/,l:nt] .

Thus, Idy,(m) =0 and, by assertion C), I, du,(t) belongs to C*(1).
These conditions imply that dg,(t) belongs to C*(1, ¢).

(E) Let f(t) be monotone nondecreasing on (— w,w). Then

(28) b =by =0, n=12 -

Proof. We need only observe that

dpe(t) =[§1sin kt + %—sin (n + 1)t]dt

is nonnegative for 0 < ¢t < 7 (see [9]) and odd. The “moment condi-
tion” Idpg(mw) = 0 is clearly satisfied, and the previous observation
implies that there exists precisely one sign change. The assertion
follows then by appealing to Theorem B. Note that if = is odd,
relations (28) and (23) imply

(29) i b, =0, for each odd = .

k=1

(F) Let f(t) be convex on (— w, ). Then
(30) ikak_l'(/n__lz'_ﬂa’n%-léoy %:1,2,"'
k=1

Proof. Set dpy(t) = — [Dp-kcoskt + {(n + 1)/2} cos (n + 1)t]dt;
it is easily seen that I dy,(w) = 0 and that Idp.(t) = dpg(t) belongs
to C*(1). These conditions imply that dy, belongs to C*(1,¢). Note
also that relations (30) and (24) imply that

(31) f} ka, <0, for each odd = .
k=1
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(G) Let f(t) be monotone nondecreasing on (— w, ). Then
(32) S k(n+1—kb, =0, for each odd n .
k=1

Proof. Set dpy(t) =[5, k(n + 1 — k)sin kt]jdt. Straight com-
putation yields

Ldpe(t) zki_;_l(nJr 1—k)coskt + C.

We recall the equation (see [9])

(3 B+ 1-Beoske+ 2L L[ eI

2 sin ¢/2

The right hand side of (33) differs from Idp.(t) by a constant at
most. However, for an odd » the right hand side of (33) vanishes
for ¢t = m and so does [ dpy(t) as is clear from the definition of dp,.
Therefore we have

sin(n + 1)t/2
sin ¢/2

Idps(t) = %[

so that Idpe(t) is nonnegative on (— 7, 7) and vanishes for t =,
This implies, using Theorem A, that dg, belongs to C*(1).

(H) Let f(t) be convex on (— @, ). Then

n

(34) SNEnr+1—ka, <0, for each odd n .

=1 -

Proof. This assertion follows from assertion (G) in precisely the
same way as (F) followed from (E).

@) Let f(t) be a function of C(,t,t*) on (— @, ). Then

(35) (= Db, = (— 1'nby, k=1,2-..,
n=12 ..,

Proof. Set dp,(t) = [(— 1)+ n sin knt — (— 1)**+' sin kt]d¢. Simple
integration yields

Idp,(t) = —I]-;— [(— 1)¥*** cos knt — (— 1)**!cos kt],

so that Idy,(7r) = 0. Furthermore, Idp,(t) belongs to C*(1,t) by
assertion (D). These facts imply that dg,(t) belongs to C*(1, t, ¢*).
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CorROLLARY I. If f(t)e C(1) N C(Q1,t, t%), then we have

k=1y2"" ’
n:l,z,ooc .

bui

(36)

< | be| < | nbyel,

(J) Let f(t) be a function of CQ,t,t* %) on (— w,w). Then
(37) (= Dfa, = (— D"nPa,, k=1,2.-.,
n=1 .o

Proof. Set dp,(t) = [(— 1)*+' cos kt — (— L)*"*'n*cos nkt]dt. The
familiar integration yields now

Ldp,(t) = 715 [(— 1)+ sin kt — (— 1)+ sin kt] ,

so that Idp,(r) = 0. Furthermore, I,dy,(t) belongs to C*(1,¢,¢t*) by
assertion 1). These facts imply that dg,(t) belongs to C*(1, ¢, ¢*, ¢3).

CoroLLARY J. If f(t)eC@A,t) N CQ,t, 3 t?), then we have

F=1,2 .-,

(38)
n=12 ...

<la,| < [ W0 .

@i
2

Corollaries (I) and (J) imply the following theorem relating any
two Euler-Fourier coefficients.

THEOREM 5. Let P(n, m) denote the least common multiple of the
natural numbers m and n. The following tnequalities are satisfied:

bm
(39) By | = 181 = 1 P, b
Sfor all f(t)e C(1) N C(L, ¢, ),
and
ay, 2
(40) || = lau] = 1 P, mia

Sor all f(t)e C(L,t) N CA, ¢, 9.
(K) Let f(t) be a convex function on (— w, 7). Then

T

(41) [ trinae < ?g-(bl —a).

Proof. Consider the measure dy,(t) = (sint — cos ¢t — 3t/z%)dt. It
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is easily verified that both the first sign and the last sign of dp.(t)
are (+). A direct computation demonstrates that the “moment con-

ditions” Sk dpe(t) =0 and St tdpg(t) = 0 are satisfied. Moreover, an

examination of the graph of sint-cost versus the graph of 3¢/z* shows
that dp.(t) has precisely two sign changes. Hence, Theorem B implies
that dpx(t) belongs to C*(1,¢); this is equivalent to assertion (K).

(L) Let f(t) be a monotone nondecreasing function on (— &, 7).
Then

“2) | ere 22 (% - b -a).

Proof. Let dp,(t) = (cost + sint + 3t*/2n* — 1/2)dt. It is easily
verified that dp,(t) = Idpx(t)dt. Since Idp(mw) = 0, we can conclude
from assertion (K) and the remark following equation (13) that dp,(¢)
belongs to C*(1), i.e., that (42) is indeed valid for all f(¢)e C(1).

Since Theorems 1 and 2 specify necessary conditions for a measure
to belong to a dual cone, some results of a negative nature are also to
be expected. In fact, the following results can readily be deduced
from Theorem 2,

THEOREM 6. Let (4, «**, Usn_y), ® =1, be an ECT-system on [-w, «].
No finite linear inequality tnvolving only bis can be valid for all
f(t) € C(uoy ] uzn-—!)'

Proof. It suffices to observe that a measure which is a linear
combination of {sin k¢} is an odd function on (— =z, #) and thus has an
odd number of sign changes.

A similar reasoning yields also

THEOREM 7. Let (%o, +++y Uzw), = 0, be an ECT-system on[— =, 7).
No finite linear inequality involving only als can be wvalid for all
f(t) € C(u'oy ct uzn)*

One might conjecture, on the basis of assertion (D), that {|a, |}
is a monotone decreasing sequence whenever f(t) is a convex function.
A computation of the corresponding {J;} and reliance on Theorem 1,
show, however, that neither |a,| = |a;| nor |a;| = |a,| are valid for
all convex functions.

We conclude with the following
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REMARK. An inequality for the Euler-Fourier coefficients which
holds for all functions of C(1,¢, ---,¢") cannot hold, by Theorem 3,
for all functions of C(1, ¢, +++, t™), m # n.

(b) Expansion in series of orthogonal polynomials. Let {P,(t)}neo
be an orthonormal family of polynomials with respect to a weight
function w(t) on (a, b), and let P,(t) be so normalized that the coeffi-
cient of t" is positive. Let f(f) denote a function of L,(w(t);a,b)
throughout this subsection, and let ¢,, n = 0, 1, - - ., denote the Fourier
coefficients of f(t) with respect to the system {P,(t)}, <.e.,

b
(43) e = | fOP(OwEBAL, n=01,...
Given that f(t) belongs to a convexity cone, certain inequalities
have to be satisfied by the coefficients ¢,,n = 0,1, --- . The deriva-

tion of such inequalities is the substance of this subsection.

THEOREM 8. Let f(t) be a function of C(1, ¢, +--,t""). Then the
following conditions are satisfied:

(44) ¢,z 0,

and

(45) Cn > Co+1 (= e, < (— 1)"'eprs .
P,(b) ~ P’ P,(a) —  P,(a)

Proof. Set dp(t) = P,(t)w(t)dt. Then relation (44) will follow if
we show that dy, belongs to C*(1,¢,---,t""). The orthogonality
properties of the polynomials P,(t) imply that dy, satisfies the “moment
conditions” (5). We recall now that P,(t) has n simple zeros, i.e. n
sign changes, inside (a, b) (see [10], Th. 3.3.1). Furthermore, since
these are all the zeros, the normalization implies that the last sign of
dy, on (a,b) is (+). Hence, relation (44) follows by appealing to
Theorem B.

Consider next the measure

dp(t) = [%ﬁ‘z’;lmt) — Po®) |wityat .

The “moment conditions” are clearly satisfied by dy. due to the or-
thogonality properties. Observe next that the polynomial

P, () Po(8)/ Po(b) — Posi()

has exactly n sign changes inside (a, b) (see [10], Th. 3.3.4). Since



ON THE CHARACTERIZATION OF MEASURES 623

the n + 1 — st zero is at b, the normalization implies that the poly-
nomial must change its sign there from positive to negative. Hence,
the last sign of dy, on (a,b) is (+) and the first of relations (45) is
established by appealing to Theorem B.

Similarly, the measure

apet) = [ Puntt) — L2 p, 1) e
P,(a)
has » sign changes inside (a,b) and an % + 1-st sign change at a
(see [10], Th. 38.3.4). Its last sign on (a, d) is (+) and the “moment
conditions” are satisfied. Thus, Theorem B implies that dp, belongs
to C*(1,¢t, ---,t™), i.e. that the inequality c¢,., = P,:.(a)c,/P.(a) is

valid for all f(t)e C(,¢t, -+, t**). Using the fact that
(— D" P,y(a) >0,

we obtain the second relation of (45).

COROLLARY 8.1. If f(t) is absolutely monotone on (a,bd) then
¢, =20,n=0,1, .-+, and the sequence {c,/P,(b)}r, is monotone decreas-
ing. It f(t) is completely monotone on (a,b) then

(— 1)”0"20,7&:0,1,"‘,

and the sequence {c,/P,(a)}z_, is monotone decreasing.

For special classes of orthogonal polynomials, some further results
can be obtained. Let (a,bd) be a finite interval. Then, with no loss
of generality we may assume that a = — 1,6 =1,

THEOREM 9. Let the weight function w(t) be an even function
and let f(t) be a function of C(t,t, -, t" ). Then in addition to
(44) and (45), we have

cu Con+2
(46) Bl) = PorD)

Proof. Consider the measure

_[Put) _ Pt
) = | gy — peley Joeone

The “moment conditions” (5) are satisfied by dg by virtue of the
orthogonality properties. Thus, by Theorem B, the polynomial

Q(t) = Pu(t)/Pu(1) — Poia(8)/Pura(1)
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has at least » zeros inside (— 1,1). On the other hand, it can have
at most n zeros inside (— 1, 1) since @(1) = 0 and the symmetry of w(t)
implies that @Q(— 1) = 0. Hence, Q(¢) has exactly % zeros inside
(— 1,1). Noting that ¢ = 1 is the largest zero of Q(f), we deduce
from the normalization of the polynomials P,(¢),n =0,1, ..., that
the last sign of dy¢ on (— 1,1) is (+). Relation (46) follows now by
appealing again to Theorem B.

Note that the ultraspherical polynomials have a symmetric weight
function, so that for them relations (44)—(46) are valid.

Consider now the expansion in terms of Tchebycheff polynomials.
As a result of the strong affinity of these polynomials to the trigono-
metric functions, a general inequality for the coefficients of the ex-
pansion can be derived from the sole assumption that f(x) is monotone
nondecreasing.

Let T,(x),n =0,1, -.-, denote the n-th order Tchebycheff poly-

nomial, and let the coefficients a,,n = 0,1, --., be defined by
_ " ST« -
(47) a, = L SO 4y, w=01,--.

THEOREM 10. Let f(x) be a monotone nondecreasing function on
(—1,1). Then

(48) [a’llgia’nly n=2739"

Proof. Note first that since f(x) e C(1), Theorem 8 implies that
a, = 0. Hence, relation (48) is equivalent to a, = |a,|.
We start by proving that a, = a,. Consider the measure

Ty(x) — T.(x)
VvV 1—2a2 4w .

We wish to prove that this measure belongs to C*(1) on (—1,1).
Making the monotone change of variable x = cost, 0 < t < 7, we see
that our problem reduces to showing that

() =

dp(t) = (cos nt — cos t)dt

belongs to C*(1) on (0, 7). The “moment condition dez(t) = 0 is triv-
0

ially satisfied. Furthermore, dy.(t) is negative on an interval extend-
ing to 0 and it is positive on an interval extending to z.
The elementary trigonometric identity

(n — L)t
2

sin

cos nt — cost = —2sin (n ; D¢
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shows that the zeros, i.e. the points of sign change, of [cos nt — cos t]
inside (0,7) are the points 2kzm/(n + 1),k =1,2, --+,[n/2], and the
points 2kz/(n — 1),k = 1,2, --+,[(n — 2)/2]. Thus, forn = 2 0or n = 3,
dyt, changes sign only once so that the desired conclusion follows from
Theorem B.

Assume now that » > 4. Since r/(n — 1) < (r + 2)/(n + 1) for all
r,1 < r <n—1, the ordered sequence of points of sign change of
dy, inside (0, ) is

27 2 dr . 2[(n — 2)/2lr 2[n/2]x )
n+tl n—1"n+1" ° =n-1 " n+1

The numbers J;, % = 0,1, -+ [(n — 4)/2], defined in (9), are thus
given by

(2i42)x/(n—1)
J; = S (cos nt — cos t)dt

2ix)(n—1)

_ 1 [sm (20 + 2)nr: _ sin 2imr:| _ [sin 26+ 2 _ . 2im ]
n—1 n—1 n—1

Since nrw/(n — 1) = © + w/(n — 1), the expression for J; reduces to
(1 (20 + 2 . 27
(49) J; = (n 1><s1n————————% — smn — 1> ,
1=0,1, .-, [(m — 4)/2].

The last J; is given by

Jtn— 2y = Y[ ”] - (cos nt — cos t)dt
1 gn2ln —2)2lr o 2 — 2)/2)x
" n—1 n—1
= <1 — l) sin 2[(n — 2)/2] >0.
n n—1

From (49) we can deduce that J, < 0 and that the sequence
{Jis 1= 01 1’ M) [(’I’b - 2)/2]}

has precisely one sign change, which is a change from negative to
positive. Hence, by appealing to Lemma 2, we conclude that dp(t)
belongs to C*(1) on (0, 7). Thus dg(x) belongs to C*(1) on (—1,1)
and the inequality @, = a, is established for all f(x) e C(1).

For the proof of the inequality a, = — a, we consider the measure
dps@) = [Ty(x) + T, ()](1— «*)~**dx defined on (—1,1). This measure
belongs to C*(1) on (—1, 1) if, and only if dp(t) = — (cos nt + cost)dt
belongs to C*(1) on (0, 7). The proof that dg,(t) belongs to C*(1)
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proceeds in exactly the same way as the proof that dp,(t)e C*(1).
We will not repeat the details. This completes the proof of the
theorem.

The author wishes to express his deep gratitude to Professor
Samuel Karlin for his guidance and inspiration. I also wish to thank
the referee for his useful comments.
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