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A NOTE ON CERTAIN BIORTHOGONAL
POLYNOMIALS

L. CARLITZ

Konhauser has introduced two polynomial sets {Yi(x; k)},
{Zy(x; k)} that are biorthogonal with respect to the weight
function e *2° over the interval (0, ). An explicit expression
was obtained for Z;(x; k) but not for Y;(x; k). An explicit
polynomial expression for Y;(x; k) is given in the present paper.

1. Konhauser [2] has discussed two sets of polynomials Y?i(x; k),
Zx; k),n=0,1,--- k=128, .-, ¢> —1;, Yix; k) is a polynomial
in  while Z:(x; k) is a polynomial in x*. Moreover

L 1. 0=1i<mn)
(1) Soe xeY(x; k) dx_{io -
and

® aroze(me e — |0 0=1<m)
(2) Soe acZn(a:,k)xdm_{io G

For k = 1, conditions (1) and (2) reduce to the orthogonality conditions
satisfied by the Laguerre polynomials L:(x).
It follows from (1) and (2) that

0 (¢ # J)

(3) So e~ Yi(w; k) Z5(x; k)dw = {;eo (t=17).

The polynomial sets {Yi(x; k)}, {Z:(x; k)} are accordingly said to be
biorthogonal with respect to the weight function e~*x2° over the interval
(0, ).

Konhauser showed that

otme 1y . Lkn4+c+1) & sl kI

As for Y¢(x; k), he showed that
. k e—xt(t + 1)c+lm
@ k) =27 ) [ + 1) — 1"+

i‘ an {e-—-zt(t + 1)c+kntn+1}
nl ot (¢ + 1) — 1]"* o

(5)

In the integral in (5), C may be taken as a small circle about the
origin in the t-plane.
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In the present note we give a generating function and an explicit
polynomial expression for the polynomial Y:(x; k). Moreover we show
that Y:(x; k) can be identified with a polynomial studied recently by
S. K. Chatterjea [1].

2. We apply the Lagrange expansion in the form [4, p. 125]

Jf(t) & n
(6) T = S S vesen)
where
w:E(tT)’ 6(t) = @y + @it + «+ (@, # 0) .
Take
et + 1)t _ (1M
f()_(t—{—l)" 90 (t+1)F—1"
Then we have
i et
A T |
so that
J(?) - o1
1= wd wo) e~ (t + 1)+,

Thus, by (5) and (6), we have

(7) e (t + 1)e+t = z Yi(a; k)<¢(t)>

If we put

LA Ul it lenlt S R PR |
TS0 G+ IF ¢+,

then
t=(1—w)—1
and (7) becomes

(8) (1= w)y e exp{—al(l — w)™* — 1} = 3 ¥i(a; kyu" .

In the next place, we have
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(1 — )=+ exp {(—a{(l — )™ — 1)

= (1 — q)—(e+irk i @ [ — w)y™ — 1]
=0 7!

(]_ _ w)—(:+c+1)/’c

((s+c¢+ k), .. »
1?;"3 n! @

S s s s Cn())(EE)

—~

where
(@p=a(@+1):---(a+n—1), (a)=1.
It therefore follows from (8) that

(9) Yi(x; k>—m,20 5 SICEN )(‘S’i%l>

3. Chatterjea [1] has defined the polynomial
(10) T () — -i’- x=%e”* D"(e*+"e~"")
n!

with #=1,2,8,.--. The case @« = 0 had been discussed by Palas
[3]. Chatterjea showed that (10) implies

(11) Te) = 3, 3,— S (-1 < )(a T ks) :

r=0 8=0

He also obtained operational formulas and a generating function for
T&(x). The assumption that k& is a positive integer is not used in
deriving (11).

If we replace & by k= and a by k~'a, (10) becomes

T = 320 5 () (e ).

8=0
On the other hand, since

%!(s+z+1)n:(lc“l(8+c+n1)+n—1)’

(9) gives

Yok (gh; k) = g zg‘. (s)(’“_l(s ToEm,

It follows at once that
(12) Yok ok k) = TE'9(w) ,
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or, if we prefer,
(13) YiertYak; k) = Ty, (@) .
4. It may be of interest to point out that a formula equivalent

to (9) can be obtained without the use of the Lagrange expansion,
In the integral representation (5), put

t=@1 4w -1,
Then (5) becomes

exp{—a[(1 — w)’* — 1L +u)¥ ec+1)+n—1 du

Yalws ) = 2r1 Sc AR

where C denotes a small circle about the origin in the wu-plane. The
numerator of the integral is equal to

»

i ("‘ )(1 B
S

=0

g i rg(_l),<§)<k~l(c+s—|;nl)+n—1>.

r=0

iMe
8

X
@

Taking m = n, we therefore get

x Z=l 1)r(os~>(k"‘(c +s +n1) +n— 1> .

14)  Yi(a: k) =

uMs

Since

b

(c+n—1)=_(£2n_

" n!
it is evident that (14) is identical with (9).

5. Making use of the explicit formulas (4) and (9), we can give
a rather brief proof of (3). Indeed we have

J, . = s“e~wxczg(x; k) Y (x; k)da

_ I'(kn —;!c + 1) ;%( 1) > o +lc .
=5 S en(f) (2R e

m! =0 7-1 3=0

_T(kn+c+1) Z( 1),< )

n! m!

SR
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If f(x) is a polynomial of degree m, it is familiar that
fo) = 3 (7)ar0),
where
£ = 5 (=17} )6 .
=0

In particular, for

we have

(). = £ ) B0,
=50 (D)),
For x = —kj — ¢ — 1 this reduces to

(— j)m_§<k(]+c+’r>z( 1)( )<S__*.__%i)m

Thus
g, = Ll —{?;.c +1) Z( 1),( ) (= J)m
- Cp Rlnsesd £ (1))
Since

S - () £ (D) - (oo

it is evident that

I’(kn+c+1)5

(15) Jom = ol

nm

in agreement with (8). In particular

- I'(kn 4 ¢+ 1)
n!

as proved in [2].
A little more generally, we have
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Jam = S:e"“ch;(x; kYYe(x; k)dx
- Ml 3 ()5 39),
- o B S (3)01 ).

where a = (¢ — ¢’)/k. It follows that

0 (n > m),

16 Il =
(16) (=1~ I'(ken. :,c +1) (m @ n) (n =m).

Clearly (16) includes (15).
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