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SARIO POTENTIALS ON RIEMANNIAN SPACES

Hipeo IMAI

In potential theory on Riemann surfaces three kernels
are considered: the Green’s kernel on hyperbolic Riemann
surfaces; the Evans kernel on parabolic Riemann surfaces;
and the Sario kernel on arbitrary Riemann surfaces. Since
the Sario kernel has no restriction on the domain surface,
in contrast with the two other kernels, its potential theory
enjoys the advantage of full generality, From the point of
view of Riemannian spaces potential theory on Riemann
surfaces is included in that on Riemannian spaces.

The object of this note is to construct the Sario kernel
and to develop the corresponding theory of Sario kernel on
Riemannian spaces of dimension 7 = 3. The Sario kernel,
which is positive, symmetric and jointly continuous, posseses
the property of Riez type decomposition (Theorem 1). The
continuity principle, unicity principle, Frostman’s maximum
principle, energy principle and capacity principle are valid for
potentials with respect to the Sario kernel. It is also shown
that a set of capacity zero with respect to the Sario kernel
is, considered locally, of Newtonian capacity zero (Theorem
7), and so the relation of capacity function and the equilib-
rium Newtonian potential in Euclidean n-space is obtained.

Historically the Sario kernel on Riemann surface is constructed
by Sario ([8], [9], [10]) as a generalization of the elliptic kernel on
the Riemann sphere, and the potential theory corresponding to the
Sario kernel has been systematically investigated by Nakai ([3], [4],
[5], [6]). Our main tools are similar to those of Nakai.

First we shall construct a Sario kernel which is positive and
symmetric and demonstrate its joint continuity (Theorem 1). These
properties will enable us to prove the continuity principle, unicity
principle, Frostman’s maximum principle, energy principle and capacity
principle for the Sario kernel, i.e., for Potentials with respect to the
Sario kernel. It will also be shown that a set of capacity zero with
respect to the Sario kernel is, considered locally, of Newtonian capacity
zero (Theorem 7). In view of this result we obtain a solution of
problem (10) in the monograph of Rodin-Sario [8, p. 257] and Sario
[12], i.e., the relation between the capacity function and the equi-
librium Newtonian potential in Euclidean space.

Let R™ be a Riemannian space of dimension =, that is, a connected
countable oriented C~-manifold of dimension 7n = 8* with C=-metric
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tensor ¢;;(1 < 4,5 <m). Throughout our presentation we denote by V,
a parametric ball with center at a in R", by 0V, the boundary sphere
of V, and by g¢,,((, @) the Green’s function of V, with pole at a.
For the Green’s function g, ({, @), we always take the normalization

Sa *dgV,(C, a) =1 and take *d to be the exterior normal. The dis-
Va

tance between two points { = (¢, -+, ") and a = (a, ---,a”) in a
parametric ball V will be denoted | — a| = (3, (& — ai)?)3.

1. Construction of the Sario kernel. We shall construct a
Sario kernel on an arbitrary Riemannian space R*. On R" take
arbitrary but then fixed points (;(j = 0,1) and parametric balls
V(G = 0,1) about the {; with disjoint closures in R". Let £({) =
t(, &, ) be a harmonic function on R" — {{,, {;} with the following
properties (1°) ~ (5°):

1°) t(0) — 2¢y,(C, L) e H(Vy)
(2°) () + 2gV1(C, C)e H(Vl) ’
(3°) & = (1)L,

in a neighborhood A of the ideal boundary B of R", where (I)L, is
the normal operator with respect to the identity boundary partition.
By V,;(j = 0,1) we mean the closure of V.

4°) t,|]A =0Q1),t —oc=0Q1),
with singularity function o for the operator L, defined by

2gVo(Cy o) in V,
o) =1—2¢,( &) in 7V,
0 in 4.

Since the function ¢,({) satisfying (1°) ~ (4°) is uniquely determimed
up to an additive constant, we impose the normalization condition:

(5°) t(0) — 294,(C, &) — 0, as {—E in V.

For the construction of ¢,({) we refer to Rodin-Sario [8] or Sario-
Schiffer-Glasner [13].
Next we define the function s,({) by

$(8) = log(1 + e*@)

Since t| V, = 2¢5,(, &) + 0Q), 8|V, = 2g5 (£, &) + O(1). Also by (4°)
t,|R* — V, — V, = O(). Thus we obtain:

LEMMA 1. The function s,(C) is monnegative on R, finitely
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continuous on R" — {{}, and
Sl Vo = 29V(E, &) + 0(Q1) .

For an arbitrary point a in R" — {{,}, we construct ¢(¢, a) = t(C, a,,)
in the same manner as t({, {, ). In this case we denote by V; and
V: the closure disjoint parametric balls with centers at ¢, and «
respectively, and choose the normalization condition:

t(&, @) + 20y,(C, &) — s(@), as {— & in V5.

Let 5, a) = 8(0) + t(, @) and s, &) = s(C), i.e. (&, &) = 0.
The functions s,({, @) and s,(C, @) + 2¢,,(, §) are finitely continuous
on R* — {a} and V|, respectively. Hence by Lemma 1 s,|Vy = O(1)
for the smaller parametric ball Vi of V, and V;. Also by the
property of ¢, a), t|R* — Vi > O(). Thus s,(Z, a) > O(1) and we
obtain:

LEemmA 2. s,(C, a) is bounded from below.

For later use we list three properties of #({, @) which are easily
seen from the definition:

(a) C—t({, a) is harmonic on U for fixed ac V,
(b) a—t(, a) is finitely continuous on V for fixed e U,
(e) (& a)—t(E, a) is bounded from below on Ux V,

where U and V are closure disjoint parametric balls about { and a
respectively, and {,¢ U.

We finally define s(¢, a) = s,(, @) + C, where the constant C is
so chosen that
(1) s(€, @) >0
for all ({, aq)e R*x R*. Then s({, a) is symmetric:

LEmMMA 3. For any (,a)€ R"x R"
(2) s a) = s(a, Q).

Proof. It suffices to prove that s(a,b) = s,(b,a) for any
(a, b) € R*x R*. Let {£2} be a regular exhaustion of R” such that every
2 properly contains the disjoint parametric balls V;, V, and V, about
the points &, @ and b, V;(j = 0, 1, 2) properly. Let &y, a), t2(), and
s¢() be the functions constructed in 2 corresponding to #(E, @), t,(£)
and s,({) respectively. Take level spheres a, a, and a, of g, (¢, &),



444 HIDEO IMAI

gv, (& @) and g¢,,(C,b) in V,, V, and V, respectively, and orient «, «,,
and «, so that 02 — o, — @, — «,, with 02 the boundary surface of
Q, is positively oriented. Then by Green’s formula we obtain

(3) S ta(Cy @)+ dta(C, B) — tolC, B <dt(C, @) = 0 .
ao—ao—al-a2

By the L;-behavior of ¢,({, ) and ¢,({, b) on 02, the integral of (3)
on 0 vanishes. The integral of (3) on a, + «, yields —2t,(a, b) +
2t,(b, ). Also the calculation on «, yields 2s(b) — 2s%(a) and we
obtain from (3)

si(a) + tola, b) = si(b) + tu(b, ) ,

on letting »— 0 with » the radius of the parametric balls. Since
the convergences ¢,(, a) —t({, @) and tJ({) —t() as 2 — R™ are
uniform on compacta (Rodin-Sario [8]; p. 246) the same is true of
s2(C). Hence on letting 2 — R", we obtain the equation s,(b, @) = s.(a, b).
From (1) and Lemma 3, ({, ) is a positive symmetric function.
We shall refer to it as the Sario kernel on R".
To obtain the subharmonicity of s,({), we show:

LEMMA 4. On R* — {G,, {}
4es)(Q) = €1 4 e29)7 [grad &(Q) [,

holds, and hence 4:5,(C) is nonnegative there.

In terms of a local parameter { = (', &, --+, ("), the Laplacian
and gradient are

Tt S (S L oeT) L

and

Lo 0 0
d 2= I . — .,
lgrad - | g:llg G

where the ¢g's are elements of the inverse of the matrix (g;;) and
G = det(g;;). For any point { = (¢4, &, -+, ) in R* — {{,, C},

9 ) = gtot® to0y—1_0 0 i 0
s o0) = UL+ )00, 3 (50 + g ~log) G )25,
= (L 4 o) z( a‘; it g %IogVG> % 6

and
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. 2 — ptolD) (D)2 2
chlg OC’GC’ ———8,(0) = "V (1 + )% |grad t,(0)|
to(L) to(0)y—1 = i__ Y
+ el + )™ S o GC‘GC’ (9 -

Since 4.t,(&) = 0, we obtain, on R" — {{,, {},
dgso(Q) = €91 + e"9)72 [grad (0 [ .
Now consider an n-form M{)dV: on R" — {,, £} defined by
M) = desi(€) = e (1 4 €7)7* [grad £,(0) [,

with M{) = 0 and dV: the local Euclidean volume element on R*,i.e.,
locally, dV; = nw,r"'dr with @,r” the volume of a ball of radius r.
Hence w, = n**/I"(n/2 + 1). Since M ({)dV, = OQ) at {, and &, M)AV,
can be continued to a nonnegative finitely continuous n-form on R".
Also since s(C, a) = s,(8) + t(¢, @), on R* — {a, {,, {} we have

(4) 48(Cy a) = 4s,(3) = V() .

The two points {, and {, satisfy the removable condition of subhar-
monicity so that s({, @) is a finitely continuous subharmonic function
of { on R" — {a}.

We shall prove the joint continuity and Riesz type decomposition
of s(g, a).

THEOREM 1. The Sario kernel s(C, a) is continuous on R"x R"
and finitely continuous on R"x R™ outside the diagonal set. Moreover,
Jor every regular region 2 of R* the decomposition

(5) S(Cy a) = ZQQ(Cy a) + ’I)Q(Cy a’)

1s wvalid, where g, 1s the Green’s kermel on Q and v, 1s a finitely
continuous function on Qx 0.

The proof of the first part is deduced from (a), (b), (c) and
Harnack’s inequality. If we prove the following two lemmas, the
second part is clear. To this end we define the following functions
on 2 and 2xQ:

GO = | Nbhguld, DAV,

HiG @) = | valb, 0)+dgab, ©)

where
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vo(b, @) = s(C, @) — 2¢,(C, @) .

LEMMA 5. The function Go(L) is continuous on 2 and H,(, a)
is finitely continuous on 2x 2.

Proof. Let 'e and U be a parametric ball with center at {’
and radius 1 such that U < 2. Denote by U, the parametric ball
[6 — ' <rin U with 0 < r <1, and by ¢,(-, {") the Green’s kernel
on U with pole at {’. Then

9o(b, ©) = O(jb = L) = e |b — L

for a suitable constant c¢. Since g,(b, () — g,(b, {) > 0 is finitely
continuous on Ux U, sup {go(d, &) — g4(b, {)} in Upx Uy is a finite
number M. Also for 0 <e < 1/6 and (e U, ¢g.({,0) = 9,((,0) + M <
clb— L+ Min {|b — {| < 2¢}. On setting m = sup{M'(b) |be U} < <o
we obtain

2

S N(b)go(b, DAV, < m-m -, {cg “rdr + M S po= dr} —0() .
{1b—¢i<e} 0

0

Also for any (" e U..
[Go(T') — Go(C")| = SQ_U N (D) | ga(b, L) — g2(b, L") AV,
+ o3 S N(B)galb, TV, .
£=2/,¢7 J{1b—Ci<ee}
Since gq(b, ') — go(b, {') uniformly on 2 — U, as {" — {’, we obtain
li?}fcgp |Go(C") — Go(C) | < Ofe) «
Thus
lim G,(C") = Gul2) -

LEMMA 6. The function v,(C, @) has the representation
(G, 0) = — Go(§) — Ho(C, )

on 2x02. Consequently v,(0) is finitely continuous there.

Since this lemma may be proved in a manner similar to
the case » = 2 (Nakai [3] or Rodin-Sario [8; p. 309]), we omit the
proof.

2. Sario potential. Having obtained a positive symmetric kernel
s(¢, @) on R*x R", we shall now construct the potential with kernel
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function s(, @) and investigate its potential-theoretic properties.

By a regular Borel measure ¢ on R* with compact support S, in
R", we mean a measure ¢ such that for every parametric ball V with
VUS,= @ and every local parameter « = () of V, u(@©Q)|VnS
is a regular Borel measure in n-dimensional Euclidean space E", where
@@V NS, is the restriction of p(®({)) to VN S.. Unless specified
otherwise we consider only nonnegative regular Borel measures g
with compact support S, in R". We define

5.0 = | s 9dp@

and, as in the case n = 2, call s,({) the (n-dimensional) Sario potential
with respect to the measure p. By (1) it is nonnegative, and positive
unless ¢ = 0. As a consequence of Theorem 1, s, is lower semicon-
tinuous on R" and finitely continuous on R — S,. By (4) it is
subharmonic on R* — S,.

For convenience we list below several lemmas without proof. In
these lemmas we always suppose that R" is hyperbolic, i.e., a Green’s
kernel ¢g(¢, a) exists on R". Thus one can consider potentials ¢.({) =

[ ¢, (@

LEmMmMA 7. (Local Maximum Principle). Let F be a compact
subset of R" containing S,. For any {'e F

lim sup g.(0) < lim sup g.(¢) .
CeR"—F (-’ CeF  {-C

LEmMmA 8. (Frostman’s Maximum Principle). g¢,.|S. < M implies
9. < M on R

LemMMA 9. (Equilibrium Principle). For any compact subset K
of R", there exists a unique measure v on K, called the equilibrium
measure of K, such that g, <1,9, =1 a.e.,, on Kand C(K) = v(K) =
lIv|F, where C(K) is the capacity of K and ||v|* is the energy of g¢,.

LEmMMA 10. (Ninomiya [7]). Let 2 be a locally compact Haus-
dorff space and k(x,y) a continuous positive function on QX2 with
k(x, ) = o and k(x,y) = k(y, x). If the potential

k) = | k@, )

satisfies Frostman’s maximum principle and the wunicity principle,
then
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| kv, 9)do(@) dotw) > 0
for any nonzero signed measure o.

With these preparations we shall now establish various principles
of potential theory with respect to Sario potentials. Since s, is
subharmonic in R* — S,, its magnitude is determined by its behavior
at the ideal boundary of R" and at S,, in view of the maximum
principle for subharmonic functions (Ito [2]).

THEOREM 2. (Local Maximum Principle). For a compact subset
F of R" containing S, and any point '€ F,

(6) lim sup s.({) < lim sup s.({) .
g CF (o0

CeR"—F (-

Proof. Take a parametric ball ¥ with center at {'. Set ¢’ = ¢|V,
iey, (-)=m(-NV),and ¢/ = p — /. Then s, = s, + s.. and s,
is continuous in V. Without loss of generality we may assume that
F c V. Hence it suffices to prove (6) for s, and Fc V. Let
v, a) = s a) —29,((,a) on Vx V. By Theorem 1 Sv(C, aydp(a) is

finitely continuous on Vx V. Thus the proof of (6) is reduced to
1}3H_1F sup ggV(C, a)du(a) = ljrp sup SQV(C, a)d(a) ,

which is valid by Lemma 7.
As a consequence of the local maximum principle we have:

THEOREM 3. (Continuity Principle). If s.|S, is continuous (resp.
finitely continuous) on S,, the same is true of s, on R".

The linear operator ft-—s, from the measure space into the
function space determined by the potential s, is injective:

THEOREM 4. (Unicity Principle). s.=s, implies ¢ =v. More
generally, if s, = s, + u with we H(R"), then 1 = v.

Sketch of the Proof. For any point be R”, let V. be its parametric
ball of radius ¢ and 0V. be the clockwise oriented boundary sphere
of V.. Applying Green’s formula to the functions s(a, b) and f € C3(R")
and the region R — V., and letting ¢ — 0, we obtain

fib) = Sf (@ (@)dV, — S s(a, b)4.f(@dV, ,
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where Cp(R") is the space of nmth order continuously differentiable
functions with compact supports in R*. For a signed measure
o=p—yand feCy(R"), we obtain

(1) [0t = o) | Aon@aV. - |s@4f@av,

from the above equation. Since s, = u, i.e., 4,s,(a) =0, and since
Ssa(a)da f@)dV, = Ssa(a)*daf — 0, (7) implies that

Sf(b)(do(b) — o(RYN(D)AV,) = 0

for any fe Cy(R*). Thus we obtain
do(b) = a(R)N(b)AV, .

The fact that ¢ is a signed measure implies 0 = ¢t — v = 0.
Next we shall show that s, satisfies Frostman’s maximum
principle:

THEOREM 5. (Frostman’s Maximum Principle). s,|S. < M implies
s, =M on R".

We prove this theorem by dividing it into three lemmas. Let K
be any compact subset of R* and @ the ideal boundary of R*. Define

M(K) = sup lim sup s, a)
acK [—p
if B # ©; and otherwise M(K) = 0. Set B(M, ) = max{M, 1(S,)}.

LemmaA 11. M(K) s finite and the following maximum principle
is valid: s,|S, = M implies s, < B(M, 1) on R".

Since the proof parallels that of the case n = 2, we omit it here
(cf. Nakai [3; p. 232], Rodin-Sario [8; p. 314]).

If R is compact, Theorem 5 is true by Lemma 8. If R is
parabolic, the theorem follows from Lemma 8, Theorem 2 and the
subharmonicity of s, on R*— S,. Thus we have only to prove
Theorem 5 for the case in which R" is hyperbolic, i.e., Green’s kernel
9(, a) exists on R".

By the unicity of t,({) and ¢({, a), (8)-(10) hold with a suitable
constant k.

(8) t(0) = 29(5, &) — 29, C) + k.
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(9) 8,(0) = log(e #© 4 g 00 k) 4 29(C, L) .

(10) t(& a) =29 a) — 29(C, &) + si(@) — k.
Setting

(11) u(Q) = log(e >4t 4 g20t0.t0+F) — Jog(1 + €¥)

the Sario kernel s(¢, @) has the expression (12) with a suitable
constant m;

(12) 8(C, @) = 29(C, @) + w(C) + w(@) + m .

Let ¢ be a unit measure and set M' = M — m — Su(a)d;z(a).
Then it is easily seen that
(13) 20,0 + () < M’ on S, .

With these preparations we show
LEMMA 12. M’ = 0.

Proof. By Lemma 9, there exists a unique equilibrium distribu-
tion v, on S,. Set v = V,(S,)|v. Since S g, dpdp < by (13), the
property of v implies that the #-measure of the set {C € S.|9.({) = V,(S,)}
is zero. Here V,(S,) = inf S 9,d9d9 with the unit measures ¢ such
that S, © S.. On integrating (138) with respect to v, and using
gg#dv = V,S,), we obtain

(14) 2V,(5) + | u@av© = M .

By (11) we see that

(15) | u@an© = - 20.@) + | 2@
with

P = w29 &) — 20, L)),
(&) = log(l + €+ — log(1 + €) .

Since (&) is a convex function, applying Jensen’s inequality to (15)
with §(0) = 2¢(C, &) — 2¢9(, ), we obtain

—2V,(8) = log{(e™ < 4 e )/(L + e} = | u(@dv(0) -
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This with (14) implies M’ = 0.

LEMMA 13. Let & be the family {{{.)oe, < RB*|{, — B8 as n— oo}
and F * be the subfamily {{{,} ¢ & |lim inf,g(C,, @) > 0 for all a € R"}.
Then there exists a nonnegative superharmonic function v on R" such
that lim,_ . v(,) = o for {{,}e & .

By the monotone compactness of H(R") and the solvability of the
Dirichlet problem for regular regions and continuous boundary func-
tions in R”, the method in Constantinescu-Cornea [1; p. 48] is valid
in R*. We omit the proof.

We now prove Theorem 5 in the hyperbolic case. Without loss
of generality we may assume that #(S,) =1. By (12) and (13) it
suffices to prove that 2¢,.(0) + w({) £ M’ on S, implies 2¢,(0) + w(l) < M’
on R*. TFor the function » in Lemma 13 and m =1, 2,3, .-., define
superharmonic function W, on R — S as

W) = M — (29.(0) + u(©) + v(O)/m .
Then by Lemma 7, we obtain

(16) lim inf W,(©) =0

CeRP—Sp (=0’
for {'edS,. Also for {{,} ¢ &# * we have
an lim, inf W,(¢,) = 0.

By (16), (17) and the minimum principle for superharmonic functions
we see that W,() =0 on R*— S.. On letting m — c, we have
29,8 + (@) < M on R* — S, and hence on R".
From the above statement it follows that Sario potentials enjoy
both Frostman’s maximum principle and the unicity principle.
Applying Lemma 10 we obtain

THEOREM 6. (Energy Principle). For measures ¢ and v with
oc=p—v+#0,

~

3 s(¢, a)do(Q)do(a) > 0 .

3. Sario capacity and the fundamental theorem. We define

a set function V(K) first for compact sets K < R" by

V(K) = inf, | s(C, ))dpQdp@)
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where (¢ runs over all unit measures with S, © K. For general sets
X C R* we set

V(X) = supx V(K)

where K runs over all compact sets K c X.
The quantity

¢(X) = ¢.(X) = 1/V(X)

will be referred to as the (inner) Sario capacity of X. For Borel
sets X, ¢(X) = 0 is equivalent to

(18) MX) =0 for each g with SS(C, a)dpQ)du(a) = o .
Using this we can prove:

THEOREM 7. A set X in R" s of Sario capacity zero if and
only if X s locally of Newtonian capacity zero.

Proof. We may suppose that X is compact. By virtue of (5)
and (18), ¢(X) = 0 is characterized by #(XN V) =0 for every g in
each parametric ball V with

SgV<Cy a)dﬂ(C)dﬁ(a) = oo ,

Since ¢,(¢, a) = O(C — a[*™), ¢(X) = 0 means that X N V has New-
tonian capacity zero for each parametric ball V.

As a consequence of Theorem 7, we obtain a solution of problem
(10) in Rodin-Sario [8] and Sario [12].

THEOREM 8. Let P be the equilibrium potential of a wunit mass
distribution dp on a compact set K of R* defined by

RO W 2
P(x) = gmdﬂ@) .

Let Q be a regular region of R which contains the set K and let
Doy be the capacity function for Q with p, |02 = /’c_q[9 (c.f. Sario [12],
Rodin-Sario [8]). Then we have locally

Pl@) = ko, — | 9oy, w)dp) + M,

with a suitable positive constant M.
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Proof. Without loss of generality we may assume that K is
contained in some local coordinate system (@, V) of R*, that is, we
may regard K as a compact set in the parametric ball V and the
point y as the center a of V. Thus it suffices to show that

S L —al™

(n — 2)w dpa) = ki, — S Do, (C, @)ds(a) + M

in the parametric ball V, with ¢ a unit measure such that S, = K < V.
Since g,(C, a) = ko, — po, (Rodin-Sario; p. 253) and go| V = ¢,(C, @) + A(Q)
with a() e H(V), g, a) = ko, — pgﬁ(C, a) + k() in V. Integrating
both sides with respect to ;z‘, we obtain the desired equation with

M = | m@)dp(©).

Let K be a compact set in R" with ¢(K) > 0. Since s(, a) is
jointly continuous, by the selection theorem for a sequence of measure
in RB* we obtain the capacity measure g, that is, the unit measure

with S, © K such that Ssd#dpz = V(K). Our final aim is to obtain

the capacity principle for the Sario kernel,

THEOREM 9. (Fundamental Theorem of Potential Theory). Let
K be a compact subset of B™ with ¢(K) > 0 and gt its capacity measure.
Then s, =< V(K) on R" and s, = V(K) except for an F,-set of Sario
capacity zero. Furthermore, this capacity measure is unique.

Proof. First we shall show that s, = V(K) on K except for an
F-set of Sario capacity zero. Let A and A, be the subsets of K on
which s, < V(K) and s, = V(K)—1/n (n=1,2,...) respectively.
Then the A,’s are compact sets with A, c 4, --- Cc 4, C ---, and
A=U~A, Hence A is an F,-set and we need only show that
¢(A) = 0. Suppose, to the contrary, that for a suitable ¢ > 0 there

exists A, = K, < K with s,|K, < V(K) —2¢ and ¢(K)) > 0. The
equality Ssﬂdydﬂ = V(K) implies the existence of a point {,& S, with

s() > V(K) —e. Thus (¢ K,. Therefore we may take an open
ball U concentrated at ¢, with UNK= @ and s,/]U > V(K) — ¢.
Moreover since (€S, @(U) > 0. The fact ¢(K;) > 0 implies the
existence of a measure v with S, C K|,

v(K) = (U), and with Ssdud,u < oo,

Construct a signed measure v, by

VI K =v[K,v|U=—p[UnRE-KUJUU=0.
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Clearly p, = g + tv, is a unit measure for every te (0, 1) with S,, C K.
Therefore

(19) Ssdﬁtdpt > Ssd;zd;z - V(K) .
A simple calculation shows that
S sdp,dp, < — t{p(U)e —t S sdvldvl} <0

for sufficiently small ¢. This violates (19) and we have ¢(4) = 0.

If we show that s.|S, < V(K), by virtue of Theorem 5 the proof
is complete except for the uniqueness of p. Contrary to the assertion,
assume that s.({,) > V(K) for a {,€ S,. Choose an open ball U, about

{, such that
$./U > V(K)+¢ee>0.
Then ¢(U,) > 0 and we see that

VE) = | sdp+ | sde> VE) +euU) > VKD,
1 —t1
a contradiction.
The unicity of the capacity measure follows from Theorem 6 in
the same manner as in Nakai [6], or Rodin-Sario [8; p. 332].

As an application of the fundamental theorem, we obtain the
subadditivity of the Sario capacity. Since the method is similar to
that of Nakai [4; no. 7], we state this without proof.

THEOREM 10. If X, (n =1, 2, --.) are sets in B* and X = U, X,,
then

oX) < 3 e(X.) .

REFERENCES

1. C. Constantinescu and A. Cornea, Ideale Rinder Riemannscher Flichen, Springer-
Verlag, Berlin-Gottingen-Heidelberg, (1963), pp. 244.

2. S. Ito, On ewistence of Green function and positive superharmonic functions for
linear elliptic operator of second order, J. Math. Soc. Japan, 16 (1964), 299-306.

3. M. Nakai, Potentials of Sario’s kermel, J. Analyse Math., 17 (1966), 225-240.

4. , Sario’s potentials and analytic mappings, Nagoya Math. J., 29 (1967),
93-101.

5. , On Evans’ kermnel, Pacific J. Math., 22 (1967), 125-137.

6. , Remarks on Sario potentials, (to appear).

7. N. Ninomiya, FEtude sur la theorie du potential pris par rapport au noyau
symetrique, J. Inst. Polytech. Osaka City Univ., 8 (1957), 147-179.



SARIO POTENTIALS ON RIEMANNIAN SPACES 455

8. B. Rodin and L. Sario, Principal functions, D. Van Nostrand Co. Inc., Princeton,
New Jersey, 1967, 347 pp.

9. L. Sario, Value distribution wunder analytic mappings of arbitrary Riemann
surfaces, Acta Math.. 109 (1963), 1-10.

10. ———, Complex analytic mappings, Bull. Amer. Math. Soc., 69 (1963), 439-445.

11. , General value distribution theory, Nagoya Math. J., 23 (1963), 213-229.
12. , Classification of locally Euclidean spaces, Nagoya Math. J., 25 (1965),
78-111.

13. L. Sario, M. Schiffer and M. Glasner, The span and principal functions in
Riemannian spaces, J. Analyse Math., 15 (1965), 115-134.

Received September 10, 1970.

DAIDO INSTITUTE OF TECHNOLOGY








