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INDICES FOR THE ORLICZ SPACES
Davip W. Boyp

The determination of the function spaces X which are
intermediate in the weak sense between L? and L? has been
shown, by the author, to depend on a pair of numbers («, f)
called the indices of the space. The indices depend on the
function norm of X and on the properties of the underlying
measure space: whether it has finite or infinite measure, is
non-atomic or atomic. In this paper, formulas are given
for the indices of an Orlicz space in case the measure
space is non-atomic with finite or infinite measure, or else is
purely atomic with atoms of equal measure, The indices for
an Orlicz space over a non-atomic finite measure space turn
out to be the reciprocals of the exponents of the space as
introduced by Matuszewska and Orlicz, and generalized by
Shimogaki. Some new results concerning submultiplicative
functions are used in the proof of the main resulft.

DEFINITIONS AND MAIN RESULT. We suppose that (2, 7, ) is a
measure space which is measure-theoretically isomorphic to one of
the following three possibilities: the positive reals R* with Lebesgue
measure, the interval I = [0, 1] with Lebesgue measure or the positive
integers Z+ with counting measure. We shall denote these standard
spaces by S; with 7 =0,1, 2 for R*, I and Z* respectively. We shall
write 2* = S, if (@, 7, p) is isomorphic to S;.

Suppose that p is a rearrangement-invariant function norm on the
measurable functions 7 (2, 7, ¢) on (2, .7, 1), (see [2]). Then for
each measurable f, o(f) = o(f*) where f* is the decreasing rearrange-
ment of f onto R*, and ¢ is a rearrangement invariant norm on R*.
We define E,f* by E,f*(t) = f*(st) for 0 < s < oo, and then let

Ms) = sup {o(E,f*): fe Z &, T, 1), o0(f*) =1}.

It is known that the following limits exist (see Lemma 1, below)

o = lim log h(s) , 8 = lim —log h(s)
s+ —logs s—o logs
and these are called the indices of the space L*(2, 7, ). Note that
in fact a depends only on ¢ and on 2* so we will write a = (o, 2%)
and g = B(o, 2%). (A slightly different definition was used in case
0* = Z* when the indices were introduced in [2], but it is equivalent
to the definition given here as Lemma 3 will show). It was shown
in [2] that X is intermediate between L* and L?¢ in the weak sense
if and only if 1/p > a and B > 1/q.
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We use the definition of Orlicz space given in [5]. Thus, let ¢
be a right-continuous nondecreasing function on [0, ] and let + be
its left-continuous inverse. Then the functions @ and ¥ defined by

D) = S:gv(t)dt, V() = S:Uf(t)dt

are called complementary Young’s functions. The general form of @

(or ¥) is that there are two numbers ¢ and b with 0 <a<b <

such that @d(u) =0 for 0 < u < a, @ is convex and finite valued in

la, 0], and @(w) = = for v > b. If b < o we say “@ jumps” and if

a >0 we say “@ is level”. Otherwise we say @ is strictly increasing.
Define the Minkowski functional by

M) = oot

and then p,(f) = inf {c: My(c™'f*) < 1} = g,(f*). The space L,(2, 7, py
is the subspace of 7 (2, 7, 1) determined by the function norm p,,
and its dual space (in the sense of function spaces) is isomorphic to
L.

We shall write «;(®) = a(g,, S;)) (1 =0,1,2). And similarly for
B. Note that the indices of a space X are invariant under isomor-
phism and that if (¢, 8') are the indices of the dual space of L, then
@,8)=0—-p,1—a) (see [2]). The case ¢ =0 of the following
theorem was proved in [1].

THEOREM. Given a Young's function @. For 0 < s < oo, let
95(s) = sup {07(t)/@7*(st): 0 < t < oo}
9.(s) = lim sup {@~'(¢)/@~*(st): t — oo}
9:(s) = lim sup {@~*(t)/@*(st): t — O0+} .

Then
a;(@) = lim —log g,(s)/log s, $=20,1,2
s—0+4
B:(®@) = lim —log g;(s)/log s , 1=01,2.

PRELIMINARY LEMMAS.

LEMMA 1. (a). Suppose that h is a positive function which
satisfies h(st) < h(s)h(t) for all s> 0 and ¢t > 0. Let

0(s) = —log h(s)/log s ,
and let
a(h) = inf {6(s): 0 < s < 1}, B(h) = sup {A(s):s > 1} .
Then
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ah) = lim 0(s) and @) = limo(s) .
-0+ s§—0c0

{(b). Suppose h 1is positive and monotone and satisfies
h(mn) < h(m)h(n)
Jor m, n in Z*. Let 6(n) = —log h(n)/log n, and
B(h) = inf {#(n): ne Z+} .
Then B(h) = lim, . 0(n).

Proof. The proof of (a) is in [1], and that of (b) is in [3]. Note
that the extra condition in (b), that 2 be monotone, is needed; other-
wise, one could define A(p) to be an arbitrary positive number for
each prime p, and then if n = p -.. pik, let h(n) = h(p)° « -+ h(p;)%.

If n(1) = 1, h would satisfy (b) except that it would not be monotone,
and certainly the conclusion need not be true, e.g., if A(p) = p”.

LEMMA 2. (a). Let f be a positive function on [1, o[ and for
s> 1 let h(s) = sup,s, f(st)/f(t) and h,(s) = lim sup,..f(st)/f®). If B
is as in Lemma 1 (a), then

Bh) = B(hy) -
(b) Let f be positive and monotone on Z*, and for me Z+*, let
h(m) = sup Smn)/f(n) ,

and h,(m) = lim sup,_. f(mn)/f(n). If B is as in Lemma 1(b), then
B(h) = Bi(h)

Proof. (a) Clearly & satisfies the condition of Lemma 1 (a) for
s=1, t=1. Let 8= p(h). By definition of g and the conclusion
of Lemma 1, there is a function ¢(s) such that e(s) = 0 and &(s) — 0
as s— co such that

(1) sPZ h(s) < s for s= 1.

Define 4(t, s) = f(st)/f(t). Let m be a positive integer, and s be fixed
>1. Then there is a ¢, so that

h(sm) é A(tm’ Sm)s °
Using (1),

(2) Aty 8™) = s,
Note that, for any ¢,
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A(ts", 8) = f(s"+'8)[f(s™?)
so that

2m—1

1;[ A(tsn8" 8) = A(tsmy ™)/ A(tsms S™)

> s——z,sm—l/s—pm+e

= g—pm—i—¢

where ¢ = ¢(s™).
Thus, if n, is such that

A(t,ms™, 8) = max {4(t;ns™, 8):m = n < 2m — 1},

one has
2m—1
A(tyms™, )™ = I 4(tsns", )
n=m
and thus
Altsns™, §) = gm=Wim=tim |
But
tonS"m = 8™ — 0 a8 Mm—> oo ,
Hence

h(s) = lim sup 4(t,ps™™, 8) = s™¢

for any s > 1, which shows that B(k) = G(h), since obviously k,(s) <
h(s). (b) The proof is entirely the same, using Lemma 1 (b) rather
than 1 (a).

LEMMA 3. Suppose that f is positive and monotone on [1, oof
that

t) _ Slsn)
hy(s) = hm supf s and hy(s) = limsup ==L for s> 0.
@) ne  f(m)
Then
ho(s) < hu(s) < ho(sE)
where the upper (lower) sign is used if f is increasing (decreasing),

and
B(h:) = B(hy) .

Proof. Clearly hy(s) < h,(s). We treat the case that f is decreas-
ing.

Given ¢ > 0, s > 1 and an integer m = 1, there is an N = m such
that » = m implies
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ﬂ.ﬁ—_s__""'_l)l)ghz(s—sm‘l)—l-e.

Sf(n)

Since f is decreasing, and (s —sm™)n = (s — snw™Hn = s(n — 1), we
have

fis(n — 1)) < (s —sm™) + ¢, for n > N.
Sf(n)

Now if ¢ = N + 1, then there is an integer » = N such that
n—1=5t<n

so that f(n — 1) = f(t) = f(n), and f(s(n — 1)) = f(st) = f(sm). Hence

Lo < 6D < s —om™) +c for iz N+ 1.

Thus
h(s) < ho(s — sm™) + ¢ for all m and ¢
so that
hi(s) < h(s—) .

Clearly gB(h)) = B(h,) follows from these inequalities.

Proof of the Theorem. 1 = 0. This was proved in [1], Theorem

5.5. In fact, in this case, h(s) = g,(s) for all s.
2 =1. We prove first that 5,(®) is as in the statement of the

theorem. Then we use a,(¢) =1 — B.(¥), and the well-known inequ-
ality:

(3) /o (t) = T (t) < 2t/07'(¢) for all ¢ >0

to show that the expression for «,(®) is as stated. (For the inequality

see [4], p. 13).
Let us thus take s > 1. We recall that if E is a set of measure

% and ¥ is its characteristic function, then ¥} = %[0, #] = ., and
o,(x.) = 1/07'(1/u), so that
1) = sup (Go(ELf*)/os(f*): f # 0, fe L(I)}
2 Sup {0'0(E5Xu)/0.¢(Xu): 0 < w é 1}
=sup {0 (w0 (su™): 0 < u £ 1}
= sup {@7'(t)/@'(st): t = 1} .
We define the latter quantity to be k(s). Then (4) implies

Bh) = B(k) .

(4)
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Note that by Lemma 2,
Bk) = Blg,) -

Now we proceed to show that h(s) < k(s/2) for s = 2, which clearly

implies B(h) = B(k) so that
Bh) = Bk) = B(gy) -

Assume now that @ is strictly increasing. We leave the other cases

to the reader.
By definition of k(s),

D78 [k(s) = O7\(st)

Thus,

O@7'(t)/k(s)) = st ,
and so
(5) D(ufk(s)) = sO(u) ,

Given 0 < fe L?(I) with f decreasing let
¢ = sup {t: f(t) = 07'(1)} .
Then from (5),
O(f(O)/k(s)) = sP(fT) ,

and
(6) O(f(®)/k(s) = C(@7(1)/k(s) = s,

Hence, for s = 2, (6) implies that

M,(E, f]k(s/2))

Il

[, ot i(si2)at

s o0 s 20t

IA

sfocaa + =1,

Thus,
o (B.f) = k(s/2)
which proves that
h(s) =< k(s/2)

([ g3

for s=1,t=1.

s=1,t=1

for v = &7'(1) .

0st=sc

fore<t<1l.

at)

if My(f)=1.

for p (f) =1,

for s=2.
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2 = 2. According to Lemma 4 of [2], if F, is the operator on sequ-
ences {f(n)} given by

F.fm) = f(((n — 1)/m] + 1) ,
and if

K(m) = sup {o(F,.f): fe L*(Z"), o(f) = 1},
then
o, = 11_3} log K(m)/log m = —Q(K) .

Note that the action of F,, on {f(1), f(2), ---} is to repeat each term

m-times, e.g., F.{f(1), f(2), ---} = {f/(V), fQ), f2), £2), -++}. Let us
define

p(m) = sup @(u)/@*(u/m) for me Z+ .
o<u=1
Then, as in (5) above we obtain

(7) Ot/p(m)) < m™'O(t) provided t < @7'(1) .

Observe that, if 0 < fe L®, and k is fixed, then f(k)y,(n) < f(n) for
all n =1,2, ... so that

Po (FB)X ) = 00 (f) -
That is

fk) = 0o ()0 i) = 0o ()P, for all k.
Hence, if o, (f) =<1, we have from (7) that

O(f(k)/p(m)) = m™O(f(k)) for all £ and m .

Thus
Mo (Fuflp(m) = 35 O(F,f(1)/p(m)
= m% O(f(n)/p(m)) , by an earlier remark,
< m3 mo0(f(w) = My (f) -
Thus,
K(m) < p(m)

But, if f= Xi1,2000,k} s then

0 (F.f)es (f) = 07 (k™) /07 (k™ 'm™) .
Thus
K(m) =z sup o~ (k™07 (kT 'm™) = p,(m) , say .

By Lemma 2, with f(t) = 1/o-'(1/t), if
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p(m) = lim sup @~*(1/t)/D~*(1/tm)

and
py(m) = lim sup &7(1/n)/07(1/nm) ,

then B(p) = B(P) and B(p) = B(P). And, by Lemma 3, B(p) = B(p).
Hence B(K) = B(p) = B(p,) and we thus obtain

(@) = lim — log g,(m™)/log (m™)
= lim — log g,(s)/log s .
8—0+

As in the case ¢ = 1, we can obtain the result for B,(®) from this
and the inequality (3).

REMARK. One can relate the functions g;(s) to the functions K;(s)
which are given by
Ky(s) = sup {@(st)/D(t): 0 < t < oo}
K,(s) = lim sup {®(st)/D(t): t — oo}
K,(s) = lim sup {@(st)/D(t): t — 0+}
whenever these make sense (e.g., if @ is strictly increasing).

In fact K is left-continuous and increasing and its right continuous
inverse is 1/g;. Formally this is clear, since if we let

0.(s) = D(st)/D(t)
for any ¢ > 0, then 6, is convex and increasing and
07) = OO/t
so that
0351, (s) = @7 (st)/D(E) «
Thus we would expect

inf 051,(8) = Lian(s) = (sup0.) () = Ki'(9) ,

and similarly for lim inf as ¢ — 0+ or £ — . This intuitive argument
can be justified as is done in [1] for the special case ¢ = 0. This
shows that if ¢4, s, are the exponents defined in [6] and [7] for the
case that 2 = [0, 1], then a, = 1/s,, B, = 1/05 .

ExAMPLE. Let
o) =t —t—1, t=0
W) =1 +tlog1+1), t=0
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Then, for K, as above
K(s) $H0<sZ1
S) =
’ o,s>1.

For, @(st) — s20(t) = >5-. ((s" — )/t <0, for 0 < s <1, showing
that Ky(s) < s for 0 < s <1 and &(st)/@(t) — s’ as t — 0. Also

lim @(st)/(t) = o for s > 1, showing Ky(s) = oo , s>1.

Thus,
go(s) = max (s34 1) .

For large ¢, @(t) ~ ¢ so @7'(t) ~ log ¢, and hence
91(8) =1.
For small ¢, @(f) ~ 4t* so @7(f) ~ 1/2t, and thus

9:s) = 7.
Hence
(aoa BO) = (%y 0)! (au :81) = (Os 0)! (a21 BZ) = (%s %) .

REMARK. The result given in Lemma 2 seems to be new. There
is a corresponding result for subadditive function on [0, o[, which
may be obtained by setting x = log ¢, ¥ = log s and

F(x) = exp(f(log )

in that lemma.
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