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INVARIANT MEASURES AND THE CONVERSE OF HAAR'S
THEOREM ON SEMITOPOLOGICAL SEMIGROUPS

A, MϋKHERJEA AND N. A. TSERPES

According to the converse of Haar's theorem, a complete
separable metric group which admits a locally finite nonzero
r*-invariant measure is locally compact. It is proved in this
paper that a complete separable metric semitopological (resp.
topological) semigroup which admits a finite (resp. possibly
infinite) nonzero r*- and Z*-invariant measure is a compact
(resp. locally compact) topological group.

The structure of idempotent probability measures and
finite r*-invariant measures has also been given in the case
of locally compact semitopological semigroups. Also it is
shown in this paper that for a wide class of nonabelian locally
compact semitopological semigroups, admissibility of a two-
side invariant measure is equivalent to embeddability in a
group.

1* Throughout S will be (at least) a Hausdorff semitopological
semigroup (an algebraic semigroup with separately continuous multi-
plication) and μ a locally finite nonnegative measure (i.e., every point has
an open neighborhood of finite measure) defined on the Borel σ-algebra
& (generated by the open sets) of S. We will call μ nontrivial if
μ(C) > 0 for at least one compact set C. The measure μ is called
inner regular if μ{B), for any B e &9 can be approximated (from inside)
by the measures of compact subsets. It is well known that every
nonzero μ on a complete separable metric or second countable locally
compact space is inner regular. We will call μ

(a) right invariant if μ(Cx) — μ(C) for all compact C e & and
xeS.

(b) right semi-invariant if μ{Cx) ^ μ{C), the rest as in (a).
(c) r*-invariant if μ{Bx~ι) = μ{B) for all B e & and x e S, where

Bx~ι = {s e S; sx e B)
( d) right mobile if the mapping x —>μ(Cx) is continuous for all

compact C.
Analogous "left" conditions are defined similarly. The semigroup S
is said to satisfy condition (R' if A~ιB = \J{x~ιB)xeA) is compact
whenever A and B are so. Condition 'L' is defined similarly replacing
A~~ιB by AB~\ We note that any topological group or a compact
topological semigroup satisfies conditions 'U and 6R.'

The convolution μ^μ2 of two regular probability measures is
defined as the unique regular probability measure induced by the linear
functional on CQ(S) — the space of continuous functions with compact
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support, defined by /(/) = \\f(xy)μί(dx)μi(dy), the inner integral being

a continuous function of y by [3, p. 205]. From [3], it is also known
that we can change the order of integration in the above integral.
We call μι above idempotent if μ1*μ1 = /V

The following converse of Haar's theorem is a consequence of a
theorem of Ulam [9, Theorem 1]: // there exists a right invariant
nonzero measure μ on a complete separable metric group, then the
group is locally compact. One of the objects of this paper is to
investigate extensions of this theorem to semitopological semigroups.
Our main result in this direction is:

THEOREM 1. (a) Let S be a topological semigroup satisfying con-
dition 'R.y Then if μ is a nontrivial r*-i:ιvariant measure on S, then
S is locally compact. ( b) Let S be a complete separable metric semi-
topological semigroup and μ be a finite nonzero r*- and l*-invariant
measure with support S. Then S is a compact topological group. In
case S is topological, this result is also valid for infinite μ in the
sense that S will be a locally compact topological group in this case.

Part (a) of this theorem improves some of the results of [5],
where μ has been assumed inner regular and S, a topological group.
We later give examples showing that the above theorem need not be
true even for finite r* -invariant nontrivial measures on topological
semigroups (complete separable metric) in the absence of condition 'iϋ.?

In [10], Pym obtained a characterization of idempotent (probability)
measures on compact semitopological semigroups. Our Theorem 3
extends his result to the locally compact case using DeLeeuw and
Glicksberg's results on almost periodic compactifications in [4]. This
also gives as a corollary (Theorem 4) a characterization of finite
r*-invariant measures on locally compact semitopological semigroups
and a characterization of idempotent measures on locally compact
abelian semitopological semigroups (Corollary 2). Theorem 4 for general
r*-invariant μ and topological S is essentially the (still open) con-
jecture of [1], but is has been proved for finite μ in [7].

It is well known that a locally compact (or complete separable
metric) semitopological group (i.e., an algebraic group with separately
continuous multiplication (x, y) —> xy) is a topological group. (See [6]
and [2, p. 36].) Our Proposition 1 presents an interesting result in
this direction for semitopological groups satisfying condition ' !/ from
which it follows that a right (or left) invariant metric semitopological
group is topological (Corollary 1).

Some of our results (e.g., the key Lemma 2 and Th. 4) have
been obtained when S is topological (i.e., multiplication (x, y) —> xy is



INVARIANT MEASURES AND THE CONVERSE OF HAAR'S THEOREM 253

jointly continuous) in [7] The methods of [7] do not carry over to
the semitopological case since several necessary facts (e.g., the closed-
ness of the kernel of S when it exists, the continuity of (x, y) —> (x, yx),
etc.) used in [7] ceases to be true in the semitopological case. A
counterexample showing that the kernel (= the minimal ideal) need
not be closed even in a compact semitopological semigroup is given
in [2, p. 156]. To tackle the problems on invariant measures in this
paper, our main tool is Lemma 2. Finally Theorem 2 shows that
admission of an (two-sided) invariant measure is equivalent to em-
beddability in a group even for non-abelian semigroups having the
left and right translations i.e. the mappings x—>ax and x-+xa
respectively (for every ae S) as open mappings.

2* Before we go into the lemma leading to our main results,
we present a result (Proposition 1) which might give us some insight
into the conditions ιU and 'R.'

Before we state and prove the proposition, let us recall from p.
248 of 'Topology' (Allyn & Bacon, Inc., Boston, 1966) by Dugundji
that a Housdorff space X is called a &-spaee if it has the weak topo-
logy determined by the family of its compact subspaces. A set is
open in this topology iff its intersection with each compact C is open
in C. Every first countable space is a ά-space, but the cartesian
product of two fc-spaces may not be a &-spaee. (See the book by
Dugundji, p. 248 and p. 249).

PROPOSITION 1. Let S be a first countable semitopological group
satisfying condition 6L* or Έ.' Then S is a topological group.

[We are thankful to the referee for the following elegant proof
which replaces our original proof. It seems that the proposition may
actually be valid in more general semitopological groups.]

Proof. Let S satisfy condition (L.'

(Continuity of the inverse). If / is a function from a Λ-space
X into a Hausdorff space Y, then / is contiunous iff all of its restric-
tions to compact subspaces are continuous. If / maps compact subsets
onto compact subsets and is, in addition, bijective, then its continuity
follows. In view of condition 'L' this applies to any group which is
a /b-space; in particular, this applies to S.

(Joint continuity of multiplication). Let C aS x S be compact
and m: S x S —+ S the multiplication; we show that m\C is continuous.
Since the projections are continuous, prxC x pr2C is a compact space
K containing C; it suffices to show that m \ K is continuous where
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K — A x A with compact A. Let (x, y) e A x A and let ^ (resp. °Γ)
be the filter basis of all cl (A Π U), where U ranges through the
neighborhoods of x (resp. y). Then W" = {17: (X, Y) e <%f x T) is a
filter basis, and since X and Y are compact, X F = X(F~1)"1 is com-
pact by the continuity of the inversion and 'L.'

Let de Γ)5^"; then for each i = (X, Y) e ^ x T, we have ele-
ments (xi9 Vi) e X x y such that d — x^^ Since A is compact, hence
regular, % (resp. 3O is a neighborhood basis for a; (resp. y) on A.
Therefore lim (xiy y^) = (a;, y). Then using the continuity of the inverse
and left translations, we obtain dy~ι = d(lim yiι) — lim rf^/71 = lim α̂  = α?
so that d = xy. Thus Π ^ ^ = {̂ 2/} However, a filter basis of com-
pact sets (in a Hausdorff space) converges iff its intersection is
singleton; hence lim m{^/ x T*) = WmW" = xy. Thus m\A x A is
continuous.

If S x £ is a Λ -space, then, again m is continuous iff m\C is
continuous for all compact C a S x S. But since S is first countable,
S x S is also first countable and hence a A -space.

COROLLARY 1. A right (or left) invariant metric semitopological
group is topological.

Proof. It is sufficient to show that a semitopological group S
with a right invariant metric satisfies condition 'U since the result
then follows from the previous proposition. We show that for compact
subsets A and B, the set AB~ι is sequentially compact. Let {xn} be
a sequence in AB^1 so that we can find a sequence {yn} in B such
that the sequence {xnyn} is in A. Since A and B are sequentially
compact, we can find suitable subsequences {yn,} and {xn,yn>} converging
to y in B and 2 in A respectively. Now let d be the invariant (right)
metric on S. Then d(xn,, zy~ι) = d(xn,yn,, zy~xyn) ^ d(xn,yn,, z) +
eZ(£, zy~ιyn>), which tends to zero as %' tends to infinity, since by the
continuity of the left translation, zy~ιyn, converge to zy~γy = z and
%n>Vn' converge to z.

Since r*-invariance implies right semi-invariance, the following
lemma proves part (a) of Theorem 1.

LEMMA 1. Let S be a topological semigroup with condition 'RS
Let μ he a non-trivial right semi-invariant measure. Then S is locally
compact.

Proof. Let x e S. Let K be compact such that μ{K) — d, d > 0.
Since μ is locally finite, we can find an open set UZDKX such that
μ(U) < 00. Since S is topological, we can find open V such that xeV
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and KVd U. We claim that cl (V) is compact. Suppose not. If for
every yeV, Ky Π Kx is nonempty, then 7 c K~\Kx) which is compact
by 'R' and this contradicts our claim. Therefore, there is yx e V such
that Ky1 n Kx is empty. Similarly, we can find y2 in V such that
Ky2 Π (Kx U KyJ is empty. This process must terminate after a finite
number of times since μ(U) < ©o. Hence cl (V) = compact.

If £ was a topological group, we only needed μ to be right mobile.
The following lemma is our key lemma.

LEMMA 2. Let S he a complete metric (or locally compact) semi-
topological semigroup and μ be a finite regular r*- and l*-invariant
measure with support S. Then S is a compact group.

Proof. First we observe that since μ is r*- and Z*-invariant with
support £, cl (Sx) = S = cl (xS) for every x in £, (see [1]). So if £
was compact, £ will be algebraically a group and therefore a topo-
logical group by Ellis' theorem [2, p. 36] and the lemma would be
trivial. The non-triviality of the lemma lies in the fact that it is
not at all clear that the translations in £ are closed in our lemma.

It is clear from above that when the translations on £ are closed,
£ is a group. In the metric case, £ being the support of a regular
measure contains a sigma-compact set whose complement is a set of
measure zero and therefore £ is separable. So then £ will be a
complete separable metric (or locally compact) semitopological group
and hence a topological group by [6]. The lemma will then follow
from Lemma 1.

Since cl (Se) = Se and cl (eS) = eS when e is an idempotent and
since cl (Sx) = cl (xS) = £ for every x in £, it suffices to show that
for every x in £, both Sx and xS contain an idempotent. We do
this in the following steps.

(1) For ae S, aSa is a bicancellative semitopological semigroup,
since cl (Sa) = £ = cl (aS). (See [7].)

(2) Let if be a compact set cα£α. Let θ(x, y) = (x, yx). Since
£ is semitopological, it is not clear that θ(Kx K) is closed in aSa x aSa.
We show that Θ(K x K) is closed in aSa x aSa and this is done in
two sub-steps.

Sub-step I. The weakly almost periodic continuous functions on
aSa separate points of aSa. [A function / in Cb(S) — the bounded
continuous functions on £, is weakly almost periodic if {Ryf; y e £} is
conditionally weakly compact in Cb(S), where [Ryf](s) =f(sy).]

Let V — {/: I/I <£ n, f e LZ(S, μ)} where n is some fixed natural
number and L2(£, μ) is the Hubert space of equivalence classes of
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square-integrable functions. Then U is weakly compact in L2. For

each / in U, let [Tf](x) = \f(sx)g(s)μ(ds), where g is some fixed

function in Cb(S). When S is locally compact, the continuity of [Tf]
follows from [3, 1.2]. When S is metric, S is first countable so that
the standard dominated convergence theorem implies the continuity
of Tf. Since μ is invariant, it is easy to see that T is a continuous
linear mapping from U (with relative strong topology from L2) into
Cb(aSa) (restriction of Tf to aSa), with strong topology. In fact, the
domain of T can be taken as L2, and hence T is also continuous from
L2 (with weak topology) into Cb(aSa) (with weak topology). Now we
observe that

[RyTf]{x) = [Tf](xy) = \f(8xy)g(s)μ(ds) = j [Ryf](sx)g(s)μ(ds)

= [TRJ](x)

which means that Tf is weakly almost periodic because of the weak
continuity of T.

Now let s, s' e aSa, s Φ S\ Then for y e aSa, sy Φ s'y by (1).
Hence there is a nonnegative feCb(S) such that f(sy) > f{sry) + 1.
Now the set V = {xeS:f(sx) > f(s'x) + 1} is a nonempty open set in
S. Let A be compact, AcV and μ(A) > 0 and let ^ b e a nonnega-
tive function in Cb(S) such that g(x) = 1 for x e A, f(x) = 0 for x $ V.
Then [Tf](s) - [Tf](s') > 0. This proves Sub-step I.

Sub-step II. Θ{K x K) is closed in aSa x aSa.
We consider the weakly almost periodic compactification Sw of

aSa. (See [4, p. 82].) Sw is a compact semitopological semigroup
and there is a continuous homomorphism p: aSa —• Sw such that p(aSa)
is dense in Sw. Because of Sub-step I, p is also 1—1. Now we
restrict μ to the Borel sets of aSa (in the relative topology). We
also notice that if K is compact in S, then aSa Z) aKa and μ(aKά) —
μ{a~ιaKaarι) Ξ> μ{K) since μ is invariant and Kaa~ιaKaa~\ This
means that we can find a ^-compact set BcS such that μ(aBά) = μ{S),
since μ is regular. So we can now define a nonzero finite measure
μw on Sw by μw(iί) Ξ= μ(p-\H)) for every Borel HaSw. Then μ* is
inner regular relative to compact sets (and hence outer regular rela-
tive to open sets since μw is finite); for, μ is regular and if Kap~ι(H),
then p{K) czH and μw(H - p(K)) - μ{p~\H) - K), since p is 1 - 1.
It follows easily that μw has support Sw and for every z in p(aSa)
and every Borel set £ in Sw, μw{Bz~1) = /T(£) = μw(z~1B).

Since by [3, 1.2], the functions #—> \/(xi/)̂ w(<ία;) and y-+ \f(yx)μw(dx)

are continuous on Sw, it follows as usual (as in [7]) that the functions
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y —> μw(Cy~1) and y —• μw(y~1C) are upper semi-continuous for compact
C. Hence using upper semi-continuity of these functions, we see that
for every compact C in Sw and every x in Sw, μw{Cx~1) ^ μw(C) and
μw(x~1C) ^ μw(C). Now if y e Sw and yίSw for some x, then there is
a compact neighborhood V of y such that FαΓ1 is empty which con-
tradicts that μw{Vχ-1) ^ μw{V) > 0. Hence for every x in Sw, Swx = Sw.
Similarly, xSw = Sw

o Hence Sw is a group so that Sw is a topological
group, by Ellis' theorem, (See [2, p<> 36].)

Let {Sj } and {t3} be two nets in the compact set K such that s3

converges to s0 and t3 converges to tQa Also let the net {s3 tj} converges
to some point v in aSa. Since Sw is topological, p(s3t3) = p{s3)p{t3 )
converges to p(so)p(to) = p(s0t0)o So so£0 = v, since p is 1 — 1. It is
now easy to see that Θ(K x ϋΓ) is closed,

(3) By the argument preceding (1), the lemma will be proved
if we show that for every a in S, aSa contains an idempotent. This
can be shown now by following Lemma 2.3 in [7]o For the sake of
completness, we briefly outline the arguments.

Let μ(S) ~ 1. Let ae S. Then we can find compact K in S such
that μ(aKά) > .99, by regularity and invariance of μ. We extend
the usual product measure μ x μ on aKa x aKa to a unique regular
measure m on the Borel subsets of aKa x aKa. Let us define
θ(χ, y) = (χ9 yx) and π(x, y) = (y, x). Let D — (aKa x aKa) Π θ(aKa x
αiΓα). Then by Sub-step II above, D is compact in the product space.
Using Fubini's theorem, it follows that m(D) > .8. Since π is measure-
preserving, π{D) Π D is nonempty. Hence there are x, y, u, v in aKa
such that (x, yx) = (vu, u) so that x = vu, yx — u and (vy)(vy)x = (vy)x.
By cancellation in aSa, vy is an idempotent in aSao This proves
Lemma 2β

Proof of Theorem 1. The proof of part (a) and first part of
part (b) follows from Lemma 1 and Lemma 2« The last part of part
(b) follows from [11] and Lemma 1.

REMARK 0. The proof of Lemma 2 can also proceed along the
following lines. Consider the mapping π: aSa —> J5f(L2(S, μ)) defined
by [π(t)f](s) = f(st), where J^f is the space of bounded linear operators
on L2(S, μ), the Hubert space of equivalence classes of square-integrable
functions. Then since for every teaSa, we have \\π(t)\\ = 1 (where
|| || is the usual operator-norm), π(aSa), the closure of π(aSa) in the
weak operator topology of J ^ is compact. By a similar kind of
argument as in [4, Th. 3.1, p. 72], it follows that π(aSa) is a compact
semitopological semigroup. Also as in the proof of Sub-step I, the
mapping πf: aSa-+π(aSa), defined by π, becomes continuous. Also πr

is injective since by [2, p. 96], π{Q = π(t2) iff xtx = xt2 for every xeS
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and aSa is bicaricellative [11, p 262], Now the proof of Sub-step II
can be continued replacing Sw by π(aSa) and the mapping p by the
mapping πf.

REMARK 1. In Lemma 1, if μ was finite, we could assume S to
be only semitopological and conclude that S was compact. But in
Lemma 1, if S is a topological group, a finite mobile measure will make
S only locally compact, not compact. For, if S = (0, oo), the positive reals
(multiplicative) and μ, the Stieltjes measure induced by x —>[x/x + 1],
then μ is a finite mobile measure whereas (0, oo) is not compact.

REMARK 2. We know that a Haar measure on a topological group
makes it locally compact (by Lemma 1) and hence μ is regular when
restricted to σ-bounded sets. (See Halmos' Measure theory, p. 288.)
This is no longer true in the nongroup situation. A nonzero r*-invariant
measure need not be even nontrivial even if its support is a topological
left group. For example, let S = E x G, where G is a compact metric
group and E, a subset of [0, 1] such that P*(E) = 1 and P*(E) = 0,
where P* and P* are the outer and inner Lebesgue measure respec-
tively. We define multiplication on S by (e, g)(e', g') = (β, ggr). Then
S is a separable metric topological (with product topology) left group.
Let μ = P* x 7Γ, P* being a measure on the Borel sets of E and TΓ,
the normed Haar measure of G. Let us consider {B: B is a Borel
subset of E x G and μ{Bx~x) = μ(B) for every x in E x G} which is
a sigma-elass (see [8] for definition) containing all the measurable
rectangles and hence by the theorem on p. 72 in [8], it contains the
smallest sigma-algebra containing the measurable rectangles which
means μ is an r*-invariant Borel measure on E x G. Since P* is
zero on the compact sets of E, μ is zero on all compact sets of E x G,
by Fubini's theorem. But clearly, the support of μ is all of E x G.

REMARK 3. The converse of Haar's theorem need not be true for
r*-invariant measures. For example, in Remark 2, replace E by
Xt=iEif where Et = [0, oo) for every i and take μ = P x π, where
P = ΠΠ=i P%f each P% being the regular probability measure induced
by the function x—*[x/x + 1] on [0, oo). Then as in Remark 2, μ
becomes an r*-invariant regular probability measure with support
E x G, a complete separable metric nonlocally compact topological
left group.

3* In this section we will present a few results which might
help us understand relations between different invariant measures
and some suitable Haar measure. We observe that the three types
of invariance defined in Section 1 are all equivalent in a left group
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since every element in a left group has a left inverse with respect
to a fixed idempotent which is a right identity. This is true in a
more general situation as the following proposition shows, (Compare
Theorem 4.8, p. 93, in [2].)

PROPOSITION 2. A locally compact semίtopological semigroup S
having a minimal left and a minimal right ideal admits a right
semi-invariant measure with non-empty support F iff the kernel K
of S is a closed left group and the measure restricted to F is of the
form P x π, P being a regular measure and π being a right Haar
measure.

Proof. Suppose S has a minimal left and a minimal right ideal.
Then S has a kernel K which is completely simple. If e is an idem-
potent in K, then Ke (~Se) is a left group. Also FaSe, as in [2,
p. 92, Th. 4.6]. Since F is a right ideal of Se, a left group, F must
be a left group. Then for any seS,feF, Ffs = Fs = F, since fs e F
and F is left simple. Hence F c ί l {Sx: xeS) = L, which is a minimal
left ideal and also a right since LIDF and F is a right ideal. Hence
L = K = Se. The rest of the theorem follows from [2, p. 94, Th.
4.9]. (Note that 'right sub-invariant' and 'right semi-invariant' are
equivalent with respect to compact sets.)

The next theorem shows under what conditions an invariant
measure on a locally compact semitopological semigroup S is the
restriction on S of a Haar measure on a locally compact group con-
taining S.

THEOREM 2. A locally compact right reversible (i.e. Sx Π Sy Φ 0 ,
for every x, y in S) semitopological semigroup S having the left and
right translations open1 can support a right and left invariant measure
iff S can be topologically embedded as an open subspace in a locally
compact topological group and the invariant measure on S is the
restriction of a unimodular Haar measure on the group.

Proof. The proof, though slightly tricky, will be omitted for
brevity. We will only mention that S easily turns out to be bican-
cellative because of the invariant measure and open translations and
then easily the desired embedding can be obtained by Theorem 3 in
the joint note (of the authors) in Semigroup Forum, Vol. 2 (1971)
p. 71, 'A note on the embedding of topological semigroups.'

We remark that R. Rigelhof has also obtained a similar theorem
on locally compact abelian topological semigroups (Proc. Amer. Math.

i.e., the mappings x -> xa and x -»ax, aeS, are open.



260 A. MUKHERJEA AND N. A. TSERPES

Soc, 28 (1971), 173-75).

4* The following Lemma will be used in the sequel (proof of
Theorem 3). This lemma is subsumed under a more general result
proven in [1, p. 378] (see also [2, p. 94, Theorem 4.9]).

LEMMA 3. Let μ be an r*-invariant regular probility measure
with support S, a locally compact topological left group (i.e., Sx = S
for all xeS and S is right cancellative). Then E = the set of idem-
potents of S, is nonempty and G = eS is a topological group for e e E.
Also there is a probability measure μx with support in E and a normed
Haar measure μ2 with support G such that μ = μx*u2.

Now let us consider an idempotent probability measure //ona
locally compact semitopological semigroup S. These measures have
been studied in the compact case by many mathematicians including
Glicksberg [3, Theorem 4.2] and Pym [10, the main theorem]. They
have been completely characterized on locally compact (or complete
metric) topological semigroups by the authors in [7]. Let F be the
support of μ. Then by following the proof of Theorem 3.1 in [7], one
easily obtains, using Lemma 2, a completely simple2 kernel KaF, Kz)
FF and cl (FF) = FF = F. Also it follows from [7] that for every
Borel set B and x, y in F, μ{Bx~ιy~ι) = μ{Bx~ι) and μ{x~ιB) = μiy^x^B).
This means that for any other regular probability measure P, we
have μ*P*μ = μ. Let e be an idempotent in K. Then Ke — Fe,
a topological left group; also eK — eF is a topological right group;
and eKe = eFe, a topological group. (These follow since Ke, eK and eKe
are all closed and so locally compact so that Ellis' theorem applies.)
Let E = the idempotents of Ke and Ef — the idempotents in eK and
G = eKe. We define μe(B) = μ{Be'1) and eμ{B) = μ{e~ιB). Then μe

and eμ are regular probability measures with supports Ke and eK
respectively. Also μ = μe*eμ and μe is r*-invariant on its support
Fe and eμ is Z*-invariant, on its support eF. By Theorem 4.9, p. 94
in [2], there are regular probability measures μ1 and μ2 (a normed
Haar measure) with supports respectively E and G such that μβ =
μι x μ2 on E x G, which is topologically isomorphic to Ke. We regard
μ1 and μ2 as measures on F. Then by Lemma 3, we have μe = μ^μ2.
Similarly we can find a regular probability measure μ3 with support
Er such that μ2*μ$ — eμ. Hence it follows that μ — μι*μ2*μ3, since
μ2 is idempotent, being a Haar measure. Since μ%*μλ has support
contained in the support of μ2 and μ2 is a Haar measure, μ2 * (μ3 * μt) —
μ2 so that every measure of the form μ1*μz*μ3 is idempotent. Hence

2 By a completely simple kernel K, we mean a minimal ideal containing a primitive
idempotent. Necessary facts on such kernels which are used in this paper are given
in [2].
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we have proved

THEOREM 3. Let μ be a regular idempotent probability measure
on a locally compact semitopological semigroup. If F is the support
of μ, F contains a dense completely simple kernel K and μ can be
expressed in the form μx * μ2 * μ3 where μί has support E (the idem-
potents in Ke), μ2 is the normed Haar measure on eKe and μ3 has
support Ef (the idempotents in eK), where e is a fixed idempotent in
K. Conversely, every measure of the form μx*μ2*μ3 where μ2 is a
Haar measure whose support contains the support of μ3* μ^ is idem-
potent.

COROLLARY 2. Let μ be a regular idempotent probability measure
on a locally compact abelian semitopological semigroup. Then μ is a
normed Haar measure on its support F, which is a compact group.

Proof of the corollary. From Theorem 3, the completely simple
kernel K, being abelian, is a group. Hence if e is an idempotent in
K, K = Ke = Fe. But Fe is closed in F. So K = F, since K is dense
in F. Since eKe = K = F, μ becomes μ2 in Theorem 3.

We remark that this results extends the main result of Tserpes
and Sun in [12].

Finally, we give a characterization of r*-invariant measures on a
locally compact semitopological semigroup S.

THEOREM 4. Let μ be a finite ^-invariant measure (regular) on
a locally compact semitopological semigroup S. Then F, the support
of μ is a left group (see Lemma 3), and μ is of the form μx*μ2 where
μx is a measure with its support contained in E = the idempotents of
F and μ2 is the Haar measure on eF, a compact group for some
idempotent e in E. Conversely, every measure of the form μγ*μ2 is
invariant.

Proof. Since μ is r*-invariant, cl (Fa) — F for every a in F.
(See [1].) We normalise μ, since this does not change its support.
Then for every Borel set B, μ{B) = \μ(Bx~ι)μ{dx) so that μ is idem-
potent. By Theorem 3, F has a dense completely simple kernel K.
Let e e E. Then F = cl (Fe) = Fe = Ke, if e is in K, since K is an
ideal of F and so Fe c K, Fe = Fee c Ke. But Ke is a left group,
since K is completely simple. (See [2].) The rest of the theorem
follows from Lemma 3.

We now close the paper with the following remark.

REMARK 4. We conjecture that Lemma 2 (compactness in the
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conclusion replaced by local compactness) and Theorem 4 are both true
for infinite measures. A partial solution is given by the following
theorem whose proof appears in a paper of the authors "A problem on
r*-invariant measures on locally compact semigroups" Indiana Uni-
versity Math, J., 21 (1972), 973-977,

THEOREM 5. Let μ be an ^-invariant measure (not necessarily
finite) on a locally compact topological semigroup S. Then F, the
support of μ is a left group if and only if μ is right invariant on
its support i.e., μ(Kx) = μ{K) for every compact KczF and xeF.

The authors wish to express their indebtedness to the referee
for some helpful remarks and in particular the alternate elegant proof
of Proposition 1.

REFERENCES

1. L. N. Argabright, A note on invariant integrals on locally compact semigroups,
Proc. Amer. Math. Soc, 17 (1966), 377-382.
2. J. F. Berglund and K. H. Hofmann, Compact semitopological semigroups and weakly
almost periodic functions, Lecture Notes in Math., no. 42, Springer-Verlag, Berlin and
New York, 1967.
3. I. Glicksberg, Weak compactness and separate continuity, Pacific J. of Math., 11
(1961), 205-214.
4. K. DeLeeuw and I. Glicksberg, Applications of almost periodic compactifications,
Acta. Math., 105 (1961), 63-98.
5. C. Gowrisankaran, Radon measures on groups, Proc. Amer. Math. Soc, 25 (1970),
381-384.
6. D. Montgomery, Continuity in topological groups, Bull. Amer. Math. Soc, 42 (1936),
879-882.
7. A. Mukherjea and N. A. Tserpes, Idempotent measures on locally compact semigroups,
Proc. Amer. Math. Soc, 29 (1971), 143-150.
8. T. Neubrunn, A note on quantum probability spaces, Proc. Amer. Math. Soc, 25
(1970), 672-675.
9. J. C. Oxtoby, Invariant measures in groups which are not locally compact, Trans.
Amer. Math. Soc, 60 (1946), 215-237.
10. J. S. Pym, Idempotent probability measures on compact semitopological semigroups,
Proc. Amer. Math. Soc, 21 (1969), 499-501.
11. N. A. Tserpes and A. Mukherjea, On certain conjectures on invariant measures
on semigroups, Semigroup Forum, 1 (1970), 260-266.
12. N. A. Tserpes and T. C. Sun, Idempotent probability measures on locally compact
abelian semigroups, J. Math. Mech., 19 (1970), 1113-1116.

Received August 24, 1971 and in revised form Junuary 28, 1972.

UNIVERSITY OF SOUTH FLORIDA




