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LEVEL CROSSING PROBABILITIES FOR A
MULTI-PARAMETER BROWNIAN

PROCESS

PEGGY TANG STRAIT

Let {fSl,S2: —oo < su <oo, — oo< s2 <oo} be a Gaussian pro-
cess with ζSl,S2 = 0 if Si = 0 or s2 = 0, mean values E(ξSl,S2) —
0, and covariances 2?(£βl,*2£«ί,«i) = 1/2 min (s^sί) min (s2,s{). This
is the two parameter Brownian process studied by J. D.
Kuelbs, W. J. Park, P T. Strait, and J. Yeh. In this paper,
upper and lower bounds for level crossing probabilities of
this process are derived.

More specifically, let (tl912) and (τ19 τ2) be two pairs of constants

chosen so t h a t 0 < £L < oo, 0 < t2 < o o , 0 < τ 1 < oo, and 0 < τ 2 < oo.

Let <5X = τjm, d2 = τjn where m and n are integers, and define

random variables Xh)k for h = 0, 1, 2, , m and k = 0,1, 2, , n as

follows.

0 f or h = 0 or ft = 0

f ί ί for Λ = 1, 2, , m; k = 1, 2, , n .

For any given number α, define

2 P m , n ( α , ίi, ί2, τx, τ2)

P(X ί ; i > α for i = 1, 2, . , m; i = 1, 2, .. , n) .

In this paper, upper and lower bounds (Theorems 1 and 2) for

limm_>0O „_«, Pm,n{a, tlf t2, τlf τ2) are derived.

2* Preliminary lemmas*

LEMMA 1. Let ζh>k = Xhtk - Xh^x - Xh-1}k + Xh-1>k-i for h =

1, , m and k = 1, , n. Then,
( i ) ζh,k, h = 1, , m, fc = 1, , n are independent Gaussian

random variables with means 0 and variances σ\tk given by

1

( 3 ) 2

o\Λ ~ —d2tx for h = 2, , m

1
/τ 2 —. S S 'Pf\'V* T) 9 . . . ΎV) Z* — 9 . . /WI
U fa k — ^12 J UI it — ώ, } liV) tv — £Λy t ''V

Δ
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and

( 4 ) (i i)
i 3
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w for ί = 1, , m; j = 1,

Proof of Lemma 1. To prove part (i) of the lemma, observe
that

(5)

( 6 )

h,k-l -A-h-l,k "T" ^Λ.h-i,k-l) ~ V

for ft = 1, , m; fc = 1,

h-Uk -Λ Λ,fc-l ' -Λ A-l.fc-lJ J

1

—ί^ 2 for ft = 1, fc = 1

n .

—δΛ for ft = 1; fc = 2,

—$& for ft = 2,

\—δ^a for ft = 2,

m; k = 1

m; fc = 2,

( 7 )

= E[Xhtk — Xh-i,k ~ Xhk

= 0 when (ft, fc) ̂  (p, g) .

(In each of the equations (5), (6), and (7), the last term is derived
by direct computation of the expression of the preceding term.)
Thus, the random variables ζhtk, ft = 1, , m, k = 1, , n are inde-
pendent, Gaussian random variables with mean values 0 and variances
given by equation (3).

To prove part (ii) of the lemma, observe that

Σ Σ C*.* - h,k ~~ Xh-l,k ~~ Xh,k-l

For the remaining lemmas and theorems we add the following
notations and definitions. Let C = {(i, j): ί = 1, , m; i = 1, , ^},
C* = C - {(1,1)}. Furthermore, let P;,Λ and P*,w be probabilities
defined as follows.

(9) Pztn(a, tlf t2, τl9 τ2) - PίX,,,- > α for all (i, i) e C* and Xiα ̂  α)

(10) P*,n(a, tlf t2, τ19 τa) - P(X,,, > α for all (i, i) e C*) .

Then clearly,
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LEMMA 2. Let ηl9 rj2, ηz be normal random variables with E{rj%) =
0 and Var (ηt) — (l/βJίA for i = 1,2, 3. Assume also that 7jί9 η%, %,
Ci,i> Ci,2> •> Cm,« form a set of independent random variables. Then

== P(Vi + Σ Σ Ck,k > Y for all (ί, j) e C*)

+ Σ d , 4 > — for all j = l,2,. -,n

+ Σ C f t , i > - | - for all i = l ,2 , .- , m ) .
h—2 j /

Proof of Lemma 2. For i < 2 or j < 2 define

Σ Σ C * , 4 = 0, ΣCi.* = Of and ±ζhΛ = 0.

The proof of Lemma 2 follows.

«,.(α, ίw ί« τlt r2) = PίX,,,- > a for (ΐ, i) e C*)

Σ C»,» + Σ Cut + Σ C»,i + Ci.i > α for (i, j) e C*)
fc fc Λ

(13)

Σ Zk.k + Σ Ci.» + Σ C».i
A; = 2 Λ Λ

for (ΐ, j) e

and
A > i > | - ) for ( i , j ) e C

M > { for (i,i)eC*

Σ C i . » > - | for j = l,2, --
2 £

,i<^- f o r i = l,2, •• ,m)

3 /

LEMMA 3.

(14)

lim pίη, + Σ Σ CΛ,fc > α for (i, i) e C*)
m-+<χ> \ h=2 k=2 /

o * 7Γ



226 PEGGY TANG STRAIT

Proof of Lemma 3. Let Yhtk, h — 1, , m, k = 1, , n be
independent standard normal random variables. Let

Lm,n = min ( Σ Σ Yκ,λ
l^i'ζmXh — l fc=l /

(15) I,-,. = min (0, Ln,n)
i 3

Um,n = max ( Σ Σ Yk.k) , U+,Λ = max (0, UmJ

It is shown in [6] that

(16) E(Ui,n)<ϊ

To prove Lemma 3, it is first shown that

(17) Σ Σ £*.* > * forΣ

S
oo / O / Γ~ 3δ±δ2/^1*2 Lm — l,n — l J (y \

where E~ denotes that portion of the expectation obtained by in-
tegration over the negative range of Lm_un^. (Later, E+ shall also
be used to denote expectation obtained by integration over the positive
range of values.)

To prove equation (17), observe that

t^h,k>a for (ί,j)eCή
k = 2 I

- a > - Σ Σ C* * for (i, j) e C*)

-a> Jδ-φΣ Σ Y>.t for (i, j)eC*)
* 2 h = 2 k = 2 '

φΣ Σ
2 h = 2 k = 2

_
i/3δ1δ2lt1t2Lm-l,n-l * 71

(18) = Eff0 0

7Γ
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J
J—

m-l,n-l * Jζ

7Γ

Next, apply the inequality

(19) (Xe- ι/2{u+a)2du <x for x > 0
Jo

to obtain

(20) wr^«π^-i.-iJJe-u^
V Jo > 7 Γ

Now, observe that

(21) ΈTiL^,^) - #(£-_,

then combine this with equation (16), to obtain

(22) E-(Lm_un_d > -4V(m - l)(n - 1) .

Finally, apply equations (17), (20), and (22) to obtain

lim P U + ± Σ £»,* > a for (i, j) e C*)

n~-ί,n — ί)

(23)

> lim
= Hill

m—>oo

^ lim
m—»oo

- ί " /

is v

'T
β

2 -1/2U-
—(y

π

^ ^-l/2(tt-
β

7Γ

./2(u + a)2rI1

tandu + ̂

htt]ΐdu + ̂

i i lQδί

1 2 / ZδA
π i ίiί2

/2 /3«A,

LEMMA 4.

(a) limp(yt + g ζ1>t > 0 for i = 1, 2, ,
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(b) lim p(ηz + Σ Ct>ι > 0 for i = 1, 2, . , m)

(c) For small — ,
(24) *ι

f ό

limPp?2 + Σ. Ci,jb > α for i = 1, 2, , n

π\ tt ->

(d) For smαZZ -^ ,
t 2

lim P(% + Σ ζA>ια for i = 1, 2, , m)
m-*oo \ A=2 /

= Φ(-*L) - λΆYV^L + o(*Eι)

where Φ( ) is the standardized normal distribution function

φ{x) = Lv^e"
Proof of Lemma 4. Let

(25) γk = J—Ciffc for & = 2, , n
δ{t2

so that Y2, Yz, , Yn are independent standard normal random
variables. Let

(26) δ = -ψ-

(27) X, = η,

Z ' /v-, I V-i f in 1 ulυ2 SP V V I £1/2 X""1 V

» - % t 2 J ίsi,jfc — 7/2 ~r Λ / ~ 7 Γ ~ 2 J -̂ /b — -Aj. - r 0 ^ j J - f c
fc=2 V 2 fe=2 Jfc=l

where Xx is normal, E{Xλ) = 0, Var (X:) = (1/6)^^. Let

6 2 2

For random variables Xu X2, , Xn satisfying the conditions given
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above, J. A. McFadden and J. L. Lewis proved in [3] (equation (34)
on page 310) that

(29) lim P{Xt > 0 for all i = 1, , n) = lim PΛ+1(0, ί)

Hence in this case

limp[ηt + Σ k,» > 0 for j = 1, 2, , n

(30) = lim P(Xt > 0 for all i = 1, , n)
n—*oo

~ ~π Sm IΛ T ~ ~~Sm "7"

Similarly,

limPf% + Σ C*,i > 0 for i = 1, , m)

(31)

For the case a Φ 0 and r^^i, τ2/t2 small, use equation (37) of McFadden
and Lewis [3] which states that

lim P{Xi > a for all i = 1, , n)
(32) n^

J.+l(a,i) = « ( - ^ - ) - 4 ( 4 ) ^ / 2 ί + Oiτ/t)

to obtain

lim P\v2 + Σ Ci.fc > a for i = 1, 2,

(33)

Similarly,

lim pf^3 + Σ ζAιl > 0 for i = 1, 2, , m)
(34) m - V ' = 2 J

τ/ίA / π V ί
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LEMMA 5.

(35) lim P w > w ( α , t19 t2, τ19 r 2) = lim P£, w (α, tί9 t2, τί9 τ2) .
m—>oo m—>oo
%—>oo ίi—>oo

Proof of Lemma 5. Consider the term Pm,%(α, t19 ί2, ?Ί, r2) of
equation (11).

/o/.v ^,»(α, ίi,«., τlf τ2) = P(X<fy > a for (i, i) e C* and X l f l ^ α)
(CO
v = P(Z i > 3 > a for (i, j) e C* and X^ < α) .

Therefore, by continuity of the sample paths (see [4] for proof of
this fact)

(37) l im Pn,M, tu t2> τit τ2) = 0 for a Φ 0 .

But this implies that equation (11) is equivalent to

(38) Pm,n(a, tlf t2, τlf τ2) = P * f Λ ( α , t19 t2, τί9 r 2 ) - P^,n(a9 t19 t29 τ19 τ2)

Upon taking limits on both sides of (38), equation (35) of Lemma 5
is obtained.

3* The main theorems*

T H E O R E M 1. A lower bound.

l imP T O , w (0, t19 t2, τ19 τ2)

and for a Φ 0, τjt,, small, τjtz small,

lim P,,,(α, tlt U, τlt τ2) ϊ> (\Me-^+^du -4 J - ^

( 4 0 ) \φ(- fe\ l/3rΛ^ t ! / ! i ή 0/3r2

L_ ^ V)J/2 ' 7c \ J/2 ' ^2

where a — y

α

Proo/ of Theorem 1. Apply Lemma 2 to Lemma 5 to obtain
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lim Pmn{a9 tl9 ί2, τlf τ2)
m-*oo
n-+oo

^ Phi + Σ Σ £*,* > — for (i, j) 6 C*)
(4i) *:2 *=2 3

+ Σ &,*>•£ for i = l, 2, -..,•

+ Σ C*,i > v for i = 1, 2, ., m) .
h=2 S /

Then use Lemmas 3 and 4 to obtain

l imP m > κ (0, ί u ί2, Ti, r 2)
W—>oo

(42) "^" ,
> (1 - 4

and for a Φ 0 ,

lim PΛ f Λ(α, ί1? t29τlfτ2)

(43) Γφ(-
L \

π \ ί2

where a —

THEOREM 2. A?ι upper bound.

limPWιW(0, ίx, ί2, τ,, τ2)

(44)

/or ( i ^ O , τjtj. small, and τ2/t2 small,

limPm,w(α, t19 t2, τί9 τ2)

< 4 5 )
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Proof of Theorem 2. Observe that

P{Xi>β>aίor (i,j)eC)

^ min{P(Xuj > a, j = 1, , n), P{XiΛ > a, i = 1, , m)} .

For the case a = 0, we apply equation (29) to obtain

lim P{Xuύ > 0 for (i, j) e C)

(47)

For the case α ^ 0, apply equation (32) to obtain

lim P{Xiti > a for (i, j) e C)

< min
(48) "

for small I i , -^ .

4* Remark* The method used here may be generalized to apply
to the iV-parameter Brownian process.
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