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THE C*-ALGEBRAS OF SOME REAL
AND p-ADIC SOLVABLE GROUPS

JONATHAN ROSENBERG

When G is a locally compact group, the unitary represen-
tation theory of G is the ‘“‘same’ as the *-representation
theory of the group C*-algebra C*(G). Hence it is of interest
to determine the isomorphism class of C*(G) for a wide variety
of groups G. Using methods suggested by papers of Z’ep
and Delaroche, we determine explicitly the C*-algebras of
the ““ax + b’ groups over all nondiscrete locally compact
fields and of a number of two-step solvable Lie groups. Only
finitely many C*-algebras arise as the group C*-algebras of
3-dimensional simply connected Lie groups, and we charac-
terize many of them. We also discuss the C*-algebras of
unipotent p-adic groups.

1. Introduction. The C*-algebra of a locally compact group is
easily defined as the enveloping C*-algebra of the group L'-algebra
[11, 13.9.1], but until recently the only groups the structure of whose
C*-algebra was explicitly “known” have been abelian and compact
groups and a few semi-simple Lie groups: SL(2,C) [13], [10];
SL(2, R) [19]; the other groups with the same universal covering
group as SL(2, R) [18]; and Spin (4,1) [5]. A fair amount is known
about the C*-algebras of nilpotent Lie groups (see, for instance, [21]),
but the problem of characterizing the C*-algebra of the Heisenberg
group up to isomorphism among the family of all C*-algebras having
the same spectrum has proved difficult and remains unsolved. It is
therefore interesting that Z’ep [23] has now noticed that the study
of certain C*-algebra extensions by Brown, Douglas and Fillmore
[8] can be applied to characterize the C*-algebra of the “improper
ax + b group,” the affine group of the real line.

We extend Z’ep’s method to study the C*-algebras of other
groups with “relatively few” infinite-dimensional irreducible represen-
tations. The affine groups of the affine lines over all nondiscrete
locally compact fields K (the remaining important cases being K = C
and K a p-adic field) are treated in §§2 and 3; the calculations are
routine and the results are quite similar to Z’ep’s. More interesting
is the fact that similar methods can be applied to some groups with
perhaps infinitely many inequivalent infinite-dimensional irreducible
representations. A class of such groups, all of which are two-step
solvable connected Lie groups, is studied in § 4. The simplest group
in this class is the “proper ax + b group,” the connected component
of the identity element in the group considered by Z’ep.
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In §5, we examine the problem of classifying the group C*-
algebras of all simply connected solvable Lie groups of dimension 3.
Although we cannot give a complete solution, we at least show that
such groups yield only finitely many C*-algebras (up to isomorphism).
It appears that the C*-algebra of a solvable Lie group depends on
the root structure of the Lie algebra but not on the exact values
of the roots. Our analysis points out two curious but elementary
facts: there exist one-parameter families of groups with isomorphic
group C*-algebras, and it is impossible to tell whether or not a
group is unimodular merely by looking at its C*-algebra. Section
6 contains a few remarks about the C*-algebras of unipotent p-adic
groups.

It should be mentioned that every group considered in this paper
is a semidirect product of abelian groups, and so has for its C*-
algebra the C*-algebra of some topological transformation group.
(See [12] for the theory of these algebras.) Philip Green, in studying
the classification of certain transformation group algebras, has been
able to obtain some of the results of this paper by different methods;
his work will appear shortly [15]. The author is indebted to Prof-
essor Marc A. Rieffel for many useful comments and suggestions.

The notations R, C, Z, and T for the real and complex numbers,
the rational integers, and the circle group are used throughout this
paper. If Kis a field, K* denotes its multiplicative group. If E is
a subset of some (understood) larger set, yxr denotes its characteristic
function. A raised dot sometimes denotes the usual inner product
in Euclidean space and sometimes denotes a group law or action.
Which is intended should be clear from the context.

2. The C*-algebra of the complex “ax + b’ group. The most
obvious analogue of the group considered by Z’ep is the complex
“ax + b” group, the complex Lie group of complex affine motions
of the complex line. We realize this as the group G of matrices of

( )
0 1

with ze€C*, weC. An easy application of the “Mackey machine’
(e.g., [3, Ch. I, §10]) shows that G has (up to equivalence) the
following irreducible unitary representations: one infinite-dimensional
representation o, and a family of one-dimensional representations
parametrized by the dual of the group C*. Since C* =R X T,
(CHY =~ R x Z, and one sees that the group C*-algebra of G satisfies
an exact sequence
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0— 2% —C*(G)— C.(R X Z)—> 0,

where %" denotes the C*-algebra of compact operators on an infinite-
dimentional separable Hilbert space and, for a locally compact space
Y, C.(Y) denotes the C*-algebra of continuous complex-valued
functions on Y vanishing at infinity. As in the case of the group
considered by Z’ep, it is convenient to find not C*(G) but C*(G),
the corresponding algebra with identity adjoined. Since the one-point
compactification of R X Z is homeomorphic to the “Hawaiian necklace”
space

X={¢eC:|z—2"=2" for some n=1,2,---},
we have an exact sequence
(1) 0 — 5 — CH(G)~ — C(X) — 0 .

An explicit calculation of functions of positive type associated with
o eagily shows that ¢ weakly contains every one-dimensional
representation of G. (Alternatively, one can note that o, being
quasi-equivalent to the regular representation of G, is faithful on
C*(G) since G is amenable [11, Proposition 18.3.9].) Hence C*(G)~
can be realized as a subalgebra, containing 1 and the compact
operators, of £ (257), for some separable Hilbert space 57, and so
(1) is an extension in the sense of Brown, Douglas, and Fillmore
[8]. By [8] or [2], the equivalence class of this extension is
characterized by an element of Hom (7(X), Z) given by the Fredholm
index. As Hom (z'(X), Z) is evidently the product of countably
many copies of Z, one for each generator of 7' (X), the equivalence
class of the extension (1) may be given by a sequence of integers,
namely, the Fredholm indices of the images under ¢ of a sequence
of elements of C*(G)~ mapping to generators of 7Y(X) in C(X, T)C
C(X). (So far, everything is as for the group considered by Z’ep
except for the number of generators of #n'(X).) These integers thus
determine the C*-algebra C*(G)~ up to isomorphism. In fact, since
the choice of orientation of the cohomotopy generators is arbitrary,
only the absolute values of these integers are needed to determine
this isomorphism class.

To perform the necessary calculations, we view G (as a manifold)
as R* x T x C, where R?* is the multiplicative group of positive
real numbers. The group operation is then (r,t, w)-(v', ', w') =
(rr', tt', w + rtw'), and left Haar measure on G is the same as the
product of the Haar measures on R¥, T, and C. We normalize these
measures to be dx/x on R*, df/2x on T, and usual Lebesgue measure
on C. The one-dimensional representations of G are U,; n€Z,
N e R, where U, ,(r, t, w) = r**". The infinite-dimensional representa-
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tion ¢ may be realized on L*C*), the action being given by
(o(r, t, w)f)(z) = exp (¢ Re wz)f(rtz).

For me Z, let @,(r, t, w) = —/T)Y1,/(7)Yp(w)r~'t™™, where D is
the closed unit disk. Then @,, € L'(G), which we view as a subalgebra
of C*(G). Let ¢, = @, +1€C*(G)~. Then

Un,l(@m) = 1 - 2 Srtn_mdt Sm ’I"il"'-l(dr/r)
_ { 1 if n#m,
G+ DG —1) if n=m.
Since M (in + 1)/(an — 1) is a mapping of R U {c} onto the unit
circle with winding number 1, the (%, \)— U, (®.) may be viewed

as generators of #'(X) and it suffices to compute the Fredholm
indices of the o(%,,).

ProrosiTION 1. With the above mnotation, o(P,) has Fredholm
wndex —1 for all m. Thus the equivalence class of the extension (1)
is given by the invariants ---, —1, —1, ---. (Of course, we would
get +1’s if we reversed the orientations of the generators of 7'(X).)
These invariants also determine the isomorphism class of C*(G).

Proof. Let feL¥C*), and write f(rt) = g(r,t) (r >0, |t| = 1).
Then

(o(Pn)g)(r", )
= —(2/7) SS ; ST r exp (1 Re wr't)g(ry’, tt")r ¢t "drditdzdy ,

where w = x + 14y. Changing variables in the integrand, this
becomes

— @[Ty () S r g(r, tyr—drt-"dt SS exp (i Re w)dady .

lw|=r

The integral over w can be computed in terms of Bessel functions
by changing to polar coordinates and using standard formulas; thus

(@@, ) = —47.6)e)" | | gtr, tyr-sart .
First, we calculate the kernel of o(®,). If o(#,)f =0, then
o', ¢) = 4ey g ) | | gtr, op-edremat,

so that g is (equal a.e. to a function) of the form g(r, ¢t) = t"h(r),
where & satisfies the integral equation
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wr) = 47,0 | wo)odo .

Hence A(r)/J(r) is differentiable with derivative —4hn(r)r=2 If h is
not identically zero, then near » = 0 (so that J,(r) ~ r/2), we have

(L))~ -

and 2(r) behaves like a multiple of »7!, which is impossible since we
must have h € L¥(R?%, dr/r). So o(®,) has trivial kernel.

One easily computes, using the Fubini theorem, that the adjoint
of o(p,) is given by the integral operator on L*C*) with

ey a)r, 1) = =4t~ | "ot 0 ( S ey mar

As before, o(%,)*f = 0 if and only if ¢ is (equal a.e. to a function)
of the form g(r, t) = ¢"k(r), where k satisfies the integral equation

rh(r) = 4 S:k(r')Jl(r')i;f .

This equation has a one-dimensional family of solutions in L3R, d»/r),
as may be seen by solving the associated differential equation

d N Ji(1)
<?17>(m(7 ) = ai(r2

Near » =0, J(v)/r ~ 1/2, so that if k is a solution, (d/dr)(vk{+)) ~
2k(r) and k(r) = O(r). However, J,(r) tends to 0 as » — oo, so that
for any solution %, k(r) = O(1/r) for r large. Thus the solutions of the
differential equation are in L?, and since they tend to 0 as »—0,
they also satisfy the integral equation. This proves that ¢(®,) has
index —1, as asserted.

This completes the calculation of the isomorphism class of C*(G)™.
Now for a general C*-algebra A, knowing A~ does not determine A
up to isomorphism—for instance, there exist nonhomeomorphic locally
compact spaces having homeomorphic one-point compactifications. But
in our specific situation, C*(G) is clearly the inverse image in C*(G)~,
under the map of (1), of the functions in C(X) vanishing at the
point at infinity adjoined to R x Z, and thus C*(G) is determined
when the equivalence class of (1) is known.

3. The C*-algebras of “ax + b’ groups over nonarchimedean
fields. The method of the last section may also be applied to the
group G of matrices of the form
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a b

(0 1) ’
with ¢ € K*,b e K, K a nondiscrete totally disconnected locally compact
field. For basic information about such fields, we refer the reader
to [14, pp. 123-130] — the p-adic fields Q,, » a prime, are prototypical
examples. We may write K* =~ Z X H, where H is the multiplica-
tive group of elements of K of absolute value 1, a compact abelian

group. Thus (K*)" = T X H, where H is countably infinite and
discrete. As before, we have an exact sequence

0 — % — C*(G) —> C(T x H)— 0
and an extension
(14) 00— % —C*G) — C(X)— 0,

except that now X, the one-point compactification of 7 Xx H, is
homeomorphic to {zxeC:2 =0 or |z| =2 for some n =1,2, ---}.

Let & be the ring of integers in K (a discrete valuation ring)
and choose we ” such that (z) is the valuation ideal in 7. We
fix an additive character « of K such that + is trivial on < but
not on ()™*; then the map a — +,, where ,(b) = +(ab), is a topological
isomorphism of K onto K. Identifying G as a set with Z x H x K,
Haar measure on G is the product of counting measure on Z and
Haar meagures on H and K. We normalize these measures so that
sz dh = L dik=1. As in §1, G has one infinite-dimensional irreduci-
ble representation o on LAK*), given by (o(n, k, b)f)(c) = v (be)f(z"he),
where cc K*, be K, neZ, heH. The one-dimensional representa-
tions of G are of the form U, (n, h, b) = t"\(h), where ne Z, he H,
bekK, teT, and ne H.

For v e H, let @/(n, h, b) = T(1) 1 DN0(n) — d,(n)), Where 6, = Y (m-
Then @,¢ LY(G), which we view as a subalgebra of C*(G), and as
before we define @, = 1 + @, e C*(G)~. For te T, ne H, we have

Uil = | 50nman | z-®)db(,(m) - o, m)er

B 0 if v#Nn

Cle—=1 if v=2»
by orthogonality of characters of H and normalization of Haar
measures. Hence U, ($,) =1 if v # 2\, t if ¥ =\, and the (¢, \)—

U, .(®,) represent generators of 7'(X). As in the last section, it is
enough to compute the Fredholm indices of the o(%;).

PROPOSITION 2. o(%,) has Fredholm index 1 for all v. Thus
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the equivalence class of the extemsion (1A) is given by the invariants

cee, 1,1, -4, and these also determine the isomorphism class of
CH(@).

Proof. First, note that by choice of ++ and our normalization of
Haar measures, for heH, S Y(z"hb)db =1 if n =0, 0 otherwise.
o
Identify K* with Z x H and let fe L{K*). Then,

(@@, @) = 5| | F010)0.0m) - o6m)yp(ow ) fin -+ m, )b
= Lo P@) || W0+ 1, Wik — | 500f0, W)dh ]

Suppose f € ker (6(%,)). Then f(n, x) = —(o(®,)f)n, ) a.e., and
f is (equal a.e. to a function) of the form f(n, x) = Y(x)g(n), where
g satisfies the difference equation

9(n) = —Yu=(n)(g(n + 1) — g(n)) .

This implies that g(n) = 0 for n < 0, and that for n = 0, g(n + 1) = 0.
However, g(0) is arbitrary, so ker (¢(®;)) is one-dimensional, spanned
by the function f(n, x) = Y(x)dy(n).

The adjoint of o(®;) is computed by the Fubini theorem to be
given by the operator on L*K*) with

(O(@)*F) (1, h) = Lps,n(0)7(R) SH fn — 1, 2)¥(@)de
- X[om)(%)“/(h)SHf(n, F()dz .

If we suppose that f e ker (6($,)*), then f(n, b)) = —(a(®,)*f)(», k) a.e.,
and f is (equal a.e. to a function) of the form f(n, h) = Y(h)p(n),
where p satisfies the difference equation

(1) = Yo (m)p(n) — Ye1(n)p(n — 1) .

This implies that p(n) =0 for n < 0 and that ¥ .(n)p{n —1)=0
for » = 0, which forces »p = 0. So ¢(%,)* has trivial kernel and o(%;)
has index 1. Exactly as in §2, this information determines the
isomorphism class of C*(G).

4. The C*-algebras of a family of solvable Lie groups. In
this section we consider the C*-algebra of a simply connected solvable
group G which is a semidirect product of R and R™ (m any positive
integer), where R acts on R™ with m roots «,, ---, «,, all of which
have nonzero real parts of the same sign. When m =1, G is the
“proper ax + b group.” In general, we may identify G as a manifold
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with R™!, and left Haar measure on G is Lebesgue measure. When
the action of R on R™ is diagonal, the group operation is given by
the formula

(xw Lgy vy xm+1)(y1, Yy *°*y ym+1)
= (¥, + ¥, eXP (A1) ***y Ty + Y €XD (Xpir)y Tonis + Yt »

where (with slight abuse of notation) «,, ---, &, are now positive
real numbers.

Since G is a semidirect product group with abelian normal sub-
group R™, the C*-algebra of G is the same as that of the topological
transformation group (R, R™) [12, §3], where the group R acts on the
space R™ =~ (R™)" by the action dual to that given by the roots «,.
Since the a’s all have real parts of the same sign, the orbits of R
on R™ are just {0} (a one-point orbit) and curves (on which R acts
freely) which are topologically equivalent to rays emanating from 0.
(See Figs. 1la and 1b.) It is clear that the topological conjugacy
class of the transformation group does not depend on the «’s, hence
all groups of the same dimension in the class we are considering
have isomorphic group C*-algebras. We therefore may (and do)
assume that the a’s are all real-valued and equal, so that multiplica-

1a 1b
1c 1d

FIGURE 1. Orbit structures of R acting on R? for various semidirect products.
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tion in G is given by the formula in the last paragraph with a, =
- =a, =1. G has one-dimensional representations U, of the form
(@, Xy =y Tpyy) — €XP (4NL,4,), M€ R, and infinite-dimensional irreduci-
ble representations parameterized by (R™ — {0})/R = S™'. (In the
case m =1, S™* is a two-point set; as is well known, the proper
ax + b group has exactly two inequivalent infinite-dimensional
irreducible representations.)
Next, we claim that the group C*-algebra of G satisfies an exact
sequence

(2) 0 — (8™, %) —> C*(G) — C.(R) —— 0 .

Here C(S™™', >¢") denotes the C*-algebra of norm-continuous functions
from S™' into 227 To check this, we note that C.(R) is certainly
the quotient of C*(G) by some ideal I. I is liminary, since it is
clear that no infinite-dimensional irreducible representation of G is
weakly contained in another such representation associated with a
different orbit in R™. We need only confirm that I = C(S™*, 5%¥").

For this we need formulas for the infinite-dimensional irreducible
representations of G. Let {eS™!, and identify { as usual with a
unit veetor (¢, ---,¢,) in R™ Then { defines a character z—
exp (t€-x) of R™ which when induced up to G is an irreducible
representation @, of G. This representation may be realized on
&7 = L*R), the action being

(7'5::(901, Lgy =2y wm+1)f)(s) = exp (iC'(e_sxl’ ] e_sxm))f(s - xm+1) ’

for fe 2Z. For g e LY(G), we view ¢ as an L' function on the vector
space R™"' and compute its Fourier transform § (in all m + 1 vari-
ables) as usual. We also let § denote the partial Fourier transform
of ¢ in the first m variables. Then we have (with fe 5#)

Uz(g) = g(Ov - 0, )")

and
(3) @ (@NE) = | fs = Dy -+, ¢ *Cy )

PropoSITION 3. With wnotation as above, the map at— pa),
where (a)l) = wa), is an embedding of C*(G) into C(S™', L (57)).

Proof. The first step is to show that for aeC*(@), (a) is a
norm-countinuous function from S™* to (5%), i.e., that u(C*(G)) =
C(S™, £(5#)). Let =2(G) be the convolution algebra of C* func-
tions on G with compact support. Since we may view (@) as
a dense subalgebra of C*(G), it is enough to prove continuity of



184 J. ROSENBERG

- 7(g) for ge 2(G). Let feoA ge 2(G), and C, £e€S™'. We
have, by (3),

o) = w11t = | | D)) — @) ds
= | {rotgee, s ol s = 2)

- g’(e—sgu ce, €%, 8 — x)]dx 2d$

= S [lf Hig |G(e™*¢, s — ) — J(e°¢, s — x) [Pdads
(by Holder)

=171 {[ 13ec, @) — ge e, @) dads
=171\ |18t @) — s, @) dzdyj

where for convenience we write § as a function on R™ X R. Now
g is of compact support in its second argument, so we may take the
integral in x over an interval [—R, R] (R >0). Also § is real
analytic in its first argument, so we can choose C > 0 such that

|, x) — 30, )] = Clln — 0|l for all 7 6cR", xcR.

Fixing ¢ > 0, we can take R large enough so that
S WSR |g(y7, ©) P dedy/y < ¢/4 for all npeS ™,
R J—R

and then

R (R
Izde) 7l s e+ | |" Cullc—elpddy = ¢ + CRC = &1
Thus [[7(9) — w9)|| —0 as |[{ —&[—0, and {+~7(9) is norm-
continuous.

It remains only to show that g is injective. But this can be
proved in the same way we showed in §1 that (1) is an extension
in the sense of [8], for it is easy to compute from (3) that U; is
weakly contained in 7, for all Ane R and {eS™".

COROLLARY. I = C(S™, 2¢7), and (as claimed earlier) (2) is an
eract sequence.

Proof. From the proposition, p#(I) < C(S™, & (5#)), and since
I is liminary, it follows that g(I) < C(S™?, 2¢7), where %% is
identified with the algebra of compact operators on 52 By Proposi-
tion 4.2.5 and Lemma 10.5.3 of [11], which together amount to a
sort of Stone-Weierstrass theorem for certain liminary C*-algebras,
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pu() = C(S™™, 2¢7). And again by the proposition, g is injective.
Hence, ¢ implements an isomorphism of I onto C(S™™', 9¢").

To determine the structure of C*(G), it is again convenient to
adjoin an identity element and consider in place of (2) the exact
sequence

(4) 0— C(8S", ) — C*(G)— C(S")— 0,

valid since S' is the one-point compactification of R. This time the
theory of Brown, Douglas and Fillmore does not apply direectly.
However, we may still view (4) as an extension of C*-algebras and
consider its equivalence class in the sense of [9]. By [9, Theorem
4.3], this is uniquely determined by the associated map 7v: C(S')—
O(C(S™™, 2¢7)), where O(A) = M(A)/A denotes the outer multiplier
algebra of a C*-algebra A. (M(A) is the multiplier or double
centralizer algebra of A4.) By [1, Corollaries 3.4 and 3.5],
M(C(S™, 2¢7)) is just the algebra C,_.(S™', & (5#)) of functions
S™ ™ — L () (57 a separable Hilbert space, which we take equal
to L*R)) continuous for the strong-*topology.

ProposiTION 4. (a) The natural map p: C*(G)~— M(C(S™™, 27)) =
Co (8™, LA (57)) actually takes its wvalues im the subalgedra
C(S™, L (7)) of morm-continuous functions, so that Y may be
viewed as a map

C(8) — C(S"™, A (NS, Z7) = C(S", L))

(b) Moreover, the image of ¥ consists of constant functions S™*—
F(2F)]2%; so that ¥ may be viewed as o map C(S') — L(2F)]2%.

Proof. Part (a) is essentially a restatement of Proposition 3,
since it is clear that the restriction of the map g to C*(G) is just
the map of that proposition. To prove (b), we note first that C(S?)
is generated as a C*-algebra by the function z (identifying S' with
the unit circle in the complex plane). So it is enough to find an
element a € C*(G)~ such that the image of @ modulo I = C(S™, %)
is the function in 2, and such that g(e) is a constant function. As
in §§2 and 3 above, we construct a¢ as 1 + g, where g e LYG).

Let & be a function in L'(R™) whose Fourier transform I has the
properties that A(x) depends only on ||x]|| and ﬁ(O) = 1 (for instance,
a Gaussian function will do), and let

9@y <oy Bpi) = —20(3y, <00y Tp) 10,00 (T )T

Then g€ L'(G) and
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m@)=-a§jamumf-nﬂmﬁmf-um

2
(in—1) "

so that if a =1+ geC*@)~, U(a) = (in + 1)/(an — 1), which as a
function of A maps R U {c} onto T with winding number 1. Hence
(using suitable coordinates on S') @ is as desired, and we need only
calculate 7(a) for varying { € S™*'. For fe L*(R), we have, by (3),

(®LNN6) = | fls = D), -+, 6Ly 2N
(5)

1l

—22(6‘%)8:]”(8 — x)e "dx ,

which, by assumption on &, is independent of the unit vector £.
This proves (b).

Now we can determine the isomorphism class of C*(G)~ exactly.
This is a consequence of the fact that equivalence classes of exten-
sions of C*-algebras

(6) 0— C(S™, %) A C(S") 0

for which the associated maps 7 take values in the constant func-
tions S™™' — (5#°)/.2¢ are in natural bijective correspondence with
Hom (C(SY), £ (5#)] 2¢7) = Hom (C(S), O(.2¢7)), and hence with equi-
valence classes (in the sense of [9]) of extensions

(7) 0— % — B C(SH)— 0.

When 7 is injective, the short exact sequence (7) is also an extension
in the sense of [8], and the equivalence class of (7) in the sense of
Brown, Douglas and Fillmore (which is essentially its weak equi-
valence class in the sense of Busby) is given by the Fredholm index
as described previously. From this it is easy to see that the index
invariant fixes the weak equivalence class of the extension (6), and
in particular determines the isomorphism class of the C*-algebra A.
Since 7'(S') =~ Z, this invariant may be given by a single integer.
As before, the sign of this integer, which depends on the choice of

orientation of a generator of 7'(S'), does not affect the isomorphism
class of A.

ProPoSITION 5. With notation as above, w.(a) has Fredholm index
—1 for all £eS™*, and this tndex invariant determines the isomor-

vhism classes of C*(G)~ and C*(G).

Proof. By Proposition 3, we know that 7 is injective and so the
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index theory applies. Choose the function % of the proof of Proposi-
tion 4 so that e <7 (R™) and A(x) is equal to ypo.(|[2|]) except on
{fre R™1/2 < ||x|| £1}). Then m(a) is given by (5), and it is easy to
see that 7(a) is a compact perturbation of the operator T € ¥ (57)
with

(THE) = f&) = 2t0e(®) | A5 = w)e~da .

(The kernel defining the operator T — 7.(a) is square-integrable; hence
T — n(a) is Hilbert-Schmidt.) Therefore, it is enough to compute
the Fredholm index of T.

First, suppose feker T. Then

&) = 210(9) | fls — ede ace,
so f is essentially supported on [0, =) and is equal a.e. there to a
solution of the integral equation
f(s) = 2 Sm f(s — ¥)e"dw = 26 S Fw)esda .
0 0

Hence, (d/ds)(e’f(s)) = 2(¢’f(s)), e'f(s) = Ce* (C a constant), and
f(s) =C¢’, s> 0. Since feL*R), this is impossible unless C = 0.
So T has trivial kernel.

An easy computation with the Fubini theorem shows that T* is
given by the formula

(T*)6) =) — 2| fls+a)eda.

So feker T* if and only if f agrees a.e. with a solution of the
integral equations

Jz S‘” f(s + wede, s<0,

fs) =+
{2 So f(s + x)e *dx , s>0.

It is easy to see that these equations have a one-dimensional family
of solutions, spanned by the function s~ e7"*!, which is clearly in
L*R). So ker T* is one-dimensional and 7 (hence also 7,(a)) has
Fredholm index —1. 1

This completes the calculation of the isomorphism class of C*(G)~.
C*(G) is then the inverse image in C*(G)~ of the functions in C(S")
vanishing at the point at infinity o in S. Alternatively, C*(G) is
determined up to isomorphism by the weak equivalence class of the
extension (2) and hence by a certain conjugacy class of the associated
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map C.(R)— O(C(S™, 2¢7)). This map is just the restriction to
C(R) = {f € C(S"): f(=) = 0} of the map ¥ whose conjugacy class was
just determined. So the isomorphism class of C*(G@) is uniquely
determined.

5. The C*.algebras of the 3-dimensional solvable Lie groups.
In this section, we apply some of the results and methods of §4 to
the problem of determining the C*-algebras of all connected 3-dimen-
sional solvable Lie groups. Although we do not completely answer
this problem, we obtain extensive partial results.

The 3-dimensional solvable Lie algebras over R have been
tabulated (see, for instance, [4, p. 182]), and they are all isomorphic
to one of the following (no two of which are isomorphic): (g.)°, gs,.,
8 X o Gsa(@) With |@| =1, g3 and g; (@), @ =0. Here g, is the
one-dimensional abelian Lie algebra, g, is the Lie algebra of the
“ax + b” group, g,, is the Heisenberg Lie algebra, and the remaining
algebras have bases ¢, ¢, e, satisfying the relations

Got ey €] =€ + e, [e,e]=e
Go(@): [ey, 6] = €, , e, €] = e,
8.(@): [e, €] = ae, — e, ey, &] = e, + e, .

Let us denote the corresponding simply connected groups by G, x
G, xG =R, G, G, X G, etc. The C*-algebras of all abelian Lie
groups are known, and by §4 above, the C*-algebra of G, is known.
Since C*(R X G,) = C*(R) ® C*(@,) and C*(T x G,) = CHT) R C*G,)
by Proposition 7 of [16], the only cases left to consider are groups
covered by G.., G,,(@), G.; and G, (@), for varying . G, is the
Heisenberg group — as mentioned previously, the “determination” of
C*(G,,,) remains an open problem. However, we should mention that
if G is a nonsimply connected Lie group with G,, as its universal
covering group, then C*(G) is easily characterized. In this case,
the center of G is isomorphic to T and, as a topological space, G
is the disjoint union of R? and Z — {0} (a Hausdorff space). It is
easily checked that C*(@) is a C*-algebra with continuous trace, and
since HY(G", Z) = 0, C*(G) is the C*-algebra defined by a continuous
field of Hilbert spaces (one-dimensional ones over R? infinite-dimen-
sional separable ones over Z — {0}) over G [11, Théoréme 10.9.3].
This field is obviously trivial over R? and over the discrete space
Z — {0}, so that C*(G) = C.(RY) x C(Z — {0}, 2£).

Of the remaining simply connected groups, only one has non-
trivial center (and so covers nonsimply connected groups), namely,
G, (0). This group, better recognized as Ej;, the universal covering
group of the group FE, of Euclidean motions of the plane, is also
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the only nonnilpotent 3-dimensional simply connected group of type R
(and thus with a liminary C*-algebra—see [3, Chapter V]). We
can characterize C*(E;) exactly, using results of Delaroche [10].

First, we determine the irreducible unitary representations of
G = E; by the Mackey method. G contains the vector group C as
a normal subgroup; it is the semidirect product of C and R, where
R acts on C by the formula s-z = e(s)z, where e(s) = exp (2wis). The
integers Z in R are central in G. The orbits of R on C" = C are
{0} (a one-point orbit) and a family of concentric circles. (See Fig.
le.) Over the one-point orbit, G has a family of one-dimensional
representations parameterized by R* =~ R; over each circular orbit,
G has infinite-dimensional representations parameterized by Z" =~ T,
since Z is the stability group in R of the orbit. Thus G is the
disjoint union of X = (0, ) X T and R. One may check that the
topology of G* is given as follows: let X, be the compactification
[0, 2] X T of X and define a map f from X, — X to & (R), the
space of closed subsets of R, by f(c, t) = @, f(0,t) = ¢ (t) for te T.
Then the topology of G is defined by f as in [10, Proposition II. 8].
The essential feature of this topology is that X and R have their usual
topologies and that if + is a character of Z and {z,} is a sequence
of infinite-dimensional irreducible representations of G restricting to
multiples of 4 on Z and corresponding to orbits whose diameters
tend to 0, then {r,} converges to every one-dimensional representation
of G which restricts to + on Z.

Next, we observe that C*(G) satisfies an exact sequence

(8) 0—C(X, ) — CHG) — C(R) — 0 .

Again, we check this by noting that C.(R) is certainly the quotient
of C*(G) by some ideal I, where I is liminary with I* = X. By an
explicit calculation very similar to that of §4 above, one can either
show directly that I =~ C(X, 2¢7) or else show that I has continuous
trace and apply [11, Corollaire 10.9.6].

Now, by [10, VI. 1.5], the extension (8) is “encadré,” and apply-
ing [10, VI. 8.6 and VI. 3.7], the semi-equivalence class of the ex-
tension, and hence the isomorphism class of C*(G), is determined
uniquely by the behavior of the trace function. The only invariants
needed, other than the function f defined above, are “multiplicities”
m,(s), xe X, — X, sef(x), such that if {x,} is 2 sequence in X tending
to  in X, and if ¢ C*(G)", then

Tr z,(c) — ; )m,(s) Tr s(c) .

(Here we identify elements of X and R with the corresponding
representations of C*(G).) But in this case, it is easy to see that
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the multiplicities (which must be positive integers) are all ones.
(This is a consequence of the fact that if 4 is a character of Z,
then each character of R restricting to + appears with multiplicity 1
in the decomposition of the representation of R induced by +r.) One
might note that the extension (8) is “f-split” in a sense generalizing
[10, VII. 2.1], but cannot be split in the strict sense (of [9]). To
see this, first define a map ¢: {0, o} — F (Z) by g() = @, g(0) = Z.
If (8) were a split extension, then so would be the corresponding
extension for C*(&,). By [10, IV. 1.6], this would imply that g could
be extended to a continuous map [0, o] — . (Z). But this is impos-
sible, since [0, ] is connected and Z is discrete.

Once C*(Ey) is known, it is easy to determine C*(H) for any
nonsimply connected group with universal covering group E;, E,
for instance. Such a group H can have any finite eyclic group as
its center, say, Z, = Z/nZ. Then H" consists of ¢ (Z,) U ((0, ) X
Z,) with the relative topology from G*, where Z, is identified with
a subgroup of T. C*(H) is described as an “encadré” extension as
before.

This analysis leaves only the groups G;.,(a) (la|>1), G,,; and
G, {a) (@ > 0). The cases of the G, (a) (¢ > 0), the G, (@), and G, ,
were dealt with in §4 above, and all these groups were shown to
have the same C*-algebra (up to isomorphism), which we deter-
mined explicitly. (Recall that this C*-algebra arises from various
transformation group actions of B on R®* = (R*”. Figures la and
1b illustrate the orbits of the actions corresponding to the groups
G;,(1) and G,;.) To conclude this section, we examine the C*-algebras
of the G, () with @ <0 and note that they are all mutually
isomorphic. This has one interesting consequence. A connected Lie
group is unimodular if and only if for all x in its Lie algebra,
Tr (ad ) = 0. Thus the group G..(«) is unimodular if and only if
a = —1. So we conclude that it is impossible to tell whether or not
a group is unimodular merely by looking at its group C*-algebra.
For solvable Lie groups, C*(G) is a coarse invariant, reflecting the
general root structure but not the specific values of the roots.

Of the 3-dimensional solvable groups, the G, = G..(—«a), a > 0,
appear to have the most complicated C*-algebras. The duals of
these groups are computed as before: G, is the semidirect product
of R and R? and the orbits of R on (R*)" = R? are illustrated in
Fig. 1d. By the Mackey method, G, is as a set the same as the
orbit space, except that a copy of R replaces the one-point orbit {0}.
One can check that the topology of G, is obtained from the quotient
space topology of R?*/R in the usual fashion. An explicit description
of C*(G,) seems almost hopeless; however, C*(G,) is the C*-algebra
of the transformation group (R, R?) with orbit structure as just
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described, and the topological conjugacy class of this transformation
group is independent of a. Hence the isomorphism class of C*(G.)
is independent of «a.

6. A word about C*-algebras of p-adic unipotent groups. We
conclude with some elementary remarks about C*-algebras of some
p-adic groups. Let K be a p-adic field (a nondiscrete totally discon-
nected locally compact field of characteristic zero — actually some
of this discussion applies when K is of “large enough” prime charac-
teristic), and let G be the group of K-rational points of some unipotent
algebraic group defined over K. Then, as first noticed by Moore
[20], G is a locally compact group with most of the nice properties
of nilpotent Lie groups; in particular, C*(G) is liminary and G”* is
given by the Kirillov orbit method. We wish to point out that, in
principle, C*(G@) can be determined as an inductive limit algebra.

Recall that an AF algebra (“approximately finite-dimensional”)
is an inductive limit of a sequence of finite-dimensional C*-algebras
[6]. (We do not require existence of a unit; as noted in [7], this
does not affect most of the important properties.) Then any separa-
ble C*-algebra which is a restricted product of matrix algebras,
such as the C*-algebra of a separable compact group, is AF, and
an inductive limit of a sequence of AF algebrasis AF. Most of the
properties of an AF algebra can be determined from its “diagram” [6].

Now with G as above, G is easily seen to be the union of a
sequence {H,} of compact-open subgroups H,. Then U L'(H,) is dense
in L'(G), and the C*(H,)-norm on L'(H,) coincides with the restriction
of the C*(G)-norm. So C*(G) is the inductive limit of the C*(H,),
and is therefore AF. A method for computing C*(H,) was given
in [17], and it is not hard (at least when G is a Heisenberg group)
to determine the embeddings of C*(H,) into C*(H,.,). Thus the
diagram of C*(G) is computable. We omit the details, which are
not very illuminating, and confine ourselves to one remark. Let G
be the 3-dimensional Heisenberg group over K—then by an analysis
almost identical to that for the real Heisenberg group, C*(G) contains
C.(K*, 27) as an ideal. In looking at the diagram for C*(G), one
immediately notices that C.(K*, 2¢") is a restricted product of algebras
which are crossed products of abelian profinite groups and UHF
algebras. This fact is far from obvious otherwise, but was essen-
tially observed by Takesaki [22] in a slightly different form.
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