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THE DUNFORD-PETTIS PROPERTY FOR CERTAIN
UNIFORM ALGEBRAS

F. DELBAEN

A Banach space B has the Dunford-Pettis property if
2¥(x,) > 0 whenever 2, > 0 weakly and the sequence z* tends
to zero weakly in B* (i.e. ¢(B*, B**)). Suppose now that A
is a uniform algebra on a compact space X. If ¢ is a nonzero
multiplicative linear functional on A then M, is the set of
positive representing measures of ¢. If A is such that a
singular measure which is orthogonal to A must necessarily
be zero and if all M; are weakly compact sets then the algebra
A as well as its dual have the Dunford-Pettis property.

The idea of the proof is that A* the dual of A can be decom-
posed into components for which the results of Chaumat [1] and
Cnop-Delbaen [2] can be applied. The fact that an 7, sum of Dunford-
Pettis spaces is also a Dunford-Pettis space then gives the result.
In paragraph two some conditions ensuring the weak compactness
of M; are given. These conditions are related to those used in the
definition of core and enveloping measures (see [6]).

1. Notation and preliminaries. X will be a compact space,
ACZ(X) a closed subalgebra of the space of continuous complex-
valued functions on X. The algebra A is supposed to contain the
constants and to separate the points of X. The spectrum M, is the
set of all nonzero multiplicative linear functionals on A. If ge M,
then M, is the set of all positive measures on X representing

@, l.e.
M, = {peM(X)];,e >0 and VfecA we have ¢(f) = Sfdy} .

As well known M, is a convex set, compact for the topology
o(M(X), (X)). We say that two multiplicative linear forms ¢
and 4 belong to the same Gleason part if |[¢ — || < 2 in A*, the
dual of A. It is well known that being in the same Gleason part
is an equivalence relation and hence M, = ..z 7 where /7 is the set
of all Gleason equivalence classes. For more details and any un-
explained notion on uniform algebras we refer to [6].

If FE is a Banach space then E has the Dunford-Pettis property
if ef(e,)—0 whenever ¢,—0 weakly and ef—0 weakly (i.e.
o(E*, E**)).

For more details and properties of such spaces see Grothendieck
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[4] or [5], where it is also proved that L' spaces and & (X) spaces
have the Dunford-Pettis property.

2. Weak compactness of M;. We investigate under what con-
ditions M, is weakly compact. First we remark that if + and ¢
are in the same Gleason part then there is an affine isomorphism
linking M; and My, see [6, p. 143]. It follows that M, is weakly
compact (i.e. o(M(X), M(X)*)) if and only if My is weakly compact.
Moreover if m; is dominant in M, and my is dominant in My then
m, is absolutely continuous with respect to my. (The existence of
a dominant measure in M, is given by [3, p. 307].)

LEMMA. If ¢ is an element of M, then following are equivalent

1. M, is weakly compact.

2. If u, ts a sequence of continuous functions on X such that
1=>u,=0 and u,— 0 pointwise then there s a subsequence n, and
Sfunctions v, € A such that Rev, = u,, and ¢(v;)— 0.

3. If u, is a sequence of continuous functions on X such that
1=zwu,=0 and u, — 0 pointwise then there is a subsequence w, and

functions g, € A such that |g,| < e ™ and ¢(g,) — 1.

Proof. (1)=(2) If M,is weakly compact and u, is a sequence

as in (2) then sup gu%d/x-—»O (see [4]). Hence if ¢, is a sequence
reMg

of strictly positive numbers tending to zero then 3Iv,€ A such that

Rewv, = u, and 4(v,) < sup S udpe + ¢, (see [6 p. 82]). Clearly
reMg

#(v,) — 0.

(2)=(8) Write g, = ¢* and observe that |g,| = e %" < e7n
and ¢(g,) = e ¢ — 1,

(3)= (1) If M, is not weakly compact then following [4] there
is a sequence of functions u,< & (X) and a sequence of measures
¢, €M, as well as ¢ > 0 such that

(i) 04, <1 and u, — 0 pointwise

m)ng%>&

Let now g, be as in (3) then

e—1
e

€

wmﬂggmuﬂ%éSwmw%gl—ezlvwwwgl—

and this contradicts ¢(g,) — 1.

REMARK. The conditions (2) and (3) are of course related to the
conditions of being enveloped and being a core measure. The dif-
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ference is that the sequence u, is supposed to be uniformly bounded.

COROLLARY. If A satisfies one of the following conditions then
for all e M,, M, is weakly compact.

(1) Ifl=zu,=0; u, e (X)) and u,— 0 pointwise then there
18 a subsequence m, and v,e A such that v, are uniformly bounded,
Rev, = u,, and v, —0 on X.

(2) If1zu,=0; u,c&(X) and u,— 0 pointwise then there
s o subsequence m, and g,€A such that |g,| < e and g,—1
on X.

3. The D.P. property for some uniform algebras. In the fol-
lowing theorem we say that a measure v is singular to A if for all
¢ and all #e M,, the measure v is singular with respect to z.

THEOREM. A has the Dunford-Pettis property if
(1) for all e M,, the set M, is weakly compact,
(2) tf N is orthogonal to A and N\ is singular to A then N = 0.

Proof. Of course we only have to prove that A* has the D.P.
property, since it follows from the definition that a Banach space is
a Dunford-Pettis space as soon as its dual is a Dunford-Pettis space.
We first prove the following lemma.

LEMMA. If (Es)ses 15 a family of Banach spaces all having the
D.P. property and if

(208) =B={c=(@holacBi Slal =] < |

21

then E has the D.P. property.
Proof. VB let P;: E— E; be the canonical projection.

Let ¢, € FE such that e,—0 weakly and ||e,/| =£1; eXe E* such
that ef —0 weakly and ||ef|| = 1; Pse, =e,5 Pfef =els t,s=
€n,5(€n,5)-

Only a denumerable part of the numbers ¢,, can be different
from zero so we can take B=N. We first prove that the sum
eX(e,) = D\t converges uniformly in =, i.e.

(x) for all ¢ > 0 there is N such that vn we have D>y |t.5] <e.
If this is not the case then we start a well-known procedure. Let
€ > 0 be such that (x) does not hold for this ¢, take 4, > 0 such
that 35 ,0,<¢/4. Let n,=1, N,=0, N, such that 3.y, |l€, ./ <0.

Since €y, +*+, €,,5,—0 weakly we can find 7%, such that for all
n =N, =n, we have X, |ex(e,,;)| < 0, Let now n, = 7, be such
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that sy, [t.,5] > ¢ and N, > N, such that >y, 4,5l = 0, Con-
tinuing this procedure we find two S$trictly increasing sequences
(n, N,) such that

(1) Zlﬂ>Nk”6'nkﬁH<3
(2) Vn =mn, the sum 3% | e i(e,, w8 | =0,

( 3) 25>Nk_1 l t'n.k,ﬁ I > &
Let now

X — * . . * . * . . * . * .
el QAT HEREH Twi8iws Twiri8ng, w5 * 005 VOnys g1y wgrrs *)

where 7; is such that if N,_, + 1 < 8 = N, then 7se; s(€.,.5) = [Tu, 5.
Clearly e* e E* and ||e*|| < 1. For all k=2

e*(en,) = Z. E Vﬁen, #(€a;,6)

j=1 p= N,l
+ Z [tnk,ﬁl
B=Ng—1+

+ > Vsei(enys) -
B>Ny,

So
EACRIES SR TS
Z - 30+ ﬁ;};;_lit”,,,ﬂl — 2,
> ?“12 =2,

But this contradicts e,, —0 weakly. This proves that (x) is verified
and hence lim, . Siptns = Dy limt,; = 0, since each of the E; has
the D.P. property.

REMARK. If E, =1} (i.e. the n-dimensional Hilbert space) then
E =@ E,), has the D.P. property but E* has not, because as
easily seen, the space E* has a complemented subspace isometric to
l,, this contradicts D.P. (see [4]).

Proof of the theorem. For each 7 e Il we select ¢, e m and m. € M,
dominant. By [6 p. 144] all m. are mutually singular. Select
now probability measures (m;);.; such that {m.|well} U{m,|B e B}
is a maximal farmily of mutually singular measures. (This can be
done using Zorn’s lemma.) An application of the Radon-Nikodym
theorem yields:

M(X) = F(X)* = (3, @ Li(m.),
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For each 7 define N, as the set {meL'(m.) | ¢ L A}. The abstract
F. and M. Riesz theorem [6] and hypothesis 2 give that

a=(3 @Nﬂ)ll

zell

and hence

47 = (5 @ LmyN.) (3 & Limy)
well I BeB 12
In [2] and [1] it is proved that the spaces L'(m.)/N. have the
Dunford-Pettis property. By the preceding lemma and Grothendieck’s
result that an L' space is a Dunford-Pettis space we have that A*
has the D.P. property.

REMARK. (1) If D=1{z]|z]| <1} and A is the so-called disc-
algebra i.e. A ={f|f analytic on D, continuous on D} then A
satisfies all requirements hence A and A* have the D.P. property.

(2) If K is a compact set which is finitely connected then by
Wilken’s theorem R(K) satisfies hypothesis 2 and by [6, p. 145,
paragraph 3], R(K) also satisfies hypothesis 1. Consequently R(K)
as well as R(K)* have the Dunford-Pettis property.
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