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REGULAR AND SEMISIMPLE MODULES

T. J. CHEATHAM AND J. R. SMITH

A module is regular if all its submodules are (Cohn)
pure. The family of all regular modules is closed under
products if and only if R/J(R) is a von Neumann regular
ring. If each regular R-module is semisimple then R is a
T-ring. An extra condition is needed for the converse.
Character modules and extensions of regular and semisimple
modules are investigated.

1. Introduction. Rings will be associative with identity and
modules will be (left) unitary. R will denote a ring which is not
assumed commutative unless specifically stated and J(R) will denote
the Jacobson radical of R. Fieldhouse [5] calls a module B regular
if each submodule A of B is pure in B, i.e., the inclusion 0— A— B
remains exact upon tensoring by any (right) R-module. Regular
modules have been studied under different definitions by Ware [12],
Zelmanowitz [14], and Ramamurthi and Rangaswamy [9]. A module
is semisimple if it is a sum of simple modules. For a subset A of
a module B, (0: A) will denote the left ideal {re R|rx = 0 for all
xe A}

2. Products. The class of all semisimple modules is closed
under products if and only if R/J(R) is a semisimple (Artinian) ring.
This follows from the canonical embedding R/J(R) <> IIR/M, where
the product is taken over the set of maximal left ideals M of R.

LemMMA 1. If I ts a two-sided ideal of R, then R/I is a regular
ring &f and only if R/I is a regular left (or right) R-module.

Proof. For any left R/I-module B and any right R-module C
we have canonical group isomorphisms:

C®zrB = (C/CI) ®r B = (C/CI) @/ B .
-If follows that an R/I-module is regular as an R/I-module if and

and only if it is regular as an R-module. This proves the lemma.

COROLLARY. If R is a commutative ring, an R-module B is
regular if and only +f R/(0: x) is a regular ring for each 0 + x € B.

THEOREM 1. The following statements are equivalent for a
ring R.
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(1) The family of all regular left R-modules is closed under
products.

(2) The product of any family of semisimple left R-modules
is regular.

(3) R/J(R) is a regular ring.

(4) A left R-module B is regular tf and only if J(R)-B = 0.

Proof. (1) —(2). A semisimple module is regular.

(2)—(3). Use Lemma 1 and the embedding R/J(R)<= IIR/M
where the product is taken over the set of all maximal left ideals
M of R.

(3) — (4). From Fieldhouse, [6, Theorem 2.3, pg. 194], J(R)-B=0
for all regular left R-modules B. If B is an R-module such that
J(R):B =0, then B is an R/J(R)-module. From (3), B is a regular
R/J(R)-module hence a regular R-module by the proof of Lemma 1.

4)— Q). If {B;,]iel} is a family of left R-modules such that
J(R)-B;, = 0 for each i¢I, then J(R)-(/IB;) = 0.

Thus if each B, is regular so is //B,.

We note that in the commutative case each of (1)-(4) of Theorem
1 is equivalent to:

(5) An ideal K of R is an intersection of maximal ideals of R
if and only if R/K is a regular ring.

In regard to (4) of Theorem 1 the following seems worth noting.

PROPOSITION 1. Let R be a commutative ring. FEach nonzero
regular R-module B has a maximal submodule. Moreover, J(B) = 0,
where J(B) is the radical of B.

Proof. Let 0 #xe€B. By Zorn’s lemma there is a submodule
Y of B maximal in the collection of submodules X of B such that
re¢ X. We show Y is a maximal submodule of B. The submodule
D=nN{AZ B|Y S A} of B contains x so D/Y #+ 0. D/Y is simple.
Thus D/Y is a direct summand of B/Y. (This will be shown in §3,
Corollary 5.) There is a submodule C of B such that YZ C, Cn
D=Y, and BIY=D/Y@C/Y. Since x¢Y, 2¢C so Y =C. Thus
B/Y = D/Y is simple. Also, x¢ J(B) since z¢ Y. Hence J(B) = 0.

This can be viewed as a generalization of the well-known fact:
Over a commutative regular ring each module has a maximal sub-
module.

3. Character modules. Throughout this section R will denote
a commutative ring. By the character module of an R-module F
we mean the R-module E* = Hom, (E, @/Z) where @ denotes the
field of rational numbers and Z denotes the ring of integers. The
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notion of a character module has been exploited by several authors;
for example, Lambek [8], Enochs [4], Wiirfel [13].

THEOREM 2. Let R be a commutative ring.
(1) For an R-module E, if E* is regular so is E.
(2) The converse holds if and only i©f R|J(R) is a regular ring.

Proof of (1). Let 0—C— E~— D—0 be an exact sequence of
R-modules. Then 0 — D*— E*— C*— 0 is a pure exact sequence.
Since D* is pure-injective [11, Prop. 9.2] and pure in E* (by our
assumption), 0 — D* — E* — C* — 0 is split exact. It follows that
0—C—E—D~—0 is pure [11, Prop. 9.1]. Thus E is regular.

Proof of (2). Assume R/J(R) is a regular ring. We first note
that (0: F) = (0: E*) for any R-module E. For a regular R-module
E, J(R)-E = 0 (by Proposition 1) so J(R)-E* = 0. By Theorem 1 E*
is a regular R-module. Now assume the character module of each
regular module is regular. Then (¥S)* = IIS* is regular (where
the sum is taken over one copy of each simple module S). Since
(0: S) = (0: S*), S* contains an isomorphic copy of S. Hence, we
have an embedding 77S <> IIS*. But R/J(R)<>IIS so R/J(R) is a
regular R-module and a regular ring by Lemma 1.

THEOREM 3. Let R be a commutative ring. For an R-module
E, E* is semistmple if and only if R/(0: E) is a semisimple (Artinian)
ring.

Proof. Assume R/(0: E) is a semisimple ring. Since (0: £) =
(0: E), E* is a module over R/(0: E). Hence E* is semisimple.

Conversely, assume E* is a semisimple module. We show E is
semisimple and (0: E) is an intersection of a finite number of maximal
ideals (hence R/(0: ) is a semisimple ring). By Theorem 2 FE is
regular. Let 0+ xe E, and Rx =~ R/I for some ideal I of R. R/I
is a regular ring, and the exact sequence of R-modules 0 —R/I—FE
gives an exact sequence E* — (R/I)* — 0. Hence (R/I)* is semisimple.
We must show R/I is semisimple. Thus we may reduce to the case
where R is a regular ring and R* is a semisimple R-module. We
show R is semisimple.

Let {e,|kc K} be any set of orthogonal idempotents in R. For
each ke K choose a maximal ideal M, of R such that M, = N, D
R — ¢,) where N, is a maximal ideal of Re,. There is an R-
epimorphism Re, — R/M, so an embedding (R/M,)" = (Re,)*. Also,
Y Re, & R so there is an R-epimorphism R*— IT (Re,)*. Hence
IT (Re,)* is semisimple. We have I (R/M,)" => II (Re,)™ so II (R/M,)*
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is semisimple. Now pick vy = (y.) € II(R/M,)" such that ¥, = 0 for
all k. Then (0: ) = M, for each ke K. But Ry is semisimple so
(0:y)=H,N---N H, where each H, is a maximal ideal of B. Since
0:9) <= (0:y,), I, H, < M, for each ke K. It follows that K is
finite. So R has only a finite number of orthogonal idempotents.
Thus R is semisimple as desired. We have shown: If E* is a semi-
simple R-module so is FE. Since E is semisimple (0: E) is an in-
tersection of maximal ideals of R. Clearly, R/(0: E) is a semisimple
ring if and only if (0: ) is an intersection of a finite number of
maximal ideals (equivalently, only a finite number of simples are
represented in E). Let {S,|k <€ K} be a complete set of nonisomorphic
simple submodules of E. The exact sequence 0— XS, — E yeilds
an exact sequence KE*~— IISi— 0 and hence /IS} is a semisimple
module. Now pick ¥ = (y,) € IIS; as above and proceed to show K
is finite.

COROLLARY 1. Let M, ---, M, be distince maximal ideals of a
commutative ring R and for each 1 =1,2, --+,t let V, be an R/M;-
vector space. Then (3o, V)™ is semistmple.

COROLLARY 2. If S is a stmple module over a commutative ring
R, St is semisimple and consists of copies of S.

COROLLARY 3 (Kaplansky). Ower a commutative ring R a simple
module S 1s flat 1f and only if it is injective.

Proof. Assume S is simple and flat. By Lambeck’s result [8]
S* is injective. From Corollary 2 S is injective. Assume now S is
simple and injective. From Corollary 2 we have S* is absolutely
pure. Since S is pure-injective it is injective. Lambek’s result
shows S is flat.

COROLLARY 4. Ower a commutative ring R a simple module is
pure-injective.

COROLLARY 5. Ower a commutative ring R a simple submodule
of a regular module is a direct summand.

An example of Faith [7], pg. 130 shows that Corollary 5 may
not hold for a noncommutative ring.

4. Regular implies semisimple. Over any ring R a semisimple
module is regular. It is known (see Cheatham [2] or Fieldhouse
[6]) that over a (not necessarily commutative) local ring each regular
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module is semisimple. Cheatham [2] proves that over a Noetherian
ring each regular module is semisimple. This latter result can be
weakened slightly to

ProposITION 2. If R s a ring such that all maximal left tdeals
of R are finitely generated, then each regular left R-module is
semisimple.

Proof. Let 0+« FE be a regular left R-module, and 0 # x € K.
We show Rz is semisimple. If Rx has a nonzero proper submodule
it has a maximal such submodule L. There is a maximal ideal M
of R such that Rx/L =~ R/M. We have a commutative diagram:

M= R

|

L =— Rx

where the vertical maps are given by #+— rx. Since L is pure in
Rx and M is finitely generated there exists a homomorphism f: R —
L making the top triangle (in the resulting diagram) commutative.
Let f(1) = ye L. It can be shown that R(y — x) = R/M and R(y—x) P
L = Rx. Thus each maximal submodule of Rx is a direct summand
of Rx. It follows that Rx (hence E) is semisimple.

There is much work to be done in determining which noncom-
mutative rings have all their regular modules semisimple. Before
giving our results in the commutative case we require some definitions.

A module is called torsion if each nonzero factor module has a
simple submodule. A module E is called S-primary for a simple
module S if each nonzero factor module of E has a simple submodule
isomorphic to S. Dickson [3] calls a ring R a T-ring if each torsion
module decomposes into a direct sum of its primary components.
Shores [10] calls a ring R a special ring if R is a non-Noetherian
semiprime ring whose socle is a maximal ideal.

LEMMA 3. Let R be a commutative ring, and S a simple R-
module. The S-primary component Eg of a regular module E is
semisimple and is a direct summand of E.

Proof. Let M be an ideal in R such that S = RB/M. The socle
of Es, Soc(E;), is a pure-injective R/M-module hence a pure-injective
R-module [1, pg. 29]. Thus E = Soc (E;)@ T for some submodule
T of E. But Soc(FE) is large in Eg so Es = Soc (Ej) and the lemma
is proved.
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COROLLARY. An S-primary regular module is semisimple.

Examples of regular torsion modules which are not semisimple
abound. Such an example exists over any ring which is not a T-
ring as shown by the following lemma:

LEeMMA 4. A commutative ring R is a T-ring 1f and only if
each regular torsion module is semisimple.

Proof. A torsion module over a T-ring decomposes into a sum
of its primary components. By the last corollary each primary
component of a regular torsion module is semisimple.

Conversely, if R is not a T-ring, R has a special factor ring
R/I (Shores [10]). R/I is a regular ring so a regular R-module by
Lemma 1. RB/I is also a torsion E-module but is not semisimple.

THEOREM 4. Let R denote a commutative ring. The following
statements are equivalent.
(1) Each regular R-module is semisimple.
(2) An R-module E is semisimple if and only if Ey is a
semistmple R,~module for each maximal ideal M of R.
(3) (a) R is a T-ring.
(b) Each regular R-module is torsion.

Proof. The equivalence of (1) and (2) was noted in [2]. It is
a consequence of the fact that “regular implies semisimple” over a
local ring and that (2) holds with “semisimple” replaced by “regular”.
(1)— (3a). A regular factor ring of R must be semisimple by (1).
Thus there is no special factor ring of R and R is a T-ring.

(1) — (3b). A semisimple module is torsion.

(3) — (1). This is an immediate consequence of Lemma 4.

Neither (32) nor (8b) is sufficient by itself to imply (1). Tom
Shorem has shown (unpublished) that the product of an infinite
number of fields (or an infinite number of copies of a single field)
is a T-ring. Thus (3a) does not imply (1). The subring R of [I2, F,
(where for each 4, F, = F, a field) generated by @:, F', and the unit
eof [[>. F,is not a T-ring (cf. Dickson [3]). In fact R is a special
ring. In this regard we note

PROPOSITION 3. If R s a commutative ring whose socle Soc R
is o maximal ideal of R, then each regular R-module ts torsion.

Proof. It is sufficient to show that a cyclic regular module has
a simple submodule. Let I be an ideal in R such that 0= R/I is
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a regular module. If there is a minimal ideal S of R such that
S &I then (S + I)/I is a simple submodule of R/I. Otherwise,
Soc R < I so Soc R =1I and R/I is simple.

The ring of integers would serve as a counter-example to the
converse of Proposition 3.

5. Extensions. Let 0~ A— B—C—0 be an exact sequence
of R-modules. In this section we give necessary and sufficient con-
ditions for B to be regular (semisimple) whenever A and C are
regular (semisimple).

THEOREM 5. The following statements are equivalent for a com-
mutative ring R.

(1) Each torsion R-module is semisimple.

(2) R is a T-ring and M* = M for all maximal ideals M of R.

(8) If0—-A—B—C—0 1s exact with A and C semisimple
then B 1is semisimple.

Proof. (1) — (2). Semisimple modules obviously decompose into
primary components so R is a T-ring. We have an exact sequence
of R-modules:

(*) 0 — M/M?*— R/M>*— R/M — 0.

M/M? and R/M are torsion (in fact, semisimple) so R/M*® is torsion
and hence semisimple. Thus (*) splits and R/M* is an R/M-module.
Therefore M/M*® = 0, i.e. M = M-.

2)—3). Let 0—A—B—C—0 be an exact sequence of R-
modules with 4 and C semisimple. Then B is torsion and, as R is
a T-ring, B decomposes into its primary components Bs. For each
maximal ideal M of R we have an exact sequence of primary com-
ponents 0 — Ag— By — Cy— 0 where S ~ R/M. Since Ag and Cy are
R/M-modules, By is an R/M*®*module. But M = M® so B, is semi-
simple. Thus B is semisimple.

(8)— (1) Let E be a torsion module and consider the exact
sequence

0 — Soc (E') — L,(E) — Soc (E/Soc (E)) — 0

where L(E) S E. By (3) L(FE) is semisimple so Soc (E) = L,(E).
Consequently, Soc (E/Soc (E)) = 0. But E is torsion so E/Soc(E) =0
and E = Soc (E) as desired.

THEOREM 6. The following statements are equivalent for a
commutative ring R.

(1) Each torsion R-module is regular.
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(2) M= M? for all maximal ideals M of R.

(8) If 0—-A— B—C—0 1is exact with A and C regular, then
B s regular.

(4) If I and K are ideals of R such that R/I and R/K are
regular R-modules then R/IK is a regular R-module.

Proof. (1)—(2). For a maximal ideal M of R, R/M* is a torsion
R-module. By (1) R/M*® is a regular R-module. We show M/M*= 0.
Let 0 # a €M, by the purity of M/M* in R/M* we have a(M/M?) =
a(R/IMHN(M/M?. But acM, so a(M/M?) =0. Soa+ M*ca(R/M*N
M/M* = 0, i.e., ac M

(2) — (3). Each localization R, of R at a maximal ideal M of
R satisfies (2). Clearly R, is a T-ring. An R,-module is regular
if and only if it is semisimple. Thus by Theorem 5 an extension
of a regular R,-module by a regular R,-module is regular. Consider
an exact sequence 0 — A — B—C— 0 of R-modules with A and C
regular. Localizing at a maximal ideal M we obtain an exact
sequence of R,-modules 0 — A4, — B, —C,— 0 with A, and C, re-
gular B,-modules. Thus B, is a regular R,-module for all maximal
ideals M of R. This proves B is a regular R-module.

(8)—(4). Let I and K be ideals of B such that R/I and R/K
are regular R-modules. K/IK is a (regular) R/I-module so a regular
R-module. We have an exact sequence of R-modules: 0 —K/IK —
R/IK— R/K— 0. From (3) we get R/IK is regular.

(4) —(1). Let 0+ E be a torsion R-module. We show that E
is locally a regular module. It will follow that E is a regular R-
module. We assume E is cyclic. From (4), for each maximal ideal
M of R, we have R/M?® is regular so M = M*? as in the proof of
(1)—(2). The local ring R, enjoys the same property. Thus each
torsion R,-module is semisimple (Theorem 5). The localization E,
of F at a maximal ideal M is a torsion R,-module. Therefore E,
is a regular R,~-module as required.

The authors wish to express deep appreciation to Professor Edgar
Enochs for his many helpful suggestions and to the University of
Kentucky for the use of its facilities.
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