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FREE SEMIGROUPS OF 2 X 2 MATRICES

J. L. BRENNER AND A. CHARNOW

Let A = [1, m; 0,1], B = [1,0; m, 1]. The semigroup Sm =
, By (including identity) generated by A, B is nonfree

if two formally different words (with positive exponents) are
equal; free otherwise. Theorem. Sm is free if — τr/4 5Ξ argm

Thus S m can be free when Gm = #p<A, J5> is nonf ree.
THEOREM. Values of m for which Sm is nonf ree are dense

on the line segment joining — 2i to 2i; there are nonfree
values of m arbitrarily close to m = 1.

The group Gm = gp(A, B} generated by A = (J *?) and B =
/I 0\ ^ '
ί l j *s ^ r e e ^ m *s transcendental [6], if m = 2 [13] if |m| ^ 2
[2], and if m satisfies none of the three inequalities | m |2 < 2, | m2 — 21 <
2, |m2 + 21 < 2 [5]. Further results appear in [1, 3, 7, 8, 9, 10, 11,
12]. A diagonal similarity transformation carries A to C = [1, 2; 0,1]
and ΰ to D = [1, 0; λ, 1], λ = m2/2. Most of the known results are
summarized in the diagram given in [8, p. 1392], which is drawn
in the λ plane. A value of λ is "free" if gp(C, D) is free. The
nonfree values of λ are dense in |λ | < 1/2 [5]. The semigroup Sm =
sgp(A, B) (including identity) generated by A, B is nonfree if two
formally different words W19 W2 (with positive exponents) are equal,
or if Wx = /; free otherwise. In conversation, S. Stein and D. Hickerson
asked whether Sm can be free when Gm is nonfree. Theorems 2.4-2.6
give an affirmative answer to this question (take m = 1). For
orientation, two trivial lemmas are worth stating.

1.1. LEMMA. // Sm is nonfree, then Gm is nonfree.

1.2. LEMMA. If Gm is free then Sm is free.

Let Hλ (Kλ) be the group (semigroup) generated by C and D.
Then we have:

1.3. LEMMA. Hλ {Kλ) is free if and only if Gm (Sm) is free.

As noted in [8, p. 1391] we also have:

1.4. LEMMA. Hλ is free if and only if H_λ is free.

However it will be seen that it is possible for Kλ to be free
while K-χ is not free.

57



58 J. L. BRENNER AND A. CHARNOW

1.5. PROBLEM. Let |λ | < 1/2. Is it true that Kλ is free when-
ever K_λ is free?

1.6. PROBLEM. If Gm is not free, is it generated by elements
E and F such that sgp(E, F) is not free?

1.7. LEMMA. Let λ = m2/2. Then K_λ is free if and only if
sgp <[1, m; 0, 1], [1, 0; - m , 1]> is free.

Proof. Conjugate by [2, 0; 0, m].

In §2 it is shown that if Reλ ̂  1/2, Kλ is free. This is a best
possible result in the sense that (as shown in §3) λ = 1/2 is a limit
of nonfree values.

In §4 it is shown that nonfree values of λ are dense on [—2, 0].
Probably they are also dense on [0, 1/2]; some results to support this
conjecture are given. It is also shown that there exists a value of
λ in [—2, 0] for which Kλ is not free, but is torsion free.

Section 5 applies the methods of the preceding sections to the
group Hλ. It is shown that, in some respects, the methods are more
powerful than those previously used. The extensive machine calcula-
tions in [3] are simplified.

In §6 it is shown that Sm is almost always free if m is a root
of unity.

2 Free regions* In this section R(z) and I(z) denote the real
and imaginary parts of the complex number z in the extended complex
plane. Also, if U = [α, 6; c, d], det U = 1, then we denote by U(z)
the complex number (az + b)(cz + d)"1. Clearly if V is another
such matrix then (UV)(z) = U(V(z)). As usual a word in sgp(A, B)
means either the identity or AXlBX2 or BX*AX* where all ex-
ponents are positive.

2.1. LEMMA, (a) If R{z) > 2 then [z'1 - 1/41 < 1/4.
(b) // \z - 1/41 > 1/4 and R{z) > 0 then 0 < R^z'1) < 2.

Proof, (a) The map T(z) = z'1 carries the line R(z) = 2 onto
the circle | w — 1/41 = 1/4. Since Γ(4) = 1/4, T must carry the region
R{z) > 2 onto the interior of the circle \w — 1/41 = 1/4.

(b) The map T{z) — z~ι carries the circle | z — 1/41 = 1/4 onto
the line R{w) = 2. Since Γ(l) = 1, T must map the exterior of the
circle onto the region R(w) < 2. Clearly R(z) > 0 implies R(T(z)) > 0.
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2.2. LEMMA. Let |λ| ^ 1/2, R(x) ^ 0, R{z) > 2, C = [1, 0; λ, 1].

0 < R{C\z)) < 2 /o?* e^eπ/ positive integer n.

Proof. Let z' = z'1 + nX. Then C*(z) = 1/z' By 2.1a we have
| ί " ' - l / 4 | < l / 4 . Hence

Now jβ(s')

2 4 4

-1) > 0. Hence by 2.1b

0 < R{ljz') < 2

2.3. LEMMA. Let

R(u) = 1, Σ = { 2}, J = {w\0 < R{wu) < 2}

Let |λ| ^ 1/2, R(X) ^ 0, A = [1, 2; 0, 1],
and m be any positive integers. Then:

(a) w eΣ implies Bn(w) e A
(b) weΔ implies An(w) eΣ
(c) AnBm(l) e Σ
(d) BM (l)eJ.

= [1, 0; Xu, 1]. Let n

Proo/. Let ?7 = [u, 0; 0, 1], C = [1, 0; λ, 1]. Then JS = JJ
(a) Let weΣ,z=wu. Now J3*(w) = U-1CnU(w)^=u~1Cn(z). Hence

R(uB\w)) - i2(C*(z)) .

But by 2.2 we have 0 < R(Cn(z)) < 2. Thus B\w) e A.
(b) Let l ϋ e i Then 0 < R(wu) < 2.

Now

R(uAn(w)) = 2n ^ 2

Thus A\w) e Σ.
(c) We have uAnBm(l) = (λm + ^~ 1 )" 1 + 2^^ Now R(2nu) =

2n ^ 2. Also R(Xm + t^"1) = R(Xm) + .BC^"1) > 0, since R(Xm) ^ 0
and R(u~ι) > 0. Thus iί(^AwjBw(l)) > 2 and A%J3W(1) e Σ.

(d) i?(^Am(l)) = i2(u + 2mw) = 1 + 2m > 2. Thus A m ( l ) 6 Σ.
Hence by (a) we have BnAm(ΐ)eA.

2.4. THEOREM. Let R(X) ^ 0, | λ | ^ 1/2, R(u) = l,A = [1, 2; 0,1],

B = [1, 0; λw, 1]. 27&ew ί^β semigroup KXu generated by A and B is
free.
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Proof. Suppose W1 and W2 are different words in Ku with W1 =
W2. Let Σ and A be as in 2.3.

1. One of the words, say Wγ is the identity I. Clearly
An = I or Bn = I is impossible for any positive n. Also AnBm = /
or 1?WA" = / is impossible since An Φ B~m for positive n and m. Thus
W2 has length ^ 3. Since the relation W2 — I implies the relation
W* = /, where W2 is any cyclic permutation of W2, we may assume
that W2 starts with A and ends with B. Let JF2 = Aβ*By» A*1^1,
α< > 0, y, > 0. It follows from 2.3 that W2(l) e Σ. But W2(l) = 1 6 A,
a contradiction.

Case 2. Neither word is the identity but one of them (say WΊ)
has length 1. Let P = [0, 1; Xu/2, 0]. Then the map X-+PXP~ι is
an automorphism of KXu sending A —> JB and 2? -> A. Because of
this we may assume that WΊ = A3'1. Clearly W2 Φ Byi since A251 Φ Byι

and TF2 ̂  AVl since A2"1 = Ayi implies xx = yx. Thus W2 is of length
^ 2 . We may assume that W2 starts and ends with B, for otherwise
we could cancel and either return to Case 1 or obtain the desired
condition. Let W2 = B^A** BS^A^BS\ It follows from 2.3 that
W2(l) e A. But R(uWι(X)) =- R(u(l + 2x1)) = l + 2a?x > 2, hence TΓ l̂) 6 J ,
a contradiction.

Case 3. Each word is of length ^ 2 . We may assume that Wx

and W2 do not start with the same letter or end with the same
letter, for otherwise we could cancel it. We consider two cases.

3.1. One word (say Wx) starts with B and ends with A. Then
W, = Bx«Ay» ••• BΛίAVί and W2 = Ar*B'» ••• A r i5S l. From 2.3 we
conclude that W^ΐ) e A and W2(l) 6 J , a contradiction.

3.2. One word (say WJ starts with B and ends with B. Then
W, = Bx*Ayn BXlAVίBXΰ and W2 = Ar*Bs* ArίB8ίAr°. From 2.3 we
conclude that W^tyeA, W2(ϊ)eΣ, a contradiction.

2.5. THEOREM. 1/ R(X) < 0 αwd |/(λ)| ^ 1/2 ίfeew iΓ; is free.

Analytic proof. Clearly one of the tangent lines drawn from
X = x + 2/i to the circle | s | = 1/2 intersects the circle in a point (c, cZ)
with c ̂ > 0. Set λ' = c + <Zi. First assume c Φ 0. Let b = (y — d)e~\
u^l-h bi. The condition on the tangent line yields (# — d)(x — c)"1dc~1

= —1. Hence

x = c 2 - d ( 6 c + d ) ] ^ - 1 = c-bd.
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Thus u\r = c — bd + (be + d)i = x + yi = λ. By 2.4 we have Kλ = 2ζ,j/
is free. If c = 0 then d = ±l/VYf y = d. Let % = 1 - αd"^. Then
λ = iA/ and iζi = KuV is free by 2.4.

Geometric proof. Let λ' lie on the semicircumference |λ' | = 1/2,
jB(λ') ^ 0. If R(u) = 1, the locus λ = wλ' is the line through λ' and
perpendicular to the radius drawn from 0 to λ. As λ' varies, λ
sweeps out all of the region {λ|iϋ(λ) < 0, J(λ) ^ 1/2} (and more).

2.6. THEOREM. Let

P = (|(1/T-4), i ) , « = (!<•¥-4), - 1 ) .

TTtew iΓ;. is free if λ is m the (closed) exterior of the bullet-shaped
region illustrated.

Proo/. By 2.4 we have R(X) ̂  0, | λ | ^ 1/2 implies that Kλ is free
and by 2.5 we have R(X) < 0, |/(λ)| ^ 1/2 implies Kλ is free. By [8,
Theorem 3, p. 1390], the group Hλ (and hence the semigroup Kλ)
is free if λ is not in the interior of the convex hull of {z \ \ z \ = 1} U
{2, —2}. But the tangent lines drawn from ( — 2, 0) to \z\ — 1 intersect
y = 1/2 and y = —1/2 in P and Q respectively.

3* Some nonfree semigroups. In this and all remaining sections
let A, B, C, D be as in § 1.

It is known [3, 8] that there are some values of m for which
gp(A, B} is not free; the value m = 1 has been known for long time.
To obtain values of m for which Sm = sgp(A, B) is not free requires
methods attuned to this special problem.

3.01. DEFINITION. A relation wt(A, B) = w2(A, B) between 2 words
in Sm is reduced if no cancellation is possible. The degree of a
reduced relation is the greater of the lengths of the words wlf w2.
(The degree of a reducible relation is defined by first reducing it to
an equivalent reduced relation.)
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Thus

AB2A = B*A5B*

ABAB2AB2 = AB*A5B4

both have degree 3.
The following assertions have transparent proofs.

3.02. LEMMA. If m Φ 0, there is no relation of degree 1 or 2 in

sm.
3.03. LEMMA. If a relation has degree 3, it can be written

AxByAz = BrAsBι ,

with x, y, z, r, s, t all positive.

The next theorem gives a complete account of the values of
m Φ 0 for which Sm admits a relation of degree 3.

3.04. THEOREM. Let Sm admit a relation of degree 3:

AxByAz = BrAsBl .

Then

(3.05) m2 = x'Xr-1 - y~ι) - t(rxy)~ι .

Furthermore if r, x, y, t are arbitrary positive integers such that
s = xyt'1 and z = xrt"1 are integers, then for m2 given by (3.05) the
stated relation of degree 3 holds.

Note that both positive and negative values of m2 arise, and
that — 2 < m2 < 1. These bounds are exact. In fact, if t = x = r = 1,
and y -> oo then m2 —> 1. Also, if α? = /̂ = 1, t = r —> oo, lim m2 = —2.

Proof of 3.04. Calculation shows that the relation

AxByAz = ErAsjB*

holds if and only if (3.06)-(3.09) all hold.

(3.06) rs = yz ,

(3.07) st = xy ,

(3.08) s = x + 2 + m2tf2/z ,

(3.09) y = r + t + m2rst .

From (3.06)-(3.07) follows rx = is. From (3.06)-(3.08) it follows that
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st = xt + rx + m2strx; this is (3.09) which is therefore redundant.
It is now apparent that the solutions of (3.06)-(3.09) can be para-
metrized by taking r, x, y arbitrary positive integers, subject to 11 xy,
t\rx, setting s = xy/t, z = rx/t and solving (3.08) for m2. But (3.05)
is a paraphrase of (3.08).

3.10. COROLLARY. The values λ=l/2, λ = — 1 are limits of non-
free values.

The relations of degree 4 are described in the next theorem.

3.11. THEOREM. Any relation of degree 4 in Sm must have the
form

(3.12) BUA*BVAZ = AqBrA*Bι ,

with u, x, y, z, q, r, s, t all positive.

Proof. A priori, the relation BUA*BVA' = AqBr would be con-
ceivable. Detailed examination of this possibility shows, however, that
such a relation is not possible unless q = 0. Similarly, the relation
BUA* = AqBrA8Bι does not arise.

There are many values of m that satisfy (3.12), but do not satisfy
(3.05).

Other nonfree values of m are given in §5.

4* Semigroups with torsion* There are values of m such that
Sm contains elements of finite order. It may be conjectured that
every value of m with this property is a pure imaginary unmber.
In fact, the pure imaginary numbers m with this property are denes
on the line segment joining —2i and 2i.

4.1. THEOREM. The nonfree values of X are dense on [—2, 0].

Recall that λ = m2/2.

Proof. Note CD = [1 + 2λ, 2; λ, 1]. This matrix has finite order
if (and only if) its trace is 2 cos kπβ for some integers k, I. But this
is easily arranged: λ = —2sin2kπ/(2l).

4.2. THEOREM. Let w = w(C, D) have length 2 or 3, and have
finite order. Then λ is real and negative.

The proof is straightforward, so is omitted.
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4.3. THEOREM. Let w = w(G, D) have length 4, and have finite
order. Then X is real and negative.

Proof. Calculation shows that

tr DuCxDyCz = 2 + 2X(xy + yz + xu + zu) + AxyzuX2 .

The condition that this is equal to 2 cos kπβ leads to a quadratic in
λ. It must be proved that the discriminant of this quadratic is
nonnegative. This fact is seen to follow from the arithmetic-geometric
mean inequality applied to the four numbers xy, yz, xu, zu.

4.4. THEOREM. Let nbe a nonzero integer. Then Sm has torsion
for the following values of m:

(1) m = i/n ( 2) m = V~2 i/n ( 3 ) m = τ / T i/n .

Proof. (1) Let U = A*Bnn == [-2, 3m mn\ 1].
Then U has order 3.
(2) Let U = A B " = [-1, m; mw2, 1].
Then U has order 4.
( 3 ) Let U = A™JB - [-2, mw2; m, 1].

Then £7 has order 3.

4.5. THEOREM. 1/ m is real then Sm is torsion free.

Proof. We may assume m > 0. If a nontrivial word W in STO

has finite order, the proper values of W are roots of unity and are
reciprocals (since det W = 1). Hence trace W = z + z < 2, since z
is a root of unity. An easy inductive argument shows, however,
that every entry of W is nonnegative, and that each diagonal entry
is at least 1. Thus trace W ̂  2, a contradiction.

In [4, p. 747] it is shown that if m is rational and not the reciprocal
of an integer then Gm (and hence Sm) is torsion free. In the same
vein we have:

4.6. THEOREM. If m — pi/q, p and q integers, p Φ 0, q Φ 0,
p Φ ± 1 , (p, q) — 1, then Gm (and hence Sm) is torsion free.

Proof. Assume Gm has a nontrivial element of finite order. Then
it has an element U of prime order π. If π — 2, then U = —I; if
π > 2, U has trace ω + ά)*"1 where #> is a primitive πth root of unity.
It is easily seen by induction that U is of the form:

u = β +
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where the /« are polynomials with integer coefficients and fx and f4

are without constant term. Thus U has trace 2 + fim2) + /4(m2) =
2 + h(m2) where h is a polynomial with integer coefficients and without
constant term.

Case 1. π = 2. Then J7 = - 7 , whence 1 + /i(m2) = — 1, that is
/x(m2) + 2 = 0. This implies that p2 | 2, a contradiction.

Case 2. 7Γ = 3. Then U has trace ω + ω2 = - 1 = 2 + &(m2), that
is ^(m2) + 3 = 0. This implies that p 2 |3, a contradiction.

Case 3. π > 3. Since U has trace α> + ωπ~γ = 2 + &(m2), ω + ω*"1

must be rational. But this contradicts the fact that the minimal
polynomial of ω over the rationale is 1 + x + x2 + + of"1.

It is possible for Sm to be torsion free but not free. When m =
2i/3, Sw is torsion free by 4.6 but is not free (see 5.1e).

5* More nonfree values of m. We now examine certain relations
of degree 4 in Sm. A computation shows that AxByAzBw = BWAZBVAX

if and only if the following condition holds:

(5.1) yz = wx + &2Λ+ w# + m2xyzw .

Thus for a given m we seek solutions of (5.1) in positive integers
x, y, z, w.

5.2. THEOREM. Let n be an integer. Then Sm is not free for the
following values of m:

(a) m = 1/n, \n\ > 1,
(b) m = 2/n, \n\ > 2,
(c) m = ijn, \n\ > 4,
(d) m = i/w, I w I ̂  1,
(e) m = 2i/n, \n\^2,
(f) m = 4i/n, \n\ ^ 4 .

Proof. Since Sw is free if and only if SLm is free, we may
assume that n is positive.

(a) If n > 2 then x = 1, z = n, w = n2 — 2n, y = (n + ΐ)w is a
solution of (5.1). If n = 2 then a? = 1, # = 6, z = 2, w = 1, is a solution
of (5.1).

(b) We may assume n is odd.

Case 1. n = 1 mod 4. Then n = 1 + 4u and w > 0. If u — 1
then w = 5 and # = 1, y = 50, 2 = 11, w = 5 is a solution of (5.1). If
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u > 1 then x = u — 1, y = nu, z — n, w — 2 + 3u is a solution of (5.1).

Case 2. n ΞΞ 3 mod 4. Then n = 3 + 4%. If w = 0 then n = 3
and α? = 1, y = 3, s = 6, w = 1 is a solution of (5.1). If w ^ 0 then
u > 0 and x = u, y = n2, z — 2u(l + u), w == w is a solution of (5.1).

(c) We may assume n is odd. It follows that either n2 == 1 mod 16
or w2

 ΞΞ 9 mod 16.

Case 1. n2 = 1 mod 16. Then a? = (w2-l)/16, y = 2w2, « = x(l + 2^2),
w = 1 is a solution of (5.1).

Case 2. w2 ΞΞ 9 mod 16. Then χ = lfw = (n2- 9)/16, 3/ = n\l + w)9

z = 2w + 1 is a solution of (5.1).

(d) # = 1, # = 1 + n, z — n, w = n is a solution of (5.1).

(e) We may assume n > 2.

C a s e 1 . w = = l m o d 3 . T h e n x = (n — l ) / 3 , y — n , z — n,w = n ( n — x)
is a solution of (5.1).

Case 2. n = 2 mod 3. Then as = (w — 2)/3, y = n, z — n, w — n(l + x)
is a solution of (5.1).

Case 3. % ΞΞ 0 mod 3. Then x = n, y = n, z = 2^/3, w = n/S is a
solution of (5.1).

(f) We may assume n is odd.

Case 1. n2 ΞΞ 1 mod 16. Then w = {n2 - 1)/16, x = 8w, y = n2w,
z = 1 is a solution of (5.1).

Case 2. w2 ΞΞ 9 mod 16. Let u = (n2 - 9)/16. Then cc = %^2, y =
2u + 1, 3 = tt + 1, w = 1 is a solution of (5.1) and the theorem is
proved.

5.2. COROLLARY. [3, Theorem 3.1, p. 243]. If b is any integer>2,
the group Gm — gp < [1, m; 0, 1], [1, 0; m, 1] > is not free whenever
m = 4/6.

Proof. Note that Gm is not free if m = 4/3 [8]; then apply 5.2(c).

(This proof supersedes an extensive computer calculation in [3].)
Finally we remark that we have not been able to prove that S3/n

is not free (\n\ > 3), although we presume that this is the case.
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5.3. THEOREM. In every neighborhood N of 1 there exists a real
number r and a sequence rn of reals such that Srn is not free and

oo rn = r.

Proof. Choose an integer y such that y>3, y e N. Set r —V\—y~~\
Now if x = 1 and w = 1, (5.1) becomes:

-1(5.4) m2 = 1 - (yz)-1 - z'1 - y

Hence if m satisfies (5.4) then Sm is not free (for any z). For each
integer n > 3 set r n = "l/l — (w /̂)"1 — W1 — iΓ1. Then Sr% is not free
and l inv^ rn = r.

6* Roots of unity* In [11, p. 69] it is conjectured that Gm is
not free if m is a primitive gth root of 1. The situation for semi-
groups is quite different.

THEOREM 6.1. If m is a primitive qth root of 1 and q Φ 3, 4
or 6 £/tβ% Sm is free.

Proof. Since any two primitive qth roots of 1 are conjugate,
it suffices to prove the theorem for any particular primitive qth root
of 1.

Case 1. Suppose q ^ 8. Let m — cos (2π/q) + i sin (2π/q). Then
X = m

2/2 = (l/2)[cos (4ττ/g) + i sin 4ττ/g]. Then |λ | = 1/2 and R(X) =
(1/2) cos (4π/ί) ^ 0 (since g ^ 8). Hence by 2.4 Kλ (and hence Sm) is
free.

Case 2. g < 8. If q = 1 or 2 then λ = m2/2 — 1/2 and again by
2.4, Kχ (and hence Sm) is free. Now suppose q = 5. Let O) = cos(2ττ/5) +
i sin (2ττ/5). Let m = a)3. Then m is a primitive 5th root of 1. Let
X = m

2/2 = ω/2. Then |λ | = 1/2, JB(λ) - (1/2)cos(2τr/5) ^ 0. Hence
by 2.4, Kλ and (hence Sm) is free. Now assume q = 7. Let <w =
cos (2ττ/7) + i sin (2π/7). Let m = ω\ Then m is a primitive 7th
root of 1. Let λ = m2/2 = ω/2. Then |λ | = 1/2, and

= (1/2) cos (2π/7) ^ 0 .

Hence Kλ is free and the proof is complete.

We note that if q = 4, m = i, so that Sw is not free by 5.2(d).
If q = 3, m = cos (2ττ/3) + i sin (2ττ/3), λ = m2/2 = (-1/4)(1 + VΎi) while
if g = 6, m' = cos (2π/6) + i sin (2τr/6), λ' - m2/2 = (-1/4)(1 - V Si).
The two values of λ are conjugate; hence Kλ = ίΓ^ and Sm = Sm,. Thus
it suffices to treat the case q = 3. We have not been able to prove
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that Sm is not free when m is a primitive cube root of 1. However,
we do have:

6.2. THEOREM. Let ω = cos (2ττ/3) + i sin (2ττ/3). T&ew ί/^ere eaisίs
α sequence zn such that lim^oo zn = a> αwd SZπ is wo£ /rβe.

Proof. A computation shows that

A*EMΛBM.Z£W = BwAzBvAuByAx

if and only if am4 + 6m2 + c = 0 where

a = xyuvzw ,

c ~ Xy + u v + zw + xv + uw + xw — zv — yu — zy .

If we let x = ί/ = 2 = 11; = 1, % = v the above condition becomes

(6.3) ^2m4 + O + l)2m2 + ^ + 2 = 0 .

Thus if m is solution of (6.3) (for any positive integer u), then Sm

is not free. Let n be an integer, n > 1. It is easily seen that

4^2(2 + n2) >(n + I) 4. Let rn = V4n2(2 + n2) - (n + I) 4. Let Λ =
r Λ i . Then l im^^ [Λ/(2^2)] = (τ/3/2)i. Choose ^ so that 0 ^ arg zn<π
and zl = [-(n + I)2 - 4n]/(2n2). Then ^ 2 4 + (n + 1)24 +_^2 + 2 = 0
and hence SZn is not free. Moreover lim^oo zl = — (1 + l/"3Ϊ)/2 = α>2.
Hence lim^oo zn = ω.

We thank the referee, R. C. Lyndon, for a careful reading of
the manuscript, and for useful suggestions.
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