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EXTENSIONS OF PRO-AFFINE ALGEBRAIC GROUPS II
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Dedicated to Gerhard Hochschild on the occasion of his 65th birthday

Introduction. We fix an algebraically closed field F' of
characteristic zero throughout. It is known that any pro-
affine algebraic group H over F' is the semidirect product
H,-H, of its unipotent radical H, and any maximal reductive
subgroup H,. This suggests, for considering extensions of
a unipotent pro-affine group U over F by H, only H, is
relevant. More precisely, one is led to ask whether, given
a homomorphism H — O(U) = Aut(U)/Inn(U) for which
Ext(H, U) is nonempty, the restriction map Ext(H, U)—
Ext(H,, U)# is bijective. The author has shown that this is
the case if U is affine. We will show that for unipotent
pro-affine U, the above restriction map is injective and that
it is surjective in the case where H = H, X H,, provided
that Ext(H, U) is nonempty. We will also obtain necessary
and sufficient conditions that Ext(H, U) be nonempty in case
both H and U are affine, U unipotent.

The first two results cited above are obtained via the case where
U = A is abelian, unipotent and pro-affine (i.e., a pro-vector group).
The main obstacle is the fact that the rational cochain groups
C"(H,, A) are not, in general, rational H,-modules unless A is affine.
This fact necessitates the technical maneuvers of the first three
sections.

In §4, we give a cohomology-free proof that the restriction
homomorphism Ext(H, A) — Ext(H,, A)” is an isomorphism when all
groups are affine, A unipotent and abelian. We also determine when
Ext(H, U) is nonempty, in terms of given homomorphism H — O(U),
when H and U are affine, U unipotent and not necessarily abelian.
The arguments of §4 where communicated to the author by Gerhard
Hochschild, and I am grateful for his allowing me to include them
here.

1. Some generalities on inverse limits. Throughout this section,
&7 is an arbitrary but fixed directed set. All inverse systems and
inverse limits have the subscript a ranging over .. & is a category
whose objects are at least groups and whose morphisms are group
homomorphisms, in which {0} is the zero object and exactness of a
sequence has the usual meaning. The same is true of the category
7, which is large enough to contain the image of the inverse limit
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functor lim: &’ — < from the category &’ = &*°" of inverse systems
<«
in & indexed by %% It is well known that lim is a left exact
<«
functor.

We call an object (4,) of &’ compact if it is possible to give
each A, a compact T, topology (not necessarily Hausdorff) in such a
way that, say, left multiplications are continuous (and hence homeo-
morphisms) and the maps A; — A, are continuous and closed when

a < B. Proposition 2.7 of [2] (the projective limit theorem) gives
the following lemma.

LemMA 1.1. Let 0—(A,) —(B,) —(C, —0 be an exact sequence in
&' with (A,) compact. Then the induced sequence 0 - A — B—C—0
of imverse limits is exact.

Proof. We must show that the map B— C is surjective. For
this, let (c,) be an element of C. For each «, let X, be the set of
all b, in B, which are sent to ¢, by the map B, — C,. Each X, is
nonempty because the maps B, — C, are surjective, and the X,’s
make an inverse system of sets. Kach X, is a coset mod 4., in B,,
and we may use any b, in X, to transport the topology of A, to
X,, the resulting topology on X, being independent of the b, chosen.
The maps X; — X, are continuous and closed when a < g8, so lim X,

is nonempty by the projective limit theorem. Any element ((b—a) of
lim X, is sent to (¢,) by the map B—C.
<«

For the remainder of the section we assume G is a group, K a
field, and & some category of locally finite semisimple K[G]-modules
which admits all submodules of its objects. We may take & to be
the category of all K[G]-modules.

Let S be a system of representatives for the isomorphism classes
of simple K[G]-modules in &, all of which are finite dimensional.
Then each object M of & is the direct sum @,.s M°, where M° is
the sum in M of all submodules which are isomorphic with s, for s
in S.

If (M,) is an object of &’ and M = lim M,, we put M = lim M;
for each s wn S. Then we have natural ;aps T M — M for(—each
s in S, and the induced map M — [, M™ is easily seen to be injective.
We view it as an identification, and then M coincides with the set of
all elements (m,) = (m2)) of I, M which have, for each @, at most
finitely many m$ not equal to 0.

We show next that each M©!is a (locally finite) semisimple K[G]-
module all of whose simple submodules are isomorphic with s. The
kernel J of the representation o: K[G] — E(s) =Endk(s) has codimension
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at most dim(#(s)) = dim(s)>. Since every element of s is annihilated
by J, the same is true of every element of M. So M™ is locally
finite, and each element of M!! generates a submodule isomorphic
with a quotient of a submodule of E(s), where E(s) has the K[G]-
module structure for which ¢g-¢ = p(g)e¢ for g in G and ¢ in E(s),
which makes o a K[G]-homomorphism. This corresponds to the action
by K[G] on the first factor of s ®Q s* = E(s), where s* = Homg(s, K).
Thus E(s) is a sum of dim(s) copies of s, and M is also a sum of
copies of s.

If N is a subset of M, we put N = Mn I, (x(N)). Clearly
N<Z Nand N=N. We call N the closure of N in M and we call
N closed in M if N = N. This does not define a topology on M
because (finite) unions of closed subsets need not be closed. However,
arbitrary intersections of closed subsets are closed and finite sums
of closed submodules (in fact subgroups) are closed.

LEMMA 1.2. If N is a closed submodule of M, there is a closed
submodule P of M with N+ P =M and NN P = (0).

Proof. Since each M™ is semisimple, we may choose a K[G]-
module complement P? to 7, (N)in M. Then P = M N [, P* satisfies
the requirements of the lemma.

LeEMMA 1.3. Let (M, — (N,) be a & ’'-morphism inducing the
map 7w M— N of inverse limits, let P be a closed subset of N and
Q =x(P). Then Q is a closed subset of M.

Proof. Let (¢°) be an element of Q. For each s in S, there is
a ¢ in @ which projects to ¢°. Now 7(q) belongs to P, hence so does
the projection of 7(q) to NU! since P is closed. This projection
coincides with 7(g®), so ¢° lies in Q. Now 7((¢%)) is in P, again because
P is closed. Thus (¢°) is in @, so @ = Q.

If (M,) is an object of &’ such that, for each «, all but at most
finitely many M: are equal to (0), we say that (M) is of finite local
type. In this case, if M = lim M,, we have that M = T, M™.

6——

LemMA 1.4. Let (M,)— (N, be a &'-morphism and suppose
that (M,) is of finite local type. Then the image of the induced
map ©: M — N of inverse limits is a closed submodule of N.

Proof. Denote n(M) by P and suppose (p°) is in P. For each
s in S, there is a p in P which projects to p°. Say n(m,) = p where
m,=(ml) € [ies M = M. Then clearly w(m:) = p°. Since M =[], M7,
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(m?) belongs to M. Now z((m?) = (p%), so (p°) is in P and P = P.

For any G-module A, let B*(G, A), Z*(G, A), and H"*(G, A) be the
usual groups of m-coboundaries, n-cocycles, and n-cohomology classes
for G in A.

LemMMA 1.5, Let (M,) be an object of ' and M = lim M,. Then
the natural map HYG, M) — lim HYG, M,) is injective.

Proof. We have a commutative diagram with exact rows

(0) —— BY(G, M) —— Z"(G, M) ——— H'(G, M) — (0)

o - |

(0) —> lim BYG, M,) — lim ZG, M,) — lim HYG, M,) .

To prove the lemma, we must show that (1) is surjective. For this
we consider the commutative diagram with exact rows

0) M¢e M BY(G, M) — (0)

l: 1: jm
(0) —— lim M¢ —— lim M, 25 lim B(G, M.)

where the superscript G denotes G-fixed part. The lemma is equiva-
lent to showing that (2) is surjective. Since each M, is semi-
simple, we have the usual decompositions M, = MS @ (M,), where
(M,); is the set of sums of elements of the form g¢g-m — m with
g in G and m in M, The inverse system (M,) respects these de-
compositions, so M = M°@ M, where My = lim (M,)s. Since the
map (M,); — B (G, M,) is an isomorphism for eaéﬂ a, the map M, —
1i£1 BYG, M,) is also an isomorphism, and the lemma is proved.

2. Injectivity of the restriction homomorphism Ext(H, A) —
Ext(H,, A) for unipotent abelian A. Throughout this and the next
section, H is a pro-affine algebraic group over F and A is a unipotent
abelian pro-affine H-group (i.e., H operates on A and the induced
map H X A— A is a polynomial map). We write A = lim 4, where

the A,’s are the restriction images of A to a coﬁnaT family of
finitely generated H-stable Hopf subalgebras of the polynomial
algebra P(A) of A.

LEMMA 2.1. The natural map H'(H, A) —lim H'(H, A,) is an
isomorphism.
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Proof. We remined the reader that, as in [1], H'(H, A) and
H'(H, A) and H'(H, A,) are built from polynomial 1-cocycles, though
our proof also applies to the 1-cohomology groups built from arbitrary
l-cocycles. We consider two commutative diagrams, both with exact
TOWS,

0)——B'(H, A) —— Z"(H, A)——— H*(H, A) —— (0)
o - |

(0) — lim B'(H, A.) — lim Z'(H, A,) 2 lim H'(H, A.)

0) —— A" A B'(H, A) ——(0)

F

(0) — lim (A,)" — lim 4, BUR lim B'(H, A.) .

To see that the map of the lemma is surjective, we must show that
(2) is surjective. To see that it is injective, we must show that (1) is
surjective, or equivalently that (3) is surjective. The surjectivity of
both (2) and (3) follows from Lemma 1.1, since each (A4,)7 (respectively
B'(H, A,) = A,/(A)") is a finite dimensional vector group and the coset
topology (in which the closed sets are the finite unions of translates
of subspaces) makes the lemma applicable. This completes the proof.

We recall that H, denotes the unipotent radical of H.

THEOREM 1. The restriction homomorphism Ext(H, A) —
Ext(H,, A) is injective.

Proof. From [4] we have an exact sequence Ext(H/H,, A”«) —
Exty (H, A)— H'H/H,, H'(H,, A)) where H'(H,, A) is built from
polynomial 1l-cocycles H, — A while H(H/H, H'(H,, A)) is buit from
arbitrary 1l-cocycles H/H, — H'(H,, A). Since H/H, is reductive and
A"« unipotent, we have that Ext(H/H,, A%+) = (0). So to show that
the kernel Exty (H, A) of the restriction homomorphism is trivial,
we must show that the map Ext, (H, A) — H'(H/H,, H'(H,, A)) is
the zero map.

For each a, we have a commutative diagram

Ext, (H, A) — H'(H[H,, H'(H,, A))

l l

Ext, (H, A,) — H'(H/H,, H(H,, A.))

and, since each A, is an affine H-group, Proposition 5.2 of [1] shows
that each Ext, (H, A,) = (0). Hence the map
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Ext, (H, A)— lim H'(H/H,, H'(H,, A.))
<«

induced by these is the zero map. This latter map is a composite
Ext, (H, A)— H'(H/H,, H'(H,, A)) — H'(H/H,, lim H(H,, A.))
— lim HY(H/H,, H(H,, A.)) .

The second map is an isomorphism by Lemma 2.1. Since each
H'(H,, A,) is a (locally finite) rational module for the reductive group
H/H,, and hence semisimple, Lemma 1.5 shows the third map is
injective. It follows that the first map is the zero map, and the
theorem is proved.

COROLLARY 1. Suppose H and U are pro-affine algebraic groups
over F', U unipotent, and a homomorphism H — O(U)=Aut(U)/Inn(U)
18 giwven so that Ext(H,, U) is nonempty. Then the restriction map
Ext(H, U) — Ext(H,, U) is injective.

Proof. Let A denote the center of U. Then Ext(H, A) operates
on Ext(H, U) and Ext(H,, A) operates on Ext(H,, U), both via the
usual Baer composition. In view of the compatability of these actions
with respect to the restriction maps given by Proposition 2.4 of [1],
the corollary follows immediately from the fact that the first action
is transitive and the second faithful. In fact, both actions are
faithful and transitive by Proposition 2.1 of [1].

3. A special case of surjectivity of the restriction homo-
morphism Ext(H, A) — Ext(H,, A)¥. We preserve all notations of
§2. Proposition 5.1 of [1] shows that in the case where A is affine,
the image of the restriction homomorphism coincides with the H-fixed
part Ext(H,, A)” of Ext(H, A). The proof proceeds by choosing a
maximal reductive subgroup H, of H and then an H,-stable comple-
ment S for B*H,, A) in Z*(H,, A). This is possible because Z*(H,, A)
is a locally finite rational module for the reductive group H,, and
hence semisimple. This ceases to be the case, in general, when A
is no longer affine. Given an extension of A by H, whose class is
H-fixed, the proof goes on to select the representative in S for the
extension, which is necessarily H,-fixed. From this H,-fixed 2-cocycle,
one can construct an extension of A by H which restricts to the
given extension. We therefore have everything that is needed to
prove the following theorem.

THEOREM 2. If A is a unipotent abelian pro-affine H-group
(over F) and H = H, X H, (i.e., H, and H, commute), then the image
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of the restriction homomorphism coincides with Ext(H,, A)”.

Proof. It suffices to obtain an H,-stable complement for B*(H, A)
in Z*(H,, A). We have that C'(H,, A) = lim C*(H,, A,) for the spaces
of polynomial 1-cochains, and each C'(H,, A:)— =A,Q P(H,) is a rational
H,-module. An element x of H, acts on f in C'(H,, A.) so that
(- f)h) = x- f(x *hx) for h in H,. Since H, and H, commute, the
inside action is trivial. Thus H, acts on A, P(H,) via the first
factor only. Each A, involves only finitely many isomorphism classes
of simple H,-modules, so the same is true of each A, ® P(H,). Thus
the C'(H,, A,)’s form an inverse system of finite local type in the
sense of §1, and Lemma 1.4 shows that the image B*H,, A) of the
boundary map C'(H,, A) — Z*(H,, A) = lim Z*(H,, A,) is a closed sub-
module. Then Lemma 1.2 guarantees The existence of the desired
complement, so the theorem is proved.

COROLLARY 2. If, with the notations and assumptions of Corol-
lary 1, we have H = H, X H,, then the image of the restriction map
Ext(H, U) — Ext(H,, U) coincides with Ext(H,, U)~”.

Proof. Again we let A denote the center of U. If ¢ and ¢&
represent elements of Ext(H,, A) and Ext(H,, U), respectively, then
as was observed in [1], we have z- (6 + &) =2-&¢ + 2-& for = in H,
where + indicates the Baer action. The corollary follows immediately
from this observation, the theorem, and the transitivity of the Baer
action.

4. A sharper treatment in the affine case. Let H and U be
affine algebraic groups over F, U unipotent, and 7: H — O(U) a
homomorphism. If there does exist an extension U — E — H inducing
7, the extension is necessarily H,-split because H, is reductive and
U unipotent. Since U is unipotent and affine, the sequence Inn(U) —
Aut(U) —O(U) is a sequence of morphisms of affine algebraic groups
over F. The H,-splitting of the above extension shows, in particular,
that the restriction of » to H, is a rational homomorphism H, —
O(U). We will now show that this necessary condition is also
sufficient in the following sense.

THEOREM 3. If H and U are affine algebraic groups over F, U
unipotent, and the restriction ' of the homomorphism 7n: H— O(U)
to a maximal reductive subgroup H, of H is a rational homomorphism
H, — O(U), then the restriction map Ext(H, U)— Ext(H,, U)* is
surjective. In particular, Ext(H, U) is nonempty if Ext(H,, U)*
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s nonempty.

Proof. Let v: Aut(U) — O(U) be the canonical map and put R =
7 '(y'(H,)). Since 7'(H,) is reductive and Inn(U) unipotent, the
extension Inn(U) — R —7'(H,) is split. So %’ lifts to a rational
homomorphism g: H, — Aut(U). Let o: H, — Aut(U) x Aut(H,) be
induced by g and conjugations on H, (within H).

Now let &:[U, E, H,]... be an extension inducing the restriction
of » to H, whose class is H-fixed. For each x in H,, the extension
x-& map is defined (as in [1]) as z-£ = [U, E, H,].,,.» Where a' =
aop(x™) and 7'(e) = xm(e)x™ for e in E. An equivalence x-& — ¢ is
a rational automorphism of E which stabilizes U, on which it induces
¢(x), and which induces conjugation by x on H,.

The set Aut’(#) of rational automorphisms of E stabilizing U is
an algebraic subgroup of the algebraic group Aut(#) and we have
the natural rational homomorphism \: Aut'(E) — Aut(U) x Aut(H,).
The assumption that the eclass of ¢ is H-fixed says precisely that
o(H,)SA(Aut(E)). The kernel P of \ is unipotent, as is most easily
seen via the isomorphism Aut(F) = Aut(L(E)), where L(E) is the
Lie algebra of E. Choosing a basis for L(F) containing one for
L(U), P operates by unipotent matrices. So we put S = A" o(H,))
and argue as above that the extension P — S — o(H,) splits, so that
o lifts to a rational homomorphism y: H, — Aut’(&). Now if E-H,
is the semidirect product with respect toy, then U—~KE-H,—H,-H,=H
is an extension inducing 7 which restricts to &, This completes the
proof.

The only serious obstacle to using the same argument in the pro-
affine case is the fact that Aut(#) need not be a (pro-affine) algebraic
group when E is a unipotent pro-affine group over F(cf. [5]). Suppose
that H, U, and » are as above except that that H and U are pro-
affine and not necessarily affine. Assume we have the necessary
condition that the restriction of » to H, is a rational homomorphism
onto the image in O(U) of an algebraic subgroup of Aut(U). Then
we obtain p: H, — Aut(U) lifting the restriction of » to H, just as
above. Let us call (the class of) an extension ¢ = [U, E, H,] strongly
H-fixed if there is an algebraic subgroup of Aut’(E) whose image
in Aut(U) x Aut(H,) contains o(H,), where ¢ is defined as above
Then, for a strongly H-fixed extension, the above argument works
with only slight modification, owing to the fact that P need not be
an algebraic subgroup of Aut(#). So the image of the restriction
map Ext(H, U) — Ext(H,, U) coincides with the set of strongly H-
fixed elements of Ext(H,, U). We do not know whether every H-
fixed element of Ext(H,, U) is strongly H-fixed. By Corollary 2, we
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see that this is the case when H = H, x H, provided Ext(H, U) is
nonempty, or equivalently provided at least one element of Ext(H,, U)
is strongly H-fixed.
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