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The ‘Mautner phenomenon’ for unitary representations
is a general assertion of the form that if x(f) is a one
parameter subgroup of a Lie group G, = a unitary
representation of G on a Hilbert space o2 = 2 (z) and v a
vector in &2 which is fixed by x(f); i.e., z(x(t))v = v, then v
must also be fixed by a generally much larger subgroup H
of G. How much larger H is than the original one
parameter group depends in a general way on how non-
commutative the group G is. Our purpose here is to establish
a very general result of this nature which we believe to be
the best possible result of this kind.

1. The ‘Mautner phenomenon’ for unitary representations is a
general assertion of the form that if «x(¢) is a one parameter sub-
group of a Lie group G, = a unitary representation of G on a
Hilbert space -z = 27 (zx) and v a vector in 27 which is fixed by
x(t); i.e., w(x(t))v = v, there v must also be fixed by a generally much
larger subgroup H of G. How much larger H is than the original
one parameter group depends in a general way on how noncommuta-
tive the group G is. Our purpose here is to establish a very general
result of this nature which we believe to be the best possible result
of this kind. The first appearance of such results was in [12] clarify-
ing earlier work in [7], and this theme has appeared in a number of
subsequent papers, notably [1], [2], [13], [14], [3], [8], [6], and [15].
The initial application of such results was to the ergodic theory of
homogeneous flows, and as can be seen from the other works cited,
these applications to ergodic theory have remained central. More
recently such results have found applications in the general area of
automorphic forms on reductive groups, and more generally the
results embodied in the general Mautner phenomenon reflect an in-
teresting and it seems significant property of unitary representations
of general Lie groups. In a subsequent papar [5] it will be shown
how to use the results here to obtain very comprehensive results
on the ergodic theory of homogeneous flows.

Let us now formulate the main result. If G is a connected Lie
group, ¢ its Lie algebra and Xeg, we shall say that X (or the
corresponding one parameter subgroup x(t) = exp (£(X)) is ad-compact
if Ad (z(¢)) acting linearly on g is contained in a compact subgroup
of the full automorphism group of g. This is clearly equivalent to
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the condition that ad (X) should be semi-simple as linear transforma-
tion of g with all eigenvalues purely imaginary. If xz(¢) is given
and if H, and H, are two connected normal subgroups of G such
that the image of «(¢) in G/H,(1 = 1, 2) is ad-compact for 7 =1, 2
then the image of x(¢) in G/(H, N H,) is easily seen to be ad-compact.
Consequently there is a unique smallest connected normal subgroup
H, of G such that the image of x(t) in G/H, is ad-compact in G/H,.
We denote by %, the corresponding ideal in g and call H,(),) the
ad-compact subgroup (ideal) of X. We shall also drop the subseript
x when it can be inferred from the context. With this terminology
the result is as follows.

THEOREM 1.1. Let Xeg, the Lie algebra of G and let H, be its
ad-compact subgroup, and let w be a unitary representation of G on
o = 27 (w). Let ve 57 be an eigenfunction for m(x(t)) i.e., w(x(t))v=
exp (int)v for some real N. Then w(h)v = v for all he H,. Indeed
more 1s true; if dn(X) is the infinitesimal generator of w(x(t)), then
the restriction of dz(X) to the orthogonal complement 57 (Hy) of
the w(Hy) fixed vectors in 52 has absolutely continuous spectrum.

We recall that a (n unbounded) self adjoint operator, such as
dn(X) restricted to some invariant subspace, has absolutely continu-
ous spectrum if the corresponding projection valued measure P(-)
defined on the Borel sets of the real line satisfies P(#) = 0 for any
Lebesgue null set E. It might happen in the theorem that all
vectors in .2Z°(z) are fixed by H, so that dz(X) on the orthogonal-
complement of the H, fixed vectors is the zero operator which has
absolutely continuous spectrum. Ocecasionally below we shall talk
about an operator having Lebesgue spectrum; this means that the
projection valued measure P associated to the operator has the
property that P(F) =0 iff E is a Lebesgue null set. It will also
simplify matters terminologically to agree also that the zero operator
on a zero dimensional space has Lebesgue spectrum.

With regard to the two statements of the theorem, let S#(x) =
V@ 57 (Hy) be the decomposition of S#°(w) into the H, invariant
vectors and its orthogonal complement S5#(H,). Then as H, is
normal, both spaces are G-invariant and in particular are dz(X) in-
variant. Let P be the projection valued measure associated with
dn(X) restricted to 27~ (H,). The first statement of the theorem
says simply that P has no point masses (i.e., eigenvectors) while the
second says in addition that P has no singular continuous part either.
Thus if one takes the view that singular continuous spectrum is
very unlikely to occur at all in this context, the second statement
of the theorem is in some sense almost the same as the first.
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The theorem puts very strict control on the spectrum of dz(X)
in 5#(Hy). However a moment’s thought will convince one that
there is really no hope of controlling the spectrum of dz(X) in the
remainder, V. In fact our theorem is best possible in that we will
show that there is a family of irreducible representation \ of G/H,
which separates points, such that d\(X) has pure point spectrum
for every . Moreover if Ad (G/H,) is closed, then one shows easily
that any irreducible representation of G/H, has this property.

We note that for semi-simple groups the main theorem above
was established in [13] with slightly different terminology. Also
our result is closely related to the Theorem 6.1 of [8] and indeed
one may deduce the first statement of our theorem in case G is a
real algebraic group from the results in [8]. In order to do this
one needs a small complement to the results in [8] which may be
useful in other contexts. This is given in the final section (§6).
The strategy in the proof of Theorem 1.1 is inspired by and in parts
follows closely the work of Dani [6]. It is pleasure to acknowledge
our debt to Dani’s work, and in particular to his idea as to how
to break apart the problem into a semi-simple one and a solvable
one. The remainder of the paper with the exception of the final
section (§6) is devoted to the proof of Theorem 1.1. The proof
proceeds by a series of reductions; some of intermediate results are
isolated as separate theorems as they have independent interest.

We would also like to thank Jon Brezin who contributed much
to our thinking by many discussions and the work in [5].

2. There are several easy observations that will be wused
throughout. First we may always assume that G is simply connected
for we just replace any given G by its universal covering group
and then lift the representation 7 back. One has to take care to
note that the ad-compact subgroup H, associated to X in G may
not project onto the corresponding subgroup H, of G, but in any
case it is clear that the image of H, is dense in H, and so the H,
fixed vectors are the same as the H, fixed vectors. Henceforth
therefore we will always assume that G is simply connected; recall
then that every normal analytic subgroup is closed.

Secondly we observe that if we know that Theorem 1.1 holds
for every irreducible representation of a given group G, it holds
for all representations. One simply decomposes a general representa-
tion as a direct integral of irreducible representations, and it is an
easy exercise to check that the validity of theorem for each integrand
implies the validity for the integral.

The third observation, contained in the lemma below, allows us
to factor out connected normal subgroups in the kernel of a given
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representation. We omit the simple proof.

LeEMMA 2.1. Let p be a surjection of the simply connected G
onto a simply connected G'. Let X be in the Lie algebra g of G and
X' = dp(X) its image tn g'; let Hy and H,. be the corresponding
ad-compact subgroups of G and G'. Then H, = p(H,).

The fourth and final initial observation is contained in the follow-
ing lemma and will be used repeatedly. We again omit the proof.

LEmMA 2.2. If A is a self adjoint operator on a Hilbert space
27 and if 275 ts family of imvariant subspaces such that Al oz .
has absolutely continuous spectrum for each «, them A|2Z has
absolutely continuous spectrum where 27 is the closed linear span
of o7. If in addition the spectrum is Lebesgue on at least one -,
1t 1s Lebesgue on 97

We now come to the proof of Theorem 1.1; of course we prove
the second statement as the first is a corollary of it. The first step
in the reduction goes back to [12] and the argument for the first
statement of this step of the proof of the theorem is well known,;
the stronger version we need appears almost as we want it in [15]
(we thank A. Katok for calling this paper to our attension) and
something very muech like it appears in [6]. For completeness we
include the straightforward argument. We shall systemically use
the following notation; for a unitary representation # of G on a
Hilbert space 2~ = 277(x), and a closed subgroup K of G, #27(K)
will be the orthogonal complement of the K-fixed vectors.

We consider the generalized eigenspaces g*(a € C) of ad (X) acting
on g where g*={Y: (ad (X)—a)"Y =0 for some n}. Since [g%, g°]Cg*"’
it follows that the subalgebra p=p, generated by the g* with Re(a)+0
is in fact an ideal. Let P be the corresponding normal subgroup.
Note that p is the smallest ideal of g such that ad (X) has purely
imaginary eigenvalues on g/p. The first reduction is the following.

THEOREM 2.3. If w 1s a unitary representation of G, then the
spectrum of dn(X) in the orthogonal complement 77 (P) of the P
fized wvectors is Lebesgue.

Proof. We let p* be the subalgebras generated by the g* with
Re(a) > 0 (<0) and P* the corresponding subgroups. It is clear
that P* are simply connected nilpotent groups, and that P is
generated by P+ and P~. If as above .Z27°(P*) and 27 (P) are the
orthogonal complements of the P* and P fixed vectors respectively,
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then it is clear that 27 (P) is the closed linear span of .2Z°(P+) and
7 (P~). Consequently by Lemma 2.2 it suffices to show that dz(X)
has Lebesgue spectrum in 2#°(P*), and by symmetry it suffices to
consider 2#(P+). Actually we shall show that for any connected
ad (X) invariant subgroup @ of P*, the spectrum of dz(X) in 22 (Q)
is Lebesgue. The argument is by induction on the dimension of @,
the case @ = (¢) being clear.

We choose some @ and assume that the theorem is known for
all @ of smaller dimension. Now it is clear that we can find an
ad (X) invariant connected subgroup Q' of @ such that the action
of ad (X) on the quotient of the Lie algebras g/q’ is irreducible with
an eigenvalue that is not pure imaginary. Since dn(X) has by
induction Lebesgue spectrum on S#(Q'), it follows from Lemma 2.2
that dz(X) will have Lebesgue spectrum on 2#°(Q) provided that it
has Lebesgue spectrum on V = 27(Q) © 5~ (Q'). Let S be the semi
direct product of @ and the one parameter group xz(¢). Then z(S)
preserves V and n(Q') acts trivially and so = defines a representa-
tion =, of the quotient S/Q’. Moreover this representation has no
Q/Q" fixed vectors. The group S/Q' is solvable and is either the
‘ax + b’ group or is a three dimensional solvable group with one
root which is not pure imaginary. In either case by the Mackey
theory any irreducible representation A with no Q/Q’ fixed vectors
is easily seen to be induced by a character of Q/Q’. It follows that
dM(X) has Lebesgue spectrum (with uniform multiplicity one). Since
our representation x, is a direct integral of such irreducible X, it
follows that dz,(X), and hence dn(X) has Lebesgue spectrum in V.
This completes the proof of Theorem 2.3.

It follows from Theorem 2.3 and Lemma 2.2 that it suffices to
consider only representations 7 of G in which the subgroup P acts
trivially. By Lemma 2.1 we may factor out P, or in other words
we are free to, and will assume that all eigenvalues of ad (X) are
pure imaginary.

3. The next reduction in the proof of Theorem 1.1 will be to
the even more special case when ad (X) has only zero as eigenvalue —
that is, ad (X) is nilpotent. This section is devoted to that reduction.

We consider Ad (z(t)) as a subgroup of the automorphisms group
of the Lie algebra g of G. Let A denote the algebraic hull of this
one parameter group; then A is a connected abelian algebraic linear
group and consequently A can be written as a product A = U x C
where U is unipotent and C is an algebraic torus [4]. Since
Ad (x(t)) has eigenvalues on the unit circle, it follows that C is
compact. Then as G is simply connected, any automorphism of g
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defines an automorphism of G and so C may be regarded as a group
of automorphisms of G and we could form the semi direct product
G -C. However since we have agreed to consider only simply con-
nected groups, let C be the universal covering group of C; then we
form the semi direct G’ = G -C (which is the universal covering
group of G-C). N

Let ¢’ =g+ ¢ be the Lie algebra of G where ¢ is the Lie
algebra of C. In view of the definition of C, it is clear that a sub-
algebra of g is an ideal in g if and only if it is an ideal in the
larger algebra g’. Consequently if §, is the ad-compact ideal of X
viewed as an element of g, then §, is an ideal in g’. Moreover as
¢ commutes with X by its construction, and ¢’ = g + ¢, it follows
that the image of X in ¢'/), is ad-compact. Now if b} is the ad-
compact ideal of X, viewed as an element of ¢’, it is clear on general
principles that Yy > Y,. But the above establishes the reverse in-
clusion, and so by = ;. Thus dropping the subseript X, we see that
the ad-compact subgroup H’ of xz(t) in G’ sits inside G and coincides

with the adcompact subgroup of x(¢) computed relative to G.
Now if 7 is any representation of G on a Hilbert space 57 let

7’ = U" be the representation of G’ induced by m=. Let 5’ be its
Hilbert space. Then the restriction of ' to G is either by direct
computation in this simple case, or Mackey’s subgroup theorem [10],
a direct integral of conjugates ©#° of @ by elements ¢ of C. Since
H=H'cG from above, we see that the orthogonal complement
oF'(H') of the n'(H’) fixed vectors in H’ is also simply the direct
integral of the spaces S7°(H) of the orthogonal complements of the
7°(H) fixed vectors in the Hilbert space 57° of n°. But S7° can be
identified with 2#((as =°(g) = w(ege™))) and then SF°(H) = S~ (H)
as H is normalized by C. The upshot is that 2#'(H') is simply a
direct integral of copies of S#(H).

Moreover as C commutes with x(t) by construction, the infinite-
simal generator dz°(X) is exactly the same as the infinitesimal
generator dz(X), and the same holds for their restrictions to SZ°(H)
and 5#°(H). Finally we see that dz'(X) restricted to the subspace
7'(H') is simply the direct integral of copies (indexed by c¢eC) of
dm(X) restricted to S~ (H). That is, dz'(X) in S#'(H’) is unitarily
equivalent to a multiple of dz(X) in 52 (H), and hence their spectral
measures have the same type. The end result of this analysis is
that the validity of Theorem 1.1 for the group G (for the element
Xegcg') implies its validity for the group G’ (for the element X).

But now since C commutes with x(f), the group B generated by
z(t) and C in G’ is abelian. Its Lie algebra b is the span of ¢ and
X. By the construction of C as the semi-simple part of the algebraic
hull of Ad (x(¢)), we see that we can write a decomposition of X in
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bas X = Y + W where W lies in the Lie algebra ¢ of C and where
ad (Y) operating on g’ is nilpotent; in fact ad (Y) on g is simply the
nilpotent part of ad (X). Now W is clearly seen by construction to
be ad-compact in G’ and consequently as X, Y, and W commute,
the image of X in any quotient of G’ will be ad-compact iff the
image of Y in the same quotient is ad-compact. Consequently the
ad-compact subgroups Hy; and Hy in G’ coincide.

Furthermore as we have already noted, it suffices to prove
Theorem 1.1 for irreducible representations of G’. Consequently to
check Theorem 1.1 it suffices to consider irreducible representations
7' of G'. If ©’ is such, then dz'(X) = d='(Y) + dz'(W); but since
exp (tW) is by construction contained in a subgroup of G’ which is
compact mod the center of G’, it follows that dz’(W) has discrete
spectrum. Then as in [6] Lemma 1.9, it follows that dz’(X) has
absolutely continuous spectrum iff dz’(Y) does. The upshot of this
is that the validity of Theorem 1.1 for G' and the element X of its
Lie algebra follows from the validity of Theorem 1.1 for G’ and the
element Y of its Lie algebra (and conversely). But we have already
observed that ad (Y) is nilpotent on ¢', and consequently we have
shown that it suffices to prove Theorem 1.1 when the element X in
the Lie algebra of the group in question is nilpotent i.e., ad (X) is
a nilpotent derivation of g.

4. We now consider a special case of the above, namely when
X, which is already assumed to be nilpotent, actually lies in n the
Lie algebra of the nilradical N of G. This special case is important
for two reasons; first we will in fact end up the next section
reducing the general theorem for ad (X) nilpotent to this case, and
secondly this special case will have a corollary that will be used in
that reduction. Thus we now prove the following.

THEOREM 4.1. If x(t) = exp (tX) belongs to the nilradical N of
G (i.e., Xeun), then H,CN (i.e., )yCn) and if 7= is any representa-
tion on a Hilbert space Sz, the spectrum of dn(X) on SZ(Hy), the
orthogonal complement of the Hy fixed wectors is absolutely con-
tinuous.

The corollary that we want is the following fact which is an
extension of Lemma 4.2 of [6] and seems of some independent
interest.

THEOREM 4.2. For M a connected subgroup of N, let M be the
smallest mormal subgroup of G containing M. Then if 7 is any
unitary representation of G and v is vector such that w(m)v = 6(m)v



162 CALVIN C. MOORE

for m e M, where 0 is some character of M, then m(ii)v = d(m)v for
W€ M where 0 is a character of M. If 6 =1, then G =1 also.

We first show how to deduce (4.2) from (4.1). To do this let
x2(t) = exp (tX) be any one parameter subgroup of M, and let H,
be the corresponding ad-compact subgroup of G. By (4.1) n(H;)
must fix ». Thus if we replace 7, as we may, by the cyclic sub-
representation generated by v, we see that H, must act trivially
on 57 = 57 (w). Thus we can simply divide out all those H, and
so assume that H, = (¢) for every X em. But then every X in m
is ad-compact, and since ad (X) is nilpotent, this must mean that X
is central. Thus m is central and hence M is also, and finally
M = [f; this completes the derivation of (4.2) from (4.1).

For the proof of (4.1), note that if Xen, then ad (X) acts tri-
vially on g/n and so by the definition of §,, h, 1. As we have noted
already we may assume that the given unitary representation 7 on
2# 1is irreducible. Then as H, is normal, ©2#(H,) is G-invariant.
Therefore to prove (4.1) we have to establish a dichotomy: either
dn(X) is absolutely continuous (on all of 5#) or & annihilates H,.
We are also free to assume that the kernel of 7 is discrete for we
can divide out the connected component of its kernel. We claim in
fact now that either dzn(X) is absolutely continuous or else X is
central. This will do the trick for if X is central, H, = (¢) and =
annihilates it automatically.

We shall apply the Mackey and Kirillov theories to =, [11], [9].
We first restrict the irreducible # to the normal type I subgroup N,
and decompose it as a direct integral of irreducibles. This produces
a measure y on the unitary dual N of N which is ergodic under the
natural action of G. But now N is simply the quotient n*/ad* (N)
by the Kirillov theory, and the measure v can be lifted up to
measure ¢ on n* which is ergodic and quasi-invariant under the
coadjoint action of G on n*. (To define f, one can take v to be
finite and then choose in a smooth way finite measures f, on each
orbit of N on n* which are quasi-invariant, and then define g to be
the integral of the fiber measures p, with respect to the base
measure v on the space of orbits.)

Let the one dimensional space generated by X en be denoted by
m, (if X = 0, there is nothing to prove) and let m* be its annihilator
in n*. The one dimensional quotient n*/m* can be identified canoni-
cally with the dual vector space m* to m, and hence with the dual
group to the one parameter group exp (¢X) = x(¢), which is where
the spectral measure P(-) of dn(X) lives. Thus P can be viewed as
a projection valued measure on n*/m*. The basic fact that we need
is that if we project the finite measure ¢ on u* constructed above
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onto the quotient n*/m* via the projection map ¢, we obtain a scalar
measure ¢,(¢) on n*/m' which is equivalent to the projection valued
measure P in the sense that P(E) =0 iff ¢, ()(E)=0. If the
representation 7= were irreducible on N, so that the measure /¢ is
concentrated on a single orbit, this assertion is essentially in [9]
(and in any case a simple induction argument proves it). Once one
has the assertion for = irreducible on N, one can immediately obtain
it for any n by taking a direct integral decomposition.

Thus what we have to show is that either ¢.(/¢) is absolutely
continuous or else X is central. Now consider some G orbit G- f
in n* and let #, be a finite measure on G- f quasi-invariant under
G. This orbit is a countable union of small pieces U, so that each
U, is homeomorphic to an open subset of the homogeneous space G/G,
(where G, is the isotropy group of f) and such that each U, is a
connected real analytic submanifold of »n*. We may also take the
meagure f¢; to have a real analytic density in U, we let (u;); be
restriction of /¢, to U,. Then as the projection ¢ is a real analytic the
funetion on U,, it follows by elementary geometry that the projection
q.(ts); of (1), is either absolutely continuous or else that ¢ is
constant on some open subset of U,, and hence constant on U,. But
now the composition of the map from G/G, onto G- f with ¢ is a
real analytic map of the (real analytic) manifold G/G, into the real
line. If it is constant on some open set, and as G is connected, it
must be constant globally. We therefore conclude that either g, (z¢/);
is absolutely continuous for all 7 or else ¢ is constant on the orbit
G -f. Since a countable sum of absolutely continuous measures is
absolutely continuous it follows that ¢.(z,) is either absolutely con-
tinuous or else ¢ is constant on the orbit G - f.

But now the set of all f such that ¢ is constant on the G-orbit
of f is clearly a G-invariant set, and by ergodicity of the measure
u, either ¢ is constant on p-almost no orbits or p-almost all orbits.
In the latter case the constant value of ¢ on almost all orbits is a
/t-almost everywhere defined G-invariant Borel function. Again by
ergodicity, this function must be /t-almost everywhere constant.
When translated into representation theoretic language, this says
that z(x(t))w = exp @rint)w for all w where ) is the constant value
of ¢. This implies that the image of x(¢) in G/ker (x) is central, but
since we have made the assumption that the kernel of = is discrete,
this easily implies that x(t) is central in G, or equivalently X is
central in g.

What we have shown therefore at this point is that either
q.(¢ts), in the notation above, is absolutely continuous for f:-almost
all f or else X is central. According to our initial comments we
are done if we can show that ¢.(/t;) absolutely continuous for /-
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almost f implies that q,(#) is absolutely continuous. Recall that fe
is an ergodic G quasi-invariant measure on n* and p, is (the) quasi-
invariant measure on the G-orbit of fen*. It is now a simple ex-
cercise in ergodic theory to see that indeed ¢.(¢) gives zero measure
to any set which is a null set for if q.(#¢;) for p-almost all f. This
completes the proof.

5. We resume the study of a general X e g with ad (X) nilpotent
and complete the proof of the theorem. We rely heavily on Dani’s
argument in §§4 and 5 of [6]. We let r be the radical of g and
pick a semi-simple Levi factor [ so that g =1t + [ is a semi direct
product. Let I = 3.l be the decomposition of ! into its simple
factors and let X, be the component of X in I,. Then let | be the
sum of all those simple factors [, such that X, + 0. Now following
Dani, we define m = m(j) to be the largest subalgebra of the nil-
radical 1t of g such that j operates trivially on n/m. It is immediate
that m is in fact an ideal in g and is independent of the choice of
the Levi factor [. Let M = M(j) be the subgroup of N corresponding
to m, and J the subgroup of G corresponding to {. The result
desired is the following.

THEOREM 5.1. Suppose that 7 is a unitary representation of G;
then the spectrum of dn(X) restricted to 27 (M), orthogonal comple-
ment of the M fixed vectors is Lebesgue.

Proof. Dani proves precisely this in Proposition 4.1 of [6] but
for the representation = on L*G/C) for certain kinds of finite volume
homogeneous spaces and for single elements of the group instead of
one parameter subgroups. His argument is completely representa-
tion theoretic except for a preliminary lemma (Lemma 4.2) needed in
the proof, where he uses the geometry of the space G/C. However
our Theorem 4.2 above gives a proof in complete generality of this
essential lemma. With this observation, Dani’s argument carries
over word for word except that one has to transform the argument
a single element into an argument for one parameter group. This for
is easy to do, and we do not feel that carrying out the details
would give additional insight.

In view of Theorem 5.1 and Lemma 2.2, we can simply assume
that M = M(j) = (¢). Then the subgroup J above becomes normal
in G. Then Dani’s argument in Proposition 5.1 of [6] yields the
following.

THEOREM 5.2. In the situation above, the spectrum of dn(X) on
SZ(J), the orthogonal complement of the J invariant vectors, tis
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absolutely continuous.

Proof. Again this is a matter of modifying Dani’s argument in
Proposition 5.1 to apply to one parameter groups instead of single
elements. In fact the theorem follows very easily from the main
results in [13]. For one considers the reductive group J' generated
by J and (x(¢)). Any irreducible representation of J’ is scalar on
the center of J’ and so is essentially determined by its restriction
to J and the results in [13] give the desired result.

Now in view of Theorem 5.2 and Lemma 2.2 again, we may
restrict to representations where J acts trivially. Then we can
factor J out altogether, and assume J = 0. But then by the defini-
tion of J, this means that the projection of our element X eg into
g/r, where r is the radical, is trivial. Thus Xer but we are also
assuming that ad (X) is nilpotent. This implies then that X en, the
nilradical of g. But we have already established Theorem 1.1 in this
case (Theorem 3.1) and so the proof of Theorem 1.1 is complete.

We mentioned in the introduction that Theorem 1.1 is in a sense
the best possible result in this direction. To be more precise, note
that statements about the spectrum of dzn(X) on SF(H), the
orthogonal complement of the =n(H) fixed vectors are stronger
statements the larger the subgroup H is. We claim that in Theorem
1.1 is best possible that the subgroup H; is the largest possible sub-
group that will work. This follows from the fact that the quotient
group G/H, has a separating family of irreducible representations =
such that dz(X) has pure point spectrum. To see this, let K=G/H,,
and first assume that the adjoint group of K is closed. Then the
image of «(¢) in the adjoint group of K lies in a compact subgroup
of Ad(K). Consequently the image of x(f) in K lies in a subgroup
that is a compact extension of the center of K. It follows then
that for any irreducible representation = of K, dzn(X) has pure
point spectrum.

In general if Ad (K) is not closed we can play the same game
we did in §3. Namely, let C be the algebraic hull of Ad (x(¢)) in
the group of all automorphisms of the Lie algebra of K. Then by
definition C is compact and moreover can be viewed as a group of
automorphisms of K. We form semi direct product K’ = K-C and
observe that the one parameter group x(¢) in K is contained in a
subgroup of K’ which is a compact extension of the center of K'.
Consequently for any irreducible representation ' of K’, dz'(K) has
pure point spectrum. It is an easy matter to see that the restriction
of #’ to K remains irreducible and these restrictions provide the
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separating family whose existence was asserted.

6. We noted in the introduction that the first part of Theorem
1.1 could be easily deduced from Theorem 6.1 of [8] in the case
when the group G is the topological component of the identity of
(the set of real points of) an algebraic group. We show how to do
this in this section and as a part of this we give a complement to
the results in [8] which is needed here and should be useful in
applying the results of [8] in other contexts as well. To state this
result recall that the projective kernel of a representation of a group
G is the set of all g €G such that 7(g) is a scalar multiple of the
identity. The projective kernel of an irreducible representation plays
a central role in [8], and we need some information about it in the
context of [8]. The main fact is that P is very close to being an
algebraic subgroup of G.

THEOREM 6.1. Let G be (the set of real points of) a connected
algebraic group and let w be an irreducible unitary representation
of G, with projective kernel P. Then P is of finite index in its
algebraic hull P. Moreover if the kernel of m contains no conmected
unipotent algebraic subgroups of G, and U is the unipotent radical
of G, then PNU 1is a vector group central in G and of dimension
at most one; moreover P is contained in the centralizer Z(U) of U.

We defer the proof of this for a moment and show how to prove
the first part of Theorem 1.1 for the topological component of the
identity G, of a connected algebraic group G. It is easy to see that
it suffices to prove (1.1) for G instead of G,, We have already seen
that it suffices to consider irreducible representations = of G in (1.1).
Let P be the projective kernel of = and let H, be the ad-compact
subgroup of G, associated to X. (Since G is algebraically connected,
it is clear that H, is also normal in G.) Then if v were an eigen-
vector for n(x(t)), that is n(x(t))v = exp (int)v, then the matrix
coefficient (z(x(t))v, v) has constant absolute value. We have to show
that z annihilates H,. But by Theorem 6.1 of [8] the absolute
value of this matrix coefficient tends to zero on G/P; hence x(f) must
remain in a compact set modulo P. But by (6.1) the component of
the identity P, is of finite index in P and so x«(t) is in a compact
set modulo P,, Now let K, be the component of the kernel of 7.
Then K,C P, and is of codimension less than or equal to one in P,
As we have argued before P,/K, must be central in G,/K, and it
follows therefore that the image of the one parameter group x(t) in
G/K, is ad-compact. Hence H = H, C K, and so « annihilates H, as
desired.
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We now turn to the proof of Theorem 6.1. Let K be the
largest connected normal unipotent algebraic subgroup contained in
ker (z). It is not hard to see that the first statement of the theorem
for G follows if we can prove it for G/K. Therefore we may
assume that K = (¢). First of all we note that if G = U is uni-
potent, then a close look at the Kirillov theorem will show immedi-
ately that P is connected and hence algebraic. For general G, we
restrict the given irreducible unitary representation = of G to the
unipotent radical U. Since U is type I, m decomposes as direct
integral of multiples of irreducible representation A\* of U with
respect to a measure on U. Since G is algebraic, it acts smooth-
ly on U and so this measure is concentrated on a single orbit of

G.
The projective kernel P® of A® is connected by the above and

PNU must be contained in U, = N, P°. As the intersection of
connected subgroups in U is connected, U, is connected. Now clearly
7 maps U, into a commuting family of operators and so
U,/J(U,N ker (7)) is commutative. On the other hand, ker (z)N U,
must be discrete for otherwise ker (z) would contain a connected
unipotent algebraic subgroup of G. Consequently U, is an abelian
unipotent group, hence a vector group. Each representation )\ is a
multiple of a character ¢° of U,. Since U, is normal in G, these
characters o° constitute a single orbit ¢* of the action of G on U,
which we identify with the dual vector space. It is clear that
PN U is precisely that subgroup of U, consisting of those w such
that o(u) is constant as ¢ runs over the orbit <. Now just as in
[8], the fact that G is connected as algebraic group implies that
PNU is connected, and hence a subvector group of U,. It is im-
mediate moreover that PN U has dimension at most one. If it is
trivial, it is central in G and if not trivial, ker (x) meets it in a
discrete subgroup D and (PNU)/D is central in G/D. It then
follows that PN U is central in G as desired.

We now look at PN R where R is the radical of G; since PNU
is centralized by G and hence R, it follows that PN R is nilpotent.
Then its algebraic hull PN R is also nilpotent, and of course normal
in R. Then the algebraic component of the identity of PN R is
normal in R and may be written as a direct prodcut V<X T where V is
its unipotent radical and T is the unique maximal torus. But if VX T
is to be normal in R, T must necessarily act trivially on U/V. Since
T already centralizes V, it follows by complete reducibility that T
centralizes U. Since T also centralizes a Levi factor for U in G,
it follows that T is eentral in G. But then T is already inside the
projective kernel P of our representation. It follows immediately
that V is the algebraic hull of PNU; in other words V=PNnU
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and is central in G. It follows that PN R = PN R is algebraic and
that its algebraic compotent of the identity has the form (PNU) x T
where T is an algebraic torus central in G: in fact T is necessarily
the largest central torus in G.

Finally we turn to the part of P outside E. Observe that
R-P/R is an analytic normal subgroup of G/R. Therefore up to
finite groups (G/R may be topologically disconnected) it is a sum of
some of the simple factors of G/R. It follows now that the com-
ponent of the identity P, of P is of finite index on P and is an ex-
tension of a semi-simple Lie group by an abelian group (the topologi-
cal component of the identity of PN R). By the Whitehead lemma,
the extension almost splits so P, = (PN R),(S) with Sand SN (PN R)
finite. The fact that P, is normal implies that S aects trivially on
R/(R N P) and since RN P is central in G, S must centralize B. It
follows immediately that S is normal in G and that P, is an almost
direct product (UNP) X T, x S and it is quite clear that the
algebraic hull of P is at a most finite extension of P, and hence
also of P. Finally it is clear from all this that P centralizes U and
now all statements of the theorem are proved.
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