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Three special classes of abstract Witt rings are studied.
The classical description of the annihilator of a round form
is generalized as is the description of the torsion subgroup
of the Witt ring of a field. We translate some results of
a previous paper into this abstract setting and also study
Pfister forms there. We show how our special classes of
abstract Witt rings relate to the Witt ring of classes of non-
degenerate symmetric bilinear forms over a semilocal ring.

0. Introduction* This paper introduces various hypotheses on
Witt rings for an elementary 2-group (?, [14, Def. 3.12], that enable
us to prove abstract counterparts of results known for Witt rings
of bilinear forms over fields, often with very similar proofs. We
consider three special classes of abstract Witt rings: "succinct"
(Definition 2.10), "representational" (Definition 2.2), and "strongly
representational" (Definition 4.1), each class being included in the
one listed after it. The notion of representational was suggested
by a similar definition in [17, 18] for reduced Witt rings for G. Our
results are, of course, applicable to the Witt ring of a semilocal
ring with mild restrictions on this semilocal ring.

Section 1 introduces the basic definitions and notations we need;
these are carried over from [8], In the second section we introduce
the succinct and representational properties and investigate how
they carry over to residue class Witt rings. We also show that in
a representational Witt ring the description of the annihilator of a
round element and in a succinct Witt ring the description of the
torsion subgroup, are the usual ones. Several other known results
are generalized, including a condition for a character of G to induce
a ring homomorphism from a Witt ring for G to Z. The section
ends by showing that a reduced representational Witt ring comes
from a space of orderings in the sense of [17].

In § 3 we generalize some of the results of [8] and [20] to
Witt rings for G. In particular we give necessary and sufficient
conditions for the existence of certain types of abelian group homo-
morphisms (semisignatures) from a Witt ring for G to Z, and then
use these homomorphisms to determine when an element of the
Witt ring is weakly isotropic in an abstract sense. The section
ends by adapting the proof in [20] for the equivalence of WAP and
SAP, [7, Def. 1.5], to the case of a representational Witt ring for G.

99



100 JERROLD L. KLEINSTEIN AND ALEX ROSENBERG

In § 4 we introduce strongly representational Witt rings for G
and generalize several of the results concerning Pfister forms to be
found in [6, 7] to this setting. We show that Pfister forms still are
round and generalize the classical result that an isotropic Pfister
form is hyperbolic to the abstract situation.

In the fifth section we show that some of the results of [3, § 5]
carry over to representational Witt rings. We generalize [3, Prop.
5.1, Thm. 5.3 (b), (c)] to certain classes of Witt rings for G. We
further point out that by virtue of the main results of [17],
Theorem 5.3(a) of [3] also carries over to representational reduced
Witt rings for a finite group G.

In § 6 we consider the Witt ring W(C) of classes of nondegene-
rate symmetric bilinear C-forms where C is a connected semilocal
ring. In order to apply the previous results, we show that W(C)
is succinct if all the residue class fields of C have at least 3 ele-
ments, and that W(C) is strongly representational if 2 is a unit in
C or C is a field of characteristic 2. By means of an example, we
show that W(C) need not be representational if C is local with 2
not a unit in C. We also give another proof of the description of
the annihilator of a round quadratic C-space of rank ^ 2 due to
Knebusch in [11], in case all the residue class fields of C contain at
least 3 elements.

We conclude this paper with a discussion in § 7 of the derivation
of some of the results in [8] and [20] from those in earlier section.

l Notations• In this section we collect the definitions and
notations we need from [8]. For a group G of exponent 2, a ring
R — Z[G]/K is called a Witt ring for G if Ru the torsion subgroup
of R, is 2-primary [14, Def. 3.12], For g in G we denote the image
of g in R by g although we shall often write 1 for the identity
element of both G and R. Every element of R may be written as
Σ(±£/i) f° r n ° t necessarily distinct elements gt of G. We denote
the multiplicative subgroup of Z[G] consisting of the elements ±g,
g in G, by G' and write gf for ±g.

DEFINITION 1.1. For r in R, dim^r, or dimr if there is no
possibility of confusion, is the smallest number n such that r —
Σi^ι9i> 0i *n G'- Clearly for rlf —-,rw in R, we always have
dim(ΣΓ ri) ^ ΣΓ dim rs.

DEFINITION 1.2. For g' in G', the element r in R is said to
represent the element g* of G', if there is an element p in R with
r = g' + p and dimp < d i m r . The subset of Z[G] represented by
r will be denoted by DB(r) — D(r).
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For the relation of these concepts with the presentation of R,
cf. Remark 6.14.

DEFINITION 1.3. For gΊ,-—,g» in G1, the element ΣΓ#ί of
Z[G] is said to be anisotropic for R if dim(ΣΓ g't) — n. Otherwise
Σiϊii will be called isotropic for R.

LEMMA 1.4. (cf. [8, Lem. 1.4]). For r in R, let ΣΓ#ί be an
anisotropic representative of r in Z[G], Then Σf g\ + g', for some
g' in G', is an element of Z[G] isotropic for R if and only if — g1

is in D(r).

DEFINITION 1.5. If R is a Witt ring for G, the set of ring
homomorphisms R —> Z is denoted by X(R) and called the set of
signatures of R.

REMARK 1.6. For σ in X(R), the ideal ker σ is a minimal non-
maximal prime ideal of R and the mapping σ —> ker σ is a bisection
of X{R) onto the set of minimal non-maximal prime ideals of R
[14, Lem. 3.1 and Rem. 3.2]. Of course, by passing to inverse images
in Z\G\ the set X(R) is also bijective with the set of minimal non-
maximal prime ideals of Z[G] containing K. By [14, Prop. 3.4],
X{R) Φ 0 if and only if Rt = Nil R, the nilradical of R. Thus a
Witt ring for G, with X(R) Φ 0 , is reduced if and only if it is
torsion free, and in such a ring x = y if and only if σ{x) = σ(y)
for all σ in X(R). Finally, since for all g' in G', we have g'2 = 1,
we must have <τ(̂ ') = ± l for all σ in X(R) so that X{R) may be
identified with a subset of the character group G' of G'.

DEFINITION 1.7. (cf. [15, §4]). (i) For any subset M of G' in
Z[G], we set V{M) = {tf in X{R)\σ{gf) = 1 for all 0' in ikf}.

(ii) For YaX(R), we put Γ(Γ) = {gf in G'|σ(^') = 1 f o r all σ
in Y}.

(iii) A subset Γ of X{R) is saturated if F = F(Γ(Γ)).
(iv) For ycX(jR), we set /(Y) = Π ^ r ker σ, an ideal of i2.
(v) For any subset M of G' in Z[G] we denote the (proper)

ideal of R generated by 1 — gr, g' in M, by α(M).

DEFINITION 1.8. An additive homomorphism τ: JB ~-> Z is called
a semisignature if for all g' in G; we have τ(g')=±l.

2. Representational and succinct Witt rings for G.

LEMMA 2.1. ( i ) For g' in G' and r in R we have g'DR(r) —
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(ii) For g' in Gr %ve have D(g')aD(l + g') if 1 + g' Φ 0 in R.

Proof. ( i ) According to Definition 1.2 an element h[ of Gr

lies in D(r) if and only if there exists an element p1 of R with
dimpi < dim?' such that h[ + px — r, and an element h[ of G' lies in
D(g'r) if and only if there exists an element p2 of R with dim p2 <
dim#'r such that K'2 + p2 = g'r. Now from Definition 1.1 it is clear
that for all q in R we have dim(g'q) = dim #, so that #'/&[ lies in
D(g'r) and #'fc2 lies in D{r). Since /?,' = g'(g'hf

2) this proves (i).
(ii) By [8, Rem. 1.24, Lena.], dim(l + g') = 2 since 1 + g' Φ 0,

and so 1 + gf is anisotropic for R. Now if hr lies in D(g'), then
/? = </'. Thus 1 + Λf = 1 + <f and since dim 1 = 1, hf is in D(l + ^)
according to Definition 1.2.

DEFINITION 2.2. (cf. [17, OJ). A Witt ring J2 for G is called re-
presentational if for rt Φ 0, r2 ^ 0 in R with dim^^ + r2) = dim?-^-
dimr2 and gr' in JDfo + r2), there exist r̂j in ZKr̂  ), i = 1, 2, with g'
in D(gJ + g[). For the relation of this definition with the presenta-
tion of R, cf. Remark 6.14.

LEMMA 2.3. If R is a Witt ring for G and gf

jf and rj9 j = 1, 2
are as in Definition 2.2, then g[ + g'2 is anisotropic for R; in
particular, g\ Λ- g'2Φ § in R.

Proof. Since g'ά lies in D(rά), j — 1, 2, by Definition 1.2 we have
Sj + Pi — Ti, and dim pά < dim rά. Thus rx + r2 = (g[ + g'2) + px + p2.
Now if g[ + ̂ 2 were isotropic for R, then by [8, Rem. 1.24, Lem.],
g[ + 92 = 0. Hence dim(ri + r2) = dim(px + p2) < dim 7\ + dim r2. This
contradicts the hypothesis on rL + r2 and so g[ + (/ό is anisotropic
for #.

PROPOSITION 2.4. Let R be a Witt ring for G and ri9 i = 1, 2,
ί^o elements of R. Then R is representational if and only if
whenever dim(rx -f r 2)<dimr 1 + dimr2, there exists an element g' of
Gr with gf in D(r^) and —gf in D(r2).

Proof. Suppose R is a representational Witt ring and let
r* = Σii i S'nt i = 1, 2, with ^ - dim r<. Since Σ?ii fl^ίi + Σ?ii ^2 is
isotropic for i2, but Σ?ii0ίi i s anisotropic for i2, there exists a
natural number k, with A; < ^2, such that Σ?=i ^ίi + Σy=i ̂ 2 is an-
isotropic for R but Σ?ii ^ίi + Σί ί ί ^2 is isotropic for J?. By Lemma
1.4 then — g'h+lt2 lies in .D(Σ?=i 5*i + Σ M ^ ) - Since J? is representa-
tional there exist g[ in i)(Σ?ii^ί i) a n ( i 2̂ in D(Σ)=ιQ'ώ such that
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— Qk\ ι,2 Hes in D{g[ + g'z). Hence for some element h' of Gr we have
—9u+i,2 + h'=gl + g'2 or h' = g[ + g2 + gr

k+li2 so t h a t ^ + g2 + flrί+1,2

is isotropic for R. Furthermore, there exists an element p in R
with g2 + p = Σ*=i ^2 and dim p < k. Therefore g[ + g'k+1Λ + p =
Σ*ίί ^2 and so if 02 + flfί+1,2 were isotropic for R, so would Σ ίί 0;2

be, contradicting dim r2 = w2. Since g[ + ^+1,2 is anisotropic for R,
but #ί + g'2 + flrί+lf2 is isotropic for R, Lemma 1.4 shows that —g[ is
in D(g2 + i/ί+li2) c ΰ ( Σ f + 1 0y2) c D(r2), which shows that the condition
holds.

Now suppose that whenever dim(rχ 4- r2) < dim rx + dim r2, for
any rlf r2 in R, there exists #' in D(r^) such that — #' is in D(r2).
The proof that R is then representational is based upon the proof
of [18, Lem. 1.3]. Thus, let ri9 ί = 1, 2 be elements of R with
dim(ri + r2) = dim 1\ + dim r2, and let gf be in D{r1 + r2). By Lemma
1.4, dim(r! + r2 — gf) < dimrj + dimr 2 + 1. Now dim(r2 — g') ^
d i m r 2 + l . If d i m ( r 2 — ^ / ) < d i m r 2 + l then by Lemma 1.4, gr is in D(r2)
and so gr is in D(g[+g') for any g[ in D(r^). So suppose dim(r2—gf) =
dimr 2 + 1, then there is a #ί such that g[ is in DίrJ and — g[ is in
D̂(̂ 2 — 3')- Again by Lemma 1.4, this means dim(r2 — gf + g[) <

dim r 2 + 2. Now if gf = ^ί, then gr' lies in D(</ί + ^2) for any g'2 in
D(r2). So assume dim(—gf + g[) = 2. Then there is a #2 in D(r2)
with —g2 in D( —gf' + ̂ ί). Thus, there exists an W in Gf with —g[+hr =

— S' + SΊ or jf + P = ^ί + 02'. By Lemma 2.3, g[ + ^2 is anisotropic,
which means gf lies in D(g[ + g'2). Thus J? is representational.

Let X be any character of G, i.e., a homomorphism from G to
{±1}. The mapping X extends to a ring homomorphism Z[G]->Z
via Σ ^ 0 —* Σ ngX(9) which we also denote by X.

LEMMA 2.5. Lβί R be a representational Witt ring for G and
X a character of G such that if X(g') = 1 and 1 + g' Φ 0, then
X(DR(1 + jf)) = 1. 27^w i/ 1 + ΣΓ ff't is an element of Z[G] an-
isotropic for R and X(g't) = 1, i — 1, , n, then X(D(1 + Σ Γ g'iί) = 1>
αϊso.

Proof. We shall use induction on n and note that the lemma
is true for n = 1 by hypothesis since by [8, Rem. 1.24, Lem.] dim
(1 + g') = 2. Suppose Lemma 2.5 holds for n — 1. Let #' lie in
D(l + Σ Γ " 1 ^ + 3») Since 1 + ΣΓtfί i s anisotropic for i2 we clearly
have w + 1 = dim(l + Σ Γ fft) = dim(l + ΣΓ"13ϊ) + dim ^ and so, since
R is representational, there exist h[ in Z)(l + Σ Γ " 1 Qi) and ftj in
D(g'n) with gr' in D(h[ + fcj). Since 1 + ΣΓ#ί is anisotropic for R, it
is clear that 1 + gf

n Φ 0 in R, and thus by Lemma 2.1(ii), h[ lies in

+ ΰ'n). Hence the induction assumption and the hypothesis of
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Lemma 2.5 yield Z(ΛJ) = 1, j = 1, 2. But by Lemma 2.3 we have
1 + kX Φ 0 and so by hypothesis X(D(1 + h'M))j= 1 since X(h[h'2) = l.
Finally, since g' lies in D(h[ + h'2) = feJJ5(l + &%) by Lemma 2.1(i),
we obtain X(g') = 1, proving Lemma 2.5.

THEOREM 2.6. Lβί J? = Z[G]/K be a representational Witt ring
for G with X(R) Φ 0 and X a character of G. If for all gr in Gf

with 1 + g' Φ 0 in R and X(g') — 1 we have X(D(1 + #')) — 1> then
X{K) = 0, so that X induce a signature of R.

Proof. Let g[, •--,&«, be elements of G' such that X(g'i) = 1,
ί = 1, , n, and suppose for all σ in X(iϋ) we have σ(ft)= — 1 for
at least one ΐ = 1, , n. Let P = ΠΓ (1 + f/0 = ΣΓ<^ with d in
Gf. Since <J(1 + #0 = 0 for at least one g\ and every σ in X(R),
we have σ(P) = 0 for each σ in X(R). By [14, Prop. 3.15], P lies
in i?t, so that there is a natural number m with mP = 0. Hence
Σϊ*i ΣΓ ώί is isotropic for i?. Since d[ = 1 is anisotropic for Λ? there
is a natural number Z so that x = Σ*=i ΣΓ dj(or Σί" 1 ΣΓ dί + Σi'dΊ,
V < m) is anisotropic for R but a? + dί+i(or # + rfj) is not. By
Lemma 1.4 then, — d[+1 (or — d[) lies in D(x), where x denotes the
image of x in R. By Lemma 2.5, therefore, X(~d'ι+1) (or X(—dΊ)) is
1, contradicting %(<Z{) = 1, i = 1, , 2n. Hence there exists a (J in
X(R) with cr(grί) = 1, i — 1, , w. Now let k denote an element of
the ideal K of Z[G]. We write fc = Σffί + Σ W w i t h Zfoί) = 1,
%(ΛJ) = — 1. But then there exists a signature σ oί R with σ(^) =
σ(—hi) = 1 and since σ is a ring homomorphism of J? to Z we must
have 0 = Σ <*(9i) + Σ <*(%) = %(k). Thus X{K) = 0, and Z induces a
signature on J?.

REMARK ( i ) Theorem 2.6 has already been proved in case G
is finite and Rt = 0 in [17, Thm. 4.1].

(ii) Let C be a connected semilocal ring and W(C) the Witt
ring of classes of symmetric nondegenerate bilinear C-forms. If no
residue class field of C contains 2 or 4 elements an analogue of
Theorem 2.6 has been proved in [15, Prop. 2.4]. However our
Theorem 2.6 only yields this result if 2 is a unit in C, since we
shall show in Example 6.8 that if 2 fails to be a unit in C then
W(C) may fail to be representational, but will prove in Proposition
6.7 that if 2 is a unit in C then W(C) is representational.

PROPOSITION 2.7. Let R be a representational Witt ring for G
and ru -'-,rn nonzero elements of R with dim(ΣΓ^i) = ΣΓdimri.
If gf lies in D(ΣΓ ri) there exist g[ in D{r^)f i = 1, , n, such that
g' is in D(ΣΓ ff't) a^d d i m ΣΓ ft = n



SUCCINCT AND REPRESENTATIONAL WITT RINGS 105

Proof. For n = 2 this is simply Definition 2.2 and Lemma 2.3.
We use induction on n > 2. Let p — Σ ? ^ * t ^ e n clearly dimp —
Σ ? d ί m f\ and so d i m ^ + p) = dim rx + dim p. By Definition 2.2 and
Lemma 2.3, there then exist g[ in Ufo) and hr in D(p) with #' in
D(g[ + fc') and g[ + fc' anisotropic for R. This means that there
exists an element yf in G' with #' + #' = g[ + λ' since g' — g[ + h'
would mean that g[ + hf is isotropic for R, contradicting Lemma 2.3.
Now by the induction assumption, there exists g\ in 2?(r<), i = 2, •••,%,
with Λ/ in jD(Σ*0ί) and Σ ? # ί anisotropic for R. Thus there is an
element q in R with dim g ^ n — 2 and h' + q = Σ ? #ί Hence
ft' + Λ' + g = ^' + ψ + g = ΣΓ 9* S i n ^ e flfί lies in JD(r4), we
have for i = 1, , n, g\ + g< = r< with dim ĝ  ^ dim r€ — 1. Now
ΣΓdimr* = dimΣΓ^ϊ ^ dim ΣΓ ί/ί + ΣΓ dim r4 — w, which clearly forces
dim ΣΓ g'i = n. Thus ΣΓ g\ is anisotropic for R and dim(^' + g) ^
1 + w — 2 = ^ — 1 < dim ΣΓ g'i Hence gf lies in J5(ΣΓ 9i)9 proving
Proposition 2.7.

LEMMA 2.8. Let R be a representational Witt ring for G and
Σ?=i Σ?=i 0&<i be an element of Z[G] which is isotropic for R but
with Pi = ΣΓ=i ^<i anisotropic for R. Then there exist t\ in D(ph)
with ΣΓ g% isotropic for R.

Proof. The element g[tin is anisotropic for R whereas the
element Σ?=i Σ?=i fl#&<i °f Z\β\ ™ isotropic for R. Thus summing
in the usual order there is a first place where the sum becomes
isotropic for R, at g'h+Jih+uu

 s a y This means that zx = Σ * ffiPi +
Σi^1! f̂c+î fc+i,i is anisotropic for R but ^ + g'k+1tik+i,ι is isotropic for
J2. (If I = 1, the empty sum Σί=ϊ ^*+i^i+i,y is taken to be 0.) By
Lemma 1.4, — g'k+1hk+i,ι is in Όfa), where zx denotes the image of z1

in R. Since zx is anisotropic for R we have dim zx — Σ ί dim p { + I — 1
and Proposition 2.7 is applicable, yielding elements x[, y) in G',
i = 1, , A, i = 1, , Z — 1, with ^ in D(g'w%), y) in D(g'k+1hk+ltj)9

-gk+1hk+i,ι in D(ΣJU # + Σ £ ί ϊ/ί) and Σ*=i »ί + Σί=i 1/ί anisotropic
for R. By Lemma 2.1(i), tj = g[x'i lies in jD(p<) and x\ = g%. More-
over, since y) is in D(g'k+1hk+ltί) we must have ^ = gk+1hk+lj. Hence
-9k+iK+i,ι lies in D(z2) where ^ = Σ*=i0& + ΣJ=i fl^ί+iW+i,,-, and
dim ^2 — k + l — 1. Thus once more by Lemma 1.4, the element
2̂ + 0t+iΛ*+ifi of Z[G] is isotropic for J?. Hence if I = 1 we are done

with ίi+ 1 = hk+ul and, for i > k + 1, the element t\ an arbitrary
element of D{p%).

If Z > 1, then since Σ ^ i ί 1 W+i.i = Pfc+i is anisotropic for R so is
Σί=i 9k+ih'k+1,j. On the other hand, z2 + gk+1hk+i,ι is isotropic, hence
there exists a natural number s ^k — 1 with #3 = Σ 5 =I0*+ΛUI,J +

Σ ί 0ίί! anisotropic for R, but ^3 + g',+it'8+i isotropic for R. Again by
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Lemma 1.4, this means that —gUX+i lies in JD(s8). Now clearly
dim z3 — I + s so that we may apply Proposition 2.7 again to obtain
elements u'k+u v'if ί = 1, , s in G' with — g'8+it'β+i in J5(^ + 1 + Σί^*)>
wί+1 in J9(ΣU ffί+iAi+i,i), and v\ in D(^ί ί ) . Then v'L= g'J'i and by
Lemma 2.1(i), u'k+1 = g'k+1t'k+^ with t'k+1_ in D(Σί=iΛi+ l f i)cZ?(p J b + 1).
Hence — g's+it's+i lies in 2)(^ί+ιίί+i + Σ ί 9<t't)f which by a final applica-
tion of Lemma 1.4 shows that Σ*0**ό with ί< in 2?^) , is isotropic
for R, where for s + 1 < i ^ k and i > k + 1, ί< is an arbitrary
element of D(pi).

LEMMA 2.9. Let R be a Witt ring for G and r an element of
R. If for a semisignature τ of R (Definition 1.8) we have τ(r) =
dim r, then τ(g') = 1 /or all gr in D(r).

Proof. Since gr is in J9(r) there exists an element q in R with
dim g < dim r and #' + q = r. Thus we have τ{gf) — τ(r) — τ(q) for
any semisignature τ. Since \τ(q)\ <.ά\mq always, if τ(r) = dimr,
then τ(g') > 0 and so τ(g') = 1.

DEFINITION 2.10. A Witt ring R for a group G is called suc-
cinct if for any nonempty saturated set of signatures Y of R,
elements g'if i = l,- , n, of G', and elements t'iS of Γ(F), i = l , , mi9

such that Σ*=iΣ?=iϊίίίy *s isotropic for R, there exist t[ in Γ(Y),
i = 1, , n, such that ΣΓtfίtί is isotropic for i2.

THEOREM 2.11. A representational Witt ring for G is succinct.

REMARK. We shall see in Remark 6.9 (i) that the inclusions
{Witt rings for G} ID {succinct Witt rings for G} z> {representational
Witt rings for G} are all proper.

Proof of Theorem 2.11. Note that since for all σ in F, we
have σ(fi'ti) = 1 we have σ(Σ*Λ*ίi) = m'» f o r t h e *ίi a n d Γ o f D e -
finition 2.10. Hence the element ΣΓ=i*ίy of ^[G] is anisotropic for
R. By Lemma 2.8 then, there exist elements t\ in i5(Σy^i*"ίi) with
Σΐ0i*ί isotropic for i2. Furthermore, by Lemma 2.9, since for σ
in Y, we have σ(ΣΓ=i*ίy) = dim(Σ?ii^ ), we must have σ(tί) = 1,
so that ίί lies in Γ(Y) and Theorem 2.11 is proved.

COROLLARY 2.12. Let R be a representational Witt ring for
G, p = ΣΓ ΰ'i, Q — ΣΓ hj elements of R with dim p = n and dim q = m.
J/ dimp#<mw ί/ien ίfcere eαjisί ίί m D(g) i^iί/i ΣΓffί** isotropic
for R.
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Proof. This is immediate from Lemma 2.8 with tiiά = h) and
mt = m.

LEMMA 2.13. Let R be a Witt ring for G and φ an element
of an R-module. Let T be the subgroup of Gf consisting of all gf

in Gr with g'φ — φ and denote the annihilator of φ in R by
AτmR(<p). If for every p in AnnΛ(9>), p — Σ * 0 0 άimp = n, there
exist t\ in T,i = l,- -,n, with Σ * 0 # ί isotropic for R, then
AnnΛ(<£>) = a(T), the ideal generated by 1 — t, with t in T.

Proof. Clearly a(T)c.AxmR{φ). To prove the opposite inclusion
we proceed by induction on dim 39. Since all elements of R of
dimension 1 are units, AnnΛ(9>) only contains elements of dimension
^ 2 . Let (g[ + g'9)φ = 0. Then -glg'2 is in T and thus g[ + g'2=
g[(l — (—g[g'2)) is in a(T). If p = ΣΓi/ό dimp = n, is an element of
AnnR(φ), then by hypothesis there are elements t'i9 i = 1, , n, in

T with dim(ΣΓ #« ί) < ^ But p = ΣΓ ̂ d - ί I) + ΣΓ aft = ΣΓ ffί* ί
modα(T). By the induction assumption, ΣΓ All ies in α(Γ) since it
clearly is still in A n n ^ ) , so p does also, proving AxmR(φ) a a(T)
and Lemma 2.13.

DEFINITION 2.14. Let R be a Witt ring for <?. An element
r Φ 0 of R is called round if for all #' in D(r)f we have j/'r = r.

THEOREM 2.15. Let r be a round element for a representational
Witt ring R for G. Then AnnΛ(r) = α(J5(r)).

Proof. By Definition 2.14, we have D(r)dT = {̂ ' in G'|^V = r)
and by Corollary 2.12 and Lemma 2.13, then AnnR(r) = α(Γ). Let
ΣΓ^ί be an anisotropic representative of r. Clearly g[ lies in D(r)
so that r = i/Jr = 1 + Σ? ^ ί Hence for t' in T, we have r — Vr —
V +Σi%t'3'ί3i so that V lies in D(r) according to Definition 1.2.
Hence D(r)Z)T so D(r) = Γ and Annβ(r) = a(D(r)).

PROPOSITION 2.16. (cf. [6, Thm. 1.4; 4, Satz 14, Kor. 2]). Let
R be a representational Witt ring for G and let r be a round
element of R. If 0 Φ q lies in Rr, there exists an element p in R
with q — pr and Airaq — dim p dim r. Further, for gr in D(q) there
exists an element p in R satisfying the above condition and with
gf in D(p).

Proof. Let p be an element of R of minimal dimension such
that q = pr. Let p = ΣΓ Si with n = dim p and set dim r = m. If
dim q < mn, then by Corollary 2.12, there exist t\ in D(r) with
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Σ ? ffit't isotropic for R. Since r is round and t\ lies in D(r) we
have t \r = r so that g = pr = (ΣΓ f/ί* <)r and since dim(ΣΓ 0$" <) < w,
this contradicts the choice of p so that dimg = mn.

Now if #' is in D(q) = -D(ΣΓi/ίf)> Proposition 2.7 proves the ex-
istence of hi in D(gϊr) such that g' lies in Z?(ΣΓ^ί) and dim(ΣΓAi)==w
Now by Lemma 2.1(i) we have JDG/Jr) = flrίD(r); hence there are t\ in
D(r) with λj = g\t\. But then (ΣΓ K)r = pr = 9 and ΣΓ ΛJ is the
required element.

DEFINITION 2.17. An m-fold Pίister element in a Witt ring R
for G is any element of the form ΠΓ(1 + g\) = Σ Γ d\.

LEMMA 2.18. Let R be a Witt ring for G and Y a saturated
set of signatures of R. Then I(Y) is the union of all ArmB(P)
where P is an m-fold Pfister element ΠΓ (1 + t't)f t\ in T = Γ(Ϋ),
m ^ m0 for a fixed natural number m0 ̂  1.

Proof. Since Y is saturated, we have Y= V(Γ(Y)). Then by
[8, Prop. 1.8(ii)], I(Y) is the radical of a(Γ(Y)). But then the
proof of [15, Lem. 4.17] carries over verbatim to the case of a
Witt ring for G to yield Lemma 2.18.

COROLLARY 2.19. // rl9 r2 are two elements of a Witt ring R
for G and Y a saturated set of signatures of R, then if rx = r2 mod
I{Y) there exists a Pfister element P = ΠΓ (1 + 11) = Σ Γ < t\ in
Γ(Y) such that rxP = r2P. If rx — ΣΓ g'u dim i\ = n, and dim rγ >
dim r2 then Σ?=i Σi=i #X ^ s isotropic for R.

Proof. The first part is clear from Lemma 2.18, while the
second part follows from Definitions 1.1 and 1.3 and the equality
r,P = r2P in R.

In [8, Def. 1.18] a Witt ring R for G was called dimensional
if for all elements r of R and natural numbers s, we have dimsr =
s dim r.

PROPOSITION 2.20. Lei R be a succinct Witt ring for G and Y
any saturated set of signatures of R. Then R/I(Y) is a dimen-
sional Witt ring for R.

Proof. Since F = V{Γ{Y)) [8, Prop. 1.8 and 14, Rem. 3.13(ii)]
show that R/I(Y) = R is a Witt ring for G. Let ΣΓώ be an-
isotropic for 5 but suppose ΣΓ$#ί is isotropic for R, where s is a
natural number. By Corollary 2.19 there is then a Pfister element
p = ΠΓ (1 + ίί) = Σ Γ d't with ίl in Γ(Y) such that Σ?=i ΣI=i sg'4ϊ is
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isotropic for R. Now, for all σ in Y we have a(P) = 2m, hence
σ(d'ά) = 1, for all a in Γ, i.e., d'ά is in Γ(F), i = 1, , 2W. Since i?
is succinct, there then exist <?, •••,?» in Γ(F) such that ΣΓ^?ί is

isotropic for R. But clearly ΣΓ^ί?ί Ξ ΣΓ Q\ mod /(F) and so ΣΓ^ί
would be isotropic for R, a contradiction. Hence for all natural
numbers s, the element Σΐ sg[ of Z[G] is anisotropic for JB SO that
R is dimensional.

COROLLARY 2.21. Let R be a representational Witt ring for G
and Y a saturated set of signatures of R. Then R/I(Y) is dimen-
sional.

Proof. This is immediate from Proposition 2.20 and Theorem
2.11.

REMARK. If R is a reduced Witt ring for G, then I(X(R)) = 0.
Therefore a succinct or representational reduced Witt ring is dimen-
sional.

PROPOSITION 2.22. Let R be a Witt ring for G and Y a non-
empty set of signatures for R. Then if Y is closed in the Zariski
topology of R and I(Y) = <x(Γ(Y)) then Y is saturated. If R is suc-
cinct (or representational), then Y is saturated if and only if
I(Y) = a(Γ(Y)) and Y is closed.

Proof. From the definition of the Zariski topology the closure
of Y= {σ1 in X(i2)|ker αί=>J(D}. Now if I(Y) = a(Γ(Y)) and σ lies
in V{Γ(Y)) then clearly ker σz>a(Γ(Y)) = I(Y), so that if Y is
closed also, σ is in Y. Hence V(Γ( Y)) a Y. Since the opposite
inclusion is always true, Y is saturated.

Now suppose R is succinct and Y is saturated. Let r be in
I(Y). We shall show by induction on dimr that r lies in a(Γ(Y)).
By Lemma 2.18 there exists a Pfister element P = Π Γ ( l + ϊ"ί) =
Σ Γ d\ with ti and d\ in T = Γ(Y), and rP = 0. If dimr = 1, then
r is a unit in R, so that this case is impossible. If dim r = 2, then
r = g[ + g[ and so g[P=-g[P or P=-g[g'2P. Now for all σ in Y
we have σ(P) = 2m. Hence for all σ in Y, we have 2m = σ(-g[g[)2m

or σ(-g[g'2) = l, i.e., t=-g[g'2 is in T and ^ί+^2 = ̂ ί(l-ϊ") is in α(Γ).
Suppose now all r in J(F) with dimr<w lie in α(Γ). Let r = ΣΓί/ί
and dim r — n. Then r P = 0 forces Σ?=i Σ?*=i 0$ί to be isotropic
for R. Since R is succinct (or if R is representational, by Theorem
2.11) there exist t[, •••, ϊ^ in Γ with ΣΓ#ί?ί isotropic for J?. Now

r = ΣΓ #(1 - Ώ) + ΣΓ ΰ'Ά and since σ(r) = <J(ΣΓ ^Ώ) for all σ in F,
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the element Σf #*?* is in I{Y) and by induction assumption, in ct(T).
Since r Ξ ^ ^ ^ m o d ^ T ) , the element r is in a(T) also, and we
have proved that J(F)cα(T). The opposite inclusion is clear so that

Finally since Y = V(Γ(Y)) it is clear that Y = {σx in
1} = {σx in X(#) | ker σx => {1 - £}} - fo in X(Λ) | ker σ{Ώ

I(Y)} which means that Y is closed.

COROLLARY 2.23. Let R be a succinct or representational Witt
ring for G such that X(R) Φ 0 . Then the torsion subgroup of R,
Rt = a(Γ(X(R))), i.e., Rt is generated by 1 — t' with cr(t') — 1 for all
σ in X(R).

Proof. By [14, Thm. 3.9(v) and Prop. 3.15] Rt = I(X(R)). Since
V(Γ(X(R))) = X(R), Proposition 2.22 applies with Y = X(R) and
yields the result.

PROPOSITION 2.24. (cf. [17, Thm. 2.2; 18, Thm. 2.2]). Let R be
a representational Witt ring for G and Y a saturated set of sign-
atures of R. Then R = R/I(Y) is again representational.

Proof. Let rt be elements of R with dim]-> ¥\ — nί9 i — 1, 2, and
suppose d i m ^ i + r^<nλ + n2. Let Σ?=i^ίi be anisotropic represen-
tations of ft and let rt — Σ?=i^<i ίn ^ By Definition 1.1, dim^ fz<.
dimΛ r< ̂  w<, so that dim^ rt = ̂  too. By Corollary 2.19 there ex-
ists an m-fold Pfister element P = ΠΓ(1 + t[) - Σ Γ < 4 d ί i n Γ ( ^ )
with dimiί(r1P 4- r2P) < 2m(^x + n2). Now in J? we have σ(riP) =
σ(2wr<) for all σ in Y. Hence rtP = 2mf< in JR, where P denotes the
image of P in R. By Corollary 2.21 the ring R is dimensional, so
that 2™^ = dim^r^P) <̂  dimΛ r<P ̂  2mw4. Since R is representational,
Proposition 2.4 yields gf in (?' with gf in D(rxP) and — #' in D(rJP).
From Definition 1.2, it is clear that g' is in D^^P) = J9^(2mr1) and
-flrf is in DTι(f2P) = DΈ(2mr2). But by [8, Thm. 1.17] we have
Djι(2mri) = Dye(̂ ϊ) so that by Proposition 2.4, the ring .β is represen-
tational.

LEMMA 2.25. Let Y be a saturated set of signatures of a Witt
ring R for G. Then all signatures of R — RjI(Y) are induced by
signatures in Y and a subset F c 7 is saturated as a set of sign-
atures of R if and only if it is saturated as a set of signatures
of R.

Proof. By [8, Lem. 3.5] all signatures of R are induced by
signatures in Y. Let Y' be a subset of Y and let Γ(Y') denote
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the set of g' in G' such that σ(gf) = 1 where σ is the signature of
R induced by a and gf is the image of gf in R. Clearly σ(g') = σ(g')
so that Γ(Y')=Γ(Y'). _Now 7 s (Γ(Γ / ))c7 J ! (Γ(7)) = Γ so Y' =
VΛ(Γ(r')) if and only if Γ' = F^Γ(Γ')) where F' denotes the sign-
atures of R induced by the signatures in Y'.

PROPOSITION 2.26. Let R be a succinct Witt ring for G and Y a
saturated set of signatures of R. Then R = R/I(Y) is again succinct.

Proof. Let Ϋ' be a saturated set of signatures of R. By
Lemma 2.25, the lifted set of signatures Y' of R is again saturated.
Suppose now for g\ in G', i = 1, , n, and t'ih i = 1, , m< in
Γ(Γ') = Γ(Γ')=)Γ(Γ) the element Σ ^ i Σ & ^ i is isotropic for Ϊ2.
Then by Corollary 2.19 there is a Pfister element P = Π(l + sί) = Σ ^
in i2 with s£ and di in Γ(Y) such that Σ i Σ* Σ * 0%^* * s isotropic
for i2. Since by Lemma 2.25, the set Y' is also saturated as a
subset of X{R) and all tίyeZJ lie in Γ(Yr), the fact that R is succinct
then yields elements t[, •••,£» in Γ(Y') with ΣΓfl#ί isotropic for i2.
But then clearly ΣΓί/ί^ί is also isotropic for R and since Γ{Yr) —
Γ(P), Proposition 2.26 is proved.

Finally, we show that the definitions O4 of [17 and 18] and our
concept of representational coincide for reduced Witt rings. We
begin with

DEFINITIONS 2.27. ( i ) Let R be a Witt ring for G. For r =
ΣΓflrί_ in R, let Mn(r) - {hr in G'\ there exist h'u , Λ'. in G' with
r = h' + Σiϊh'ί}. Thus if n = dimr, we have Λfn(r) = jD(r) by De-
finition 1.2.

(ii) i? is said to satisfy O4 (cf. [17, Introduction]) if given
n = Σ?ii ^ ΐ = 1, 2, in JB, with gr' in Mni+n2(rλ + r2) there exist gr-
in Jlf̂ Cr,), i = 1, 2, with </' in M2(g[ + ffi).

LEMMA 2.28. Let R be a Witt ring for G and r = ΣΓ£ί α^
element of R with dimr < n. Then MJj) — G\

Proof. We may write, by Definition 1.1, r = ΣΓ^ί with m <n.
By [8, Rem. 1.24, Lem.], n — m is even so that for any g' in Gr

we have r = ΣΓ^ί + ((^ - m)/2)(£' - ^') and by Definition 2.27(i), ί/r

lies in lf»(r).

PROPOSITION 2.29. Lβί R be a Witt ring for G. Then R is
representational if and only if it satisfies O4.

Proof. Let ri9 i = 1, 2, be elements of R that can be written
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as the sum of ni9 i — 1,2, elements of G\ Suppose first that R
satisfies O4. Assume n< = dim rt and dim(r1 + r2) = nx + n2, so that
by Definition 2.27 (i) we have Mn(r%) = D(rt) and M^+^fa + r2) =
-D(̂ i + ^) Hence for g' in Dfo + r2) there exist #• in D{χύ, i = 1, 2,
with #' in Λf2(̂ ί + ^ ) By Lemma 2.3, </J + 02 has dimension two
so that M2{g[ + g'2) = jD(#ί + g's) and J? is representational.

Suppose now that R is representational. Then if nt = dim r«,
i = 1, 2, and dim(rx + r2) = nt + w2 we see immediately that 0 4 holds
for all elements of Mnι+nz(i\ + r2). Next, still supposing nt — dimr,,
i = 1, 2, let d i m ^ + r2) O x + w2. By Lemma 2.28, Mni+n2(rt + r2) = G'
and by Proposition 2.4 there is a 0' in Gf with 0' in -Ofo) and —gr

in D(r2). But then we have G' = M2(^' + { — gr)), again by Lemma
2.28, so 0 4 is true for all elements of Mni+n2{rx + r 2).

Finally, if n^άimr^ then G' = Λί^+^ίrx + r2) = Λf^ίrJ and any
gf in G' is in Λf2(j/' + ĝ ί) where g[ is any element of Mn2(τ2), so
that 0 4 holds here also.

REMARK 2.30. Let i? be a reduced Witt ring for G and X(R)
its set of signatures. By Remark 1.6 we have rx = r 2 in R if and
only if σ(r^ = σ(r2) for all σ in X(R). For each σ in X{R) we de-
fine a character X of G'jΓ{X{R)) by X(gT(X(R))) = σ{g') and denote
this set of characters by X. Now it can be verified that the Zariski
topology of the set of minimal prime ideals of Z[G] induces the
usual topology used in Pontryagin duality on the character group
of Gr/Γ(X(R)). Since X(R) corresponds to all minimal prime ideals
of Z[G] containing the ideal K, the set X(R) is closed in the Zariski
topology and so X is closed in the character group of G'/Γ(X(R)).
Thus the pair (X, G'/Γ(X(R))) satisfies Ou O2, O3 of [17]. Now by de-
finition, the pair (X, G'/(ΓX(R))) satisfies O4 of [17] if and only if R
satisfies O4 of Definition 2.27 (ii) or, by Proposition 2.29, if and only
if R is representational. Thus if R is a representational reduced
Witt ring for G, then (X, G'/Γ(X(R))) is a space of orderings as de-
fined in [17].

We point out explicitly that if R is a reduced representational
Witt ring our Proposition 2.24 is now seen to be equivalent to [18,
Thm. 2.2].

3* Applications to succinct and representational Witt rings*
In this section we show how some of the results proved in [8]

for R = W(C)/I(Y) can be carried over to succinct Witt rings for
G. Here C is a connected semilocal ring with every residue class
field containing at least 3 elements, W(C) is the Witt ring of
classes of symmetric nondegenerate bilinear C-forms, and Y is a
saturated set of signatures of W(C). We also give a version of
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some of the results of [20, Thm. 2.2] and [13, Thm. 1] for Witt
rings R for G with RjI{X{R)) representational.

LEMMA 3.1. Let R be a succinct Witt ring for G, Y a saturated
set of signatures of R, and R = R/I(Y). Then an element Σ ί # ί
of Z[G] is isofropic for R if and only if there exist t[, , t'n in
Γ(Y) with ΣnO'ώ isotropicfor R.

Proof. Since ΣΓf/ί^ = Σ Γ # mod I(Γ) it is clear that if ΣΓ0&
is isotropic for R then ΣΓ#ί is isotropic for R. Conversely, if
ΣΓflΊ is isotropic for R, there exists by Corollary 2.19 a Pfister
element P = ΠΓ(1 + *ί) = Σ Γ d) of R with s'jf d) in Γ(Y), such that
Σ?=i ΣI=i flWί is isotropic for R. Since i? is succinct there then
exist ί{, ••-,«» in Γ(Γ) with ΣΓfl#ί isotropic for i2.

DEFINITIONS 3.2. Let iϋ be a Witt ring for G, and A, 5Γ subsets
of G\

( i ) Γ is called saturated if Γ = Γ(F(Γ)) with the notations
of Definition 1.7.

(ii) The pair (A, T) is said to be anisotropic for R if all finite
sums Σ aA of Z[G] with, not necessarily distinct, at in A, ί, in ϊ7,
are anisotropic for R.

(iii) JDΓ(A) = {fl̂ ' in G'\g' in D£££a$l) for some, not necessarily
distinct, α̂  in A, tt in Γ, and arbitrary n}.

(iv) Denote by Z(A, T) the set of all semisignatures (Definition
1.8) τ of R which are constant on the cosets of T in G' and with
τ(α) = 1 for all α in A.

THEOREM 3.3. Let R be a succinct Witt ring for G, T a satu-
rated subset of G', and A an arbitrary subset of Gf.

( i ) The pair (A, T) is anisotropic for R if and only if
Z{A, T)Φ 0 .

(ii) // Z(A, T)Φ® then DT(A) = f U s u ^ ' X l ) .

Proof, ( i ) Let Y = V{T). Since Γ = Γ(7(Γ)) we have
V(Γ(Y)) = F(Γ(F(T))) = Γ, so that Γ is also saturated. Now let
JB = R/I(Y) and for g' in Gf denote its image in R by ^'. By Pro-
position 2.20 the Witt ring R is dimensional and by Lemma 3.1 all
finite sums {Σ^il^i in A) are anisotropic for R if and only if the
pair (A, T) is anisotropic for R. But this condition on A yields by
[8, Th. 1.17] a semisignature τ of R with τ{a) = 1 for all a in A.
Now for all t in Γ, we have σ(g' — ϊ/'t) = 0 for all σ in Y, so that
#' ΞΞ j/'ί"mod/(F). Hence r, the lifted semisignature of τ on R, is
constant on cosets of T in G' and clearly τ(a) = 1 for all α in A.
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Conversely, let τ be in Z(A, T). Then, clearly τ(α(T)) = 0. By
Proposition 2.22, the ideal a(T) = I(Y), so that τ induces a semi-
signature f on R. Since for all at in A we have f (Σ* β<) = % we
must have ΣΓ^* anisotropic for #, which again by Lemma 3.1
means that the pair (A, T) is anisotropic for 22.

(ii) For g' in DT(A), there exists α, in A, ί4 in Γ, i = 1, , n,
with g' in I>(ΣΓ £««<)• Now for all τ in Z(A, Γ) we have τ(ΣΓ«iϊ"<)
w = dim Σ ί α/i, so that by Lemma 2.9, we have τ(gf) = 1. Thus

Now if #' is not in DT(A) then ( A U ( ~ Λ T) is anisotropic for
R by Lemma 1.4. Thus by (i) Z(AΌ{-g'}, T) Φ 0 and there exists
a semisignature τ constant on cosets of T in Gf with τ(—gr) =
via) = 1 for all α in A. Thus r is in Z(A, T) Ymtg' is not in r - 1(l).
Consequently, Dτ(A)i)Γ)τinziA>T)τ~'1(l), completing the proof.

DEFINITION 3.4. Let R be a Witt ring for G and r an element
of 22. Then r is weakly isotropίc if there exists a natural number
m with dim(mr) < m dim r.

LEMMA 3.5. Lei R be a succinct Witt ring for G. An element
r — Σ ί 9i of R with n = dim r is weakly isotropic if and only if
there exist t[, , t'n in Γ(X(R)) such that ΣΓί7i*ί is isotropic for R.

Proof. If r is weakly isotropic then for some natural number
m the element ΣΓ^^ί is isotropic for R, i.e., Σ?=iΣΓ#ί l is iso-
tropic for i?. Since 1 lies in Γ(X(R)) and R is succinct there then
exist ίί, , ίή in Γ(X(R)) with ΣΓfl#ί isotropic for Λ.

Conversely, if there exist t[, - ,t'n in Γ(X(R)) with ΣΓf/ί*! iso-
tropic for 22, then r = ΣΓ ^ ί = Σ ί K mod I(X(R)) with i < w. By
Corollary 2.19 then, there is a Pfister element P = ΠΓ(1 + s{) = Σ Γ d\
of 22 with sί, d't in Γ(X(22)) with dim r P < w2m. Now for all σ in
X(22), we have σ{rP) = 2m(j(r) - σ(2mr). Thus r P - 2mr is a nil-
potent element of 22. By [14, Prop. 3.15] then there exists a natural
number s such that s(rP — 2mr) = 0, or srP = 2msr. But then
dim 2msr = dim sPr < 2msn so that r is weakly isotropic.

THEOREM 3.6. Let R be a succinct Witt ring for G, Y a satu-
rated set of signatures of R, T = Γ(Y), and r = Σ ί ^ a n element
of R with dim r = n. Then if for all semisignatures τ of R con-
stant on cosets of T in Gr we have \τ(r)\ < n, there exist t[y , t'n
in T with ΣΓ g% isotropic for 22.

Proof. Let R = 22//( Y) and r be the image of r in 22. Then
by [8, Prop. 1.25] we have dim^(r) < dim^r = n since by Proposition
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2.20 the ring R is dimensional. Thus ΣΓ ϋ\ is isotropic for R, and
so by Lemma 3.1, there exist t[f ••-,£» in T such that Σ*fl#ί is
isotropic for R.

COROLLARY 3.7. Let R be a succinct Witt ring for G and r
an element of R with dim r = n. If for all semisignatures τ of R
we have |τ(r)| < n, then r is weakly isotropic.

Proof. By [8, Rem. 1.10(i)], Theorem 3.6 is applicable to Y=
X{R). Hence, if r = Σ Γ # , there exist t[, ••-,«; in Γ(X(R)) with
ΣΓ Qit'i isotropic for R. Lemma 3.5 then completes the proof.

DEFINITIONS 3.8. Let R be a Witt ring for G and consider
X — X(R) in the Zariski topology of R.

( i ) R satisfies SAP if every clopen (closed and open) subset
of X is of the form V{gf) for g' in G'.

(ii) R satisfies WAP if the family of clopen subsets {V(g')\gf

in G'} forms a basis of the topology of X.

THEOREM 3.9. (cf. [20, Thm. 2.2; 13, Thm. 1]). Let R be a

Witt ring for G with R = R/I(X(R)) representational. Then SAP
and WAP are equivalent.

Proof. It is clear that SAP => WAP.

WAP => SAP. Just as in the beginning of the proof of [20,
Thm. 2.2] it suffices to show that if Y = ΠΓ V(gΐ) = UΓ W ) there
exists a gf in Gf with V(g') = Y. Let r, = ΠΓ(1 + &'), n = ΠΓ(1~
ΛJ). Then

tffo) = 2% σ(r2) = 0 for σ in Γ

cr(n) = 0, σ(r2) = 2n for σ in X - Y.

Thus for all σ in X(i2), we have σ{r1 + r2) = V = σ(2%). Hence if
r denotes the image of r in Λ and <7 the signature of R induced
by σ, we have σ{r1 + r2 - 2%) = 0 for all <τ in X(i?) = X(R). But in
5 we clearly have I(X(R)) = 0 so that r1 + r2 = 2n = Σ Γ 1 . Hence
dim^^i + r2) ̂  2%. On the other hand from (3.10) it is clear that
since σ(r) = σ(r), we have dim^r* = 2n i = 1, 2. Thus by Proposition
2.4, there is a g' in G' with βr' in DR{Ψ^ and — flf' in D^(r2).

Now let (Γ denote the image of g' in R. Then for all σ in X{R)
we have σ(^') = σ(g'). Hence (3.10) coupled with Lemma 2.9 shows
that σ(sj') = 1 for σ in Y and (7(^')=-l for σ in X - Y. Thus
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REMARK. The hypothesis that R is representational is needed
in Theorem 3.9 since it has been noted in [5, §3] that WAP and
SAP are not necessarily equivalent for arbitrary Witt rings for G.

4* Strongly representational Witt rings•

DEFINITION 4.1. A representational Witt ring R for G is said
to be strongly representational if for g[, g[ in G' with g[ + g2 Φ 0
in R and gf in D(g[ + g[) we have

S' + S'S&ί = g[ + Si.

PROPOSITION 4.2. If R is a reduced Witt ring for G with
X(R) Φ 0 , then R is representational if and only if it is strongly
representational.

Proof. One implication is trivial. Suppose now R is represen-
tational. If gf is in D(g[ + g'2) uwith g[ + g2 Φ 0 then by [8, Rem.
1.24, Lem.] there exists an h' in Gf such that gf + hr = g[ + g'2 in
R. Squaring this leads to 2g[g'2 = 2g'hr in R. As noted in Remark
1.6, the ring R is torsion free so that g[ψz = g'hf or hf — g'g[g'2
which proved Proposition 4.2.

Proposition 4.2 is false in case Rt Φ 0, cf. Remark 6.14.
We now proceed to record some of the results of [6] and [7]

concerning Pfister elements that remain vaild for strongly represen-
tational Witt rings for G. Most of the proofs of these results are
essentially just the proofs in the cited references with some suitable
modifications for the abstract situation. We give a fair number of
these proofs in detail and then just record further results without
proofs since these can be supplied by the (willing) reader on the
basis of the literature referred to and the modifications made in the
earlier proofs.

LEMMA 4.3. (cf. [6, Cor. 1.9, 1.10; 16, Prop. 1.3 p. 276]). Let R
be a strongly representational Witt ring for G and let g[, g[, h' be
elements of G'.

( i ) If 1 + g[ Φ 0 in R and hr lies in D(l + g[) then
(1 + S[)(X + 9ΰ = (1 + 0ί)(l + Λ'ffί).

(ii) // g[ + g[ Φ 0 in R and hr lies in D(g[ + gf^) then
(l + ffί)(l + ffO - (l + Λ')(l + gfiΰ.

Proof. ( i ) By Lemma 2.1(i) g'2h' lies in D(g'2 + g'2g[). Since R
is strongly representational, g[hf + g[grjh' —g[ + g[g[ which proves

(i).
(ii) Since R is strongly representational, h' + h'g[g[ — g[ + g'2f
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hence (1 + g[)(l + gϊ) - (1 + /?)(1 + g[g[).

PROPOSITION 4.4. (cf. [6, Prop. 2.2; 16, Prop. 1.5, p. 278]). Let
R be a strongly representational Witt ring for G. Let P—
III1 (1 + ft) = 1 + P', with dim P' = 2n - 1, n ^ 1, be a Pfister
element of R and let h[ be in D(P'). Then there exist hi, , h'Λ in
G' with P - ΠΓ(1 + h\).

Proof. We use induction on n. If n = 1 we have Pr = g[ and
so h[ = g[ and 1 + g[ = 1 + h[. Hence we assume n^2 and that the
proposition is true for (n — l)-fold Pfister elements. Let Q = ΠΓ~ (1 +
g't) = 1 + Q\ Then P = Q(l + g'n) = Q + g'nQ. Hence P' = Q' + g'nQ
and 2* - 1 = dim P ' ^ dim Q' + dim ^ Q ^ 2n~x - 1 + 2""1 = 2" - 1,
so that dim Q' = 2n~ι - 1 and dim gnQ = dim Q = 2*"1.

By hypothesis h[ is in J5(P ;) = D(Qf + ^ Q ) . Since iί is repre-
sentational there exist x in D(Q'\ y in D(Q) such that Λ{ is in
Dix + ^ ^ ) . Since Q — 1 + Q' there exists an element £ in D(Q')
such that 7/ is in D(l + z). By induction there exist z2, , ^4_! in
G' with Q = (1 + ^ Π Γ H l + «i). Now by Lemma 2.3 we have
1 + £ Φ 0 so that Lemma 4.3(i) shows that P = Q(l + ^^) = (1 + z)

(1 + ̂  ) ΠΓHi + «*) - (l + «)(i + yg«) nr'd + «*) = (l + ffi«)Q.
Since OJ lies in D(Q') the induction hypothesis again yields hr

2, , Λ«_i

in G' with Q = (1 + x) ΠΓ'Hl + ^ ) , so that P = (1 + £)(1 + ^ )

ΠΓ'Ήl + Λί) Again by Lemma 2.3, x + ^ 1 Φ 0 in i?, so Lemma

4.3(ii) shows (1 + »)(1 + yg'«) - (1 + ΛI)(1 + xygl). Hence P - (1 -4- ΛQ

(1 + xyg'n) Π Γ H l + Λ{), proving Proposition 4.4.

COROLLARY 4.5. (cf. [6, Cor. 2.3] although our proof is dif-
ferent). Let R be a strongly representational Witt ring for G and
P ~ ΠΓ (1 + Si), Qi in G', an n-fold Pfister element of R. If
d i m P < 2n then P = 0.

Proof. We again use induction on n. The corollary is clear if
n — 1 by [8, Rem. 1.24, Lem.]. Assume it is true for (n — l)-fold
Pfister elements. Again let Q = ΠΓ"3 (1 + Si) so that P = Q + g'nQ
and P' = Q' + g'nQ. If dim Q < 2n~ι then Q - 0 and so P - 0 also.
Hence we suppose Π Γ Ή l + gί) is anisotropic for R, i.e., dim Q = 2'1"1.

If d i m P ' = 2W — 1 then by Lemma 1.4, the element —1 lies m
D(P') and so by Proposition 4.4 we see that (ϊ + ( —1)) is a factor
of P, whence P = 0. Thus we may also suppose d i m P ' < 2* — 1.
By assumption, dim Qf = 2W - 1 — 1 and &ιm g'nQ = 2U~~X but d i m P ' =
dim(Q' + g'%Q) < 2n~λ ~ 1 + 2W~X - 2n - 1. Thus Proposition 2.4 shows
the existence of g' in Gr with —g' in D(Q') and ^' in D(g'nQ) =
g'nD(Q), by Lemma 2.1(i). Proposition 4.4 shows that then Q =
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(1 — g')Qι and since R is representational and Q = 1 4- Q' there ex-
ists an hr in D(Q') such that gf is in D(g'n + g'Ji'). Since i? is
strongly representational this means ψ + g'h' — g'n + gf

nh
f'. Again

by Proposition 4.4, we may write Q = (1 + Λ')S. Hence (71Q = <ΓQ
and P = Q + #,Q - (1 + fif')Q = (1 + 0')(1 - 0')Qi = 0, completing the
proof.

COROLLARY 4.6. (cf. [6, Cor. 2.4; 16, Cor. 1.7, p. 279]). Lei i?
be a strongly representational Witt ring for G. Then a nonzero
n-fold Pfister element, P, of R is round (Definition 2.14).

Proof. By Corollary 4.5 we have dim P = 2*. Let gr' lie in
D(P) = D(l + P') Since R is strongly representational there exists
an h' in D(P') such that g' is in D(l + Λ') and 1 + h' = flf' + ^'^'
in i?. By Proposition 4.4 we may write P = (1 + fe')Q. Hence ^ ' P =
(^r + g'h')Q = P and P is round.

LEMMA 4.7. Lβί R be a strongly representational Witt ring
for G and let P be a Pfister element of R. Then for any hf in
D(P) and any gf in G' we have P(l + g') = P(l + h'g').

Proof. By Corollary 4.6, P is round so that Phr = P and

PROPOSITION 4.8. (cf. [6, Thm. 2.6; 16, Thm. 1.9, p. 281]). Let
R be a strongly representational Witt ring for G with g[, -- , ^ 1 ,

K ' , K in G',n^0,m^l. If P = ΠΓ (1 + 50, Q - ΠΓ(1 + fcθ =
1 + Qf and cλ lies in D(PQf), then there exists c2, , cm m G' ŝ c/̂
ίΛαί PQ = PΠΓ(1 + ct). In particular, if - 1 lies in D(PQ') then
PQ - 0 .

Proof. If dim P < 2W, then by Corollary 4.5 we have P = 0 and
D(PQ') = D(0) = 0 . Thus we may assume dimP = 2\ We now
proceed by induction on m.

If m = 1, then cx is in D(PΛQ = ̂ D(P) by Lemma 2.1(i). Hence
d = h'A with d5x in D(P). Then, by Lemma 4.7 PQ = P(l + cx).

We now assume m > 1. By induction hypothesis we may as-
sume the result for any element in D(PS') with S = ΠΓ^O- + ̂ 0 =
1 + S'. Now if dimPQ < 2w+%, we have PQ = 0 by Corollary 4.5
and for any c, in G' 3 D{PQf), PQ - 0 = P(l + cx) Π H Ϊ + (-Ϊ)).
Thus we also assume dim(PQ) =2n+m, and consequently, dim(PQ') —

2 -+- - 2 . Now Q = S(1 + h'm) = h'mS + S so that Qr = h'mS + S' and
fo PS + PS'. Note dim(PQ') = 2m+n - 2n = 2m+"-1 + (2w+%-1-

= dim(feiPS) + dim PS'. Since iί is representational and cx is in
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DQCPS + PS') there exist x in D(PS) and y in D(PS') such that c,
is in D(h'mx + y) and hmx + y Φ 0 by Lemma 2.3. Applying the in-
duction hypothesis to y in D(PS') we find c2, •• ,cOT_1 in G' with
PS = P(l + y) Π r ^ l + c<). Now PQ = PS(1 + ΛL) = PS(1 + «λJΓ) by
Lemma 4.7, so that PQ = P(l + f7)(l + αΛi.) ΠΓ'^l + c,), which by

Proposition 4.3(ii) is P(l + cΊ)(l + a^OΠΓ'Xl + c, ), the desired
result.

PROPOSITION 4.9. (cf. [6, Thm. 2.7]). Let R be a strongly re-
presentational Witt ring for G and P — 1 + P', S, Q — 1 + Q' re-
spectively n-fold, s-fold and r-fold Pfister elements of R with s^O,
r ^ 1 and n ^ r + s. Suppose that there exists an element q in R
with Pf = Q'S + q and dim q < 2n - 2r+s + 28. Then there exists an
(n — (r + s))-fold Pfister element of R, denoted by M, with P = SQM.

Proof. We first deal with the case dim P < 2n, so that P = 0,
by Corollary 4.5. If n > r + s, then P = SQ ΠΓ ( r + s ) ( ϊ + (-Ϊ)) = 0,
which is the desired result. Thus we suppose n — r + s. If dim Q'S <

2r+s _ 2s, then dim QS < 2r+s and P = QS = 0 by Corollary 4.5.
If dim Q'S = 2r+s - 2% then from - ϊ = P' = Q'S + q we obtain
Q'S= - ΐ - g. Hence 2r+8 - 2s = dim Q'S ^ dim(-ϊ) + dim g < 1 + 2%
which implies r = 1 and dim Q'S = 2s. Then, by Definition 1.2, —1
is in D(Q'S). Therefore, by Proposition 4.8, we have QS = 0 = P,
which settles the case dim P < 2*.

For the rest of the proof we may then assume dim P = 2\ If
dim QfS < 2r+s - 2s then dim Q'S ̂  2r+8 - 2s - 2 by [8, Rem. 1.24,
Lem.]. Hence 2n - 1 = dim P ' ^ dim Q'S + dim g < 2r+8 - 2s - 2 +
2n — 2r+8 + 28 = 2n — 2, which is impossible. Thus we may also as-
sume dim QfS = 2r+s - 2s and dim 9 = 2n - 2r+s + 2s - 1. The rest
of the proof is carried out by a double induction, first assuming
r = 1 and inducting on s, and then inducting on r.

Thus let r = 1, Q = (1 + «), α? in G'. If β = 0, then P ' = x + g
with dim 9 = 2W — 2. Hence x lies in D(P') and the conclusion fol-
lows from Proposition 4.4.

Next, let s ^ l and write S = S^l + g')f g' in G' with S ^
1 + S[ Φ 0 an (8 - l)-fold Pfister element. Then P' = xS + q =
xS, + {xg'S1 + q) with dim (xg'St + q) < 2s-1 + 2n ~ 21+s + 28 = 2n~
2 + 2β~1. Thus by the induction hypothesis there exists an (n —(1 +
(S - 1))) = (w - 8)-fold Pfister element Λf = 1 + M' with P=
(1 + ̂ )Sxikf = (1 + φSίAf' + Sx + ίcSx. Now since dim P = 2W, we
must have dim(l + x)SxM' = 28(2W~8 - 1) - 2n - 28. Also, P = xS+
q + 1 with dim^S = 2s, and dimg = 2n - 28 - 1, so that dim(g+l) =
2n — 28 and 1 lies in D(q + 1). Equating the two expressions for P,
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we get P = (1 + x)S1M' + S, + xS, = αS + q + 1 == xSλ + WS, + q + l,
since S = (1 + 0')Si Therefore <j + 1 lies in i ^ , where Sλ by
Corollary 4.6, is round. Hence, by Proposition 2.16, there exists an
element p in R, with 1 in D(p), such that q + 1 = Sj> with 2* — 2s =
dim(q + 1) = dim Si-dim p = 2s~1dim p. Hence dim p = 2n~s+1 — 2.
Since 1 lies in D(p), there exists pλ in R such that p = 1 + px with
dim pt < dim p so that dim pt = 2W"S+1 - 3. Then g + 1 = S ^ + S,
and dim (g + 1) - 2n - 2s ^ dimGS^) + dim Sλ ^ 2s-1(2ίι"s+1 - 3) + 2s"1 =
2n - 2s so that dim S1p1 - 2% - 3-2s"1.

Substituting f or q + 1 we next find P = (1 + x)StM' + Sx + xSt =
xS, + xgΓS1 + S^x + S, or (1 + ^)S1M' = ^S, + 5 ^ = W + ί7"Sί+
S ^ . Now ά\m{xgrS[ + S^) ^ d i m ^ S ί ) + dim S1p1 ^ 28"1 - 1 + 2"-
3.2s-1 - 2 w - 2 8 - l < dim(l + x)SM'- Hence ̂ ; lies in D((l + ap^Λf'),
so that by Proposition 4.8 there exists an (n — s — l)-fold Pfister
element JV such that P = (1 + scJSxΛf = (1 + ^)SX(1 + i^iSΓ. Direct
computation shows (1 + x)(l + xgf) — (1 + £)(1 + ^') so that finally
P = (1 + »)(1 + g')SxN = (1 + £)SW, proving Proposition 4.9 for r = 1
and all s ^ 0.

Next suppose r ^ 2 and assume, as our induction hypothesis
that Proposition 4.9 is vaild for all (r — l)-fold Pfister elements and
for all s-fold Pfister elements, s ^ 0, satisfying the hypotheses. We
write Q = (1 + y)Qx where # is in G' and Qt = 1 + Q[ is an (r — 1)-
fold Pfister element. Then Q' = QJ(1 + #) + ^ and by hypothesis
P ' = Q'S + ? = QI(1 + i/)S + (yS + g). Since dim(^rS + q) ^ dim ̂ S+
dim g < 2s + 2W - 2r+s + 2s = 2" - 2(r"1+s+1) + 28+1 we may apply the
induction hypothesis to the Pfister elements P, Ql9 (1 + y)S, to obtain
an (n - (r + *))-fold Pfister element Λf such that P = (3,(1 + y)SM=
QSM, completing the proof.

COROLLARY 4.10. (cf. [6, Rem. (1), p. 192]). Let R be a strongly
representational Witt ring for G and P = 1 + Pf an n-fold Pfister
element of R. If there exist g[, gf

2 in Gf, and q in R such that
Pr = SΊ + ffί + Q with dim q < 2n — 2, then there exists an (n — 2)-
fold Pfister element M in R such that P — (1 -f g[)(l + g[)M.

Proof. P' = g[{l + g[g'2) + q = Q'S + q with Q = (1 + g[\ S=
(1 + g[gζ). Since dim q < 2n - 2 = 2* - 21+1 + 2\ we must have n^2
and thus all the hypotheses of Proposition 4.9 are fulfilled with
r = s = 1, so that there is (w — 2)-fold Pfister element M in R with

COROLLARY 4.11. (cf. [6, Rem. (2), p. 192]). Let R be a
strongly representational Witt ring for G and P and S respectively
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n-fold and s-fold Pfister elements of R. If there exists an element
q in R with P'=P-l = S + q with dim q < 2n - 2% then P = 2SM
for some (n — s — l)-fold Pfister element M in R.

Proof. Proposition 4.9 is applicable with Q = (ϊ + 1) = 2.

COROLLARY 4.12. (cf. [6, Rem. (3), p. 192]). Let R be a
strongly representational Witt ring for G and P and Q respective-
ly n-fold and r-fold Pfister elements of R, n^r^l. If there exists
an element q in R with P — Q + q with dim q < 2n — 2r + 1, then
there exists an (n — r)-fold Pfister element M with P = QM.

Proof. Since P = Q + q, we have P' = Q' + q. Proposition 4.9
with s = 0, S = ϊ , then yields the result.

The proofs of the following results will be omitted since they
are obtained by subjecting the proofs in [6] and [7] to changes
similar to those made in proving Propositions 4.3-4.9.

PROPOSITION 4.13. (cf. [7, Thm. 2.1]). Let R be a strongly
representational Witt ring for G and P, Q respectively n-fold and
r-fold Pfister elements in R with n ^ r. Then the following are
equivalent:

( i ) There exists an (n — r)-fold Pfister element M in R with
P = QM.

(ii) P lies in QΓn~r), where I{n~r) is the ideal of R generated
by all (n — r)-fold Pfister elements.

(iii) P lies in RQ, with P Φ 0 if r = n.

DEFINITION 4.14. (cf. [6, Def. 4.1]). Let Plf -- , P m be n-ίolά
Pfister elements in a Witt ring R for G. These are said to be
r-linked if there exists an r-fold Pfister element Q in R and (n — r)-
fold Pfister elements Ml9 , Mm such that P, = QMίy i = 1, , m.
The natural number r is called the linkage number if Pu , Pm

are r-linked but not (r + l)-linked. If the linkage number is
1, then P l f , Pm are called linked.

PROPOSITION 4.15. (cf. [6, Prop. 4.4]). Let R be a strongly
representational Witt ring. Two n-fold Pfister elements Pl9 P2 in
R are r-linked if and only if d i m ^ — P2) <; 2n+1 — 2r+1, equality
occuring if r is the linkage number. In particular, if dim(P1 —P2)^2%

then Px and P2 are linked.

PROPOSITION 4.16. (cf. [6, Thm. 4.5]). Let R be a strongly
representational Witt ring for G; P, Q nonzero n-fold Pfister
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elements in R and g', h' elements of G\ Then dim(</'P + h'Q) = 2%+l

or 2n+1 — 2r+1, where r > 0 is the linkage number of P and Q.

REMARK 4.17. The proof of [4, Satz 16] can also be extended
to torsion free representational Witt rings keeping in mind that
such a ring is, by Corollary 2.21, dimensional, so that for any
element r in it we have dim(mr) = m dim r and D{mr) = D(r),
where m is any natural number. This yields

PROPOSITION 4.18. Let R be a reduced representational Witt
ring for G. Let r be a round element of R with dim r = n. If
n — 2ιu with (2, u) = 1, there exists a unique Pfister element P in
R with r = uP.

REMARK. The hypotheses of Proposition 4.18 are fulfilled in case
R = S/I(Y) with S a representational Witt ring for G and Y a
saturated subset of X(S) by Proposition 2.24. Since, as we shall
show in Proposition 6.7, the ring W(F) is representational for F a
field of characteristic Φ 2 and the rings Wτ of [4] are of the form
W(F)/I(Y) ([8, §2]), Proposition 4.18 does yield [4, Satz 16].

5. Remarks on [3]* In this section we show that [3, Prop.
5.1] is valid for dimensional Witt rings and that by [17] some of
the results of [3, 5] also carry over to the case of representational
Witt rings. We have preferred, for the readers sake, to give fairly
complete proofs of Theorems 5.4 and 5.8, but wish to emphasize
here that the main ideas of the proofs come from [3].

LEMMA 5.1. Let R be a reduced Witt ring for G and ^Jlg[ =
Σ Γ ^ an element of R. Then (-1) ( ( -1))/2 ΠΓffί = (-l) ( m ( m"1 ) ) / 2 Π Γ ^
in R.

Proof. Since R is reduced, by Remark 1.6 two elements x and
y of R are equal if and only if σ(x) = σ{y) for all σ in X{R). Now
for a fixed signature σ, let p of the σ(g't) and p' of the σ(h]) be 1,
so that n — p of the d(gi) and m — p* of the <j(hj) are —1. Then

p — (n — p) = 2p — n = p' — (m — pr) — 2pf — m .

Thus

But (n2+n-2p)/2 = (n2+n-2p-4pn+4tp2)/2 = ((n-2p)2+(n-2p)/2 mod 2.
Hence σ[(-Ί){n{^1))/2 ϊlΐS'Λ = ( - l ) ί ( -2*)2<»-2*»/2 = (_i)<<«-2p'>2+<~--2p'>>'2 =
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0.[(__l)(»(«-u)/2 j ] ^ £ y ] , prov ing L e m m a 5.1.

LEMMA 5.2. Let R be a Witt ring for G and Y a set of sig-
natures of R such that R = R/I{Y) is dimensional. Let r — ΣΓίZί
and r be elements of R with r == 2f mod /(Y) and let the image of
r in R be denotes by r. Then if dim^f — n, the element —g[ +
Σ? g'i of Z[G] is isotropie for R.

Proof. By [14, Prop. 3.14], R is also a Witt ring for G. Since
dim^r — n, Definition 1.2 shows that g\ lies in D^{r). In R we have
r = 2Ψ so that g\ also lies in Dj&Ψ) = DTi{Ϋ) [8, Def. 1.18 and Thm.
1.17(iii)]. Hence r = g[ + x, where x is an element of R with
άimnx < dim^r. But n = dim7>r = dimj. 2r = 2 dim^r [8, Thm. 1.17(i)].
Therefore dim^α^<^/2. Thus in R we have ^*gί = g[ + g[+2x with
dim^2x = 2 dim^x < n. Then — g\ + Y^ g[ = 2x in R, so that by
Definition 1.3, the lemma follows.

LEMMA 5.3. Let R be a Witt ring for G and F D Yj9 j = 1, 2,
sets of signatures of R. Let r = ΣΓ^ί be an element of R/I(Y)
with n even such that ΠΓ^ί — (~l)w/2 in R/I(Y). Assume there
exist elements rγ. in R/I( Yό) with r = 2rYj in R/I( Yj) where r
denotes both images of r in RjI(Yά). If dimΛ / / ( F l )r r i = (n — 2)/2 and
R/I(Y2) is dimensional then ΣΓ ϋi is isotropie for R/I(Y2).

Proof. In R/KY,) we may write ΣΓ Si = 2ΣίΛ~2>/2^ί f o r K in
G''. Since there is a natural homomorphism RfΙ(Y)—> R/I(Y1))

Lemma 5.1 shows that (_i)<»(»-»-:-»>'2 = (_i)((»-2MΛ-3))̂  i n β/i(γi)m

Straightforward computation yields ( —1)% 2=—1 in RjI{Y^). Since
i2//( Yx) admits homomorphisms to Z, we have — 1 ^ 1 in R/I( Y±) so
that n/2 is odd. If ΣΓfl̂ ί were anisotropic for R/I(Y2), then
dim/£//(Ir2,2rr2 = w and so by [8, Thm. 1.17(i)] άimR/IiY2)rY2 = n/2. But
then again by Lemma 5.1 and using the homomorphism R/I(Y)—>
R/I(Y2), we have (-iy*<»-i»'*(-i)»'2 = (-iγ«<*-»)'* i n i2//(Γ2) so that
(-1Γ 2 - 1 in R/I(Y«). Just as above - 1 =£ 1 in R/I(Y2). This con-
tradiction proves Lemma 5.3.

THEOREM 5.4. (cf. [3, Prop. 5.1]). Let R be a Witt ring for
G, Y a closed set of signatures of R and g a family of subsets of
Y such that an element of Z[G] is isotropie for R/I(Y) if and
only if it is isotropie for RjI{Yr) for all Yr in %. Suppose fur-
ther that for all Yf in %, the ring RjI(Yf) is dimensional. Let
C(Y, Z) be the ring of continuous functions from Y {with the
Zariski topology) to Z {with the discrete topology), and let f be an
element of ZΊ + C(Y, 2Z). If for all Yr in % there exist elements
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rγ, in R such that the restriction of f to F ' is given by f(σ) — o(rγ>)
for all σ in F'', there exists an element r in R with f(σ) — σ(r)
for all σ in F.

Proof, Since Y is closed it is clear that X(R/I( Y)) = Y. By
[15, Thm. 3.18(i)] for any / in C(Y, Z) there exists an element r0

of R/I( Y) and a natural number m such that (2mf)(σ) = σ(r0) for all
σ in Y. It clearly suffices to treat the case m — 1, for once this is
done, Theorem 5.4 is proved for 2m~1f9 which then yields the result
for 2m~2/, etc.

Thus for / in ZΛ + C(Y, 2Z) we may suppose 2f(σ) = σ(rQ) for
all σ in Y and some element r0 in R/I(Y). Hence for all σ in F ' ,
with F' in g, we have σ(r0) = 2σ(rF,), so that f0 = 2fF, in R/I(Yf)
by Eemark 1.6. Let dimR/I(F)r0 = w and r0 = ΣΓί/ί Since Theorem
5.4 is obviously true for constant functions, we may assume without
loss of generality that /(F) £ 2Z. Thus for all <J in F, we have
σ(r0) = 0 (4). For a fixed # in F, let σ(g't), i = l, •••,%, be 1 p
times so that ΠMί/O = (-l)w~p in R/I(Y). Then 2^ - w = O (4) so
that n is even and p s n/2 (2). Thus ΠΓ ̂ 0 = (~1Γ2 or, by
Remark 1.6, ΠΓ# = (-1Γ 2 in Λ//(F).

If for some F' in g we had dL\rΆR/I{YΊΨγf = (^ — 2)/2, Lemma
5.3, shows that ΣΓflfί would be isotropic for all R/I(Y") with F "
in §, which by the hypothesis on % would make ΣΓ^ί isotropic for
R/I(Y), a contradiction. Hence for all F ' i n g we know dimβ/z(F/)rF/
^(w - 2)/2.

If Σiidi is anisotropic for R/I(Y'), with F ' in g, Lemma 5.2
shows that --flrί + Σ * ^ is isotropic for RjI(Yr). If ΣΓ#ί is iso-
tropic for R/I(Y') with F ' in §, then by [8, Rem. 1.24, Lem.]
dimR/I{YΊfQ ^ n — 2, Since dimi2/7(FOr0 = 2 dimΛ/7(F/,fΓ, [8, Thm. 1.17
(i)], this together with the last paragraph shows dimR/nγf)fγf <
(n - 2)/2. Now, in R/I(Y')> we have -ψ± + Σ?^ί = 2^r' - ^ί - ^I
Since, in JB//( F'), the element 2rΓ, is the sum of fewer than n — 2
images of elements of (?', the element —g[ + Σ?#ί is again isotropic
for R/I(Y'). Hence -#[ + Σ?0£ i s isotropic for R/I(Y).

Now setting rx = r0 — g[ — ̂ ί, we see that dimjB/J(F)r1 <
dimΛ/I(Fϊr0. Let f in C(F, Z) be defined by /.(σ) = f(σ) - σ(g[) for
all σ in F. Then 2/x(σ) = σ{rx) and for all σ in F \ we have f(σ) =
G(rγ, — ̂ 0; t ^ u s the proof is completed by induction on n —
dimR/I(Y)r0, since if n — 2 the above proof shows r0 = g[ + ̂ ί and

REMARK. By [8, Cor. 2.12], Theorem 5.4 applies to R = W(C),
the Witt ring of classes of nondegenerate symmetric bilinear C
forms when C is a connected semilocal ring all of whose residue
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class fields contain at least 3 elements if Y and the elements of g
are saturated. Since [8, Thm. 2.11] shows that the notion of iso-
tropic used here and that used in [3] coincide and [8, Thm. 2.15]
shows that the Witt rings of [3] are of the form W(C)/I(Y) with
Y saturated, Theorem 5.4 really does yield [3, Prop. 5.1] in case C
is a field of characteristic Φ 2.

The interest in Theorem 5.4 lies in the light it sheds on the
image of R/I(Y) in C(Y, Z) since by [15, Thm. 3.18(iv)] this image
is always contained in ZΊ + C(Γ, 2Z). In [3, §3 and Cor. 5.2] it
is shown that in case R = W(C), with C a field of characteristicΦ2,
the family § may be taken to be the family of finite saturated
subsets of Y. Thus in the framework of [3] the description of
Im(R/I(Y)) in C(Y, Z) is reduced, as we shall show below, to the
case of Witt rings for finite groups. Unfortunately we are unable
at this time to prove an analogue of [3, Cor. 5.2] for representa-
tional Witt rings for G. Nevertheless, as we now point out, part
of [3, Thm. 5.3] does carry over to the abstract situation.

LEMMA 5.5. Let R be a Witt ring for G and Y' Φ 0 a subset
of X(R). Then Y is finite if and only if G'jΓ(Y) is finite so that
RίΙ(Y) is a Witt ring for the finite group G'/Γ(Y).

Proof. If Y = {σu , σn) then the sequence

— + G ' >Π {±1}

is exact, so that G'jΓ{Y) is finite. Conversely, if G'/Γ(Y) is finite,
since Y may be identified with the characters it induces on G'/Γ(Y),
it is bijective with a subset of the character group of a finite
abelian group and so is finite.

DEFINITION 5.6. Let R be a Witt ring for G and Y a subset
of X(R). Then Y is a fan [4, Satz 20(ii)] if every character of
G'/Γ(Y) that maps —Γ(Y) to —1 induces a signature of Y.

LEMMA 5.7. Let Y be a fan and let g'o be an element in Gr

ivith gΌΓ(Y) Φ-Γ(Y). Then Yr = {σ in Y\σ(g'o) - 1} is also a fan.

Proof. Any character of GfjΓ{Yr) induces a character of
Gf/Γ(Y) since Γ ( Γ ) D Γ ( Γ ) . Thus any character of G'/Γ(Y') send-
ing —Γ(Yr) to —1 induces a signature of Y which sends g'o to 1,
i.e., a signature of Y', so that Yf is, indeed, a fan.

THEOREM 5.8. (cf. [3, Thm. 5.3(b), (c)]). Let R be a Witt ring
for G and YaX(R). For any finite set P denote by \P\ the card-
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inality of P. Then the following are equivalent:
( i ) For each finite fan Y'czY we have ΣσinY'ftv) Ξ 0 mod|Y'\.
(ii) Let f be in C(Y, Z). For every finite fan 7 ' c 7 there

is an element rγ> in R with f(σ) = σ{rγ>) for all σ in Yf.

Proof. ( i )=>( ii). Let Y' be a finite fan and / an element of
C(Y, Z). We identify Y' with all the characters of G'/Γ(Y') send-
ing —Γ{Yf) to —1. Now since every element of GfjΓ{Yf) has order
2 and G'/Γ(Y') is finite by Lemma 5.5, we may write G'/Γ(Y') =
{Γ(Y'), -Γ(Y')}xH and Yf is then identified with H, the character
group of H. Now we also write / for the function from H to Z
induced by / and define functions fh: ΈL-+Z by fh(X) = X(h) for each
h in H. Then if we set mfih = (l/|jff|)Σzm£/(Z)X(fc) it i s a n i m -
mediate consequence of the orthogonality relation (10) on p. 181 of
[21] that / = Σ * m/,hfh- By (ί) w / t l lies in Z.

Next, we show that mf>h is in Z for all h in iϊ. Let S(h)
denote the characters in H for which X{h) = 1. We may then write
H= {1, λjxfl! and may identify S(Λ) with ^ . Thus \S(h)\ = \Ht\ =
QH\/2) and by Lemma 5.7 S(ft) - ^ is the subfan Y" of Γ' con-
sisting of all singatures sending g'JΓ(Y') = h to 1. Now mfih —

^,/(Z) - Σznotiπ ro,/α)] = (2/|H|)Σzii*<«/(Z) - (i/lJϊl)
Applying (i) to the fan Y" shows that first term is in

Z and since the second term is mftl we have shown that mf>h lies
in Z.

Finally, let rYr = ^hinHmf>hg' where g'Γ(Y') = h. Then for
all a in Γ', we see σ(rτ.) = Σ*inπ mfΛσ(g') = Σ^hinHmf) hX(h) =
(ΣMnHm/fΛΛ)(Z) - /(Z) = /(σ), proving (ii).

(ii)==>( i ) Suppose first that for all σ in Y' there exists flf' in
G' with /(σ) - σ(^) If g' lies in Γ(Γ')U - Γ ( Γ ' ) , then Σ.mr'/(^) =
± | F ' | , proving (i) in this case.

If g'Γ(Y')ΦΓ{Y') or - Γ ( Γ ' ) then we again write G'/Γ(Y') =
{Γ(Y'), -Γ{Y')}xH with g'Γ(Y')Φl in if, and identify Y' with
Ĥ , the character group of H. Then Σσmr'/(tf) = Έ*χinίiX(h) for
Λ - g'Γ(Y') Φlm H. By (8) on p. 181 of [21] this sum is 0 and
so (i) is also valid in this case.

For an arbitrary /, by (ii), there exists an rγ. in R so that for
all σ in Y' we have f(σ) •= σ(rτ,). Let rγ, = ΣΓ^ί Then /(α) =
Σ Γ ^ ί ) and Σ.inF'/(σ) - Σ?=i ΣσinΓ'*(#) - Omod|Γ' | by what was
proved above.

Next we point out that by using the main result of [17] the
remainder of [3, Thm. 5.3] is valid for representational Witt rings
for finite groups:

By Remark 2.30, if R is a reduced representational Witt ring
for a finite group (?, then {X, G'/Γ(X(R))) is a finite space of order-
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ings as defined in [17 and 18]. By [17, Thm. 4.11 and 18, Rem.
1.8], there exists a Pythagorean field F with X ^ the space of
orderings of F, GrjΓ(X{R)) ~ F/F2 and R = W(F). Hence [3, Thm.
5.3(b) ==> (a)] yields the following:

THEOREM 5.9. Let R be a representational reduced Witt ring
for a finite group G with Γ{X(R)) = 1. Then if for f in C(X(R),
Z) there exists rγ for each fan YczX(R) with f(σ) — o{rγ) for all σ
in Y, there exists r in R with f(σ) = σ(r) for all σ in X(R).

REMARK. It is possible, by using [17], to prove Theorem 5.9
without any reference to fields and valuations. Essentially the
analogues of the results of [3, § 4] hold for reduced representational
Witt rings for finite G whose space of signatures is connected in
the sense of [17]. On the basis of this, the proof in [3] can be
adapted to the abstract situation.

6* Witt rings of semilocal rings* In this Section we prove
results about Witt rings of bilinear forms over semilocal rings that
enable us to apply the results of the previous sections. Throughout
the rest of this paper C will denote a commutative connected semi-
local ring and U(C) its group of units. By a space over C we shall
mean a pair (E, B) where E is a finitely generated projective
(whence free) C-module and B is a symmetric nondegenerate bilinear
form on E. Isometries will be written as — and for any natural
number m, the space E _l_ J_ E(m times) will be denoted by mE.
An element e of E is called primitive if it can be augmented to a
basis of E. A space (E, B) is isotropic if there is a primitive
element e in E with B(e, e) = 0, and weakly isotropic if for some
natural number m, the space mE is isotropic. The space Ce1 _l_ !_
Cen with B(ei9 eτ) = at in U(C) will, as usual, be denoted by (alf ,
an). The Witt ring of equivalence classes of C-spaces will be denoted
by W(C) and the class of a space (E, B) in W(C) by [E]. For any
C-space (E, B) there always exist alf •• , α n in U{C) with [E] —
[<<*» •• ,<OΠ14, Thm. 1.16].

We shall also, very briefly, consider quadratic C-spaces [19, pp.
110-111] and the left TF(C)-module Wq(C) of equivalence classes of
quadratic C-spaces [19, pp. 110-111]. We shall use similar notations
for quadratic spaces as for spaces.

By [14, Cor. 1.21], R = W(C) is a Witt ring for the group
i7(C)/(ί7(C))2. We shall view the signatures of R as defined in §1
either as homomorphisms of R to Z or as homomorphisms of U{C)
to {±1} sending (£7(C))2 to 1. If Y is a set of signatures of W(C)
(or C) we shall slightly alter one of the notations of § 1 and some-
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times consider Γ(Y) and D([E]) as a subset of U(C) instead of
U(C)/(U(C))2.

PROPOSITION 6.1. Let R = W(C) where C is a connected semi-
local ring all of whose residue class fields contain at least three
elements. Then R is succinct.

Proof. Let Y be a saturated set of signatures of R, au- , an be
elements of U(C) and tih i = l, , n, i = l, * , mu elements of Γ(Y).
Denote 1 ? = 1 1 & W by E I f t h e element ΣΓ=iΣΓ=Ία
of Z[ί7(C)/(ϊ7(C))2] is isotropic for Λ then [#] = [E'] in
with rank jE"<rank E, whence by [8, Lemma 2.2] the space 6E
is isotropic. But then by [8, Lemma 2.7(iii)] there exist tίf ••-,*»
in Γ(Y) such that a&Λ- +antn — 0 in C and &A + +attι is in
C7(C) for all I < n. Thus by [8, Lem. 2.10] there exist cl9 •••, cn_2

in U(G) with [(α^i, , antn)] = [<cx, , cn_2>] which means that
the element Σiΐa>MU(C))2 of Z[?7(C)/(i7(C))2] is isotropic for W(C).

COROLLARY 6.2. Let C be a connected semilocal ring all of
whose residue class fields contain at least 3 elements. Let Y denote
a saturated set of signatures of W(C). Then W(C)/I(Y) is succinct.

Proof. This is immediate from Propositions 6.1 and 2.26.

COROLLARY 6.3. Let C be a connected semilocal ring all of
whose residue class fields contain at least 3 elements and such
that X(W(C)) Φ 0 . Then {W{C))t = Nil W(C) is generated as an
ideal of W(C) by [<1, -t '>] with V in Γ(X(R)).

Proof. This is immediate from Proposition 6.1 and Corollary
2.23.

REMARK. Corollary 6.3 was proved with the additional hypo-
thesis "2 in U(C)" in [15, Cor. 4.19] and in full generality in [12,
p. 52].

PROPOSITION 6.4. Let C be a connected semilocal ring all of
whose risidue class fields contain at least three elements and let Y
denote a saturated set of signatures of W(C) = R. Then R =
W(C)I(Y) is strongly representational.

Proof. Let ri9 i — 1,2, be two elements of R with dim^f, = nt

and dimsfa + f2) < nx + n%. Then denote by Σi=i ai5U{C)\ i = 1,2,
anisotropic representatives in Z[U(C)/(U(C))2] of rif so that
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+ ΣιUiθ>2,<U(C)y is isotropic for R. By [8, Thm. 2.11]
there then exist tijf ί = l, 2, j = l, , nu in Γ(Y) so that in C we have
αiAi + Λi2*i2H h α 1 % 1 ί 1 ? l l + α 2 1 ί 2 1 H l-α2Λ2ί2*2 = 0 and απtπ + αiat^H h

t W i i = ^ i s a u n i t i n c- H e n c e - w = α2i*2i + ^ 2 2 H 1" <W2»2

and again by [8, Thm. 2.11], the element u(U(C)f lies in Dj^f^ and
— u(U(C))2 lies in Dΰ(r2). Therefore by Proposition 2.4, the ring jR
is representational. Since R is reduced, R is strongly representational
by Proposition 4.2.

LEMMA 6.5. Let C be a connected semilocal ring. Suppose
either (α) 2 is in U(C), or (b) C is a local ring of characteristic 2
with maximal ideal m and m2 = 0. // α space (alf , αTO> is α%-
isotropic then dimw(C)[(al9 , αTO>] = w, αwd /or £wo anisotropic
spaces Eγ and E2, we have [JSJ = [E2] if and only if Et = E2. In
addition, in case (a) and if C is a field in case (b), then
dimw{C)[(alf , an}] = n if and only if (aλ, , αw) is anisotropic.
In particular, if E is a C-space with dimwlC)[E] = n, then there exists
a unique anisotropic space (au , an) with [E] = [<αj, αΛ>].

Proof. Suppose ^ = <αx, , αw> is anisotropic. If 2 is in U(C)
then dimT|r(C}[j&] = n is an immediate consequence of the definitions
and Witt cancellation [9, p. 256]. If C is a local ring as in case
(b) and dimw(C)[E] = m, m <n, then [E] = [(bl9 , δTO>]. Now re-
peated application of [10, Satz, 3.2.1, p. 106] shows that (bu , bm)~
M±L where M is metabolic and L is 0 or anisotropic with rank
L <L m < n. But in the latter case [E] = [L], and so by [10, Thm.
8.2.1, p. 119] we have E ~ L which is impossible. If L — 0, then
[E] = 0 and so by [10, Lem. 8.2.2, p. 119] the space E is metabolic,
violating the anisotropy of E. Thus dimwiC)[E] — n.

Suppose Elf E2 are two anisotropic spaces with [E^ = [E2] in
W(C). In case (b) E, ^ E2 follows from [10, Thm. 8.2.1, p. 119]
while the conclusion in case (a) is a well known consequence of
Witt cancellation [9, p. 256].

Now suppose, in addition, in case (b) that C is a field and let
E = (au , an) with dimw{C)[E] — n. If n — 0 there is nothing to
prove. By repeated applications of [10, Satz 3.2.1, p. 106] E ~ Ml_L
where M is metabolic and L is anisotropic or 0. Now in both case
(a) and (b), an anisotropic space is proper, so that if L Φ 0 it has
an orthogonal basis ([14, Lem. 1.12]), i.e., L = (clf , cβ>. By what
was proved above, dim^(C)[L] = s. But [E] = [L] so L Φ 0 if n Φθ,
and s = n. Consequently M = 0 and E = L is anisotropic.

LEMMA 6.6. Let C be a connected semilocal ring and suppose
either (a) 2 is in U(C) or (b) C is a local ring of characteristic 2
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with maximal ideal m and m2 = 0. Let E — (al9 , αΛ) be an an-
isotropic C-space. Then for any unit u in D([E]) there exist
xlf - - , xn in C such that u = axx\+ + anx

2

n. In case (a), and if
C is a field in case (b), then this condition is also sufficient for u
to be in D([E]).

Proof. Let u be a unit of C which lies in D([E]). By Defini-
tion 1.2, there exist units u2, , um in C, m ^ n, with [(au , αΛ>] =
[(u, u2, , um}]. Now if (u, u2, , um} were isotropic, then by re-
peated application of [10, Satz 3.2.1, p. 106] (u, u2, , um) = MlL
where M is metabolic, L is anisotropic or 0, and rank L <m ^n.
Clearly 0 Φ [E] = [(u, u2, , um}] = [L], so that L Φ 0. Since L
and £/ are both anisotropic, by Lemma 6.5, we have E = L, a con-
tradiction. Thus (u, u2, •••,%,) is anisotropic and by Lemma 6.5
<M, ^2, , um) ~ E = <αx, , αw>, so that m = n and there exist
#i, •••,#» in C with u = α^H ha»a£-

Now assume that there exist xl9 , xn in C such that u —
α îH \-anxl lies in J7(C). Then if / is the vector (xu ••-,»,) of
<αx, , an), the proof of Lemma 1.11 of [14] shows that
(alf αΛ> = Cf ± (C/)1. Since <αχ, , α%> is anisotropic so is
(C/)1. If 2 is a unit in C or if C is a field of characteristic 2,
then every anisotropic space is proper. Thus by [14, Lem. 1.12]
the space (C/)1 has an orthogonal basis, i.e., (C/)1 = (u2, •• ,^n>
for units u2, - -, un in C Hence [<^>] + [(u2, , ^w>] = [2?] and so
w is in D([E]).

PROPOSITION 6.7. Let C be a connected semilocal ring with 2
in U(C). Then R — W(C) is strongly representational.

Proof Let Et = <α{1, , aini), i = 1, 2 with d i m ^ ] = nτ and
suppose dh.m{[E1LE2\} < nL + n2. Then by Lemma 6.5, the space
Et±E2 is isotropic so that by [2, Satz 2.7(c)] there exists a unit u
represented in the classical sense by Eu such that — u is represent-
ed, in the classical sense, by E2. By Lemma 6.6 this means u is in
D([Ej]) and —u is in D([E2]) so that by Proposition 2.4, the ring
W(C) is representational.

Next, suppose for units α, b, c oί C we have [<α, 6>] ^ 0 and c
lies in D([(a, &>]). By [8, Rem. 1.2.4, Lem.] this means dim[<α, &>] = 2
and there exists an element r in W(C) with dim? <^l so that
[<c>] + r = [<α, δ>]. Again by [8, Rem. 1.24, Lem.] the case dim?* = 0
is impossible, so that there is unit d in C with [<c, d}] = [(a, &>].
By Lemma 6.5 this means <c, cί>^<α, 6>. If {e, /} is the canonical
basis for <α, 6>, there exist elements a, β in C with J3(αe + /3/,
ae + £/) = c, i.e., a2a + ^2δ = c. But then {αe + βf, βbe — aaf) is
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easily seen to be another orthogonal basis of (a, δ>, so that <α, δ) =
(c, cab), and W(C) is strongly representational.

We shall now see that if 2 is not a unit in C, the ring W(C)
need not be representational.

EXAMPLE 6.8. Let F be a field of characteristic 2 with [F: F2]
infinite. For example, F = FQ(xί9 •) where FQ is a field of charac-
teristic 2 and xlf are countably infinitely many algebraically
independent elements over FQ. Let

{1, α2, α3, •••, δx, δ2, •••}

be a basis of F over i*72. Let C be the ring of dual numbers over
F, i.e., C — F+Fx with or — 0. Then C is local with maximal
ideal m = Fα and C/m ^ F. Note that C2 - F 2 .

Consider next the C-spaces Et = <1, α2> , αn>, E2 = <δx, 6X -f- #,
K*'',K}- We first verify that E1lE2 is anisotropic: If c"ί +
Σ " ^ α , + cfδi + cf(^ + a;) + ΣΓcfδ, - 0, then since C2 = F2 we have
Cι = 0, cf = 0 and cf = 0, i ^ 2. Hence all c< and cί lie in m and
E1 ± E2 is anisotropic. If R = W(C), Lemma 6.5 shows dim^([£r

112£2]) =
^ + m = dim^ί^J) + d im,^^]) .

Let {v<K=i,...fn, {̂ ίK=i,...,m be the canonical bases of EL and J&2 re-
spectively. Then in E1±E29 we have B(vx + wx + w2, ^ + ^ -f w2) =
1 + δi + δi + ^ ^ l + cc and by the first part of the proof of Lemma
1.11 of [14], EλA_E2 = Civ, + wλ + w2) J_ (C(^ + wx + ^ 2 ) ) L . Clearly
v2 is in (C{vι + wL + w2))L and B(v2, v2) = α2 in Ϊ7(C). Therefore by
[14, Lem. 1.12] (C(vx + wx + w2))L = <β2, , em+n) with ^ in U{C).
Thus E1±E2 = <1 + x, e2, , βw+n> and according to Definition 1.2,
we have 1 + x lies in D([E1±_E2\).

Let Qi be units of C in ί>([^]), i = 1, 2. By Lemma 6.6 this
yields the existence of elements φu , φn, Xίt , λOT in C with

Si = ^ϊ + Σ α^ϊ ^ 0, fif2 = bL(\l + λ!) + Σ δΛ! + λ|a;

with

Λ, = 6t(λϊ + λ?) + Σ.bt\\ Φ 0 .
a

The space (gu g2) is again anisotropic: For if for yu y, in C
ϋiVi + QiVi = 0 then \\y\ = 0. If 2/1 = 0 then gγy\ = 0 implies i/ϊ = 0 so
i/j, τ/2 lie in m. If j / | ^ 0, then λ̂  = 0 and the independence of
1, α2, , b19 δ3, over F2 — C2 forces y\ — 0, y2 in m and g2 — 0,
which is impossible.

Suppose now that 1 + x were in D([{g19 g2}]). Again Lemma 6.6
would yield elements a, β in C with
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1 + x = a2g1 + β2h

Then β2Xt = 1 and a2g1 + /32fo = 1. The independence of 1, α2, ,
6i, over F2 — C2 then forces /32fo = 0, which since /32 Φ 0, forces
fe• = 0, a contradiction. Thus 1 + x does not lie in D([(gl9 g2)]) for
any gi in Z>([£rJ), i = 1, 2, and i? = W(C) is not representational.

REMARKS 6.9(i). The inclusion relations {Witt rings for G}ZD

{succinct Witt rings for G] ID {representational Witt rings for G} are
all proper: In [8, Remark 1.19] an example of a torsion free Witt
ring R for G which is not dimensional was given. From Proposition
2.20 with Y = X(R) it then follows that R is not succinct. Fur-
thermore if C is the local ring of Example 6.8, the Witt ring W(C)
is succinct by Proposition 6.1 but fails to be representational.

(ii) The local ring C of Example 6.8 also furnishes another
example of a 2-fold bilinear Pfister form which is isotropic but
whose class in W(C) is Φ 0: Let Po = <1, 1 + a?> <1, 1 + α2α> =
<1, 1 + x, 1 + a2x, 1 + (α2 + l)x). If (α, β, 7, 8) is an isotropic element
of Po then a2 + β\l + x) + 72(1 + a2x) + <52(1 + (α2 + l)χ) - 0. A
routine computation shows that this forces a2 = β2 — 72 = δ2, and,
indeed the element (1, 1, 1, 1) is a primitive isotropic element of Po.
Hence if F c Po is a totally isotropic submodule of Po, it is easily
seen that [V/mV: F] = 1. But if Po is metabolic, then P o contains
a direct summand W which is totally isotropic and of rank 2 [10,
Satz 3.2.1, p. 106] and necessarily [W/mW: F] = 2, hence Po is not
metabolic and therefore by [10, Lem. 8.2.2, p. 119], [ P 0 ] ^ 0 in W(C).
In [1, Bemerkung (2.3), pp. 146-147] another such example is given
with C — ZjAZ. Our example shows that this pathological behavior
of isotropic bilinear Pfister forms can also occur for "very large"
residue class fields of characteristic 2.

PROPOSITION 6.10. If C is a field of characteristic 2 then
W(C) is strongly representational.

Proof. Let r< be elements of R — W{C) with άimw{G)ri = nif

i = 1,2 and dim^^fo + r2) = nx + n2. By Lemma 6.5 we have r,=
[<αx, , αftl>], r2 - [<J>19 , 6%2>] with <αly , ani) and <6X, , b%2)
anisotropic and (alf •• , α n i , 6^ •••, 6%2> also anisotropic. Now let c
lie in D(r1 + r 2). By Lemma 6.6, there exist xlf , a;Λl, ^ , , ̂ /W2

in C with c = ΣΓ1 ^a?! + ΣΓ2 6*1/1 ^ 0. If both eλ = Σ ? 1 α^l and c 2=
ΣΓ 2 &il/i are Φ 0, then again by Lemma 6.6, c, lies in DOJ, i = 1, 2
and since <cx, c2) is clearly anisotropic, by Lemma 6.6 c is in

-DflXβi* G2>]). ^ C2 = ®» s a y > * ^ e n o n e e m o r e ^y Lemma 6.6 we have
c lies in D([(clf b,)]) with c, in DfrJ and 6X in D(r2) so that i2 is
representational.
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Now let [<α, 6>] Φ 0 and c be in D([(a, &>]). By [8, Rem. 1.24,
Lem.], άimm0)[(μ, &>] = 2 so that (a, &> is anisotropic by Lemma 6.5.
Just as in the proof of Proposition 6.7 there exists d in U(C) with
[<c, <2>] = [(a, &>]. By Lemma 6.5 this implies <c, d> = <α, &> whence,
just as in the proof of Proposition 6.7, we have (α, &> = <<?, c<z&> and

is strongly representational.

COROLLARY 6.11. Let C be (a) either a connected semilocal
ring with 2 in U(C) or a field of characteristic 2, or (b) a con-
nected semilocal ring with all residue class fields containing at
least 3 elements. Then if r is a round element of R — W(C) in
case (a) and of R — W(C)/I(Y), for a saturated set of signatures
Y in case (b), then AnnB(r) = a(D(r)).

Proof. In case (a), Proposition 6.7 and Proposition 6.10 and in
case (b), Proposition 6.4 shows that the R in question is representa-
tional. Theorem 2.15 then completes the proof.

[8, Thm. 2.11] in case (b) and Lemma 6.6 in case (a) yield an
explicit description of D(r). Thus by Lemma 6.6, the case (a) in
Corollary 6.11 is already contained in [11, Thm. 4.1 and Bemerkung
4.4]. We now show how Lemma 2.13 combines with [2, Satz 2.7]
to reprove [11, Thm. 4.1].

Let (E, q) be a quadratic C-space. A unit u of C is said to be
represented by (E, q) if there is a primitive element e in E with
q(β) = u. As in Definition 2.14, the space (E, q) is called round if
[uq] = [q] in Wq{C) for all units represented by q.

PROPOSITION 6.12. Let C be a connected semilocal ring all of
whose residue class fields contain at least three elements and {E, q)
a round quadratic C-space of rank ^ 2. Then if R = W{C) and
[q] Φ 0 in Wg(G), we have AnnE([q]) = a(T) where T is the set of
units represented by [q].

Proof. Let r = [(au , αΛ>] lie in Ann^([g]). Then (a19

is hyperbolic and so, in particular, isotropic. Now (alf •••,
±ΐaτE. If n = 1, then r is a unit in W{G) = R and so [q] = 0. If
n = 2 then by [2, Satz 2.7(b)] there are units ulf u2 in C, represent-
ed by (E, axq) and (E, a2q) respectively, with ux + u2 = 0. Now
ut = a&iβi) — afii with tt in T, i = 1, 2. Hence α ^ + a2t2 — 0 and
[<O][ff] = [Q]> τ h e n by [10, Satz 3.2.1, p. 106] we have [(α^, α2ί2>] = 0
so the element aMUiC))2 + a2t2(U(C))2 of Z[U(C)/(U(C))2] is isotropic
for R. If w > 2 we apply [2, Satz 2.7(b)] to ±Γ ' 2 a,ELa n _ x El_a n E
to obtain units v, vw_1, vu in C, represented by _L Γ~2 ^t-δ', a<n-iE, &%E re-
spectively, such that v + vn_x + vn = 0. As before, v%_1 = an_xtn_u
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Vn = aJn with tn_u tn in T. A final application of [2, Satz 2.7(b)J
to the unit v yields units tlf t2, , tn_2 represented by q such that
v = a{tx Λ h an_2tn_2, so that we finally have a1t1 -\ h antn = 0
with aj^ +an_2tn_2 in U(C). By [8, Lem. 2.10] the element
ΣiX*i(tf(C))2 o f Z[U(C)/(U(C)Y] is isotropic for R. Hence by Lemma
2.13, we have ArmB([E\) = α(T') where T' is the subgroup of U(C)
consisting of all units t with [<£>] [q] = [<?]. That Γ = T' is stand-
ard [1, Bemerkung (1.2), p. 127J.

REMARK 6.13. As we pointed out in § 4, most of the proofs in
that section are adaptations to our situation of the corresponding
proofs in [6, 7, 16]. There the results are proved for spaces over
a field of characteristic not two and use the relations of isometry
and p-chain equivalence where we use equality in a Witt ring for G.

In Propositions 6.7 and 6.10 we showed that W(C) is strongly
representational when C is a connected semilocal ring with 2 in
U{G) or any field. A little argument now shows that the original
Elman-Lam results are a consequence of ours up to isometry (rather
than p-chain equivalence) for C a connected semilocal ring with 2
in U{C) and even remain largely true for C a field of characteristic 2:
Let P, Q be two n-fo\ά Pfister spaces over C, where C is as above.
If P is isotropic then by Lemma 6.5 dim [P] < 2n so that by
Corollary 4.5, we have [P] = 0. If C is a field of characteristic 2,
then P is metabolic by [10, Lem. 8.2.2, p. 119]; if C is a connected
semilocal ring with 2 in U{C), then using Witt cancellation [9, p.
256] we see that P is hyperbolic. Thus Corollary 4.5 yields [6,
Cor. 2.3] exactly when C is a connected semilocal ring with 2 in
U(C) and a modified version, substituting "metabolic" for hyperbolic
when C is a field of characteristic 2. In either case, if [P] = [Q] Φ 0
then by Corollary 4.5 and Lemma 6.5, the spaces P and Q are an-
isotropic and hence isometric. If [P] = [Q] = 0 then we can, of
course, only conclude that P and Q are hyperbolic and so P = Q,
in case C is a connected semilocal ring with 2 in U(C).

These observations together with Lemmas 6.5 and 6.6 are suf-
ficient to allow deduction of [7, Thm. 2.1 (1, 2, 3)] and Theorem 2.7
and Remark, Corollaries 1.9, 1.10, 2.5 and part of Corollary 2.4 of
[6] from their analogues in Propositions 4.9, 4.13, Corollaries 4.6,
4.10, 4.11, 4.12 and Lemmas 4.3 and 4.7 for spaces over connected
semilocal rings with 2 in U(C), or for fields of characteristic 2
whenever the statements in [6, 7] are restricted to anisotropic
spaces. Furthermore, these observations also yield, up to isometry,
[6, Prop. 2.2, Thm. 2.6] from Propositions 4.4 and 4.8, respectively,
when, in the notations of [6, Prop. 2.2, Thm. 2.6], the Pfister
spaces, φ and τj are anisotropic. If φ and τ7 are isotropic, or as
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we have noted, [φ] = [τy] = 0, then in the case of a connected
semilocal ring C with 2 in U(C), it is an easy matter to see that
[6, Prop. 2.2 and Thm. 2.6] follow in this case also. Finally, [6,
Prop. 4.4, Thm. 4.5] follow readily in both cases for anisotropic
Pfister spaces from Propositions 4.15 and 4.16, respectively, noting
that for an arbitrary C-space E, we have rank E — dim [E] + 2 x
(Witt index of E). Again it is an easy matter, in the semilocal
case, to deduce [6, Prop. 4.4, Thm. 4.5] whenever, in the notation
of [6, Prop. 4.4, Thm. 4.5] the Pfister spaces φ or y are isotropic.

REMARK 6.14. We owe the substance of this remark to a con-
versation with Roger Ware.

Let R be a Witt ring for G and also for H. Then it may well
happen that for r in R both dimr and the image of D{r) in R de-
pend on the particular presentation of R. For example, if R = Rt

and G - U(R) with (U(R))2 = 1, then R is a Witt ring for U(R)
and if ut are elements of G, then Σϊ*^< ϋ e s *n the unique maximal
ideal of R containing 2 [14, Lem. 2.13] and thus is nilpotent [14,
Prop. 3.16]. Thus for Ui in G the element Σϊ*+1w, = r is again in
G and so dimr = 1. Moreover for ut in G we have ΣΓ + 2 ^ί = ^i+
Σ f + 2 ^ so that d im(ΣΓ + 2 O = 2 or 0. Furthermore, if u is in G we
have Z)(w) = u and for ^ , u2 in G, ̂  =£ — u2, D(ux + u2) = G because
for any v in G we have uλ + u2 = v + (u± + u2 — v). Using Proposi-
tion 2.4 it is then easily verified that R is representational as a
Witt ring for U{R). Now let F be a field of characteristic not
two, containing V — 1 , and possessing an anisotropic space of rank
3, Q(i) is such a field, for example. Then since R = W(F) has
characteristic 2 it is easily verified that (U(R))2 = 1 and R as a
Witt ring for U(F)/(U(F))2 has elements of dimension 3 by Lemma
6.5, whereas as a Witt ring for U(R) it has only elements of dimen-
sion 1 and 2.

Next, let R = Z/SZ and treat # first as a Witt ring for G = {1}.
Then dim 3 = 3 since otherwise by [8, Rem. 1.24, Lem.] dim 3 = 1
and 3 = ± ϊ is impossible. Also -D(3) = {1} is immediately verified.
Furthermore, 3 + 3 = — 1 + — ϊ so dim(3 + 3) = 2. By Proposition
2.4 then, since D(3) = {1}, the Witt ring Z/8Z is not representational
as a Witt ring for G = {1}.

On the other hand, U(ZβZ) = {1, 3, 5, 7} so that (U(Z/SZ))2 = 1.
Thus by the above, Z/8Z is a representational Witt ring for
U(ZβZ) with dim(3) = 1. The Witt ring Z/SZ for U(Z/8Z) is,
however not strongly representational since ϊ + ϊ = 3 + 7so that 3
lies in D(ϊ + I) but 1 + 1 ^ 3 + 3(1-1). Thus by Propositions 6.7
and 6.10, Z/SZ cannot be isomorphic to W(C) for C a semilocal ring
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with 2 in U(C) or a field of characteristic 2 as either a Witt ring
for {1} or for U(Z/8Z).

The situation is quite different if Rt = Nil R = 0, for then
U(R) = G' [14, Rem. 3.22, Thm. 3.23], where R is a Witt ring for
G. Hence the dimension in R is independent of G and if R is also
a Witt ring for a group if of exponent 2 then A?(r) and DH{r),
with the obvious notation, have the same image in R.

7* Remarks on [8] and [20]* Some of the results of this
paper are applicable to R = W(C)/I(Y), using the notations of §6,
to obtain alternate proofs of some of the results of [8] and [20].
Proposition 6.1 shows that W(C) is succinct for a connected semi-
local ring C all of whose residue class fields contain at least 3
elements. Consequently, [8, Cor. 2.12] becomes a direct consequence
of Proposition 2.20, while Proposition 2.22 yields a proof of [8, Lem.
2.14] which does not depend on [11, Thm. 4.1]. Theorems 3.3 and
3.6 are generalizations of [8, Thm. 3.2 (i), (ii) and Cor. 3.12] re-
spectively. In order to deduce these results of [8] from Theorems
3.3 and 3.6 we require [8, Thm. 2.11] and

LEMMA 7.1. Let R = W{G) with C a connected semilocal ring
all of whose residue class fields contain at least 3 elements, and Y a
saturated set of signatures of R. Let aif i — 1, , n, denote units
of C. Then there exist elements tt of Γ{Y) such that Σf αΆ(^(C))2

in Z[U(C)/(U(C)f] is isotropic for R in the sense of Definition 1.3,
if and only if there exist s{ in Γ(Y) such that a^Λ \-ansn — 0
in C and a^^ \-atSι is in U(C) for all I < n.

Proof. By [8, Thm. 2.11], the sum a^Λ Vansn = 0 in C, with
GAH t-<Mί a unit for all I < n, if and only if z = ΣΓ^ί/CC))2

in Z[U(C)/(U(C))2] is isotropic for R= W(C)/I(Y). By Proposition
6.1, R is succinct, so that Lemma 3.1 shows that z is isotropic
for R if and only if there exist tt in Γ(Y) such that ΣZ<*>iUU(C))2

is isotropic for R, in the sense of Definition 1.3.
Using Propositions 6.4 and 2.24, we can apply Theorem 3.9 to

R = W(C)/I(Y) where the notation is as defined in Lemma 7.1. This
application includes the special case proved as part of [4, Satz 24
and 25] of the equivalence of WAP and SAP in case C is a field of
characteristic Φ2. By virtue of Proposition 6.4, Theorem 3.9 can
also be applied to R = W(C). This yields [20, Thm. 2.2] without
needing the assumption that 2 be in U(C). It does not, however,
cover all of [13, Thm. 1], where the equivalence of WAP and SAP
is proved for arbitrary connected semilocal rings and for the Witt
ring of hermitian forms over an arbitrary connected semilocal ring
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with involution.
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