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EXTENSIONS OF d/dx THAT GENERATE
UNIFORMLY BOUNDED SEMIGROUPS

RALPH J. DE LAUBENFELS

A = -d/dx on BCy(R"), D(A) = {f € BC(R") l f e
BCy(R™)}, is an example of a maximal accretive operator that does not
generate a contraction semigroup. It does, however, have extensions that
generate uniformly bounded semigroups. A large class of such extensions
are presented. The same is done with d/dx and —-d/dx on G0, 1].

Introduction. The theory of accretive operators generalizes the theory
of symmetric operators on a Hilbert space. An operator, T, on a Hilbert
space is accretive if Re(Tx, x)=0 for all x in the domain of 7. A
maximal accretive operator is one that has no proper accretive extensions.
An m-accretive operator is one that generates a strongly-continuous
contraction semigroup. The “m” suggests “maximal”’, because in a Hil-
bert space, every maximal accretive operator is m-accretive. (See Theorem
0.) This need not be true in a general Banach space. Lumer and Phillips,
in 1961, ([1], p. 688) first gave an example of a maximal accretive operator
that is not m-accretive. The space is C,[0, 1], and the accretive operator is
d/dx, with domain { f|f exists, f* € C,[0, 1]}. Lumer and Phillips show
that any proper extension of this operator fails to be accretive. To verify
that this operator is not m-accretive, one uses the well-known ([2], p. 240)
fact, that, if T is a closed accretive operator, then (1 + T') is one-to-one,
and T is m-accretive if and only if the range of (1 + 7') is the entire space.
The range of (1 + d/dx), with the domain given above, can be explicitly
calculated to be {g € C,[0,1]] /; e’g(r) dr = 0}, which is not dense in
G,[0, 1]. Intuitively, this operator fails to be m-accretive because d/dx
should generate the translation semigroup {7.},-,, defined by (7, f)(¢) =
f(t — s), but this semigroup does not take C,[0, 1] into itself.

However, it is interesting that the Lumer-Phillips operator d/dx has
extensions that generate uniformly bounded semigroups. This is the same
as saying that there exist equivalent norms on Cy[0, 1] with respect to
which d/dx has m-accretive extensions. One of the main aims of this
paper is to present such extensions.

The operator —d/dx, on BCy(R"), with domain {f|f’ exists, ' €
BCy(R")}, is a related example of a maximal accretive operator that is
not m-accretive. Obvious modifications of the Lumer-Phillips proof ([1], p.
688) show that this operator has no proper accretive extensions, while the
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range of (1 — d/dx) can be explicitly calculated to be { f € BCy(R™) |
[ce'f(¢) dt = 0}, so that the operator is not m-accretive. Again, the
intuition is that —d/dx should generate left-translation, however BC,(R™)
is not invariant under left-translation. Because this operator is easier to
deal with, its extensions will be discussed first; we will then go on to treat
the Lumer-Phillips operator.

The paper concludes with some open questions about a general theory
of accretive-equivalent operators, that is, operators which become accre-
tive under an equivalent norm.

We present the following facts for easy future reference. Most of the
items need not be read until they are referred to.

Definitions and preliminaries.

1. If T'is a linear operator, ®)(7') = domain of 7.

2. A linear operator, 4, on a Banach space, X, is accretive if, for all
X € 9(A), there exists ¥, € X* such that ||V, || = 1, ¥ (x) = |l x|, and
Re ¥ (Ax) =0.

This is equivalent to: ||(1 + t4)x|l = || x|| for all = 0.

3. A is m-accretive if it generates a one-parameter contraction semi-
group, {e™"*},_,, that is, for all x € D(A4), -Ax = lim,_o(e "x — x) /1.

A closed operator, A, is m-accretive if and only if 4 is accretive,
densely defined, and the range of (1 + A) equals X.

The “m” is suppposed to suggest “maximal”. (See Theorem 0.)

4. A is m.e.-accretive if it generates a uniformly-bounded semigroup,
that is, there exists M < co such that |le || < M, for all t = 0.

The “e” stands for “equivalent”, because 4 is m.e.-accretive if and
only if there exists an equivalent norm with respect to which 4 is
m-accretive. (Let || x|| = sup,~,lle xIl.)

5. A is accretive-equivalent if there exists § > 0 such that for all
n€EN,t=0,x € D(A),

(1 + 24)" x| = 81l xIl.

A is accretive-equivalent if and only if there exists an equivalent norm
with respect to which 4 is accretive.

6. (Lg)(s) = [§° e 'g(¢) dt, the Laplace transform of g.

T.(f % 9)1) = [¢ f(1 — r)g(r) dr.

8.Ifx,t € R, g.(t) =g(x + 1)

9. BC(R™) = {bounded continuous f: [0, o) — C}.

10. BC(R") ={f € BC(R™) | f(0) = 0}.

11. G,[0, 1] = {continuous f: [0, 1] = C| f(0) = f(1) = 0}.

12. 8, is the measure defined by 8,( f) = f(a), for all f € BC(R™).
Note that £(8,)(s) = e, (g * 8,)(¢) = g(t — a).
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13. 8 = §,, the Dirac delta function.

The following two Banach algebras will be used as technical tools
during some proofs.

14. Let @ = the Banach algebra spanned by L'(R™) and 8, with
convolution as multiplication.

The Gelfand transform for @ is the Laplace transform, that is, if A is
in the maximal ideal space, then either there exists s, with Re s = 0, such
that A(f+ ad) = (£f)(s) + a, or A(f+ ad) = a (corresponds to s =
00).

15. Let B = the Banach algebra spanned by @ and §,.

P = {f+ kgoa,ﬁk |fe LN (R"), (ay)i=0 € ll(N)}.

If A is in the maximal ideal space of %, then either
(1) there exists s, with Re s = 0 such that

A(f +3 "‘ksk) B B(f +3 “kak)(ﬂ = (££)(s) + éoake-sk,

k=0 k=0

or
(i1) there exists s with Re s = 0, such that A = T, where

I‘s(f-l- > akSk) = > a7k
k=0 k=0

To motivate the construction of the extensions (and open question
# 3 near the end of the paper), here is a proof of the following well-known
theorem.

THEOREM 0. If T is an acccretive operator on a Hilbert space, H, then it
has an m-accretive extension.

Proof. Let T = the closure of T. T is also accretive ((2), p. 240). Let
Z = the orthogonal complement of the range of (1 + T'), and let D(S) =
NT)D Z, Sx =Tx, forall x € Y(T), Sz =z, forall z € Z.

First, note that S is accretive. Indeed, for all x € O(T), and z € Z,
we have

(x+2,8(x+z2))={(x,Tx)+ (2, Tx)+ (x,z) + |l z||?
={(x,Tx)+ lzII> = {z,x)+ {x, z)
= (x,Tx)+ llzII*> + 2iIm(x, z),
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so that
Re(x + z, S(x + z)) = Re(x, Tx)+ lIzl|> = 0;

that is, S is accretive.
Since the range of (1 + §) equals H, S is m-accretive (see Definition

13). O

Let A = -d/dx on BCy(R"), D(A) ={f€ BC(R")|f €
BCy(R")}.

Suppose B is an m.e.-accretive extension of 4. Since the range of
(1 + A) equals {f € BC(R™)|(Ef)(1) =0}, a set of co-dimension one
in BC(R") and (1 + B) is one-to-one, °)(B) must equal °D(A) +
span{g}, for some g € BC,(R"). I will assume g is differentiable, with
g’(0) = 1. Then

Bf = B(f—f(0)g) + B(f(0)g)
= -d/dx(f—f(0)g) +f'(0)Bg = f(0)(g" + Bg) — /.

Thus, extensions of —d/dx with the following form are considered:

DEFINITION. (B, f)(x) = f'(0)¢(x) — f'(x), where ¢ € BC(R"),
¢(0) = 1.9(B,) = {f€ BC(R") |f € BC(R")}.
For which ¢ is B, m.e.-accretive? Here is a sufficient condition.

THEOREM 1. Suppose (1) ¢’ exists a.e., with (¢ + ¢') € L'(R™), and
(2) for all s such that Res = 0, (£¢)(s) exists, and is nonzero. Then B, is
m.e.-accretive. For all f € D(B,), there exists A( f) such that ¢ + A(f) = f;
the semigroup generated by B, is given by the following formula:

Fy()f(x) = f(x + 1) = (¢, = A(f))(2).
Proof. Because ¢(0) = 1, we have
L8+ ¢+ ¢)s)=(1+3)La(s),

5o (8 + ¢ + ¢’) is an element of @ (Definition 14) whose Gelfand trans-
form never vanishes. It follows that it is invertible in &, that is, there exists
k € @ such that

(8+o¢+¢)*k=23.
For all f € BC,(R" ), let
F()f(x) =f(x+ 1) — o(x)(k* f)(2) = (¢, + /) x k * f)(1).
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Forallt =0,
WFE()flle S U fllg + Nl Tk = fll o, + o + @l 11k * fll,
=1+ Nl Nkl + 1o+ ¢l LN £l
So F(¢) is a uniformly bounded family of operators.
Forall f € D(B,),let A(f) =k * (f+ f").
Since
¢(x)f(1) + (9 + ¢0) « £)(1) = (¢ * (f + 1))(1),
we have the desired form
Fy(0)f(x) = f(x + 1) = (¢, = A(f))(1);
(6% A(F))(2) = (k= ($(0)f + (& + &) = ))(1)
=(k*(8+¢+¢)xf)(1)=1(1),

by the definition of k. This shows that Fy(¢)f(0) = 0, so that Fy(1)f €
BCy(R™). Note also that F,(0)f(x) = f(x), forall x =0, f € BC\(R™).

To show that Fy(¢) is the semigroup generated by B,, one must show
;hat -B,F(t)f = d/dtF,(t)f, for all f € 9O(B,). The computation fol-
OWS:

(B,F(0)f)(x) + 2 (E(0)1 )(x)
= (+f"(x + 1) + (¢ * A(N)))) + 6(x)(f(2) —(¢" * A(f))(2))
+(f(x + 1) = (¢, = A)() — 6(x)A(f)(2))
= ¢(x)( £/ (1) —(¢" * A(f))(1)) — d(x)Af(2)
= ¢(x)( /(1) =(A(f)(2) + ¢ = A(F))(2))
=0;
this can be seen by differentiating both sides of ¢ * A( f) = f, to get
d(O)A(f)(2) + (¢ * A(f))(1) =f(r). O

REMARK 1. When ¢(x) = e**, with Rea =0, then Fy(7)f(x) =
f(x +t) — e**f(¢). This class of semigroups is due to Chernoff (unpub-
lished), and was the starting point for this paper.

REMARK 2. Condition (1) of Theorem 1 is not a necessary condition
on ¢; take ¢(x) = cos x + sin x, then

(Fd,(t)f)(x) =f(x + 1) — (cos x + sin x) f(z) — 2sin x(e~" * f(¢)),

which is a uniformly bounded semigroup.
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However, condition (2) is almost necessary.

PROPOSITION 2. Suppose B, is m.e-accretive. Then, for all s such that
Res >0, (E¢)(s) # 0.

Proof. Fix f€ %)(B,), and write u(t, x) = F,(t)f(x), o(s,x) =
(s + B,) 'f(x), where Re s > 0.
Then v(s, x) = [§° e *"u(t, x) dt, so

80,/3x(s, x) — ¢(x)80/8x(s,0)iz.ém}’“(—B;u(t,x) ds

)
= /we‘”au/at(t, x)dt = -u(0, x) + sf e 'u(t, x)dt
0 0

= —f(x) + so(s, x),
which yields the differential equation
dv/dx(s, x) — sv(s, x) = f(x) + ¢(x)w(s), v(s,0) =0,
where w(s) = 9v/0x(s,0).

This has the solution
o(s, x) = —e”‘/o e (—f(r) + o(r)w(s)) dr.

Since v(s, x) is bounded as x — oo, one must have £(—f + ¢w(s))(s) = 0,
or

ECf)(s) =w(s)E(o)(s)
This holds for all f € %(B,); by choosing f such that £f(s) # 0, one

concludes that £¢(s) cannot be zero. (i

If B is the most general one-dimensional extension of 4, with )(B)
= 9D(A) @ span{g}, one can show directly that

(s +B) f(x)
el ey BT (8 )(5) ~ £ ((Be) ()
~ R N T R ) — e (Ba) )

provided s g(s) — £(Bg)(s) # 0. Using the resolvents to show that B is
m.e.-accretive requires that one show that there exists M << co such that

(s + B)"ll<M/s", foralls>0,n€EN
(Hille-Yosida, Phillips Theorem, (2), p. 247). But this lcoks difficult.
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A result similar to Theorem 1 holds for —d/dx on Cy[0, 1]; the major
difference here is that 9)( B,) may be different, for different choices of ¢.

THEOREM 3. Suppose ¢’ exists, and is in L'[0,1], Co(s) # 0, for all s
such that Res =0, ¢(x) =0, for all x & [0,1], $(0) = 1, and | $(1) |< 1.
Then (B, f)(x) = ¢(x)f'(0) — f'(x), with

D(B,) ={f e clo,1] |7 € C[0,1],1(1) = $(1)£(0)},

is m.e.-accretive. The semigroup generated by B, has the same form as in
Theorem 1.

Proof. Let a = ¢(1). The result follows from the calculations below:

)
£(¢)(s) 2_/(;1e‘“¢’(t) dt = ae~ — 1 + sLo(s)

=LR(ad, — 8)(s) + sLo¢(s).
(ii) If x < 1, € (B,), then

(6. )= [

x+t—

=6()f() = o(f(x+ 1=+ [ ¢xti—r)dr

1<;l>(x +t—r)f(r)dr

=o(x)f(t) —af(x +1—1) = (; % f)(2).
(iii) Suppose w(?, x) = (¢, * h)(t), with A continuous. Then
=i " el nh(dr
=o¢(x)h(t) —ah(x +t— 1)+ (¢, = h)(2).
(iv) With the same w as in (iii),

%—: = _ah(x +1t— 1) + (q))/c * h)(t)

By (i), (¢ + ¢ + 8 — ad,)(s) = (1 + 5)L¢(s). Also (see Definition
15), I'(¢ + ¢+ 86 —ad)) =1 — ae™* #0, for all s such that Res =0,
because | a |< 1.

Thus there exists k € % (Definition 15) such that
(¢ +¢ +8—ad)) xk=23.
For all f € %)(B,), define

(B()f)(x) = f(x + 1) = (¢ * (f+ 1)+ k)(2).
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Since ¢(1 + 1) = 0, for all 1 >0, (Fy(¢)f)(1) =0, for all £ =0. To see
that (F,(7)f)(0) = 0, note that by (ii)

(¢ (fHf)xk)(e) = (f(2) = af(t=1) + (¢ + ¢) = f(2)) * k(2)
= (f*(8 —ad, + ¢ +¢) = k)(z) = f(1),

by the definition of k.
So (Fy(2)/)(0) = 0 = (F,(1)f)(1), that is,

F(t)f € GJ0,1], forallf e D(B,).
Also by (ii),
(F()f )(x) =f(x+1)
+ (o(x)f(1) — af(x + 1= 1) + (¢, + ¢,) * f(1)) = k(2),
SO

NE,()fIl,
< Uflle + (ol N flly + Ta] I fll, + Te + ol ATIEN,

so that Fy(z) extends to a uniformly bounded family of operators on
G,10,1].

To show that -B,F,(t)f = dFy(t)f/dt, for all f € D(B,), let h =
(f+[f) =k, so that

FDS() =[x+ 1) = (g, + M(1).  geh=].
By (iii),
LE(S(x) = f(x+ 1) = (6(x)h(1) = ah(x+ = 1) + (o = h)(0))
By (iv),
BE(0)1(x) = 6(x)( /(1) = (&' % B)(2) + ahz = 1))
—(fi(x+1¢t)— (oL *h)(t) + ah(x +1—1)).
Thus,

B,F,(1)f(x) + %Fq,(t)f(x)

= ¢(x)(f(1) + ah(t — 1) = h(z) — (¢’ * h)(z)) = 0,
by (iii), since f(z) = (¢ * h)(T). O
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A slight modification of the extensions of —d/dx gives m.e.-accretive
extensions of d/dx on [0, 1], the original Lumer-Phillips example.
Note that if ¢(1) 7 0, then for all f € %(B,),

_o(x) ,
(B,f)(x) ~;®—f(1) — f(x),

since
(1) = ¢(1)1(0).

Because e(?/4%) is left-translation, when considering extensions of —d/dx
on ([0, 1], it seems more natural to modify the behavior of the operator
at x = 0. When considering extensions of d/dx, where right-translation is
being perturbed, one prefers the following form:

DEFINITION. (C, f)(x) = f'(x) — ¥(x)f'(1), where (1) = 1, Y(x) =
0, for all x & [0,1], ¥ € C[0,1]. D(C,) = {f € G)[0,1]|f € C[0,1], f(0)

=90 (D}

COROLLARY 4. Suppose ¥’ exists and is in L'[0,1], [°e™"Y(1 — 1) dt
# 0, for all s such that Re s = 0, and | {(0) |< 1. Then C, is m.e.-accretive
on Cy[0, 1]. The semigroup generated by C, has the form

G,(1)f(x) = f(x — 1) — fo W(x +r— 0)h(r) dr,

where
(1 —1) :joip(l +r—0)h(r) dr.

Proof. Define the isometry U: Gy[0,1] » G,[0,1] by: (Uf)(t) =
f(1 —t). Then d/dx = U~\(-d/dx)U, C, = U™'By,U. Since Uy satisfies
the hypotheses of Theorem 3, there exists Fy,(¢), a uniformly bounded
semigroup generated by B,,. Let G (t) = U “Fw(t)U. Gy(t) is a uni-
formly bounded semigroup generated by C,.

To see that G, has the desired form, let ¢ = Uy, and note that

F(1)g(y) = g(y + 1) — (¢, * h)(2),
where

(o xh)(2) = g(1).
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Thus,
Gy()f(x) =(UTE()Uf )(x) = (F(0)Uf )(1 = x)
= Uf(1 — x + 1) —/0'¢>(1 — x4t —r)h(r)dr

=f(x—1t) —folx,!/(x +r—t)h(r) dr;

(1 —1) = Uf(r) :fo’q)(z — r)h(r) dr :fo’m +r—0)h(r)dr. O

The calculations in the proof of Theorem 3 can be carried out
explicitly when ¢(x) =e™*. Then (¢ + ¢’ +8 —ad)) =8 —e7'5,; we
want k € B such that

(6 —e'8)) %k =8.
This means that

(Ek)(s) =~ =

(e—(1+s))]
] —e

18

J

= B( > e“fé‘j)(s), when Re s = 0.
j=0

Sok=3%,e75,
(F(1)f)(x) = f(x +1)
+(¢(x)f(1) — af(x + 1= 1) + (¢, + &) = f(1)) = k(1)

=fx+1)+ (e*f(t) —ef(x +1—1)) = ioe‘fﬁj

e}

= 2 e /(flx+1—j) = e f(t = j))

j=0

Thus Chernoff’s original example has to be modified to get a uni-
formly bounded semigroup on Gy[0, 1]: if ¢(x) = e**, then B, on ([0, 1],
generates the semigroup defined by

[e e}
E(0f(x) = S e™(flx +1— k) = e™/(t = k),
k=0
where f is zero outside (0, 1); note that, for a fixed x and ¢, all but two
terms in the above sum are zero. F(¢) is uniformly bounded if and only if
Rea = 0.



EXTENSIONS OF d/dx 105

If (x) = e~*e**, then C, generates the semigroup defined by
G (1)f(x) = X e™(f(x +k—1t)—ef(1 +k~—1)).
k=0

(This can be obtained from the formula for F;, using the definition of G,
given in the proof of Corollary 4.) G,(¢) is uniformly bounded if and only
if ReA = 0.

Open Questions. A general theory of accretive-equivalent operators
(definition 5) may be more desirable than the usual restriction to a
particular norm. In all known cases, a maximal accretive, but not m-accre-
tive, operator appears to occur merely because of an unlucky choice of the
norm, generating the topology of the space. The disadvantage is that there
seems to be no analogue of the “Re ¥ (Ax) = 0” definition of accretive.

I would like to raise the following questions:

1. Does every accretive-equivalent operator have an m.e.-accretive
extension (on the same space)?

It is unknown whether every accretive operator has an m-accretive
extension (possibly on a larger space), so a sub-question of (1) is:

2. If A has an m-accretive extension, possibly on a larger space, does
it have an m.e.-accretive extension on the original space?

Another related question is:

3. If 4 is accretive, and the range of (1 + A) is complemented, does A
have an m.e.-accretive extension?

A positive answer to (2) would be helpful in getting an example of an
accretive operator which fails to have an m-accretive extension on a larger
space, since it would then be sufficient to find an accretive operator with
no m.e.-accretive extensions on the original space.

This work is a part of the author’s Ph.D thesis, at the University of
California, Berkeley.
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