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ANALYTIC LINEARIZATION OF THE
KORTEWEG-DE VRIES EQUATION

E. TAFLIN

We prove that the KdV equation is linearized by an analytic
function, which is projectively analytically invertible. The Cauchy prob-
lem for the KdV equation is entirely solved by this fact. The non-linear
superposition principle is a trivial consequence of convexity for the
image of the linearization operator.

1. Introduction. Since the discovery [7] of the inverse scattering
formalism for the KdV equation

d 3’ 9 —
(1.1) Eu(t,x) +-ax—3u(t,x) —6u(t,x)a—§u(tx) =0,

t,x,u(t,x) ER,

it is known, given a certain class of solution for the linear equation

D ot x) + Loo(r, x) = 0
ot ’ ax3 ’

how to construct solutions of equation (1.1). However, it is not clear how
this reduces the Cauchy problem for the KdV equation, on a given space
of initial conditions, into that of the above linear equation. The Cauchy
problem for (1.1) has been solved by direct functional analysis methods
on the Sobolev space H?, ([11]), and on H?, ([1]). The inverse scattering
formalism has been used to solve the Cauchy problem on S(R), ([12]) and
for sufficiently rapidly decreasing C? initial conditions ([3]), where in both
cases, two linear problems are associated with the KdV equation.

To formulate the problem of linearization of the non linear Cauchy
problem, it is convenient to give topological vectorspaces of initial condi-
tions and of solutions for the non linear resp. for the linear problem. In
this context it is possible to give a precise meaning to the concept of
linearization (see [5]). What we want to show in this paper is that the
linearization program defined in [6], entirely goes through and solves the
initial value problem for the KdV equation. We stress the fact that this
approach is straightforward (in contrast to the inverse scattering for-
malism), when the spaces of initial conditions are given. The inverse
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scattering formalism is recovered (c.f. [8]). This is not surprising as, with
the particular choice of spaces we have done, the linearization is unique
(for fixed first term).

The choice of spaces is of course important for the properties of the
linearization mapping (if it exists). It is easy to illustrate this fact for the
KdV equation. Let E, and E, be two TVS of functions f: R - R and F:
E, - E, a C', one to one map, which linearizes the C° vector fields on E|:

Xo(u) =0u, X, (u) =-0%u+ 6udu,
d
[pul(x) = ulx),  wEE,

i.e. Fis a translation invariant linearization of the Kdv equation. Denoting
D the Frechet derivative, this means that

DF.X,=X!oF, DF.X,=X,oF,

where X](u) = 3w and X}(u) = X,(u). Let u, # 0 be the initial condi-
tion for a soliton, i.e.

kXy(uy) = X,(u,) for some k <O0.

Then
0 = DF. (kX, — X,)(uo) = (kX§ — X}) o F(u,)

ie. (k9 + 0*)v, = 0 for v, = F(u,)

The non-constant solutions of this equation in %) are exponentials.
Thus if F is one to one and is defined on the solitons then E, has to
contain exponentials. Further if F~! exists as a C! function on some open
set O S 0 in E, then DF(0) and DF(0)™" are continuous linear mappings.
So E, and E, are topologically isomorphic. One can then as well choose
E, = E, = E. Suppose that C*(R) D E D S(R) (the Schwartz space of
test functions) and that E contains at least the exponentials e**, a > 0. If
F is C*, one finds by calculating (in a very formal way) some of the
derivatives D"(F "), (see [8] for explicit formulas) that the operator f > 3f
has to be invertible on E, i.e. f(x) — 0 fast as x - —o0.

These qualitative remarks show that it is a quite natural choice to
treat the linearization problem for the KdV equation on a space like the
TVS of all functions f € C*(R) for which the seminorms

Ifllw = supM|(1+IXI)N3"f(x)l, N=0,1,...,

xEl}-o0,
0<k=N
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are finite. On this space, denoted S,, we prove (Corollary 3.3 and
Proposition 3.4) that there is a unique translation invariant formal lineari-
zation A (taking the non linear equation into the linear) of the KdV
equation (in the sense of [5]), i.e. the linearization operator exists as a
formal power series where each term is finite and commute with the space
translations. 4 converges to an entire analytic function A: S, =S,
(Corollary 4.2). The power series A™' defines a C* mapping A~': A[S,] -
S,, which is “projectively analytic” (Corollary 4.4 and Proposition 4.6).
The set A[S, ] is convex, which gives the non-linear superposition principle
for solutions of the KdV equation. The Cauchy problem for the KdV
equation can now be solved entirely by linearization (Proposition 5.2 and
Remark 5.3).

2. Formal linearization. Let us first introduce some necessary nota-
tion. Given two TVS, X and Y. Denote F( X, Y) (resp. F,( X, Y)) the space
of formal power series from X to Y of the form f= X, _, f", where
ffmEL(X,Y) (resp. £(X,Y)), the space of n-linear continuous (resp.
continuous symmetric) mappings from X to Y. f, € F,(X, Y) will denote
the symmetrization of f€ F(X,Y). If X, Y and Z are TVS then the
product

F(Y,Z)X F(X,Y)> (4,B)» A«xB € F(X, Z)
is defined by (see [5]):

A*B= (

n=1

> A”( 2 I,®B"*'®I,_ 1) )
I=p=n 0=¢g=p—1
where I, is the identity mapping on X R, B X (q-times) and o, is the
normahzed symmetrization mapping on ®” X. ® is the symmetric
projective tensor product. F( X, X) is denoted F( X), etc If 4, B € F(X)

then the bracket [4, B], = A * B — B * A is defined.

ReEMARK 2.1. If 4, B € F(X) define entire functions A B X- X,
where

8

A(u) = Y Au), A"(u) = 47(u,...,u),

n=1

then
A A N A A N
DA.B=Ax+Band[A4, B] =[A4, B],.

Here D is the Frechet derivative and [A, B] = DA.B — DB. A the usual
vector field bracket.
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We denote by S, the Frechet space of all C* functions f from R to R
for which || f I, < 00, N =0, 1,.... The seminorms in S, are given by

= _swp [0+ 10470 [0)(x) = = /().

S, is the projective limit of the spaces S(n), n = 0, 1,... where S(n) is the
subset of all f € C*(]-o0, #]) such that

sup  |(1 +|x))foef(x)| < 0,  k=0,1,...,
xX€El-00, n]
O<a<k

PROPOSITION 2.1. The Frechet space S, is a nuclear Montel space.

Proof. S, is barreled as it is Frechet. Let B C S, be a bounded closed
subset, i.e. | Bll y = sup;epll fll y < oo for each N = 0. It follows from the
Ascoli-Arzela theorem that if ||Bll,,, < oo, then for each sequence
{/.}%=0 In B there exists a subsequence { f; }_, such that f, converges in
the || || y norm. By a diagonalisation argument there is then a subsequence
{f; Yoo of { f,)}o=o which converges in the norm || || y for each N = 0. This
proves that S, is a Montel space.

That S, is a nuclear space from the fact that S is nuclear. In fact since
S is nuclear, the space S(n) = S/E,, n =0, is nuclear (c.f. [9] Theorem
I11.7.4), where E, is the closed subspace of functions f € S such that
supp f C|n, o[. S,, being the projective limit lim S(#»), is then nuclear (cf.
[9] corollary of Theorem 111.7.4). - 0O

Let E, be the closed subspace of S’ of distributions with support in

]-o0, N].

PROPOSITION 2.2. S, (the strong dual of S,) is a nuclear Montel space,
and is isomorphic to the strict inductive limit of { E\}% -

Proof. As S is dense in S,, S; C S’ (set theoretically). Further if
T € S’ has a continuous extension to S, then supp T C ]-o0, N] for some
N =0. Each semi norm in S; has the form S]; 3 F - gz(F) =
sup,c | F(u)|, where B is a bounded set in S,. The inductive limit of £,
is then identic with S; as topological vectorspace. Hence S is nuclear as
E, is nuclear ([9] Theorem II1.7.4 and corollary). Further S; is Montel as
S, 1s Montel (cf. [2], IV, §3, Prop. 7). O
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3. Formal linearlization of the KDV-equation. Let t? be the two-di-
mensional commutative Lie algebra. The KdV-equation is defined in the
representation

T
3.1 123 (a,b)aly, + bT, =T, ,, € F(S,),
0 1 (a,b)

where
T, =T,, T,=T +T?, T)(u)=0u,
TNu) = -9%°u and T?(u,,u,) = 3(udu, + udu,),

for u, u,, u, € S,. The representation is formally linearizable [S] on S,
into S, if there exists an element C € F(S,), with C' continuously
invertible and

(3.2) T,C=Cx*T) VXEr

(C takes then the space where the linear equation is defined into the space
where the non-linear equation is defined.) The nth order of equation (3.2)
reads

(33) TiC"—C"xTy= —T}( Y Cr®C"?lg,, VX E 2
I=p=n—1
For X = (1, 0) we get explicitly
(3.4) C"(9,®--- ®g,)
= 2 C(¢,® @, ®:---®g,), n=1l

1=i<n

LemMA 3.1. If C" € £(S,) and C" satisfies (3.4) then there exists a
unique F" € S'(R"), symmetric with supp F, C X"]-00, k] for some k =0
and

(3.5) C (g, ® - ®g,) =[F"@(p,®--- ®q,)] o4,

where i (x) = (x,...,x) (n-times), " denotes space inversion and ® con-
volution. Conversely given any F" € S'(R") with supp F" C X"]-c0, k],
k = 0, then C” so constructed satisfies equation (3.4).

Proof. If C" € £3(S,), then
Fn(¢1 ®--- ®¢n) :[Cn(¢1 ®--- ®¢’n)(0)
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defines a symmetric element F, € S’(R") and supp F” C X"]-0, k] for
some k = 0 (Proposition 2.2). Let 7, denote the operator of translation by
a on S,. Then (3.4) gives

Tacn(q)l Q- ®(pn) = Fn(Ta(pl ®--- ®Ta(pn) Va € R’ P; € Sb‘

Hence

[C"(9,® - ®g,)|(x) = F'(r,9,® - - O1,9,)
=[F@(e,®---9,)] oi,(x).

The converse is obvious. O
We next prove that a cohomology space H°(#2, £5(S,)) = 0.
PROPOSITION 3.2. For n = 2, the equation

TyC"— C"xTy =0, Vxe?
has the unique solution C" = 0 in £3(S,).
Proof. By Lemma 3.1 each solution C” has the form
C'(¢,® - ®g,) =[F"® (¢, ®---®p,)] oi,  (Fsymmetric)
Take X = (0, 1). Then, we get
-°C"(@,® - ®g,)+ T C'(¢,® - @, ® - Bg,) = 0.

1<i=n
Thus
[3,+---+8,) — (8] +--- +32)| F"=0.
After Fourier transformation'
PF =0, Pky,....k,) =k + - +k,) = (k}+--- +k2),
where F" is analytic in the domain 77} = {k|Rek,>0,1=<i<n}.
(Proposition 2.2). But P, 5 0 for n = 2 and the ring of analytic functions

on 7} is an integral domain so F" = 0 is the only solution. O

COROLLARY 3.3. Equation (3.2) has at most one solution for a given C'.

! Fourier transformation in S(R") is defined by f(k) = (27)™"/ (g~ dx e ***f(x).
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To solve equation (3.3) we introduce the holomorphic functions G”:
at - C,

(3.6) Gl(k) = ik(27)™?, Gk, ky) = @m)7,

G(k,,....k,)

i(k, +---+k,)

- (kl + kz) U (kn—l + k,,) (_i)n_l(zﬂ)—n/2> n=3.

We introduce also the holomorphic function F”: 77 — C,
[n 1 ~n

Frky,....k,) == 2 G"(ki,..oky),
tie?,

where & is the group of permutations of n elements. The holomorphic
functions G” (resp. F") define uniquely (cf. [10]), by Fourier-Laplace
transformation, distributions G" (resp. F") € S’(R") with supp G" (resp.
F") € x"]-o0, k] for some k =0. Lemma 3.1 can now be applied to
construct an element C € F(S,) (resp. C, € F(S,)) by the distributions
G" (resp. F"). The algebraic expressions for G” coincide with them in [8].

PROPOSITION 3.4. C, € F(S,) constructed by (3.5) and (3.6) is the
unique translation invariant symmetric formal linearization on S, of the
KdV-equation, i.e. TyC, = C, » Ty for each X € t*, with C' = 9.

Proof. C, is unique if it exists (Corollary 3.3). By (3.3) and (3.5) the
linearization of T by C, is equivalent to
[(@, + - +8,)° — (82 +--- +32)] F"
=3 3 3+ +3)FP®F ) oq, nz2.

I=sp=n—1

This is by Fourier-Laplace transformation equivalent to

[(ky+ - k) = (K + - +K3)| FX (k. K,)

=3k, +---+k,) D i,z (Fr @ Fn7)(k,,....k, ),
lsp=n—1 "' i€, i

F™is a solution of this equation if
[y + - 48, = (k] + - +&2)] 67 (K, k)
=-3(k;+---+k,) X (G*®G"P)(k,,....,k,), n=2.

I1=p=n—1
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Direct substitution as in [8] proves that G" defined by (3.6) satisfies this
equation. O

The inverse Fourier transformation G” of G”, defined by
G"((ﬁl ® e ®¢n) = G~n((pl ® U ®(pn)9 (pl,- . ~>(Pn € S(R),
is explicitly

n [0 0
37 6" 8u)=(1"[ &\ [ & w(n)un+r)

e un—](yn—Z + yn—l)un(yn—-l)-

Let U be the Frechet space of all functions f € C*(R X R",R) for
which the seninorms M, are finite:

(3.8) M,(f)= sup [3%(x, »)|+ sup |(1+|x+y))"3%(x, y)|,
e T

n=0,1,.... Here 9% = 9952 and | « |= a; = a,. We introduce for u € S,
the commonly used (see [2], cf. [8], [12]) continuous integral operator
Qu): U- U:

(3.9) [2(A(x ») = [ ulx+y + 0f(x, 0

(x,y)) ERXR, f€eU.

(3.5), (3.7) and (3.9) give the following explicit expression for ¢ in
Proposition 3.4:

(3.10) [C"(9)](x) =[0,8"(9)](x,0)

where

(3.11) B9, ®---®¢,) = (-1)"Qe,) - -- U, )ale,),
[a(e)](x, ) =@(x+»),  @1....0, ES,.

(3.9) and (3.11) give

(3.12)  B(p) +Q(p)B(p) +a(e)=0, B= 3 B"

n=1
The inverse A = C~! is needed for solving the Cauchy problem for
the KdV equation. As is seen directly from (3.12), the power series B is
easily inverted (on its image):

If B(¢) = ¢, then ¢ = P(¢), where
(3.13) B(y) + B(W)P(Y) +¥(-,0) =0
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and
(3.14) [B(f)u](x) =j_‘;f(x, )ul(x + 1)dr

defines a continuous integral operator B( f): S, - S, for each f € U.

It seems difficult to invert C directly. However there is a unique
power series Q; € F(S,, U) such that Q o C, = B,. To find the inverse of
C we first construct a Q € F(S,,U). The expressions (3.10) and (3.11)
give

> Qko (€m®---®C™)=B", N=1,2,...
1=k=N
ny+ .- +n,=N

Multiplication with £(¢) gives by (3.11)
- 2 Ue)eHCM(e)®---®C™(9))

1<k=N
n+ - ¥ng=N

= 2 OK(Cm(g) ® --- ®C™(9)).

Finally by (3.10) and (3.11)
OV (3p ® --- ®dp)
= 2 ()0 ([00" (p)a(e)](-,0)® - - -

1<k<N
n+ - Fng=N

®[32" ' (¢)a(9)](-,0))
- ) o*([3am~(9)a(@)](-,0) ® ---

I=k=N,mz=1
my+ - +m=N+1

®[82™ (p)a(e)](-,0)).
A lengthy but straight forward calculation gives that
0"(39) = Q" '(39)a(e), N=1,2,...,

where

(3.15) [@(u)A(x, y) =fy0dzfx+y—zdt u()f(1, 2)

defines for each u € S, a continuous operator U — U. (The operator @ is
well-known, cf. [4].) It follows then that

(3.16) OMe)=@(9)" 'a(d79), N=12,..,
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and that Q(¢) satisfies the integral equation

(3.17) O(9) — @(9)0(p) = a(d'p).

4. Convergence properties of the formal power series. We study in
this paragraph the existence and the properties of the functions defined by
the formal power series Q, P, B and by them A and 4°'. Q, P, B are
uniquely defined by the integral equations (3.17), (3.13) resp. (3.12):

4.1) O(p) — @(e)0(p) =a(d7'9), QEF(S,U),9ES,,
42) P(f) +B(NE(f)=-(,0, PEFUS,) €,

(4.3) B(9) +2(9)B(9) = -a(e), B € F(S,,U),p €S,.

ProprosITION 4.1. The formal power series (0] (resp P) converges to an
entire function Q S, = U (resp. P:U-S ) Q(resp P) is the unique
solution of (4.1) (resp. (4.2)).

Proof. Using that
[0.@(e)A(x, ») =f0dy1<P(x +y =y)f(x +y =y )
y

and that

[(3, = 8,)&(e)AA(x, y) = [ dxig(x,)f(x,, »)
one deduces the existence of seminorms p, <p, < --- for each given
K =0 suchfora, =1:

(4.4)  sup [0°@(9)f|(x,y) <py(@) sup  [3%f(x,, y,

le| <N lo| =N
o #=N
(xl’y])EE(X’ _}’)

V(x, y) €E]-0, K] X R,

and for a; = 0:

(4.5)  sup [92@(@)f|(x,y) =py(®) sup  [3%/(x,, 1),

0=a,=N laj=N—1
(xlv yl)EE(x7 y)

V(x, y) €]-0, K] X R,
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where E(x, y) = {(x;, ) ERXR|x; +y,=x +y}. We have here
used the inequality (cf. [12])

(46) @) Ax, y) =7[ @t +)le()]  swp  [fxn ).

—o0 (x1, YDEE(x, y)

Denote

n(g) =7 dr(l+1*)g(1)].
The explicit form of @(¢) and (4.4), (4.5) (4.6) give for M = N + 1 and
()C, )") € ]-OO, K] X R

(4.7)  sup [3*@" '(¢)a(d7'9)|(x, »)

la|=N
M—1—N

sup |07'9(¢)|.

t=x+y

<[(M—1-=N)T"py(®)n(p)

Finally we find that (see (3.8), (3.16))

48) My (0"(9)) =pu(®)" 'nle)” " M(n—1-N)TT,

where n = N + 1. p, has (for convenience) been chosen sufficiently large
and K = N. (4.8) proves that the series Q(¢) converges for each ¢ € §,.
Hence Q: S, — U is entire analytic.

To prove the second statement, we first remark that
(4.9) [BW)el(x) = [ dry(x, 1 = x)9(0)
gives
(4.10)  [9B(¥)e)(x) = ¢(x,0)p(x) + B((3, — 3,)¢)e.
Formula (4.9) and (4.10) give the estimate, forn = N + 1,

(4.11) [o¥B"'(y)g|(x)

=gy ()"0 = 1= M0 (e = )l)

N
sup |o(2)],

1=x

where g is a sufficiently large seminorm on U. Then for p, sufficiently
large

19" () elly < pv ()" ll@linl(n — 1 = M)
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Thus, once more if p,, is sufficiently large

(4.12) 12" (¥)x < pu(¥)"[(n — 1= N7,

which proves that P is entire analytic. (]

COROLLARY 4.2. Denote A = C™' € F(S,). Then A is an entire ana-
lytic function.

Proof. A = P o ( is entire analytic by Proposition 4.1. O

We now turn to the question of the existence of A~'. We prove the
convergence of C = A™' and find the maximal connected domain of
analyticity (containing u = 0) for C.

Introduce the operator (see [4]) @ (u): L*(]-0,0]) - L*(]-c0,0]) for
xeERueSs,;

0
(4.13) [2,.(u)h](») :f u(x +y + t)h(t)dr.
2 (u) is a self-adjoint Hilbert-Schmidt operator with

@19 s =(F) s [0+ P+ o).

Let 6(£2,(u)) be the spectrum of 9, (u), let U(n), n =0,1,..., be the
factorspace of U and the closed subspace of functions f with supp f C
r, o[ X R™. B € F(S,,U) defines an element in F(S(n), U(n)) which
also will be denoted B. The seminorms on U(#n) induced by the complete
set of seminorms (3.8) on U will be denoted My, N =0,1,....

PROPOSITION 4.3. For each n € N, B defines an analytic function B:
O, D S(n) = U(n), where O, is the set of allu € S(n) such that Q (u) > -1,
Vx € |-o0, n]. O, is open in S(n) and

A -1
(415)  [Bw)](x, ) = -[(Z + 2(w) Ta()](x, )] ().
(Analytic means here convergence on a neighbourhood of each point in O,).
Proof. Let u € O,. Then by estimate (4.14) there exists an neighbour-

hood V of u such that, for each v € V and x € ]-o0, n], o({2 (v)) C
[-1 + &, oof for some 0 < e. Hence O, is open in S(n).
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It follows from Lemma IIL.9 in [12], (where it is only used that
o(2 (u)) C[-1+ ¢ 0] for each x € ]-o0, n]), that ﬁ(u) € U(n) and
that [7 + @ (u)]"'f(x, -) defines an element in U(n) for each f € U(n).
Let u, u + ¢ € O,. Then at the point u + ¢, the r.h.s. of (4.15) can be
written

~(I+u+ @) 'a(u+ @)
= [1+2(e)(I+ Q)" '(I + 2(u)) "a(u + o).

We prove the convergence of the series

4.16) Y (D) + 2w)']“ (1 + &) a(u + ¢)

0=k

in U(n) for all ¢ in some S(n) neighbourhood of u. Let ¢,,...,¢,_, €
S(n), uy...,u, €0,, k=2, f€ Un) and define the functions F*:
S(n)k~' X OF X U(n) - U(n):

(4.17) F*(@yyeees®pys tyseestip_ys )
= (-1 Qe )(I + 2(u,)) "' 2@, (T + 2(u,))”
te 'Q((Pk—l)(l + Q(uk~l))_1f-

The following estimates are obtained directly from formula (3.9) and the
identity —(I + Q(u))™'f — Qu)(I + Uu))'/f+f=0,u € 0O,, f € U(n):

(4.18) sup [(1 +|x +[y)"[2()A(x, »)|

=
<pw(o@)sup |f(x, y)|, Vo € S(n),f€ U(n),N €N,
558
where p, < --- < p, < --- are sufficiently large seminorms on S(») and

(4.19) |f(x, y) =[(1 + @(w)) " f(x, y)|
S“(I +Q ()

L fgg (1 - Yu(x +y+ t)|

-sup |(1 — 1) f(x, 1)|.

(4.19) gives: _
(420)  sup |[(1 + Q) A(x, y)|= C.sup (1= ) f(x. 1),

X=n
y=0 xX=n
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where (for given n) C, is a positive constant depending on u € O,. (4.18)
and (4.20) give for some sufficiently large seminorm ¢ on S(»):

(421) sup |[(1 + 2(u)"Q(e)f](x, »)|

X=n

y=0

= Cq(e)sup |f(x, y)|, Vu€O,, ¢ €S(n),f€ U(n).

X=n
y=0

By (4.18) (4.21) and then (4.20) an estimation for F* is obtained:

(4.22) sup I(l +|x|+‘Y|)N[Fk(‘P1>-~-a(Pk—1; UpseeosUp—1s f)](x, Y)I

x=n
y=<0

=pn(®)C, - Cuk_ﬂ(%) -+ q(@g_,)sup I(l - t)zf(x, t)|

tg(r)l
The identity (for a given x € ]-o0, n]) fore <n — x
- (I + Qx-f-ts(u))_I - Q)H-e(u)(l + Qx-f—e(u))_l + I = O
gives
(423) L1+ 0 () oo = (1 + 2,(0) "2, (0u)(T + 9,(w))”

(This is well-defined in U(n), cf. [9].)

Explicit expressions for the derivatives of F*(¢; u; f) are obtained
from (4.17), (3.9) and (4.23):

(4.24) 0, F (@yyeves@ry; tpyerestiyys [)
= 2 {Fk(%,---,aq>,-,---,¢k_1;ul,---,uk_l;f)

1<i<k—1
k+1 .
+F ((pl’---’(piaaui’<pi+1""’(pk—ls
Upseooslyy Upy Uiy s sUp s f)}

+Fk(q)l""7(pk——]; u]’---’uk_.]; alf)

and

(4'25) aZFk(q)l"",(pk—-l;ul"--’uk—l‘;f)
= F"(Bq)l, Poree s @il Upsen sty f).
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(4.22), (4.24) and (4.25) give the estimate for k = N + 1 (g, is a suffi-
ciently large seminorm):

(4.26) My(F(@,...,9; u,...,.u; f)

=2k +N) = 1)"qu(e)¥(c) "
X sup (1= 2)*03f(x, 1)]g(@) "
04y

Thus, for a given u € O, the series

2 Fe....@su,....u; f)

k=2
converges for all f&€ U(n) and all ¢ € S(n) with ¢(¢)C, <1. f=
(I + Q(u))'a(u + ¢) is linear (and continuous) in ¢, which proves that
the series (4.16) converges on a neighbourhood of u in S(n). U

COROLLARY 4.4. The mapping O, 3 uw>[d B(w)(-, o) = C(u) €
S(n) is analytic and this mapping composed with A is id ,

Proof. The first statement is a trivial consequence of Proposmon 4.3.
Secondly denote F: 0, — S(n) the composite map Ao C. F is analytic
(Corollary 4.2 and Proposition 4.3) and the formal power series F on S(n)
is the identity (§3). O

REMARK 4.5. Let {u,}72, C O, be a convergent sequence in S(n) with
limit v, such that -1 € o(,(v)) for some x € ]-o0, n]. Then by (4.15)
B(u,) will likely (if there is no cancellation) develop singularities as
I - o, and v would not be in A[S(n)]. Further if for u € S(n),-1 &
0(82,(u)) for x € ]-o0, n], then by the continuity of x — Q (u), 6(£2,(u))
C [-1 + &, oo for each x € ]-o0, n] for some ¢ > 0. Thus by Corollary
4.4. it seems reasonable to try to prove that € (u) > -I for each u €
A[S(n)] and x € ]-o0, n]. The result is well-known, (sce [4]).

PROPOSITION 4.6. The image A[S,] is exactly the subset O C Sy, where
O is the projective limit of O,, n € N, i.e. u € O iff

(4.27) Q. (u)>1 Vx ER.

Proof. For given x € R choose n > x. Then as 4: S, = S, defines a
mapping 4: S(n) - S(n)

[A(w)](x) =[4(6,, )](x), VuEsS,,
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where 0, , € C*R). 6,,,(t) =1 for t €]-o0,n] and 6, () =0 for
t=n+ 1. But Qu € S(R), so ©,(A(0u)) > -1, Vx € ]-o0, n], (see [4], cf.
[12)). O

REMARK 4.7. The condition (4.27) resembles to that obtained in
linearizing Burger’s equation in [13].

5. Solution of the non-linear initial value problem and superposition
of solutions. Corollaries 4.2 and 4.4 reduce the solution of the KdV
equation in S,:

(5.1) %u(t) = -3u(r) + 6u(t)du(z), u@) =u,€S,

to the linear equation
(5.2) Lo(t) = -%(1),  0(0) = vy = d(uy) €0

together with the condition in Proposition 4.6. But before stating formally
the result we prove the following lemma:

LEMMA 5.1. Let V be a n-dimensional C* differentiable manifold and F:
V — O a C* mapping then

f=A' o F: VS, isC.

Proof. The mapping V' 3 ¢ - [F(€)] |4 € O, is C* and 47': 0, -
S(n) is analytic (Corollary 4.4). Then the mapping V > §
[p,o A" o FI(§) € S(n) is C®, where p,: S, » S(n) is the canonical
projection. Thus V' 3 &> [A™' o FI(£) € S,is C® as S, = limS(n). O

PROPOSITION 5.2. Let uy € S,. Then equation (5.1) has a C' solution
for t €la,, a,], —0 <a, =0 =<a, < oo, iff the equation (5.2) with v, =
/f(uo) has a C' solution v(t) € O for t € la,, a,[. On the interval of
existence u(t) = AN(v(1)) and t > u(t) is C*.

REMARK. Instead of C! solutions one can write C° solution of the
integrated equations.

Proof. vy, € O (Proposition 4.6). There exists a maximal interval
1b,, by[, —00 < b, <0 < b, < 00, where equation (5.2) has a C' solution
in S,. Hence the solution u(¢) = ff"(v(t)) of equation (5.1) exists on a
maximal interval ¢t € ]a,, a,[, b = a, =0 < a, =< b,, on which v(¢) € O.



KORTEWEG-DE VRIES EQUATION 219

t>o(t) is C* if it is C'. Lemma 5.1 gives now the “if part” of the
proposition. Conversely if u(z) is a C'-solution on a maximal interval of
existence ]a,, a,[ then by Corollary (4.2) and Proposition 4.6 A(u(t)) € O
is a C' solution of equation 5.2 on ]a,, a,[. Further t > A(u(1)) is then
C*, so by Lemma 5.1 u(¢) is C*. O

REMARK 5.3.
(a) u(t) can blow up in finite time (¢ = a) for two reasons:
(1) v(¢) € does not converge in S, ast — a;
(i1) v(a) 3 in S, but v(a) & O.
(b) If u, € S(R) then u(¢t) € S(R) V¢ € R as is seen from space-time
inversion of equation 5.1 on S(R) and linearization by A. A(S(R)) is
invariant under the linear evolution, [12].

The non-linear superposition principle is a trivial consequence of the
following Corollary:

COROLLARY 5.4. O is a convex set.
Proof. See Proposition 4.6.
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