PACIFIC JOURNAL OF MATHEMATICS
Vol. 137, No. 2, 1989
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R. COQUEREAUX AND D. KASTLER
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We study the relationship between the two types of differential en-
velopes of Z/2-graded associative complex algebras; and describe the
differential envelopes of a Z/2-graded algebra as a simple modifica-
tion of those of the associated ungraded algebra.

In this note we describe some aspects of the two existing notions of
differential envelope of a Z/2-graded complex (or, for that matter real)
associative algebra. Both notions are basic in the non commutative
geometry under current development.

In §1, which fixes notation, we recall the definitions and main prop-
erties of the two types of differential envelope (= universal differ-
ential algebra) one attaches to a Z/2-graded algebra 4. The first,
Q(A4) = Ci @ Q(4), pertains to general algebras (unital or not), and
has a differential which vanishes nowhere on 4 (in particular, if A4
is unital with unit 1, d1 # 0). The second, Q4, is defined only for
unital algebras, and has a differential vanishing on the unit. Q(A4) can
accordingly be directly defined in terms of tensors over A, whilst the
construction of QA uses either tensors over an 4-bimodule, or a sub-
family of tensors over A. Both Q(A) (for that matter Q(A4)) and QA
are universal objects (= tied up with functors), the first in the general
and the second in the unital category.

In §2 we discuss the relationship between the two notions, each of
which is definable in terms of the other. On the one hand one has
Q(A) = QA, A = C1 ® A the augmented (Z/2-graded) algebra. On
the other hand there is an injective multiplicative linear map of QA4
into the right ideal AQ(A) of Q(A), allowing one to consider QA as
a linear subspace of tensors over 4 (vanishing under the “consecutive
diagonal mappings”, and multiplying under “concatenation”).

In §3 we show how the differential envelopes of a Z/2-graded algebra
A can be constructed in terms of those of the associated ungraded
algebra (merely through a simple modification of the latter’s product).
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246 R. COQUEREAUX AND D. KASTLER

This result is important from the algorithmic point of view, since it
leads to a reformulation yielding formulae in which the “grading signs”
occurs in a more transparent way (important in particular with respect
to the algorithmics of Z/2-graded cyclic cohomology).

1. The two types of differential envelopes of an associative complex
algebra. For the results quoted in this section we refer to [1] through
[S]. In the sequel 4 = A% @ 4! throughout denotes a Z/2-graded
complex algebra!, with set 4" = 4% U A! of homogeneous elements?,
and grading denoted by 8 (da = 0 resp. 1 (mod 2) for a € A°, resp.
a € A'). A denotes the augmented Z/2-graded algebra’, with unit 1
(irrespective of whether 4 possesses a unit of its own or not—if this
is the case, this unit is denoted by 1).

_1.1. The first kind of differential envelope: the differential algebras
(Q(A),d) and (Q(A),d). Let A be a Z/2-graded algebra (not neces-
sarily unital). We define, as an N-graded vector space

(1.1) Q) = 3704y
neN
where
(1.2) QA)"=A® A%, neN

with Q(A4)° = A. The intrinsic grading 8, is defined by setting, for
a®a;® - -®a, € Q(A)™:

n
(1.3) do(ag®a; ®---®@ay) =Y day,
k=0

the total grading 9 is then the sum of the intrinsic and the N-grading.
Q(A)" is made into a dy-graded unital A-bimodule, by setting, for
ag,x=AM+xeA,r1e€C,ay,...,a, € A":

(1.4) X(a®a;® --Qay) =xa0a4, Q- ay

“Algebra” always means “complex associative algebra” (whereby “complex” could through-
out be replaced by “real”, changing C to R).

2Generally, we denote by E° the set EO U E' of homogeneous elements of any Z/2-graded
vector space E = E0@ E!.

34 = C® A with product (4, a)(u, b) = (Au, Ab+pa+ab), A, 4 € C,a, b € 4; and Z/2-grading
A% =C@® A% 4! = 0@ A'. The “added unit” is 1 = (1,0) (thus 4 = Ci1 @ 4). If 4 is unital
with unit 1, it appears as the ideal (0, 4) of A generated by the idempotent (0, 1).
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and*
(1.5) (ap®a; ®---®an)x
n—1 . .
= Z(—l)n+1+2k=z+l aakao ® M ® aial‘+1 ® ttt ® an ® l
i=0

+ap®a;®---QayX.

Defining then the product of 4 ®a; ® -+ ® a, € Q(4)" and by ® b; ®
@by € Q(A)™ as
(1.6) (ap®a;1® - Qay)(bp®b; ® - by)

={(@®a;® - ®an)b} ®b; ® - ® by,
Q(A) becomes an associative complex algebra, graded for both Z/2-
gradings 9y and 9, and fog the N-ngading.

Setting now, for ay = A1+ay € 4, gy, ay,...,a, € A

(1.7) d(ao®a1®---®a,,)=i®go®a1®---®an
specifies d as a linear operator of Q(A), of N- and d-grade 1, and of
vanishing square, which fulfills the graded derivation property

{ d(wy) = (do)y + (-1)*wdy,

1.8 «
(1.8) o,y € (A), w of total grade dw,

thereby making QQA) a O-graded (in fact bigraded® differential alge-
bra): elements of €2(A4) are then reinterpreted as follows:

(1.9) aQ®a; ® - ®a, = apday ---da,.

It is useful to note that
(1.10) Q(A4) = Cia Q(A4)
where €2(A), the direct sum of the

A, n=0,

(1.11) QA" = { A, n>1
is an ideal of Q(A) decomposing in turn as
(1.12) Q(A) =dQ(A) ® AQ(A)

4This formula becomes transparent by identifying the Lh.s. with (agd; - -- dan)x (cf. (1.9)
below), and transforming the latter expression using the graded derivation property of d (cf.

(1.8) and (1.9) below).
5a Z/2-graded differential algebra (£ = E*®©E~, §) is a bigraded differential algebra whenever

the algebra = has N-grading = = ;eeN =" such that (i) 2" = EZ"NE* @ E"NE",n € N and
O(E") CE"l,neN.
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with 4Q(A) a right ideal of Q(A) (generated by the unit 1 of 4 for a
unital 4).

Q(A) is a universal object, which could more transparently (but less
explicitly) be defined as the quotient of the free algebra of the set
{a, da;a € A} through the ideal generated by®

A-a+p-b=(Aa+ ub),

. . abeA,
(1.13) A-da+p-db—d(Aa+ ub), {A,,ueC,
a-b-ab,
da-b+(-1)%q-db, acAd,beA

As a consequence’, given a Z/2-graded complex algebra B, and a pair
(a,A) of a homomorphism® a: 4 — B and a graded o-derivation
A: A — B (i.e. a grade one linear map fulfilling

ac A,

(1.14) A(ab) = (Aa)a(b) + (—1)%a(a)Ab, { bea)

there is a unique homomorphism® 6: Q(4) — B such that

0(a) = a(a),
) {oﬁd;:ia), acd,
specifically given by
(1.16) { 0(aoda, - - dan) = a(ap)Aa; --- Aay,
0(day ---da,) = Aa; - - - Aa,.

In fact we have a bijection between such pairs («,A) and homor-
phisms: Q(A4) — B (of grade 0):

Q(A)
(1.17) T N
A = B

This applies in particular (making A = J o a) to homomorphisms
a: A — B into Z/2-graded algebras B possessing a graded derivation d.
And the further specialization B = &, (E,J) a Z/2-graded differential

60Operations within the free algebra are indicated by a dot.

7And also by direct proof, using the original definition (1.12) of Q(A)—this showing the
identity of the original definition and the definition as a quotient.

80f Z/2-graded complex algebras (in particular, of grade zero).
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algebra®, then yields a functor Q( ) from the category of Z/2-graded
algebras to that of Z/2-graded differential algebras:

Q(4)

(1.18) T g

A —=— (E,0)

The special case where (Z, d) is bigraded, and « ranges in the N =0
part of =, then furnishes a functor from the category of Z/2-graded
algebras to that of bigraded differential algebras.

1.2. The second kind of differentiable envelope: the differentiable
algebra QA, A unital. Now let A be a unital Z/2-graded algebra with
unit 1.

Defining as follows a linear map m: A ® A — A:1°

k

k
(1.19) m (Za,-@b,) =Y (-1)"a;b;,
i=1

i=1
a, €A, bjed,i=1,..., k
as well as linear maps ¢+, ¢: AQRA — AR A:
pH(T)=m(T)®1, TEA®A,
{ ¢ =id - ¢*,
we get supplementary idempotents ¢, ¢, such that
J =Im¢ = Ker ¢+ = Kerm,
{K:Kerqﬁ:lmqﬁl:A@l.
Moreover, if one sets
x(@a®b)=xa®b,
{ (a®b)x = aQ bx,
J becomes a graded A-bimodule: therefore the direct sum

QA0 = 4,
1.23) Q4=3 Q4"
2 rél:w {QA"=J®AJ®A~-'®AJ(n factors)

(1.20)
(1.21)

(1.22) a,bxeA,

is a unital algebra with unit 1 (for the product ® 4), N-graded and Z/2-
graded for both the intrinsic grading 8, (stemming from the grading
of J®4" as a tensor product) and the fotal grading, sum of the intrinsic
and the N-grading. Further, setting

(1.24) da=1®a—-(-1)%a®1, acA,

91.e. d is of grade one and 62 = 0.
10In the case of an algebra of functions m is the “diagonal map” assigning to functions of
two variables their values on the diagonal.
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specifies a graded derivation d: 4 — J:

(1.25) d(ab) = (da)b ® (-1)%adb, acA, beA,
vanishing on the unit 1 and fulfilling

(1.26) adb=a®b—-(-1)%ab@1=¢(a®b), abeA

Since d uniquely extends to a differential d of QA (i.e. a d-graded
derivation of vanishing square), moreover of N-grade 1, QA4 becomes
a Z/2-graded (in fact a bigraded) differential algebra.

As was the case above for Q(A4), Q4 is a universal object—but now
“in the unital category”. QA could be defined as the quotient of the
free algebra of the set {a,da;a € A} through the ideal generated by!!

(A-a+u-b-—(Aa+ ub),
l) s
J-datu-db=d(da+ ub), {"EC
(1.27) . a.bed,
a-b-ab,
da-b+(-1)%q-db - d(ab), acd, beA
L d1

Moreover, we have universality properties analogous to those of (4),
(but within the unital category): to each Z/2-graded algebra B, and
pair (a,A) of a homomorphism®: 4 — B and a unital graded deriva-
tion a-derivation A (i.e.
(1.28) Al =0),
there is a homomorphism 8: QA4 — B lifting o, namely

O(apda; - - - da,) = a(ag)Aa, - - - Aa,,

ap,ay,...,a, € A.

If B and a are unital, (1.28) is automatic and € is unital. In fact,
there is a bijection between such pairs (o, A), and homomorphisms:
QA — B:

Q4

(1.30) TN\
A = B

A

I1As was the case for Q(A), the identity of the two definitions results from the fact that
both lead to the same universally property, cf. (1.31) below. Notice, on the other hand, that the
second definition implies a linear bijection: agda, - --dan < ag®a; ®---®an, a; = a,(mod C1).
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This applies (with A = J o a) to unital homomorphism® a: 4 — B,
B equipped with a unital graded derivation é (613 = 0). The spe-
cialization: B = &, (E, ) a unital Z/2 graded differential algebra (i.e.
01 = 0) yields a functor from the category of unital algebras (with
unital morphisms) to that of unital Z/2-graded differential algebras
(with differential vanishing on the unit, and unital morphisms).

QA

(1.31) TN
4 & (E9

Q induces in turn a functor from the category of unital Z/2-graded
algebras to that of unital bigraded differential algebras, taking bigraded
differential algebras (Z,J) and homomorphisms a with range within
the n = 0 part of .

2. Relationship between the two types of differential envelopes.

2.1. The isomorphism Q(A) = QA. Let A be an arbitrary Z/2-
graded algebra (unital or not): the differential envelope (Q(A4), d) of
the first kind is in fact isomorphic (as a bigraded differential algebra)
to the differential envelope (QA4,d) of the second kind pertaining to
the augmentation 4 of 42,

This fact easily follows from the above-mentioned universality prop-
erties. On the one hand (1.18) (with & = i: 4 — A4, and (E,d) =
(QA,d)) yields a homomorphism Q(i): Q(4) — QA4 with unique ex-
tension to Q(A) as a unital homomorphism. On the other hand (1.31)
(with A4 replaced by 4, o = id: A — 4 and (E,6) = (Q(4),d)) yields
a unital homomorphism Qid = QA4 — Q(4), inverse of the preceding.

As is to be expected (1.21) combined with the fact 4 = Ci @ 4
implies that we have:

(2.1) QA =404 mod A1 = A A

2.2. QA as consisting of tensors over A. A being now a unital Z/2-
graded algebra with unit 1, we will conversely construct the differential
envelope QA of the second type in terms of that of the first kind—
in fact as a subalgebra of the right ideal AQ(A4) = 1Q(A) of Q(A),

12Hence we could consider the notation (4) as superfluous, keeping the symbols QA and
Q(A) with Q4 = Ci + Q(A).
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with the product reducing to “concatenation”, and under a modified
differential. We noted earlier (cf. footnote 11) the linear isomorphism

(2.2) Q4= "as /@ =3 4oy,
neN neN
with
Jy=AQ13AR - - A+ AQARIQRAR---Q A
++ARA® - ®1
This amounts in fact to quotienting (A4) by an ideal, the correspond-
ing exact sequence of algebras being split, hence yielding a supplemen-

tary subalgebra of (A) isomorphic to QA.
We begin by describing these objects.

(2.3)

LEMMA. With a Z/2-graded unital, we denote by A the linear oper-
ator of AQ(A) obtained by applying d and projecting back in AQ(A):

(2.4) Aw = 1do, o€ AQ(A);
and consider the direct sums

o0
(2.5) K.=) °K,

where K, is the linear closure of elements aygda, - - - da, with ay,ay, ...,
an € A and a;. = 1 for at least one k > 1; and

(2.6) Jo=Y_%J,
n=1

where J, C AQ(A)" equals
n—-1
(2.7) Jn =[] Kerm
=0
the linear “consecutive diagonal maps” m! being given as follows: for
aO,al,.-.,an

mg(apday - - - day

) = (-1)%apa,da, - - - day,
m'(apda, - --day) = (-

(2.8) { 1%+ aqoday ---d(aiairy) - day, i > 0.
We then have that

(i) K. is the (graded) ideal of Q(A) intersection of AQ(A) and the
ideal K. of Q(A) generated by d1.
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(i1) A is a “differential modulo K.”, i.e. one has for w, y € AQ(A),
w of grade dw
(2.9) Alwy) - (Ao)y — (-1)**wAy € K.,
(2.10) A’y € K..

(iii) J. is a subalgebra of ASQ(A) on which the product reduces

to “concatenation” x specified as follows'3: for apda, ---da, € J,,
bodbl,...,dbm eJm:

(2.1 1) (aodal .- -da,,) X (bodbl s dbm)
= apda, ---day_d(a,by)db, - - - dby,

Note that the signs (—1)%%, resp. (—1)(—1)%+ amount to applying the
linear operators €y, resp. ;.1 where g, =id® ---®1d®eid® ---®id
with the (k + 1)th factor ¢ is the grading involution of A (we here use
the identification (1.9)). As a consequence, leaving out these signs in
the definition of m{j, resp. m} would not alter the definition of J,.

Proof. (1). To prove that K, is an ideal it suffices to check that,
given w = apda, ---day, ag,ay,...,a, € A, a, =1 for k > 1, and
v = bodb, ---dby,, by, by, ...,b, € A, one has yw € J, and wy € J..
Now ww € J, because “reordering”!* wb, does not affect the factor
da;, = d1. To check that wy € J, it obviously suffices to check that
wby € J,: this however follows from the fact that in reordering wb,
the two terms not displaying a factor d1 exactly cancel:

(2.12) Z(—l)”k‘”ZLk % qoday - d(ag_ 1)day., - - - dandby
+ S (~ )L gy da, - d(ay_y)d(1ay ) dandby=0.

We now claim that K, is the linear closure of monomials agda; - - - day,
ay € A, ay,...,a, € A with q; = 1 for at least one k > 1. Indeed,
reordering w(dl)y, w,y € Q(A4), v = xdy', x € A, amounts to
rearranging w(d1)x whereby the f: actor d1 always persists for the same
reason as before. Now K, C AQ(A4)NK. is obvious. And the opposite
inclusion follows from the above description of K. and the fact that
w € AQ(A) implies w = 1w.

(ii) Check of (2.9): the Lh.s. equals
(2.13) 1d(wy) —1(dw)y — (-1)*?wldy = (-1)*?w(d1)y
thus belongs to K, N AQ(A4) = K..

131n fact the product of Q(A) reduces to the “concatenation product” x more generally for
the first factor within J. and the second factor any element in 4Q(A4). Note, on the other hand,

that I) and K coincide via (1.9) with the respective I and K introduced above, cf. (1.21).
14For shortness we use the word “reordering” to mean: writing as a sum of “monomials”.
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Check of (2.10): we have
(2.14) Ay =1d(1dy) = 1(d1)dy

also contained in K, N AQ(A4) = K,.

(iii) Let w = apda,---da, = aqy® a1 ® ---®a, € J, and y =
bodby - -dby = ap@b;®---®b,, € AQ(A)™. Applying (1.6) and (1.5)
with x = by (where all but the last term vanish owing to (2.7), (2.8))
we see that the product wy reduces to (2.11), whose r.h.s. clearly
vanishes under all maps m/*” for i = 1,2,...,n— 1 and, if y € J,,
also fori =n,..., n+m-—1.

PROPOSITION. Let A be a unital Z/2-graded complex algebra, with
A, K, and J. as in the last lemma. We have a split short exact sequence

(2.15) 0— K, < AQ(A) = QA4 — 0
6

where'® m is the homomorphism of algebras, restriction to AQ(A) of
the homomorphism n in the diagram (cf. (1.17))

Q(A)
(2.16) NS
id
A = QA4
d
ie.
(2.16a) n(apda, - --day,) = apda, - - - day,.

The lift 0 of (0 o m = idqy) is the homomorphism of algebras defined
by the diagram (cf. (1.30)).

Q4
(2.17) TN\
4 = Qu
D
ie.
(2.17a) 6(aoday - --day) = apDay - - - Day,

51n the remainder of this section we will denote by 4 the differential of QA to distinguish
it from the differential d of Q(A4).
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where

(2.18) Da = 1dal = 1da — (—1)*ad1.
One has moreover

(2.19) Im6=J, (0(QA4)")=J,);

consequently ¢, = 0 o and ¢+ = id — ¢, (resp. their restriction ¢y,
and ¢;- to AQ(A)") are the projections in AQ(A) (resp. AQ(A)") cor-
responding to the direct sum decomposition

AQ(A)=J. ® K.
{ (resp. AQ(A)" =J, ® Ky).
Finally we have the intertwining properties

(2.20)

(2.21) noA=dom,

(2.22) fod=Do0,

(2.23) b.0A=Dod.

It follows in particular that if one defines

(2.24) D(aogDa, - - - Da,) = DayDa, -- - Da,.

(J«, D), with the concatenation product and the N,d and 9, gradings
inherited from AQ(A), becomes a bigraded differential algebra isomor-
phic to (QA, d).

Proof. The homomorphism 7 being onto gives rise to a short exact
sequence. The definition (2.17) of the homomorphism 6 is justifed by
the fact that D is a graded derivation, vanishing on the unit, as one
immediately checks:

{ D(ab) = (Da)b + (—1)%aDb, acd, bedA,
D1 =0.

We note that the r.h.s. of (2.17a) is unchanged if one replaces through-
out D and D' where

(2.25)

(2.26) D'a =da— (-1)%ad1 = (da)1;
indeed both procedures lead to the expression
(2.27) ap(day)1(day)1---1(day)1,

the use of D' showing that ¢;-(apda; - - - da,) is a sum of terms of the
type
(2.28) +ay - product of factors da; and factors a;,d1
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(in arbitrary order, with at least one factor of the type a;d1, two such
factors being never contiguous).
We now show the inclusion (hence equalities)

(2.29) K, C Ker¢, C Im¢; C K,,.

The first inclusion follows from K,, C Ker 7, immediate from (2.16a)
since d1 = 0; the second is obvious the third follows from the noted
fact that Im ¢;; is a sum of terms of the type (2.28), where the last fac-
tor d1 to the right persists whilst “reordering”. Since @2 — ¢, = dnd;t,
we established that ¢, and ¢;- are idempotent.

We next show that Im¢, C J, by induction. Equality holds for
n = 1. Induction step: for a monomial w € J, and a, ;| € 4:

(2.30) wD'a,,; = w x Da,,, = w x (1da, — (=1)%+1q,,,d1)

obviously vanishes under the maps m;, i = 1,2, ..., n, but also under
m,,, since
(2.31) m(xda, — (—1)% xa,,d1) = 0.

The converse inequality Ker ¢+ > J,, follows from the fact that for
k

(2.32) w=>Y a}---da} - -daj€J,
i=1

each of the contributions to ¢;- @ corresponding to one given type of
product (2.28) individually vanishes: indeed we obtain (2.28) from
apda, - - - da, by replacing successively factors da; of increasing k by
factors a,d1: however, the first replacement applied to (2.20) yields
zero owing to vanishing of @ under all contiguous diagonal maps.

Since (2.21) and (2.22) (hence (2.23)) immediately follow from
(2.16a), (2.17a) and (2.24), we completed our proof.

To summarise we have found a variety of equivalent descriptions
of the bigraded differential algebra (Q4, d):
~ as the tensorial algebra of the A-bimodule J under the product
®4 and the differential extending (1.24);
- as linear combinations of expressions

(2.33) apda,---dan = ay®a®---®a,,  ap,ay,an € A,
where @ = a (mod C1), and with multiplication dictated by the fact

that d is a differential vanishing on the unit;

- as the quotient of 4Q(A4) by its ideal K., and A as a “differential
modulo K.”, cf. (2.9), (2.10);
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- most explicitly, as the subalgebra J. C 4Q(A), with multipli-
cation, the “concatenation product” x, and differential D, cf.
(2.6), (2.7), (2.11), (2.18), (2.14).

3. The Z/2-graded case in terms of the ungraded case. The following
proposition contains two statements pertaining to the two kinds of
differential envelope!®.

3.1. PrOPOSITION. Let A = A° ® A! be a unital 7./2-graded alge-
bra (resp. a Z/2-graded algebra), with A the corresponding ungraded
algebra'’.

And consider in parallel the differential envelopes'® (QA,d) (resp.
(Q(A), d)) generated by monomials

ag € A (resp. € A),

3.1 da, ---da,,
( ) dodd n {a,,...,anEA,

and (QA,d) (resp. (Q(A), d)) generated by tensors

ay € A (resp. € A),

32) qy®a; ® - Qay, {
(3-2) ap®a " ai,..., a, € Amod C1 (resp. € A),

with the product ojf QA (resp. Q(A)) denoted by © (hence we have, for
x€A(resp. x=M1+xe€ A, Ae))

XO(@®a® - ®apy) =Xap®a; Q- ® ay,

(ap®a1 ® - -®ay) OX

n
=Y (-1)"ag® - ®aia;1 ® - ® a, ® {x (resp. x)}
i=0

+ay®a1®---®a,_1 Qayx,

where the products in the r.h.s. have to be taken mod C1 in the case
of QA.
If we equip QA (resp. Q(A)) with the new bilinear product given by

(3.4) SoT =(-1)"SSoT,

where S, T € QA (resp. Q(A)) are respectively of intrinsic grade oS and
of N-grade m, we then have that (QA,d) and (QA, d) (resp. (QQ(A),d)

16The second statement follows from the first via Q(4) = QA.
'"Le. 4 = 4 as an algebra, with the trivial grading A’ =4, 4" = {0}
18004 and QA (resp. Q(A) and Q(A4)) coincide as N-, 8g-, and d-graded vector spaces.
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and ((A), d)) are isomorphic bigraded differential algebras'®, with the
isomorphism given by

i(aoda, - - day) = (—1)" 2o a0y @ a) ® -+~ @ ay,
(3.5) { apda; ---da, € QA (resp. Q(A)),
ay€ A (resp. A, ay,...,ap € A).

REMARK. With Q € QA (resp. € Q(A4)) the “monomial”
{ w = apda, ---day,

(3.6) - .
ag€ A (resp. € A'),ay,...,a, € A

and defining

(3.7) 0*w=> day, Aw=ndw+9d v,
keven

odd

the sign factor (—1)2¢ appearing r.h.s. of (3.5) corresponds to “extrac-
tion of the n (grade one) symbols d towards the left” whilst effecting
the passage

(3.8) apda,---da, - ap®@a; ® - ay.

In “Z/2-spirit”, the map i hence appears as more natural than the
former identification (1.9). Note also that Aw is coherently defined
for monomials in A4, since the intrinsic grade passes to the quotient
a, = a; mod C1, g, € A. Caution: Aw is only defined for monomials,
and does not make sense in general for homogeneous elements. We
note that we have, for w as in (3.6)

(3.9) Ag = { 0~ w for n even,

0%tw for n odd,
(3.10) A(xdw)=Aw+ (n+1)dx, x€A (resp.xe€A),
(3.11) {A(wdw) =Aw+ Ay + (m+ 1)8~0w,

v = bydb, - --db,, € QA (resp. QA).

The claim in Proposition 3.1 that (Q4,d) (resp. (Q(4),d)) are bi-
graded differential algebras results by taking (Q,d) = (QA4,d) (resp.
(Q(4),d) in the following general fact.

1904 (resp. Q(A4)) are equipped with the new product (3.4); the differential 4 and the gradings
8, 8p, remaining unchanged. Note that (3.5) defines i coherently as a linear map since the
sign factor r.h.s. amounts to applying the linear operators {H:zo & 1" H & oad- &k the operator
d® --®id®e®id® - - @ id, where the kth factor ¢ is the grading involution of 4 or 4
mod C1 (resp. of 4 or A).
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LEMMA. Let Q = Y-8 (Q", d) be an N-graded differential algebra,
with product ®, and assume the existence of an intrinsic Z/2-grading
0y commuting with the N-grading

Qn = Qr+) 4 Q=)
(3.12) {

Qr(F) o QM) = Qrim(),
with {

Q2 o Qo) — quimz)  MEN

and with the differential:
(3.13) dQr®) c Qr1E) . peN

Then (Q, d) becomes a bigraded differential algebra (with total grading
0 the sum of the intrinsic and the N-grading) under the new product -
specified as follows:

w-y=(-1)"""0oy,

w, ¥ € Q, w of intrinsic grade dyw, y of N-grade m.

(3.14) {

To prove this lemma, we have to check that the product - is asso-
ciative and makes d a 0-graded derivative. Now let w, v, 6 € Q, with
w, y of respective intrinsic grades dyw, dpy, and y, 6 of respective
N-grades m, p. We have on the one hand
(3.15) (@-y)-0=(-1)"*(woy)-0

— (_l)m30w+p(80w+80y/)w o720 0
= (=1)"PRCH o (y-0) =w- (v - 0)

and on the other hand

(3.16)  d(w-y)=(-1)"*d(@oy)
= (=1)"**[(dw) O ¥) + (-1)"w © dy]
=dw-y+ (=1)"%q. dy.
The remainder of Proposition 3.1 now follows from the fact that

the map i (obviously linear bijective) turns the product of Q4 (resp.
Q(A)) into the new product of QA4 (resp. 2(A4)): we have

(3.17) i(wy)=i(w)-i(y), o weQA (resp. € Q(A))
which it suffices to check for w and y “monomials”?® We first do

20The following argument applies to both the case of Q4 and that of Q(A4). In what follows
n(w) denotes the N-grade of w.
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this for ¥ = dy’', ¥’ a monomial: we have, with T'(qpda; ---da,) =
ay ® - -+ ® a, and taking account of (3.11),
(3.18) i(wdy') = (=12 W) T (wdy')
= (-1 () ® T(y')
- (__1)Aw+A(dc//’)+n(6y/’)8owT(w) o) T(W,)
= (=1)"W2j(w) 0 i(dy') = i(w) - i(dy).
It remains to check (3.17) for w = bdy’, b € A’; y' a monomial,
however, this boils down to the simpler case of ¥ = b: the knowledge
of (3.17) in that case indeed allows one to infer from (3.18) and the
associativity of the product - that one has
(3.19) i(wbdy') = i(wb) - i(dy') = i(w) - i(b) - i(dy')
= i(w) - i(bdy").
The remaining proof of (3.17) for ¥ = b € A" will now proceed by
induction w.r.t. the N-grade of w?!.
For x,y € A" (resp. x € A", y € A) we have
(3.20)  i[y(dx)b] = i[yd(xb) — (—1)%* yx db]
=(-1)%yxb— (—1)*20%)yx @b
=-1)¥yo@1ex)ob

(resp. = (-1)?yo(1®x)0b

=i(ydx)ob=i(ydx)-i(b)).
We now effect the induction step: assuming (2.19) to hold for w and
w = b, we check that it holds also for w replaced by wdx, x € A°, and
w = b, we have, by what precedes
(3.21)  i[w(dx)b] = i[wd(xb) — (—1)* wx db]

= i(w) - i(d(xb)) — (—-1)%%i(wx) - i(db)

= i(w) - [i(d(xb)) — (—1)*i(xdb)]

= i(w) - i[d(xb)] = i(w) - i(dx) - i(b)

= i(wdx) - i(b)

completing our proof.

3.2. We shall now briefly show how the replacement of (Q(4),d)
by (€(A4), d) equipped with the product (2.5) simplifies the formulae

210ne could also perform a direct verification based on (1.5) rewritten using the identification
(1.9).
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of Z/2-graded cyclic cohomology??. We recall that the latter can be
formulated using operators ', 8, a, y, p, 4, £ on Q(A) defined as
follows [4], [5]%3: for w € Q of total grade dw, and x € 4°, a € A4:

p(wdx) = (-1)?wx,
(3.22) U0 pida) =a
a(wdx) = (1)U ToX)9%0 xq),

(3.23) { a(a) =0, a(da)=a,
(3.24) B=pB —-a,

plwdx) = (—1)1+9)00(dx) @,
(3.25) { pla)=a, p(da)=a,
(3.26) y=id—p,

/l(a)dx) — (_1)(1+6x)(1+8w)xdw,
(3.27) { Aa)=a, Ada)=0,
and, for aqy =sl+a,€ 4', ay.ai, ..., a,ed,seC,

(3.28) ZX(apda,---da,,>)

= (-1)*apaiardas - - day,,
n+l
+ Y (1) (apday - - da;_1)a;a;11da;, - dag.,
i—2

+ (1)L %% (a1 day - dayy 1 )anss)-

If one replaces (Q(A4), d) by (R2(4), d) the above operators are replaced
by their images which we denote by corresponding underlined sym-
bols:

(3.29) 0=io0oi!

and we have then, for T € Q(A4)" of intrinsic grade Jy7 and x € A of
grade O0x

(3.30) B(T odx)=(-1)"T ox,
(3.31) o(T ©dx) = (=12 Tx o T,
(3.32) p(T ©dx) = (-1)""*Tdx o T,
(3.33) MT ©dx) = (=1)"*1H0%T x o 4T,

22Cf. [1) formula (a’), (b’), p. 60, and [5] p. 47a.

23With Q(4)* the algebraic dual of Q(A), the cyclic cochains, resp. cyclic cocycles are the
0 € Q(A)* fulfillingpoil=¢g(— poy=9pod=0),resp.gof =¢pod =0 (— ¢ is a closed
graded trace of Q(A)). The operator X is proportional to the transpose of Conne’s operator
S:8p =2npoX.
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For ay = s1+ay € A% agy,ay,..., a2 € A% s € C, we have then
!

(3.4) Bay®a; ®: - ®auy1)

n
= Z(—l)iﬁo‘@‘“@aiam ® - ®dpyr,

=1

(3.5) alay®a;® - Qay,1)
— (_l)n+aan+l+zk=oaakan+l ® aO ® .. ® an,

(3.36) Aar®a;® - ®au41)

— (_1)n+1+6an+l Zk:l 6akan+l ®g-0 ® a Q- - ay,,
and

(3.37) Z(ap®a; ®- - ®auy2)
n+1
= Z(a0®al ® - ®ai_1)0aAA4+1 R A2 @ @ Apy)
=1

+(-D)"5(a1®a® - Q@ ayy1) ® ayir.

As we see the formulae (3.34) and (3.37) are free of sign factors
depending upon the intrinsic grading—a notable simplification w.r.t.
the formulae relative to ' and X (cf. (1.5) and (3.28)).
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