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METRICS FOR SINGULAR ANALYTIC SPACES

CAROLINE GRANT AND PIERRE MILMAN

Recent work of Saper, Zucker, and others indicates
that Kahler metrics with appropriate growth rates on the
nonsingular set of a compact Kahler variety are useful in
describing the geometry of such a variety. It has been
conjectured that for every complex algebraic variety X
there exists a Kahler metric on the nonsingular set of
X whose Z/2-cohomology is isomorphic to the intersection
cohomology of X. Saper proved this conjecture for vari-
eties with isolated singularities, using a complete Kahler
metric. Similar results have been obtained by others us-
ing incomplete metrics. We give natural and explicit con-
structions of three types of Kahler metrics on the nonsin-
gular set X — X ing of a subvariety X of a compact Kahler
manifold. No restrictions on the type of singularities of
X are assumed. Similar constructions can be done for
nonembedded compact Kahler varieties. The first metric
is Hodge if X is algebraic but is not complete on X — XSing
if X is singular. The completion of X — X$ing under this
metric is a desingularization of X. The second metric is
complete and generalizes Saper's metric for varieties with
isolated singularities. Moreover each incomplete metric
of the first type is naturally associated with a complete
metric of the second type. The third metric is a sum
of the first two and has Poincare-type growth near the
singular locus of X.

§1. Introduct ion. If X is a smooth algebraic variety over C,
or more generally, a compact Kahler manifold, then the cohomol-
ogy of X with complex coefficients H*(X) is isomorphic to the de
Rham cohomology H^R(X) and satisfies a collection of cohomol-
ogy theorems including Poincare duality, the Lefschetz hyperplane
theorem, and the hard Lefschetz theorem. These cohomology the-
orems do not always hold for H*(X) when X is singular. In this
case the appropriate cohomology is the intersection cohomology of
Goresky-MacPherson. It has been conjectured that the appropriate
replacement for the de Rham cohomology is Z^-cohomology, or more
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precisely, that the intersection cohomology of a singular algebraic
variety X is always isomorphic to the Z/2-cohomology of X with re-
spect to a suitable Kahler metric on the nonsingular set X — Xs\ng

of X. Saper proved this conjecture for varieties with isolated sin-
gularities, using a complete Kahler metric [S2]. Recently Ohsawa
[O] announced this conjecture for complex projective varieties us-
ing the induced incomplete metric. Complete Kahler metrics are of
particular interest because they yield Hodge decompositions.

We construct three types of Kahler metrics on the nonsingular
set X — XSing of a subvariety X of a compact Kahler manifold. Our
constructions are explicit and use in a natural way the geometry
of a sequence of blow-ups used to resolve the singularities of X.
No restrictions on the type of singularities are assumed. These
metrics were introduced in [GrM]. The first metric is induced by a
metric which we construct on a desingularization X of X and has
the property that it is Hodge if X is algebraic. If X is singular, this
metric is not complete on X — XSing and the completion of X — XSmg
with respect to this metric is the desingularization X.

The second metric is complete on X—Xsing and generalizes Saper's
metric for varieties with isolated singularities. We show that each
incomplete metric of the first type is naturally associated with a
complete metric of this type. We also prove one of the conditions
needed to apply Goresky-MacPherson's theorem [GM] character-
izing intersection cohomology: we show that for this metric, the
associated complex of I/2-bounded sheaves on X is fine. This modi-
fied Saper metric seems to be a good candidate for extending Saper's
theorem to more general varieties.

The third metric is the sum of our incomplete metric and our
modified Saper metric. It is complete and has Poincare-type growth
near XSing The L2-cohomology of a true Poincare metric on the
complement of a divisor with normal crossings on X is isomorphic
to the intersection cohomology of X, not X. We expect the same
to be true for our modified Poincare metric. This metric is bounded
below by the induced incomplete metric and the modified Saper
metric. Consequently, the associated sheaves of L2-bounded forms
on both X and X are fine.

Although we have restricted ourselves in this paper to subvarieties
of compact Kahler manifolds, similar constructions can be done in
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more general settings.
In an appendix, we include, for lack of a suitable reference, some

tubular neighbourhood constructions which are based on a construc-
tion of Clemens [CL].

We will give further guidance to the paper in §2, after a few
preliminaries.

We would like to acknowledge helpful conversations with John
Bland, Michael Hoffman, and Boris Youssin.
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(1.1) Resolution of Singularities. Let X be a reduced singu-
lar compact analytic subspace of a compact Kahler manifold M.
Let Xging be the singular set of X. The singularities of X may be
resolved by a finite sequence of blow-ups π^ : Mj —>- M? _i along
smooth centres Cj in Mj_i, where Mo = M. We will describe a sys-
tematic way of constructing a complete Kahler metric on X — XSing?
using the geometry of these blow-ups.

Let Xj be the strict transform of X in Mj, i.e. Xj is the closure
of πJι(Xj-ι — Cj) in Mj. Let Dj be the exceptional divisor of the
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composite πi o 7Γ2 o ... o TΓJ of the first j blow-ups, i.e. D\ = πf 1(Cχ)

and Dj = TΓJDJ^I + tf^Cj) for jf > 2. Let M be the final blow-up

of M, X the final strict transform of X, D the final exceptional

divisor, and π : M —>• M = Mo the composite of all the blow-ups.

By the notation M — D we will always mean M — supplλ

DEFINITION. We say that an analytic subspace Z of a complex
manifold M has only normal crossings if, at each point p in Z, there
is a local coordinate system (21,..., zn) on M in which Z is given by
the vanishing of a collection of monomials z^z^.-.z^71.

Hironaka [H] showed that the centres Cj may be chosen so that

(1) Cj is contained in the singular locus (Xj-ι)Smg of Xj-ι if Xj-i
is singular, or in Xj-ιΓ[ Dj_i otherwise,

(2) Cj and Dj-ι simultaneously have only normal crossings,

(3) X is smooth, and

(4) X and D have normal crossings.
It follows from properties (1) - (4) that
(5) D = π-ι(Xsϊng),

(6) the restriction of π to M — D is a biholomorphism onto M —
-̂ sing (and consequently the restriction to X — (X Π D) is a
biholomorphism onto X — XSing)? and

(7) π^o Casing) ^ (^j)sing where TΓ̂ O is the composite map πjj0 =
7Γχ O 7Γ2 O ... O 7Γ7 : M j - > M Q .

Note: A simple proof of canonical resolution of singularities can be
found in [BM2].

We will construct a complete Kahler metric on each noncompact
manifold Mj — Dj. The restriction of the final metric on M — D to
X — (X Π D) induces a complete Kahler metric on X — Xs\ng.

(1.2) Metrics and their fundamental (1, l)-forms. Let h be a
hermitian metric on a complex manifold M. In local coordinates
(zuz2,..., zn) on an open set U in M, the metric h can be written

n

h\u =

where (h^ ) is a positive definite hermitian matrix whose entries
are C°° functions on U. Specifying a hermitian metric h on M is
equivalent to specifying a positive hermitian C°° (1, l)-form ω on



METRICS FOR SINGULAR SANALYTIC SPACES 65

M, given locally by

/—-T n

ω\u = — — Σ hijdzi Λ
1

We call α; the fundamental form of /ι. The metric /ι is called Kάhler
and α; is called a Kάhler form if α; is d-closed, i.e. if rfα; = 0. A
Kahler metric is called Hodge and its Kahler form ω is called a
Hodge form iίω is integral, i.e. if the de Rham cohomology class of
ω lies in the image of H*(M, Z) under the natural map H*(M, Z) ->
HpR(M, C). The manifold Λf is called Kahler (respectively Hodge)
if it admits a Kahler (respectively Hodge) metric. The following
will be useful in constructing Kahler forms.

LEMMA 1.2.1. If g is a positive real C°° function on an open set
U in Cn, then the (1, \)-formω — ddlogg is hermitian and d-closed
onU.

Proof. It is easily checked that a^jL = dz.^. for any two local

coordinates Z{ and Zj in Cn and that dddψ = 0 for any C°° function

^. D

(1.3) Quasi-isometry. We say that two metrics hi and h2 are
quasi-isometric and write /&i ~ /̂ 2 if there are positive constants
c and C such that ch\ < h2 < Chi. Similarly, if ω\ and ω2 are
(l,l)-forms or functions, and there exist positive constants c and
C such that cω\ < ω2 < Cω^ we write ω\ ~ ω2. If ω\ and α;2
are positive (1, l)-forms and ωι ~ ω2, we say that ωι and ω2 are

quasi-isometric. If ωx > CJ2 and ω2 ~ ω3 we write ω\ > ω$. When
a function /1 is dominated by a constant multiple of a function f2

near the exceptional divisor we will write /1 = O(/ 2).

REMARK (1.3.1). All metrics on a compact manifold are quasi-
isometric. If ω\ and ω2 are positive C°° (1, l)-forms on an open
neighbourhood of a point q, then ωι and ω2 are quasi-isometric in
a neighbourhood of q. In local coordinates (zχ5..., zn) near 9, every
positive C°° (1, l)-form is locally quasi-isometric to the Euclidean
form

/ZT n

(1.3.2) ωEuci = Σ rfz* Λ rf^
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(1.4) Poincare metrics. Recall that the fundamental form of the
Poincare metric on the punctured disc Δ * = { ; J : G C : 0 < | Z | < 1 }

is

v-1 dzΛdz
(1.4.1) ω Δ . = 2 — —

2 5

π \z\ (log I z I ) 2

We are interested only in the asymptotic behaviour of ω^* near the
puncture in Δ*.

More generally, let M be a compact complex manifold and D a
divisor with normal crossings. If q is a point of D at which k com-
ponents intersect, then q has a neighbourhood whose intersection
with M - D is of the form (Δ*)* x An~k. A metric on M - D is said
to be Poincare if it is quasi-isometric near each such q to a prod-
uct of Poincare metrics on (Δ*)fc and Euclidean metrics on An~k.
It is always possible to construct a Poincare metric on M — D by
patching together local forms with C°° partitions of unity. If M is
Kahler, it is easy to construct Kahler Poincare metrics on M — D
by a global construction (see §5.4).

(1.5) Normal coordinates. Let M and D be as above, let J5χ,..., E
be the components of D passing through a point ρ, and let (zi,..., zn)
be local coordinates on a neighbourhood U of q such that no other
component of D intersects U. We call the coordinates (zι,...,zn)
normal coordinates for £Ί,. . . , Ek if Ei is given locally near q by the
equation Z{ = 0 for 1 < i < k.

The fundamental form ωpO[nc of a Poincare metric o n M - D may
be described locally in any system of normal coordinates by the
quasi-isometry

(1.5.1)

Note that we are concerned only with the asymptotic behaviour of
these forms near Z\z<ι...Zk = 0. We may assume that U is small
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enough that singularities of the forms on the right at | zt | = 1 may
be ignored.

(1.6) Modified Poincare metrics. We call a metric on M — D
a modified Poincare metric if its fundamental form ωp may be de-
scribed locally in normal coordinates by the quasi-isometry

(1.6.1) ωp rsj ̂ 2 τ*ω&* H ^2 dzi Λ dz{
<=i π »=i

where each TJ is a nonconstant monomial map from (Δ*)* x An~k

to Δ* of the form Ti(z\,..., zn) = z ^ 1 ^ 2 . . . ^ * and the m x k matrix
Λ = (λij) has nonnegative integer entries and at least one positive
entry in each row and column. We note that there may be many dif-
ferent non-quasi-isometric modified Poincare metrics on M — D. We
show in Corollary (5.2.6) that the description (1.6.1) is independent
of the choice of normal coordinates. The matrix (λij) determines
the local quasi-isometry class of the metric, but not vice-versa.

We will say that a modified Poincare metric is a homogeneous
Poincare metric if its fundamental form ωp^om may be described
locally in normal coordinates by the quasi-isometry

(1.6.2)

^ϊ ( ^ zj Λ

U i dZi

This description is also independent of the choice of normal coordi-
nates (Corollary (5.3.5)).

A little linear algebra shows that a modified Poincare metric is
homogeneous if the matrix Λ has rank k and all the entries of Λ
are positive (Lemma (5.3.3)). If the matrix Λ can be chosen to be
the identity matrix of suitable dimensions, the modified Poincare
metric is Poincare. We construct Kahler modified Poincare metrics
and Kahler homogeneous Poincare metrics in §5.4.

(1.7) Saper's distinguished metrics. Saper [S2] calls a metric
on M — D distinguished if its fundamental form α sap may be de-
scribed locally in normal coordinates by the quasi-isometry
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(1.7.1)

i ^ T Σ
log I zχZ2...zk I I < = 1

n

Σ dziΛ

This description is independent of the choice of normal coordinates
(Corollary (5.3.5)). We will usually refer to such a metric simply as
a Saper metric.

If ω is the fundamental form of a metric on the compact mani-
fold M, and ωsap and up^om are, respectively, fundamental forms of
Saper and homogeneous Poincare metrics on the noncompact man-
ifold M-D, then

(1.7.2) CJsap + U)

(1.8) Modified Saper metrics. Let M and M be compact com-
plex manifolds, let D be an effective divisor on M with normal
crossings, and let π : M -» M be a holomorphic map such that the
restriction of TΓ to M — D is a biholomorphism onto its image. The
divisor D may be expressed as D = £ £ i λjj?j, where £Ί, j ^ , •••, -Em

are smooth, reduced, irreducible divisors on M which simultane-
ously have only normal crossings, and λi, λ2,..., λ m are positive in-
tegers. Let L = [D] be the line bundle on M associated with D
and let h be a hermitian metric on L. Let s : M —> L be a global
holomorphic section of L such that (s) = D. Such a section always
exists since D is effective (see §3.4). We denote by | | s \\ the norm
of s under the metric h. Since M is compact, we may also choose
s so that || s \\< 1 everywhere on M. The Chern form of L with
respect to the metric h may be written as

(cf. §3.5). We define on M — D a Poincare-type (l,l)-form v
associated with the divisor D, the section 5, and the metric h by

(1.8.1) i/= - ^ ^ 5 log (log | | β | | 2 ) 2
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The crucial property of the Poincare-type form υ is that it splits as
v — μ + η where

log | | s

and the form η near D is essentially the pullback of the Poincare
form ωΔ* under a monomial map, plus low order terms. More pre-
cisely, suppose that zι,...,zn are normal coordinates for the com-
ponents of D in a neighbourhood of a point p e D such that D is
given locally by the vanishing of the monomial

We treat r as a map from a neighbourhood U of p to the disc
Δ = {z e C :| z |< 1}. Let α;Euci be the local Euclidean (1, l)-form

n

Ύ] dzi Λ dzi

and let β = — log || s | | 2 . We will show in §5 that

1 1
+ η ~ -ĝ Euci + T α;Δ*

near p. Note that /? 7̂  0 on M — D and β —> 00 as we approach Zλ
Let Z) l 5..., JDΓ be divisors of the form

771

(1.8.2) Di

such that the matrix (6y) has nonnegative integer entries and at
least one positive entry in each row and column, i.e. the divisors
Di are effective and their sum has the same support as D. We may
choose sections s^ and metrics hi for the line bundles [Di] as above,
and use them to construct Poincare-type forms ẑ . Let ω be the
fundamental form of a hermitian metric on M and let Zo, /1,..., lT be
positive integers.

DEFINITION (1.8.3). We will call any expression of the form
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a modified Saper form which is distinguished with respect to π. We
will call a metric on M — D a modified Saper metric if its funda-
mental form is quasi-isometric to a modified Saper form.

If Y is a smooth submanifold of M which has normal crossings
with JD, we also call the induced metric on Y — (Y Π D) a modified
Saper metric. We are particularly interested in the case in which
the closure X of π(Y — (Y ΓΊ D)) in M is singular, so that Y is an
embedded resolution of a singular analytic subspace X C M.

Every positive modified Saper form ωs determines a modified
Saper metric. If in addition ω is Kahler, then so is ωs- We will
show that the sum of a modified Saper metric on M — D and the
restriction of a metric on M is a modified Poincare metric on M — D.

As with modified Poincare metrics, there may be many different
non-quasi-isometric modified Saper metrics on M — D.

Let α sap be the fundamental form of a distinguished Saper metric
on M — D, as defined in §1.7.

DEFINITION (1.8.4). We will say that a modified Saper metric
and its fundamental form α^hom are homogeneous if α ̂ hom satisfies

π*ω

The sum of a homogeneous Saper metric on M — D and the
restriction of a metric on M is a homogeneous Poincare metric on
M -D.

(1.9) L2-cohomology of Poincare and Saper metrics. Let X
be a reduced compact analytic subspace of a compact Kahler man-
ifold M. Let π : M -> M be a composite of blow-ups of the type
described in §1.1 which resolves the singularities of X, let X be the
strict transform of X in M, and let D be the exceptional divisor of
π in M. Then X is smooth and has normal crossings with D, and
X — (X Π D) is biholomorphic to X — XSing. A metric on M — D
induces a metric on X — XSing Since X has normal crossings with
D, the restriction to X — (X ΓΊ D) of a distinguished Saper metric
on M — D is a distinguished Saper metric on X — (X Π D), and
similarly for Poincare, modified Poincare, homogeneous Poincare,
modified Saper, and homogeneous Saper metrics.

It is always possible to construct distinguished metrics on M — D
using C°° partitions of unity, but these metrics may not be Kahler.
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Saper [S2] constructed Kahler distinguished metrics in the case that
X is a compact Kahler variety with isolated singularities, and used
Goresky-MacPherson's characterization of intersection cohomology
to prove that the L2-cohomology of X with respect to such a metric
is isomorphic to the intersection cohomology of X.

In contrast, the L2-cohomology of X with respect to a Poincare
metric on X — (XΠD) is isomorphic to the cohomology of X ([Zl],
[Z2]). It is easy to construct a Kahler Poincare metric on M — D
and hence onX -(XΓ)D) (see §5.4).

Although we have restricted ourselves in this paper to subvarieties
of compact Kahler manifolds, similar constructions can be done in
more general situations. In particular, if X is any compact Kahler
variety with isolated singularities, we may make use of local embed-
dings of neighbourhoods of the singular points of X into domains
in C^, to construct our metrics on X — Xjing Our modified Saper
metrics on varieties with isolated singularities are exactly Saper dis-
tinguished metrics.

Let h be a hermitian metric on X — XSing — X — (X Γ\ D). We
define associated complexes of L2 sheaves < S o n I and S on X as
follows. Let So be the complex of presheaves on X whose sections
over any open set U in X are smooth measurable differential forms
φ on UΓ) (X — Xsing) such that both φ and dφ are L2-bounded with
respect to h. Let <S be the associated complex of sheaves on X.
Similarly, we define a complex of presheaves <S0 on X, whose sections
over any open set U in X are smooth measurable differential forms
φ on U — (U ΓΊ D) such that both φ and dφ are L2-bounded with
respect to h, and let S be the associated complex of sheaves on
X. One of the conditions needed to apply Goresky-MacPherson's
theorem to S is that S must be a complex of fine sheaves. We will
show that if h is a modified Saper or modified Poincare metric then
S on X is fine, and that if h is a modified Poincare metric then S on
X is also fine. We prove corresponding statements for L2 sheaves
on M and M.

§2. Main results and guidance through the paper.

(2.1) Theorem I. Our first main result concerns the existence of
complete Kahler modified Saper metrics. We prove parts (i) and
(ii) in §8, part (iii) in §9, and part (iv) in §10.
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THEOREM I. Let MQ be a compact Kάhler manifold with Kdhler
form UQ. Suppose that {ΊΪJ : Mj —ϊ Mj _i} is a finite sequence
of blow-ups along smooth centres Cj C Mj-\, chosen so that Cj
has normal crossings with the total exceptional divisor Dj-\ of the
composite of the first j — 1 blow-ups. Then

i. There exist complete Kάhler modified Saper metrics with fun-
damental forms ωsj, constructed inductively on the manifolds
Mj — Dj. These metrics are bounded below by the sum of a
Saper distinguished metric and an induced metric from Mo,
and are quasi-isometric to this lower bound in the case that
for 2 < i < j either d C A_i or Ci is disjoint from A - i
If in addition, dim C\ = 0 and dim d = 0 for each i such
that Ci is disjoint from A - i (* β. the image of Dj in MQ con-
sists of isolated points in Mo), these metrics are exactly Saper
distinguished metrics.

ii. The sum of a modified Saper metric on Mj — Dj and the re-

striction of a metric on Mj is a modified Poincare metric on

Mj — Dj, which in turn is bounded above by a true Poincare

metric.

iii. There also exist complete Kάhler homogeneous Saper metrics

on Mj — Dj.

iv. The complex of L^ sheaves on MQ associated with any mod-
ified Saper or modified Poincare metric on Mj — Dj is fine.
The complex of L2 sheaves on Mj associated with any modified
Poincare metric on Mj — Dj is also fine.

The bounds of (i) and (ii) are written more concisely in terms
of the composite TΓ̂ O °f th>e first j blow-ups and the fundamental
forms ujj of a metric on Mj, ωsj and ωpj of the modified Saper and
modified Poincare metrics, ωsap of a Saper distinguished metric, and

of a true Poincare metric on Mj — DJ:

7Γ*oα;o + CJsap ^ ωSJ < Usj + Cϋj — CJpj <

The fundamental form ωs of the metric in (iii) satisfies the quasi-

isometry ωs ~

Suppose that X is a reduced compact analytic subspace of Mo

and the maps TΓ, determine a desingularization of X of the type
described in §1. Let TΓ : M -> Mo be the composite of all the
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blow-ups, let D be the exceptional divisor of π, and let X be the
(smooth) strict transform of X in M. Since X and D have normal
crossings, the metrics we construct on M — D induce metrics with
the corresponding properties on X — (X Π D) = X — XSing

(2.2) Theorem II. Our second main theorem states that there is a
natural relationship between incomplete metrics which determine an
embedded resolution of singularities, and complete modified Saper
and modified Poincare metrics.

DEFINITION (2.2.1). Let X be a reduced compact analytic sub-
space of a compact Kahler manifold M. Let h be an incomplete
hermitian metric on M' = M — Xs mg. We will say that h determines
an embedded resolution of the singularities of X if the following con-
ditions hold:

i. The completion M of Mr under h is a compact Kahler mani-
fold and the completion X of X in M is also smooth.

ii. If i : Mf <-* M is the natural embedding of M' into its com-
pletion then M — t(Mf) is the support of an effective divisor
D on M with only normal crossings, and the divisor D has
only normal crossings with X.

iii. The map Γ1 : M — D -+ Mf extends to a holomorphic map

7Γ : M -> M

which is a biholomorphism from M — D to M' — M — Xs\ng.

THEOREM II. Let X be a reduced compact analytic subspace of
a compact Kahler manifold M and let ω be a Kahler form on M.
Suppose that f is a positive C°° function on M — XSing such that
/ < 1 and such that for all sufficiently large integers I, the (1,1)-
form

ώ — lω + ——dd log /

is the Kdhler form of an incomplete metric on M — XSing which
determines an embedded resolution X ^ M of the singularities
of X. Let D be the associated divisor of the map π : M —> M
described above and let s be a section of the line bundle [D] such
that the divisor (s) determined by s is D. Suppose also that the
function π*f on M — D extends to the norm-squared \\ s | | 2 of s on
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M under some hermitian metric on [D\. Then for all sufficiently
large integers I, the (1,1)-form

<9<91og(log/)2

ωs lω
zπ

on M — XSing is the Kάhler form of a complete modified Saper metric
on M — XSing = M — D. Moreover the associated complexes of L2
sheaves on M and X are fine.

We construct Kahler forms ώ with the required property in §4.
The proof of Theorem II is given in §9.2 (Theorem (9.2.1)) and §10.

REMARK. In practice, the generating function / for the Poincare-
type (1, l)-form — ̂ ^<9<91og(log/)2 may be very constructive in na-
ture, reflecting the blow-ups used to resolve X. There is a procedure
for constructing such a function / explicitly, locally near p G XSing,
as an expression of the form ]Ci=i | Wi | 2, where Wi is a holomorphic
function on a neighbourhood U of p which vanishes on U Π Xsing
An algorithm for this construction is not included in this paper but
will be given elsewhere.

(2.3) Guidance through the paper. This paper is organized as
follows. In §3 we introduce local coordinates for the blow-up TΓ :
M —> M of a complex manifold M along a smooth centre C. We use
these coordinates to describe the exceptional divisor E — π~ι(C)
and the associated line bundle L = [E]. If s : M -> L is a nonzero
global holomorphic section of L and h is a hermitian metric on L,
then the Chern form of the metric h on L is the (1, l)-form

We may always choose the section s so that its associated divisor (s)
is E. We conclude §3 with some linear algebra lemmas on the ac-
cumulation of exceptional divisors under repeated blow-ups. These
lemmas will be used in §8 in estimating the asymptotic rates of
growth of our metrics near the singular locus of X.

In §4 we use the tubular neighbourhood construction of the ap-
pendix to show that if ω is a Kahler form on M, then for a suitable
metric h on L, the (1, l)-form

(2.3.1) ώ = /π*α;-c1(L,Λ)
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is the fundamental form of a Kahler metric on M for all sufficiently
large integers / (Theorem (4.2.2)). We construct metrics inductively
on repeated blow-ups in this way.

In §5 we study Poincare-type (1, l)-forms on the complement of
an effective divisor D with normal crossings in a compact complex
manifold M. Given a hermitian metric h on the line bundle L = [D]
and a global holomorphic section s of L such that (s) = D and
|| s 11< 1 on M, we construct a Poincare-type (1, l)-form

(2.3.2) ^ = ^

The form v splits into two essential parts v = μ + η where

2

l o g | | s | |

and where, in local normal coordinates near Z), the form η is the
pullback of the Poincare form ω&* under a monomial map τ asso-
ciated with D, plus low order terms. If p is a point in D at which
k components of D intersect, and if z\,..., zn are local normal coor-
dinates in which the components of D through p are given by the
equations Z{ = 0 for 1 < i < k, then the monomial map τ is given

by
r(Zl,...,zn) = z^z^...zχ

k

k

where λj is the multiplicity of the ith component of D through p.
This splitting leads to the crucial idea in our construction of mod-

ified Saper metrics: if we choose appropriate divisors Dj and corre-
sponding Poincare-type forms Vj, we can use the forms μj to obtain
the positivity we need and the forms ηj to get completeness. Using
this splitting, it is easy to construct Poincare and modified Poincare
metrics (Proposition (5.4.1)). We also show that the sum of a mod-
ified Saper metric o n M - ΰ and a Kahler metric on M is always a
modified Poincare metric on M — D (Proposition (5.5.1)).

In §6 we show that whenever a metric on M—D is bounded below,
locally near each point of D, by the pullback of the Poincare form
O A* under a monomial map r associated with D, then the metric is
complete.

In §7 we introduce our complete metrics for a single blow-up π :
M —> M of a compact Kahler manifold M along a submanifold
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C C M. We start with a Kahler form ω on M and choose a metric
h on the line bundle L associated with TΓ, such that the (1, l)-form
ώ = lπ*ω — Ci(L, h) of (2.3.1) above is the fundamental form of a
Kahler metric on M for sufficiently large /. Using an appropriate
section s of L, we construct a Poincare-type (l,l)-form z/, as in
(2.3.2) above, on the complement of the exceptional divisor E =
π~1(Cf) in M. The fundamental form of our modified Saper metric
on M — E is

(2.3.3) ωs = lπ*ω + v

where / is a sufficiently large positive integer. The (1, l)-form

up = ωs + ώ

is the fundamental form of a Poincare metric on M — E. In Propo-
sition (7.2.1) we use the results of §5 to give the precise asymp-
totic behaviour of our metrics near the exceptional divisor E. If
(zi,..., zn) are normal coordinates near a point in E, such that E is
given locally by the equation z\ — 0, then locally

y/ϊ ( 1 JL ,_ dzi Λ dzλωs ~π ω + — l ίMlΓΠ S d 2 ' Λ * +

i.e. our modified Saper metric for one blow-up is locally quasi-
isometric to the sum of the metric induced from M and a Saper
distinguished metric. Suppose that 2:2, ...,£& are fibre coordinates
for the map E —» C. Then locally

—ϊ ί dz\ A dz\

Γ V 2

Ί ilog |
A

These results are generalized in §8 and §9.
In §8 we introduce our complete metrics ωsj inductively for a

sequence of blow-ups and prove parts (i) and (ii) of Theorem I. Let
{πj : Mj —> Mj-ι} be a sequence of blow-ups along smooth centres
Cj of the type described in §1.1. We take as ωs,i the modified Saper
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form ωs of §7. If ωsj-i is the modified Saper form obtained after
j — 1 blow-ups, we take as ωsj the (1, l)-form

usj — ^jωs,j-i + vi

where / is a sufficiently large positive integer and Vj is a Poincare-
type (1, l)-form associated with the total exceptional divisor Dj of
the composite of the first j blow-ups. In Theorem (8.4.1), we use the
results of §3, §5, and §7 to obtain the asymptotic behaviour of our
modified Saper metrics near any point p in Dj. We may choose local
normal coordinates (zι,...,zn) for Mj in which Dj is given locally
by the equation z^z^. .z^ = 0 for some positive integers λi,..., λ&.
We let Tj be the corresponding monomial map to the punctured disc
Δ*, given by

We may also assume that the map from the exceptional divisor
Ej = π]~ι(Cj) to the jth centre Cj has fibre coordinates {zi}ieI for
some subset / of {1, ...,n}. We let dzf A d~Zf = Σieχdzι A dz{. In
terms of such coordinates, the asymptotic behaviour of ωsj is given
locally by

τ*ωA*.

The last two terms correspond to the terms μj and ηj in the decom-
position of the Poincare-type form Vj. This asymptotic behaviour is
one of the key points of our results. The monomial map τ3 is closely
related to the linear algebra of the accumulation of exceptional di-
visors given in §3. The powers λ̂  occurring in the map Tj are the
multiplicities of the components of the total exceptional divisor Dj
passing through p.

We construct homogeneous Saper metrics in §9 and prove The-
orem I (iii) and Theorem II, except for the statement about fine
sheaves. In §10 we complete the proofs of Theorems I and II by
proving the results on fine sheaves.

§3. Background on geometry of blow-ups.

(3.1) Local coordinates for blow-ups. Let M be a compact
complex manifold of dimension n, let C be a submanifold of codi-
mension k > 1, and let
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π : M -» M

be the blow-up of M along the centre C. The blow-up can be
described in local coordinates as follows. Let p be a point in C and
let V be a coordinate neighbourhood of p in M, centered at p, with
holomorphic coordinates (Zi, Z2,..., Zn) such that

i. C Π V is given by Zλ = Z2 = ... = £* = 0 and

ii. Zk+i,..., Zn are local coordinates on C.
Let £1,^2, • •-?£* be homogeneous coordinates on P * " 1 . The set
π~ι(V) in M is biholomorphic to the subset V of V x P ^ " 1 given

by

We cover V by open sets U3 — {ξj φ 0}, for j = 1,2, ...,£;, with
coordinates (zji,...,Zjn), where

Zβ — ~ = —-, if 1 < i < k and ί φ j

Zji = Zι if I = i or fc + 1 < I < n.

The restriction of π to ί/j is given by the equations

Zi — ZjjZji if 1 < i < k and i φ j

We will sometimes find it convenient to refer separately to C coor-
dinates and the remaining coordinates in the directions normal to
C, setting

N ( i , , k) and ZQ = {

Similarly,

^jW = (^Jl ϊ •••' zjk) a n d ^ C = (

If g is any point in π - 1 (p) and if 1 < j < k, then by a suitable
choice of homogeneous coordinates on T Γ " 1 ^ ) = P^""1, correspond-
ing to a linear change in the coordinates Z^ ..., Zk, we may assume
that q is the origin, given by Zj\ — ... = Zjn — 0, in the open set Uj.
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(3 2) The exceptional divisor E The exceptional divisor of the
blow-up is E — π~ι(C). In the open set Uj in M, E is given by
Zjj = 0. The map π is a biholomorphism of M — E onto M — C
and maps E onto C. Let r : E —> C be the restriction of π to E.
In local coordinates on Uj and C we have

TyZji, ..., Zjn) = \Zj^+\ > •"•> Zjn)

or
r(zjN,zc) = zc

The fibres E p of the map r : £? -> C are isomorphic to P f c - 1 . Let
^ C / M be the normal bundle of C in M and let JV be its restriction
to V ΓΊ C:

There is a natural isomorphism ψ : E -̂V P(NC/M), given locally as

a map t> ΓΊ E -> P(iV) ^ (F Π C) x P ^ " 1 by

In local coordinates on Uj and P(J/V), the map φ is given by

where ζ"(J) is defined by

= ^z 1 < i < fc, i ?έ j , and

so that [C(i)] = [£]• The functions ζ"(j)z? f° r i Φ 3> are nonhomoge-
neous coordinates for an open set in P^"1 and

(3.2.1) zjjζ(j) = (Z1,...,Zk) = ZN

for all j .

(3.3) The associated line bundle L. Let L = [E] be the line
bundle on M associated with the exceptional divisor E. The re-
striction of L to E is isomorphic to the normal bundle NE^ of E

in M. The restriction of L to each fibre Ep = p * - 1

 of the map
r : i? —> C is isomorphic to the universal bundle Opk-i(-l) on
P^" 1 . If v is a nonzero point in the fibre NC/M,P of NQ/M over p, [v]
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is the corresponding point in P(iVc/Λf)p? and φ : E -̂ > P(^VC/M) is
the natural isomorphism, then φ~λ(p, [v]) £ Ep and the fibre of L
over φ~ι(p, [v]) corresponds, via the isomorphism L \EP— OEP(—1),

to the line in NC/M,P spanned by υ. We have the following commu-
tative diagram relating L \E and NC/M'-

(3.3.1)

E

where i denotes inclusion.

(3.4) Transition functions and sections of L. We may cover
C by coordinate neighbourhoods Va of the form described above
and then enlarge this collection of coordinate neighbourhoods to a
covering V of all of M. In M, the collection of coordinate neigh-
bourhoods Uaj covers E and we enlarge it to a covering U of M.
For each U e W , let fu be a holomorphic defining function for E
on U. For U and U' G ZY, let guuι be the nonvanishing holomorphic
function on U Π U' given by

fu
guv — y -

JU'

The functions {guu1} are transition functions for a line bundle L
on M associated with E. If {Fu} is another collection of defining
functions for E, the functions {Guv — Fu/FV'} may be different
from the functions {guv}-, but the line bundle determined by the
functions {Guv} is isomorphic to L.

In particular, za is a defining function for E on Ui, so we may use
the functions

_ Za _ Z{

Δ33 ^3

as transition functions for L — [E] on the set Ui (Ί Uj.
A meromorphic section s : M —^ L of L may be given by a

collection of meromorphic functions su on U satisfying su — guvSv
on U Π U'. Each meromorphic section s of L defines a divisor (s)
which is linearly equivalent to E. The functions fu themselves give
a global holomorphic section s of L for which (s) = E. If sf is
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another section of L such that (s1) = E then s and s' differ by a
meromorphic function with no zeros or poles, i.e. by a constant. In
particular, if (s) — E then we may assume that S{ — aza on U% for
all i and for some constant a G C.

(3.5) The Chern form of a metr ic on L. Let / i b e a hermitian

metric on L, let s : M —> L be a nonzero global holomorphic section
of L, and let || s | | be the norm of s under h at any point in M.
The Chern form of the metric h is the (1, l)-form

The following local calculation shows that Cχ(L, h) is well-defined
and is independent of the section s used to calculate it. On any set
U £ U we have || s | | 2 = hv\ su | 2, for some positive C°° function
hv. Then

dd\og\\ s \\2

= 55 log hu + dd log su + dd log 5̂ 7

= dd log Λc/

since d log su = 9 log 5̂ 7 = 0.
Note also that cι(L,h) is hermitian and d-closed, by Lemma

(1.2.1). The Chern class of a line bundle is always integral (see
[GH] or [W]).

(3.6) Pullbacks of divisors with normal crossings. Let D be
a smooth connected analytic hypersurface in M, i.e. D is a smooth,
reduced, irreducible divisor on M. Assume that D has normal cross-
ings with C. Then for every p E C ί l O w e may choose local coor-
dinates as in §3.1 and such that D is given locally by the equation
Za = 0 for some a. In the open set Uj in M, the pullback divisor
π*D is given by the equation

zjjzja = 0 if 1 < a < k and otφ 3

Zja = 0 if a = j or k + 1 < a < n.

The strict transform D of D is the closure of π~ι(D — C) in M
and is given locally in the open set Uj by the equation zja = 0 if
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j Φ a. If j = a then D does not intersect Uj. The divisor D is
smooth, reduced, and irreducible and has normal crossings with the
exceptional divisor E. We may express π*D globally in terms of D
and E as

(3.6.1) π*D = D + δE

where S = 1 if C C D and δ = 0 otherwise. If L^ = [D] is the

line bundle on M associated with D, then π*Lp = [Z>] ® Z/, where

Z, = [£]•
Now let D be a divisor on M of the form D = Σ L i α ^ , where

the irreducible components JEt of D are smooth and each o» is a
positive integer, and such that Z? and C simultaneously have only
normal crossings. Then

(3.6.2) τr*D = Σ ai**Ei = Σ "iE

where 5, = 1 if C C £"z and ίά = 0 otherwise.

(3.7) Pullbacks of divisors under a sequence of blow-ups.
Consider a finite sequence of blow-ups {TΓJ : Mj —>• Mj_i} along
smooth centres Cj C Mj_i. For 0 < k < j , let TΓ *̂ = TΓ^+I O π^+2 °
...oτrj? : Mj ~> Mk. Let £y be the exceptional divisor of 7Γj, i.e. Ej =
7Γ̂ ~1(C77 )- Let Dj be the exceptional divisor of the composite π^o of
the first j blow-ups, given inductively by the equations D\ = E\
and Dj = KjDj-i + Ej for j > 2. Assume that the centres Cj have
been chosen so that Cj and Dj_i simultaneously have only normal
crossings. For 1 < j < m let Emj be the pullback of Ej to M m , i.e.
Emj is the total transform Emj — n^jEj. Let jBm>m = Em. We
may write Dm as the sum

3=1

For 1 < k < m, let E m ^ be the smooth, reduced, irreducible
divisor in Mm obtained by taking repeated strict transforms of Ek

under the blow-ups π^+i, . . . ,π m . Let EmiTn = Em. The divisors
{̂ m,fc}fcLi have only normal crossings. We may express the total
transforms {Emj} in terms of the strict transforms {Emjk} as
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for some nonnegative integers α^. Let A be the mxm matrix
We will sometimes write this transition matrix as A = Tm(E,E).
Repeated use of formula (3.6.2) shows that A is an upper triangular
matrix of the form

= Tm

(1 a,\2 a
0 1 a-
0 0 1 . .

0 0 0 ..
0 0 0 ..

• ttl,m-l O lm

• O2,m-1 0,2m

• α 3,m-l Cί3m

1
0

τ— l , m

i /

Let A = Tm-ι(E,E) be the matrix which describes the collection
of total transforms {Em-ij}1^ in terms of the strict transforms

-utt1 on Mm_χ. For 1 < A; < i - 1 define

Using (3.6.2) we obtain the following relationships between the en-
tries of A and A:

LEMMA 3.7.1.

i.

ϋ.

< 7J A; < m — 1.
m-l

Property (i) means that we may omit the superscripts Λon the α's
without any ambiguity: α^ is the multiplicity of Emfk in Emj and
is the same for all m > k. Property (ii) implies that if Cm C Em-ij
then cijm > 0.
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Similarly, we define the total transforms Dmj of the divisors

by the equations Dm^ = ^miDi for 1 < i < m — 1 and Dm<fn

Dm = £>m,m-i + Em. Then

i == 2l^ mJ>

and the matrix Tm(D,E) for the total transforms {Dm,i} in terms
of the total transforms {Emj} is the mxm lower triangular matrix

Tm(D,E) =

l o . . . (
n...o

The irreducible components of Z)m = D m , m are the strict transforms

{Emj}^. The irreducible components of Dm^ for 1 < i < m — 1

are also contained in the set {Emj}. We may express the divisors

{ j } in terms of the strict transforms {Emj} a s

for some nonnegative integers
is given by

(3.7.2)

/ I

a1 2

a 2 3

a 2 3

. The matrix T = (ί^) = Tm(D, E)

«l,m-l

m - 2 m - 1

m - 2 m - 1

Let T = Γm_i(Z), E) be the matrix for the divisors
terms of the strict transforms {Em-ιj}.

in
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LEMMA 3.7.3. The matrices T = ( ί y ) = Tm{D,E) and f =
(tij) = Tm_ι(D,E) are related by the following equations:

i. ί̂  = ίy forl<ij<m- 1,

ii ίzm = ΣZίΓi1 * Jb4m forl<i<m-l,

iii. ίmj = ίm_ij = ίm-ij /or 1 < j < m - I, and

tmm = = Σ^Γ tlk&k + 1 = Σ^Γ

Proo/. Apply equation (3.6.2) to the pullbacks π^Dm^i^ — Dmi

for 1 < i < m — 1 to obtain equations (i) and (ii). The exceptional
divisor Dmjm is just

Dm — 7Γ^Z?m_i?m_i + Em = Dm^m-i + Em^m.

Applying (3.6.2) again gives equations (iii) and (iv). D

Using equation (3.7.2) and Lemma (3.7.3) we obtain the following
description of T = Tm(£>, E) for m > 2.

PROPOSITION 3.7.4. TTie matrix T = (ΐ^ ) ^iven 6j/ ίΛe equations

m

has the following properties:
i. t^ is a nonnegatiυe integer and t^ > 0 ifi>j,

ii. tij > tkj ifi>k,

111. tmj = tm-ij = . . . = tj+lj = tjj,

iv. d e t T = l ,

v. ίj-ij > 0 if and only if Cj C JDJ_I, αnc?

vi. the entries of T are all positive if and only if Cj C JDJ_I /or

2 < j < m.

Proof. Properties (i) - (iii) are immediate consequences of equa-
tion (3.7.2). To prove (iv), note that detTm(£>,£;) = d e t T m ( £ , £ ) =
1. For (v), use Lemma (3.7.3U) to write ίj-ij as

k=l
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where the coefficients tj-i,* are positive for 1 < k < j — 1 by property
(i). Recall that δkj > 0 if and only if Cj C Ej-i,k> Then tj-ij > 0
if and only if Cj C JE^ —I,A; f° r some A:, 1 < k < j — 1. The divisors
{Ej-ι9k}iz}ι are the irreducible components of JDJ_I, so ίj-i,j > 0 if
and only if Cj C £>j-i

It follows from (v) that if Cj (jL Dj_i for some j then not all
entries of T are positive. If m = 2 we have

where £12 is positive if and only if C2 C A , by (v). Suppose that
for some j > 3 the matrix 7j_i has positive entries and C» C A - i
for 2 < 2 < j . The matrix 7) is of the form

Tj-ι

til

where (ίji,ίj2, . . . , * J J - I ) = (ίj-i,i,ίj-i,2, ...,ίj-ij-i), by property (iii),
and tij > tkj for i > k by property (ii). From these properties and
our inductive assumption, it is sufficient to show that ίy > 0. By
Lemma (3.7.3Π), t\j = J2k^Xtikhj- The coefficients t\k are positive
for 1 < k < j — 1 by our inductive assumption. If Cj C Dj-ι then
Cj C Ej-ιyk and 5fcj = 1 for some k, 1 < k < j — 1. Consequently
ίij > 0. D

When working in local coordinates near a point q in Mm we will
consider only the submatrix Λ of Tm corresponding to those divisors
Em^a which pass through q.

(3.8) Isolated singularities. If X has only isolated singular points,
then we may resolve each singular point in turn and write a sepa-
rate matrix for the exceptional divisor of each, since each blow-up
map TΓi will be a biholomorphism on all connected components of Ό{
except the one containing E{. The exceptional divisors for distinct
points will be mutually disjoint. For our purposes it is enough to
describe the matrix corresponding to a single singular point of X.
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PROPOSITION 3.8.1. Let X be a singular compact analytic sub-
space of Mo with isolated singularities. Let {πm : Mm -» Mm_χ} be
a sequence of blow-ups of the type described in §i. i which resolves
one of the singular points of X. Then, for each m, all entries of the
matrix T = Tm(£>, E) are positive, i.e. the multiplicity of the strict
transform Em^ of E{ in the total transform Dmj of Dj is positive
for all i,j.

Proof. Suppose that the blow-ups have the properties described in
§1.1. Then the image of Dj in Mo always lies in XSing, so C\ C XSing
and Cj C Dj-ι for j > 2. Apply Proposition (3.7.4). D

(3.9) Line bundles for repeated pullbacks. We list here, for
further reference, the relationships among certain divisors, line bun-
dles, sections, and metrics.

Let hj be a hermitian metric for the line bundle Lj = [Ej] on Mj
and let Sj : Mj —> Lj be a section of Lj such that (SJ) = Ej. Such
a section always exists (§3.4). For m > j let τr m j be the composite
map

Recall that the total exceptional divisor of πj$ is Dj = Σ ^ = 1 Ejj.

Let Lj = [Dj]. The hermitian metrics hj and the sections Sj induce

hermitian metrics hj and sections §j of the line bundles Lj. We use

the notation

= π^jDj, hmJ = π^jhj, and smJ =

Then

3 J

i=l i=l

LJ = .®Λ\»> ^ = Π ΛΛή §j = Π 5i,i»

jj? and.

For consistency we sometimes write L m j T n = L m , jE?mj

Dm, and so on.
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§4. An Incomplete Metric on M — XSing which determines
an Embedded Resolution of X by Blow-ups. Let M be a
compact complex manifold of dimension n, let C be a submanifold
of codimension k > 1, and let π : M —> M be the blow-up of M
along C. Let E = π~ι(C) be the exceptional divisor of the blow-
up and let L = [E] be its associated line bundle on M. We begin
with a hermitian metric /IM on M, or equivalently a C°° positive
hermitian (1, l)-form ω. We will show that if Cχ(L, h) is the Chern
form of L with respect to a suitable hermitian metric h on L and /
is a sufficiently large integer, then the (1, l)-form

is positive and determines a hermitian metric h^ on M. If HM is
Kahler then so is h^. If M is algebraic and Λ-M is Hodge, then h^
is also Hodge.

Applying this construction inductively to a sequence of blow-ups
TΓJ : Mj —>- Mj_χ, we obtain C°° positive hermitian (1, l)-forms

which determine hermitian metrics hMj on M7. Suppose that X
is an analytic subspace of MQ and the blow-ups TΓJ are of the type
described in §1.1. Then the restrictions of the metrics HM, to the
strict transforms Xj of X induce hermitian metrics on X — XSing

which are Kahler if /IM0 is Kahler but are incomplete unless X is
nonsingular. Moreover the completion of Mj — Dj in the metric /IM,
is Mj and the completion of X — Xjing is Xj

(4.1) A metric for L. Let r : E —> C be the restriction of the
map π : M —> M to E. For any subset W C M, let L ^ be the
restriction of the line bundle L to W.

PROPOSITION 4.1.1. There exists a hermitian metric h on L
whose Chern form Ci(L, h) is negative along the fibres of the map
T : E -> C, i.e. the restriction of cι(L,h) to the tangent bundle
T(Ep) of each fibre Ev of r is a negative definite (1, l)-form.

Proof. Let N = NC/M be the normal bundle of C in M. Any
hermitian metric on iV induces a hermitian metric on Lβ by first
pulling back to τ*N and then restricting (see diagram (3.3.1)). A
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metric on LE may be extended in a C°° way to a metric on L
over all of M, for example by using the tubular neighbourhood
construction of Proposition (A.3). We will show that any hermitian
metric constructed in this way has the required property.

Let p be any point in C. Choose local coordinates (Zi,..., Zn) in
a coordinate neighbourhood V in M centered at p and local coordi-
nates (zji,..., Zjn) on sets Uj in M, as described in §3.1. We will de-
note points in N over VΠC by (Zc,ξ) where Zc — {Zk+u •••? Zn) G
C and

ς —

Choose any hermitian metric || | | on N. In local coordinates,

IK^cO II2 = Σ KΛZc)Uv

for some C°° functions hμv such that the matrix (hμl/) is positive
definite hermitian. We may make a linear change of variables in
Zι,...,Zk (and hence in £i> >6;) s o that at p — (0,0,...,0), the
matrix (hμi/(Q)) is the fcxfc identity and

μ = l

Next we describe the induced metric on L#. We denote points
in L over Uj by ((zj7v,zc),ij) and note that on U{ Π Uj the fibre
coordinate transforms by the rule

U = pzjίj

where p^ = ZH/ZJJ is the transition function for L on £/j Π C/j. The
natural map L^ —> TV is given locally by

where ζ(j) is as defined in §3.2, i.e. ζ(j)i = ^ for 1 < ΐ < A;, i Φ j ,
and C(i)j — l The hermitian metric on Lβ induced from Λ̂  is given
locally by

htj) II2 =
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On the fibre Ep of the map τ : E —> C, we have ZQ = 0 and

k

Let h be any C°° extension of this metric to a metric on L over all
of M, for example by using the tubular neighbourhood construction
of Proposition (A.3). To finish the proof of the proposition, we need
only look at the description of h on E. The restriction of C\ (L, h) to
the tangent bundle TE of E may be calculated using the formulas
of §3.5:

ci(L,h)

The restriction of c\ (L, h) to the tangent bundle of the fibre Ep is

Cι(Ljh) \T(EP)=

which is a negative (1, l)-form, the negative of the (1, l)-form asso-
ciated to the Fubini-Study metric on P * " 1 . Since p was any point
of C, the Chern form cχ(L,h) is negative along every fibre of the
map r : E -> C. D

(4.2) A finite metric for M.

PROPOSITION 4.2.1. If'ω is a positive (1,1)-form on M, and h is
a hermitian metric on L whose Chern form is negative on the fibres
of the map r : E —> C, then the (1, l)-/orm

u) = lπ*ω — ci(L, h)

is positive on M for all sufficiently large integers I.

Proof. Let Y be the subspace of TM\E consisting of all vectors
which are tangent to fibres of the map r : E -> C, i.e.

Y=\JT(iΓ\c)).
cec
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If ω is a positive (1, l)-form on M, then π*ω is positive semi-definite
on M. If v 6 TM is a nonzero tangent vector then π*ω(v,v) = 0
if and only if v e Y. The Chern form cχ(L, Λ) is negative on y
by construction. These properties can be expressed in terms of
functions on the projectivized tangent bundle P = P Γ M .

Let h' be any hermitian metric on TM and for v in TM let 11 v 11
be the norm of υ under h'. For v φ 0, let [v] be the image of υ in
P. The (l,l)-forms τr*α; and —Cι(L,h) determine well-defined C°°
functions on P given by

with the properties / > 0 on P - P y , / = 0 on p y , and # > 0 on
P y . Since P y is closed, g > 0 on some neighbourhood U of P y .
Then If + g > 0 on U for all / > 0. Since P is compact, we may
choose I > 0 such that // + g > 0 on all of P, and consequently
lπ*ω — Cχ(L, h) > 0 on M for all sufficiently large /. D

Proposition (4.1.1) tells us that there is always a metric h on
L with the properties required in Proposition (4.2.1) and Theorem
(4.2.2).

THEOREM 4.2.2. Let ω be the fundamental form of a hermitian
metric on M and let h be a hermitian metric on L whose Chern
form is negative on the fibres of the map r : E —> C. Then

is the fundamental form of a hermitian metric on M for all suffi-
ciently large integers I. Ifω is Kάhler then so is ώ and if ω is Hodge
then so is ώ.

Proof. A C°° (1, l)-form is the fundamental form of a hermitian
metric if it is positive and hermitian. The positivity of ώ was proved
above (Proposition (4.2.1)). The Chern form of a line bundle is
always hermitian (§3.5), so ώ is also hermitian.

Recall that a positive hermitian C°° (1, l)-form ω determines a
Kahler metric if dω = 0. If ω is also integral, then the metric is
Hodge. The identity d(π*ω) — π*dω shows that τr*α; is rf-closed if
ω is d-closed and π*ω is integral if ω is integral. Finally, the Chern
form of a line bundle is always d-closed and integral (§3.5). D
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(4.3) Finite metrics for successive blow-ups. We apply Theo-
rem (4.2.2) to a sequence of blow-ups to obtain the following.

THEOREM 4.3.1. Let {TΓJ : Mj -> Mj_i} be a finite sequence of
blow-ups of a compact complex manifold Mo along smooth centres
Cj C Mj_!. Let Ej = π~ι(Cj) be the exceptional divisor of πj and
let Lj = [Ej] be the associated line bundle. Let ωo be the fundamental
form of a hermitian metric on MQ. There exist hermitian metrics
hj on Lj and positive integers lj such that the (1,1)-forms defined
inductively by the equation

are all positive and determine hermitian metrics on the manifolds
Mj. Moreover ifω0 is Kdhler then so are all the forms ωj. If MQ is
algebraic and ω$ is Hodge then the forms ωj are also Hodge.

REMARK. Since a sum of Chern forms equals the Chern form of
a product of line bundles, we may write ωj as

ωj = lπ*oωo — cχ(£, H)

where nji0 : Mj -> Mo is the composite of the first j blow-ups, C
is some line bundle on Mj, and H is an appropriate metric on C.
Furthermore, £ is of the form C = [D] for some effective divisor T>
with the same support as Dj.

We may also obtain Kahler metrics inductively using the divisors
Dj as follows. Corollary (4.3.2) will be used in §8.6 in the proof of
our first main theorem.

COROLLARY 4.3.2. Let Dj be the exceptional divisor of the com-
posite τri o 7Γ2 o ... o TΓJ of the first j blow-ups, i.e. D\ = E\ and
Dj = KjDj-i + Ej for j > 2. There exist hermitian metrics hj on
the line bundles [Dj] and positive integers lj such that the (1,1)-
forms defined inductively by ώ0 = ω0 and

ώj = ijKjώj-i - cx([Dj], hj) for j > l

are all positive and determine hermitian metrics on the manifolds
Mj. Moreover if ω0 is Kahler (resp. Hodge) thenώj is Kahler (resp.
Hodge) for all j .

Proof. We need only prove positivity. Let Lj = [Dj], let hj be a
hermitian metric on Lj = [Ej] whose Chern form is negative on the
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fibres of the map Ej -> C J 5 and define metrics hj on Lj inductively

by the equations hi = hi and h3 = {π*hj-ι)hj. For j = 1 we

have [Dι] = [Eχ\ = Li and positivity follows from Theorem (4.3.1).

Assume that ώj_i > 0 on M^_i for some j > 2. Using the inductive

descriptions of Dj and Λj we obtain

Now l'ώj-ι — cι(Lj-ι,hj-ι) > 0 for I' ^> 0 because ώ7_i > 0 and

CI(LJ_I,ΛJ _ I ) is bounded on Mj_i. Therefore

> 0

on Mj. By Proposition (4.2.1), our inductive assumption that ύj-ι >
0, and our choice of the metric hj, we have

l"πjώj-ι - cι(Lj, hj) > 0

for /" > 0. Let lj = V + Z". D

(4.4) More finite metrics. In this section we construct a family of
Kahler forms φu ...,φm on Mm which will be used in §9 to construct
Kahler homogeneous Saper metrics.

PROPOSITION 4.4.1. There exist divisors Vu...,Vm on Mm of
the form

and metrics Hj on the line bundles [Dj], such that the transition
matrix T(D,E) = (6^) is a nonsingular matrix of positive integers
and such that the forms

are Kahler forms on Mm for all sufficiently large integers r.

Proof. First we write the Kahler forms ωj of §4.3 in terms of the
pullback to Mj of ω0 and the Chern forms of certain line bundles

on Mj. Recall that in §3.9 we defined

j,i = πi+ι o 7Γi+2 o ... o TΓj : Mj - * Mi



94 CAROLINE GRANT AND PIERRE MILMAN

and the corresponding pullbacks

for j > i. We set Ljj = Lj and Ejj = Ej. The induced metric on
Lj9i is hj9i = TΓ̂  /ij but for simplicity we will omit the metric and
write cι(Ljti) or c\([Ej^j\) for the Chern form cι(Ljti,hjj). Using
the integers U of Theorem (4.3.1) and letting rj = /i/2.../ ;, r ; l =
Zi_ι_iZi+2.../j for 1 < i < j — 1, and Tjj = 1 we may write LJ} as

(4.4.2) ω3 ~

There is a similar formula for
For m > j the pullback of

form given by
to Mm is a positive semi-definite

3

k=l

3_

The form ω m is positive and has a similar formula. Let Dj =

Σi=ιrjkEm^ for 1 < j < m and let CiQDj]) be the Chern form

with respect to the induced metric on the line bundle [D^]. Then

for m > j and

The forms

m-l
= Σ πm<i

ι=3
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are all positive because ωm is. Let

and
1=3 *=3

and let Hj be the induced metric on the line bundle [2? ]̂. Then

Ψj = R3^\

The form ψj remains positive if we replace Rj by r > Rj since

The matrix T(V,E) for the divisors Vj in terms of the irreducible
divisors Em^ is

T(2>, E) = T(2>, D')T(D', E)T(E, E).

The matrix T(X>, JD') is an upper triangular matrix of l's, the matrix
T(D',E) is a lower triangular matrix of r^'s which are defined in
terms of the integers lj of Theorem (4.3.1), and the matrix T(E, E)
is the matrix A described in §3.7. Writing T(X), E) as the product

Λ 1 1 . . . 1\
01 1.. . 1
0 0 1 . . . 1

0
1
h

0
0
1

.. .0\

. . .0

. . .0
0 1 α 2 3 a>2m

0 0 1 . . . α 3 m

V o o o . . . i y \ι2. imh...ιmu.. im..Λj \o o o ... 1

it is easy to see that all entries of T(X>, E) are positive and

detΓ(2?,i?) = l. D

§5. Splitting of a Poincare-Type (1,1)-Form into a Sum of
its Two Essential Parts. Let M be a compact complex manifold
of dimension n and let D be an effective divisor on M with only
normal crossings. In §5.1 we construct a Poincare-type (1, l)-form
^ o n M - D b y replacing the expression | z | 2 in the formula (1.4.1)
for the Poincare form ω&* by the square of the norm of a section
of the line bundle [D]. In §5.2 we study v in local coordinates near
points of D. We may choose coordinates (z\, z2,..., zn) in which D
is given locally by the vanishing of a monomial ^ ί 1 ^ 2 - - ^ * - The
growth of v near D may be described in terms of a Chern form
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of [D] and the pullback of α;Δ* under the monomial map τ given
by τ(zuZ2,...,zn) = ZιλZ22...z^k. In §5.3 we describe the quasi-
isometry classes of sums of forms of the type T*O;Δ* . We use these
descriptions in §5.4 to show that Poincare and modified Poincare
metrics may be constructed by adding Poincare-type forms i/» to
multiples of the fundamental form ω of a hermitian metric on M. If
ω is Kahler, the resulting metrics are also Kahler. We conclude §5
by describing the relationship between modified Saper and modified
Poincare metrics.

(5.1) Definition and decomposition of Poincare-type (1,1)-
forms. An effective divisor D on M, with only normal crossings,
may be expressed as D — ΣiLi λ»-Bi, where Eι,E2,..., Em are smooth,
reduced, irreducible divisors on M which simultaneously have only
normal crossings, and λi,λ2, ...,λm are positive integers. Let L =
[D] be the line bundle on M associated with D and let h be a her-
mitian metric on L. Let s : M —> L be a global holomorphic section
of L such that (s) = D. Such a section always exists since D is ef-
fective. We denote by || s \\ the norm of s under the metric h. Since
M is compact, we may also choose 5 so that | | s \\< 1 everywhere
on M. We define on M — D a, Poincare-type (1, l)-form v associated
with the divisor D, the section 5, and the metric h by

(5.1.1) ^ =

Note that log | | s | | 2 φ 0 on M - D and log | | s \\2 -> -oo as we
approach D. Let

β = -\og\\s\\2

on M — D. We may decompose v as v = μ + η where

a n d " =

Recall from §3.5 that cx(L,h) = - ^ a a i o g | | s | | 2 . Then

(5.1.3) μ=~Cl{L,h).

The Chern form ci(L, h) depends on h but is independent of the
choice of section s of L. The properties of η will be explored in
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Sections 5.2 and 5.3.
If sf is another global holomorphic section of L such that (s') = D

and | | s' | |< 1, then s1 = cs for some positive constant c. Let
β' = - log | | s' | | 2. Then β' = β - 2 logc, d/?' = d/?, and 9/?' - 00.
From these relationships and our decomposition of z/, we see that
although v is not independent of s, the order of growth of v near D
is the same for all sections s of L for which (s) = D and | | s | |< 1.

Note that the form μ is dominated by any positive C°° (1, l)-form
on M. Hence

LEMMA 5.1.4. //α; is the fundamental form of a hermitian metric
on M and v is a Poincare-type (1,1)-form with the decomposition
v = μ + η of (5.1.2) then

lω + v ~ lω + η

for all sufficiently large integers I.

(5.2) Poincare-type (1, l)-forms in local coordinates. We wish
to describe the Poincare-type (1, l)-form v in local coordinates near
points of D — Σ™^ \E{. In particular, we wish to examine the
growth of the form η in the decomposition v — μ + η of (5.1.2) and
compare it to the growth of the Poincare form ω/\* on the punctured
disc.

Let q be a point in M at which k of the components Eι of D,
say Eι,E2,. ,Ek, intersect. Since the collection {Ei} has normal
crossings, there exist local coordinates z±,..., zn in a neighbourhood
U of q, such that Ei is given locally by the equation Z{ = 0 for
i = 1,..., k and such that Ei does not intersect U for i > k. Recall
that we call (zi,..., zn) normal coordinates for £Ί, . . . , E^. Locally, D
is given by the equation z^z^. .z^ = 0, where λ; is the multiplicity
of Ei in D. We will use the notation z — {z\,Z2, ...,£n) and zA =
z^ 1 ^ 2 . . .^*. The norm of 5 is given in local coordinates by || s | | 2 =
I zA I g for some bounded positive C°° function g on [/, and the
function /? = — log || 5 | | 2 is given locally by

(5.2.1) β = -log(\zAfg).

For the rest of §5.2 we will assume only that β is a locally defined
function of the form of (5.2.1) where g is some bounded positive C°°
function on U.
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Let r be the monomial map τ : U —> Δ given by τ(zi,..., zn) = zA.

We wish to compare the (1, l)-form η = A£ΞI
 dP£fP to the pullback

of the Poincare form ω^* under the map r. The pullback is

(5.2.2)

y/=ϊ d(zA) Λ d(zA)

7Γ

\A—1 1
Λ

Using the expansion β = — logzΛ — log^Λ — logp, we express η in
local coordinates as

(5.2.3)

__ λ/~ϊ 1 fd(zA) dg\ fd(zA) dg\

^ϊ ( d(zA) Λ d(zA) d(zA) Λ dg

π V | * Λ | 2 ( l o g | 2 Λ | 2 < 7 ) 2

+ β2zAg

dgΛd(zA) dgΛdg\
+ )

Let α; be the Euclidean (1, l)-form

We now show that, locally, when we add to η any positive multiple of

4ω, all terms but T*CJΛ* in the expansion of η may be ignored. The

following lemma is valid for any expression of the form η = ^^ df3o2 ^
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where β = — log(| zA \ g) and g is a bounded positive C°° function
onlΛ

PROPOSITION 5.2.4. Let a be any positive constant. Then the
(1, l)-form ^ω + η is positive and

a 1
—ω + 7/ ~ —ω + T

for Zι,Z2i ...,Zk close enough (but not equal) to 0.

Proof Clearly the term ^η^φ in the expression (5.2.3) for η

is dominated by | α ; for z\, z2,..., Zk close enough to 0, since -| —> 0 as

(0,0, ...,0). Next consider terms of type o (j^p)

d^j and o ί =ΓΛΪ) ^ Λ rf^i in η. If z = j these terms are dominated
by the corresponding terms of T*O;Δ* If i φ h we compare these
terms to the dz{ Λ dΊi term of T*O;Δ* and the rf^ Λ d~Zj term of |α;.
It is convenient to write these terms from the expansion of %ω + η
in the form of a chart, showing the matrix of coefficients:

Λ
7Γ

V2

a

Factoring out powers of z^ z^ and β we obtain

Λ
7Γ Zjβ

VβdZj

λ j O

α



100 CAROLINE GRANT AND PIERRE MILMAN

7Γ

1

Ziβ " ι

0

1

0

a

for zι,Z2,...,Zk close enough to 0. Then ^ω + η ~ ^ω + τ*ω^* for
zu 2̂? —, zk close enough to 0. Since ω > 0 and T*O;Δ* > 0, we may
replace -α; by 4α; and preserve quasi-isometry. D

An easy consequence of Proposition (5.2.4) is the following corol-
lary which states that the local quasi-isometry class of a modified
Poincare metric looks the same in every system of normal coordi-
nates. Recall (Definition (1.6.1)) that a metric on M—D with funda-
mental form ωp is called a modified Poincare metric if ωp has the fol-
lowing property: near each point q e M at which k components of D
intersect, there exist normal coordinates (zi,..., zn) and nonconstant
monomial maps τi,. . .,τm of the form τ<(zi,...,zn) = z^z^. .z^
such that the matrix (λ^) has nonnegative integer entries and at
least one positive entry in each row and column, and such that
locally

(5.2.5) ωP ~ ] P T*O;Δ* H ^Z ^Zi Λ c^*
π

Given such a matrix (λy) and any other system of normal coor-

dinates (ί/i, ...,j/n) i n a neighbourhood of g, let Ti,...,Γm be the

monomial maps given by Γ<(yi, ...,j/n) = i/ί"^"-!/^*-

COROLLARY 5.2.6. //ωp is the fundamental form of a modified
Poincare metric on M whose quasi-isometry class is given locally
in normal coordinates (zι,..., zn) by (5.2.5); and if (y1?..., yn) is any
other system of normal coordinates, then

Λ/--T
 n

2 = 1 ^ 2 = 1
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Proof. The Euclidean form in y is locally quasi-isometric to the
Euclidean form ω in z, i.e.

/ i n / -j n

(5.2.7) - — Σ d y i A d V i ~ -—ΣdZiAdZi = ω,

so to prove the corollary it is sufficient to show that ω + τ^ω^» ~
ω+TfωA* for all i Since y and 2 are normal coordinates, there exist
bounded nonvanishing holomorphic functions /ί such that zι = yifi
forl<i<k. Let β = - log | zΛ i | 2 . Then

where the function & = | fAi f = | /x

λ i l/2

A i 2.../* i f c | 2 is bounded,
positive, and C°°. Let

i.e. 7̂  = T*CJA*. By Proposition (5.2.4) and quasi-isometry (5.2.7),

1 1
—α + Tfc ~ —ω + 7; α;Δ*.
ft Hi

But α; > j:ω near JD, so we have ω + T*LJ&* = ω + ηi, ~ ω +
7>Δ*. ι D

Similarly, we will show in Corollary (5.3.5) that the local quasi-
isometry class of a Saper distinguished metric (1.7.1) looks the same
in any system of normal coordinates.

(5.3) Pullbacks of Poincare-type forms under monomial
maps. When constructing modified Saper metrics, we will use
(1, l)-forms of the type \ω + η. Proposition (5.2.4) allows us to
replace η by a pullback T*UJ&* of the Poincare form ω^* under a
monomial map r. In this section we describe the quasi-isometry
classes of sums of such pullbacks. For the purposes of later calcula-
tions, in which we consider a collection of divisors {Dj}, it is useful
to consider monomials ZιιZ22.. z%k in which some of the powers λ̂
may be 0.
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For 1 < i < m let Λ* = (λ»i, ...,λ^) be a vector of nonnegative
integers with at least one nonzero entry. Let zAι — z^z^2...z\ik

and let r* be the monomial map

Π : Δ* -» Δ

given by n(zι,...,zk) = zAί. Let # = — log | zAi f and let φi =
βfτ*ωA*. Then

(AA (A A: A; \ \
^hr-dzj Λ d^.

The Poincare form O A* is positive definite on Δ* so all the pullbacks
T*(JΔ* and all the forms φi are positive semi-definite on (A*)k. The
form

\Γ-\. ^ dzi Λ cί̂ i

is positive definite on (Δ*) f c.

L E M M A 5.3.1. //& of the vectors Λz ; sα?/ Λi,...,Λjb; are linearly
independent, then

t = l

/or a// positive constants C I , . . . , C A ; and for Zι,...,Zk close enough
(but not equal) to 0.

Proof. The matrix of <fo with respect to {ξj — ψ-}j=ι is Λ ~ Λf Λj
which is positive semi-definite. If Λi,..., Λ^ are linearly independent
then the spans of the matrices Aι,..., Ak are also linearly indepen-
dent and ΣiL=i CiAi is positive definite for any positive constants
Ci, ...,C fc. This implies that Σ?=i Ciφi ~ φ since the matrix of 0
with respect to {ξj} is /. D

It follows easily from Lemma (5.3.1) that

LEMMA 5.3.2.
i. φ > φi for each 1 < i < m and for Z\,..., z^ close enough {but

not equal) to 0.
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ii. If the matrix (λ^ ) has rank k then ΣiLi Ciφi ~ φ > 0 for
all positive constants CΊ,..., Cm and for z\y..., Zk close enough
(but not equal) to 0.

Next we show that a sum of pullbacks of the Poincare form
under monomial maps is bounded below by the homogeneous

Poincare form

1 A dzj A dzj

LEMMA 5.3.3. If k of the vectors Λ i ; say Λi,...,Λfc; are linearly
independent then

(i)

for all positive constants Ci, . . . ,C m and for Z\,...,Zk close enough
(but not equal) to 0. //; in addition, the integers λy are all positive
then

(ϋ) ΣCiTfωΔ. ~ψh.
t = l

Proo/. Let /? = — log | zιZ2 .Zk | 2 . There exists a positive constant
α such that aβ > βι for 1 < i < m. Then

(5.3.4)
i=l »=1 Pi a P t=l

By Lemma (5.3.2) and the definitions of β, φ, and t/^,

1 m 1

for zi, ^2,..., Zk near 0. This proves part (i). If λy > 0 for all i and
j , then βi ~ β and T/O Δ* ~ ψφi for all z. In this case the inequality
> in equation (5.3.4) becomes quasi-isometry and we obtain part
(ii). D
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Recall that a metric on M — D is called a Saper distinguished
metric if its fundamental form ω^v may be described locally in
normal coordinates by the quasi-isometry

1
ψh + -^Eucl

where c^uci is the Euclidean (1, l)-form

Σ dzi Λ dzi.

A homogeneous Poincare metric has a fundamental form α p,
given locally by

We can now easily show that the local quasi-isometry class of
(respectively α p^om) looks the same in any system of normal coor-
dinates.

COROLLARY 5.3.5. The quasi-isometry class of a Saper distin-
guished metric (respectively a homogeneous Poincare metric) on
M — D is independent of the choice of normal coordinates.

Proof Use part (ii) of Lemma (5.3.3) and Proposition (5.2.4).

D

Finally, we show that pullbacks of the Poincare form ω&* under
monomial maps are bounded above by the Poincare form

_ \fI\ γ> dzi Λ

LEMMA 5.3.6. Let A = (λi, λ2,..., λfc) be a vector of nonnegative
integers with at least one nonzero entry and let τ be the correspond-
ing map τ : Δ* —> Δ given by τ{z\, z2,..., zk) — z\xz\2...z^. Then

for zχ,...,Zk close enough (but not equal) to 0.

Proof Let / be the number of entries of Λ which are nonzero.
Reindex the variables Z{ so that λ̂  > 0 for 1 < i < I and λ; = 0
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otherwise. Let β = — log | z^z^.-.zf1 f. Then β > — log | ^ | 2 for
1 < i < I. Let

f^ϊ J dzi Λ dzi

and let φ\ — β2τ*ω/\*. The form φ\ is positive semi-definite and by

Lemma (5.3.2), φ\ < φ1 > Dividing φx by β2 and using the indicated

lower bounds for β we obtain

rsj 1

r*ωA. < —φ'

~ y/—ΐ ^ dZi Λ dzi

<ψp.

D

(5.4) Modified Poincare metrics. It is easy to construct Poin-
care and modified Poincare metrics on M — D using the results of
Sections (5.1) - (5.3). The components JEΊ, ..., Em of D are smooth,
reduced, irreducible divisors which simultaneously have only normal
crossings. Let Di,..., Dr be effective divisors of the form

such that the matrix (λ^) has nonnegative integer entries and at
least one positive entry in each row and column, i.e. the divisors
Di are effective and their sum has the same support as D. Let
Si : M -> [Di] be a global holomorphic section of the line bundle
Li — [Di] such that (si) = Di and let hi be a hermitian metric on
Li. Let

The following proposition is an easy consequence of Lemmas (5.1.4)
and (5.3.3) and Proposition (5.2.4).

PROPOSITION 5.4.1. Ifω is the fundamental form of a hermitian
metric on M and lι,..., lr are positive integers, then the form

r

ωp = lω + ^ liVi
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determines a modified Poincare metric on the noncompact manifold
M — D for all sufficiently large integers I. Moreover

i. // M is Kάhler and ω is a Kάhler form on M then ωp is also
Kάhler.

ii. If r — m and Ό{ — Eι for 1 < i < m then the metric deter-
mined by ωp is a true Poincare metric.

iii. // the matrix A = (Λ^ ) satisfies the condition

(*) the entries are all positive and the columns are linearly inde-
pendent

then the metric determined by ωp is a homogeneous Poincare met-
ric. More generally, if D has several connected components, the
metric determined by ωp is a homogeneous Poincare metric if the
submatrix of Λ corresponding to each connected component of D
satisfies condition (*).

(5.5) Modified Saper metrics. Suppose that Mo is a compact
complex manifold and π : M -> Mo is a holomorphic map whose
restriction to M — D is a biholomorphism onto its image. Let ωo be
the fundamental form of a hermitian metric on Mo. Let Du...,Dr

be divisors on M of the type described above in §5.4 and let z/l5..., vr

be Poincare-type (l,l)-forms for these divisors. Let /OJ^IJ Ĵ Γ be
positive integers. Recall from §1.8 that if the modified Saper form

2 = 1

is positive then we say it determines a modified Saper metric which
is distinguished with respect to π. If in addition ĉ o is Kahler, then
so is ωs-

Let ω be the fundamental form of a hermitian metric on M, as
above. Note that any positive C°° (1, l)-form on M dominates τr*ω0.
The next result follows immediately from Proposition (5.4.1).

PROPOSITION 5.5.1. Ifω is the fundamental form of a hermitian
metric on M and ωs is a modified Saper form on M — D, then the
form

ωp = ωs + lω

determines a modified Poincare metric on M — D for all sufficiently
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large integers I. Moreover if ωs is positive we may use I = 1 and we
have

i. If u)s is homogeneous so is ωp.

ii. If Mo and M are Kahler and if ω0 and ω are Kahler forms,
then ωs and ωP are also Kahler.

In §7 we construct Kahler modified Saper metrics, distinguished
with respect to a single blow-up of a compact Kahler manifold M.
In §8 we construct Kahler modified Saper metrics inductively on
successive blow-ups and exhibit in local coordinates the relation-
ship of each new metric to the pullback of the previous. When
each centre is either contained in the total exceptional divisor of
the previous blow-ups or disjoint from it, these metrics are homo-
geneous. When the image of D in M is of dimension 0, the metrics
are exactly Saper distinguished metrics. In §9 we construct Kahler
homogeneous Saper metrics without the restriction that each centre
lie in the previous total exceptional divisor.

§6. Main ingredient of completeness of our metrics. Let
M be a compact Kahler manifold and let D be an effective divisor
on M with only normal crossings. In this section we show that if
a metric on M — D is bounded below locally, near D, by pullbacks
of the Poincare metric on the punctured disc under appropriate
monomial maps, then the metric is complete. In particular, modified
Poincare metrics are complete. When we construct our modified
Saper metrics in Sections 7, 8, and 9, we will use Proposition (5.2.4)
and the results of this section to show that they are also complete.

We first consider the case in which a single monomial map suffices.

PROPOSITION 6.1.1. Let ωM-D be a Kahler form on M - Zλ
Suppose that LJM-D satisfies the following condition near each point
q G D: there exist normal coordinates z\,...,zn on a neighbour-
hood U of q such that the components of D are given locally by the
equations Z{ = 0 for i = 1,..., k, and there exists a monomial map
T :U -> Δ given by

for some positive integers λi,..., λ^; such that
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on U. Then the metric on M — D determined by CJM-D is complete.

Proof. We will use the completeness of the Poincare metric on the
punctured disc Δ*. We are only concerned with the behaviour of
this metric near 0 G Δ.

Let x and y be points in M and let dM(z,y) be the distance
between them in the metric determined by some Kahler form ωM

on all of M. Similarly, for x,y G M — D, let dM-D{%,y) be the
distance between x and y in the metric determined by UM-D- Let
{xn} be a sequence in M — D which is Cauchy with respect to
d>M-D Since M is compact, there is a subsequence {xni} of {#n}
which converges with respect to dM to a point q G M.

Suppose that q e M — D. Then there exists a neighbourhood U
of q in M — D containing all but finitely many of the points {xni}
and such that ωM and U)M-D are quasi-isometric on U. Then {xni}
converges to q in the metric determined by ωM-D and so {xn} also
converges to q in this metric.

Now suppose that q G D and let U be a coordinate neighbour-
hood of q in M on which there is a monomial map r of the form
described above. Let d* be the Poincare distance function on Δ*.
After shrinking U if necessary, there is a positive constant c such
that for any x,y eU — U ΠD we have

dM-D{x,y) > o f (τ(z),τ(y)).

Similarly, if d is the usual Euclidean distance function on Δ then
there is a positive constant C such that for any x, y G U we have

dM(x,y)>Cd(τ(x),τ(y)).

Since the sequence {xni} is Cauchy with respect to dM-Ό, the se-
quence {r(xni)} is Cauchy with respect to d*. Therefore {r(xni)}
converges to a point p G Δ*. Similarly, since the sequence {xni}
converges with respect to dM to q G D, the sequence {r(xni)} con-
verges to 0 G Δ with respect to the usual distance function d on Δ.
This is impossible, since in a neighbourhood of p G Δ* the distance
functions d and d* are quasi-isometric. Therefore q £ M — D and
the metric determined by UJM-D is complete. D

A similar result applies to a collection of monomial maps:
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PROPOSITION 6.1.2. Let ωM-υ be a Kάhler form on M - D.
Suppose that CJM-D satisfies the following condition near each point
q G D: there exist normal coordinates Z\,...,zn on a neighbour-
hood U of q such that the components of D are given locally by the
equations Z{ = 0 for i = 1,..., k, and there exist a monomial maps
TL> •••> τr from U to Δ of the form

TX\Z\, ..., Z n ) — Zχ ...Zk

such that the matrix (λ^) has nonnegative integer entries and at
least one positive entry in each row and column, and such that

on U. Then the metric on M — D determined by OJM-D is complete.

Proof We proceed as before, replacing the map r : U -> Δ of the
previous proposition by the map

and replacing the Poincare form LU&* on Δ* by a product of Poincare
forms ω(Δ )r on (Δ*) r. Note that ω^y determines a complete met-
ric on (Δ*) r and that

t = l

We complete the proof in the same way as above. D

The next corollary follows immediately from the definition of
modified Poincare metrics.

COROLLARY 6.1.3. Modified Poincare metrics are complete.

When we construct our modified Saper metrics we will show that
they also have the required lower bound.
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§7. Modified Saper and Poincare metrics for a single blow-
up.

(7.1) Introduction. Let M be a compact Kahler manifold with
Kahler form ω. Let π : M —> M be the blow-up of M along a
submanifold C C M, with exceptional divisor E = π~ι(C) and
associated line bundle L — [E] on M. Let h be a hermitian metric
on L with the property that the (1, l)-form

ώ = /π*α; — Cχ(L, Λ)

on M is positive and consequently Kahler for all sufficiently large
integers /. In §4 we showed that such metrics h exist. The Chern
form ci(L, h) may be written as

where s : M -> L is a global holomorphic section of L such that
(s) = E1 and such that the norm || s || of s under the metric h
satisfies || s | |< 1 everywhere on M. The Kahler form ώ determines
an incomplete metric on M — E = M — C and the completion of
M — C with respect to this metric is M.

We now define a Poincare-type (1, l)-form v on M — E by the
equation

(7.1.1)

We will show in this section that the (1, l)-form

ωs — lπ*ω + v

on M — E is positive and hence Kahler for all sufficiently large
integers /. The corresponding Kahler metric is a complete modified
Saper metric, distinguished with respect to the blow-up map π.
When dimC = 0, i.e. when M is the blow-up of an isolated point
in M, our modified Saper metric is precisely a Saper distinguished
metric.

It follows from Proposition (5.5.1) that the (1, l)-form

ϋJ p —— Lϋ Q ~\~ ϋϋ
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is the Kahler form of a Poincare metric on M — E, i.e. the sum of
our modified Saper metric on M — E and the restriction to M — E of
a Kahler metric on M is Poincare. We may replace ώ by any other
Kahler form on M since all Kahler metrics on a compact manifold
are quasi-isometric.

We proved in §6 that Poincare metrics are complete. Complete-
ness of our modified Saper metric follows from the local description
of the quasi-isometry class of ωs and Proposition (6.1.1).

The constructions which we will give in §§8 - 9 of modified Saper
and Poincare metrics for successive blow-ups Mj —>> Mj-ι are simi-
lar, but the estimates used are more delicate.

(7.2) Main results. Let M and M be as above and let u&* be the
Poincare form on the punctured disc. For any point q 6 E, we may
choose local coordinates (zi,..., zn) on a neighbourhood U of q and
(Zi,..., Zn) on a neighbourhood of π(q) G C such that

i. E is given locally by the equation z\ = 0,

ii. C is given locally by the equations Z\ = ... = Zk = 0, and

iii. 7Γ is given locally by the equations:

Zi = Z\Zi for 2 < i < k

Z{ = Zi for k + 1 < i < n.

We will call the coordinates (zιJ...,zn) normal blow-up coordinates
for π corresponding to (Z\,..., Zn). Let τ : U —> Δ be the monomial
map given by r{zl9..., zn) = zλ.

PROPOSITION 7.2.1. (Modified Saper metrics for a single blow-
up.) The (1,1)-form

ωs = lπ*ω + v

determines a complete Kahler metric on M — E for all sufficiently
large integers I. This metric is a modified Saper metric which is
distinguished with respect to the map π. IfqGE and if (zi, ...,zn)
are normal blow-up coordinates on a neighbourhood Uofq then ωs\u
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is locally quasi-isometric to all of the following:

(i)
Γ-Λ 1 k

π*ω\υ + ——• - j - J2 dzi Λ dzi + τ*ωA*π I l o g I zι I I i=2

(ii)
Γ ( A , άzx A

χ 1 ^

7Γ \\z1\
2(\θg\z1\

2)*

+ 2^ dziΛdzi).
i=k+l '

Note that completeness follows directly from quasi-isometry (i)
by Proposition (6.1.1).

Quasi-isometries (i) and (ii) describe the relationship between our
modified Saper metric on M — E and the metric on M — E induced
from M. Quasi-isometry (i) means that locally, near Z£, our modified
Saper metric on M — E looks like the metric induced from M plus
a small term in the fibre directions plus a term with Poincare-type
growth. We will prove a similar statement for successive blow-ups.
Quasi-isometry (ii) means that our modified Saper metric is locally
quasi-isometric to the sum of the incomplete metric induced from
M and a Saper distinguished metric. In (iii) we describe the quasi-
isometry class completely in local coordinates. Descriptions (ii) and
(iii) of ωs in local coordinates are more difficult to generalize to
successive blow-ups except in special cases, and will be replaced by
upper and lower bounds for ωs

Let α sap be the fundamental form of a Saper distinguished met-
ric on M — E, not necessarily Kahler. As a corollary to the local
description (ii) we obtain the following global quasi-isometry.

COROLLARY 7.2.2. The Kahler modified Saper metric on M —
E associated with ωs is quasi-isometric to the sum of the metric
induced from M and a Saper distinguished metric on M — E. More
concisely:

ωs ~ π*ω + α;Sap
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We can say even more in the case dimC = 0. In this case, k — n
and the last term of (iii) disappears, giving us the following:

COROLLARY 7.2.3. (Blow-ups of isolated points.) If dimC = 0
then ωs is the fundamental form of a Kάhler metric which is distin-
guished in the sense of Saper.

Given a Kahler form ω on M, we may construct a Kahler form ώ
on M, by Theorem (4.2.2). In local coordinates (z\,..., zn) near any
point q e M, every positive C°° (1, l)-form on M is locally quasi-
isometric to the Euclidean form ^ψ- Y™=x dzi A dzi. Comparison to
description (iii) of our modified Saper metric gives us

COROLLARY 7.2.4. (Kahler Poincare metrics for a single blow-
up.) Let

ωp = ωs + ώ

where ώ is the Kahler form of a metric on M. Then ωp is a Kahler
Poincare metric on M — E and ωp > ωs- If q E E and if (z\,..., zn)
are normal blow-up coordinates on a neighbourhood U of q then

The corresponding metrics for successive blow-ups are modified
Poincare metrics.

(7.3) Proof of Proposition 7.2.1. To show that ωs is a Kahler
form, we must show that it is positive, hermitian, and d-closed. The
form v is hermitian and d-closed by Lemma (1.2.1), so we need only
show that ωs is positive. Since M is compact, it is enough to show
that for each point q 6 M there is a neighbourhood U of q on which
lπ*ω + v is positive for I » 0. This is clear for q € M — E, since in
this case there is a neighbourhood U of q on which τr*α; is positive
and v is bounded.

For q G E we will write π*ω and v in normal blow-up coordinates
near q and examine the local quasi-isometry class of τr*α; + v. Let
(zι,...,zn) be normal blow-up coordinates in a neighbourhood U of
g, corresponding to coordinates (Zι,...,Zn) in a neighbourhood of
π(q) G C, as in §7.2. We write zj = (^2, ...,£&) (fibre coordinates
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of the map E -> C), Zf = (Z 2 j . . .,£*), zc = (^ + 1 , ...,;?n), and
Zc = (Zk+ι, • -, ̂ n) (coordinates on C). Then π is given locally by
the equations

Zλ = zu Zf = zχZf> and Zc = zc

We will also use the convention that the repeated index / is summed
over the set {2, ...,&} and the repeated index C over the set {k +
l,...,n}. In particular,

k n

dzf A dz/ = Σ dzi Λ c?Zi and dzc Λ d^c — ^ d ^ Λ cC?j.
2=2

Consider the local expressions for ω and π*ω. Since α; is positive
on M, α; is locally quasi-isometric to ^ ^ Σ^ = 1 dZi A dZi. Then
locally

(7.3.1)

π*ω ~ (dz\ A dz\ + (zjdz\ + Z\dzf) A ("Zfdzi + "zidzf)
7Γ

+dzc A dzc)

Keeping track only of the dominant terms, we write this information
in the form of a chart:

π ω

v—1
v Λ/\

7Γ

dz\

dzf

dzc

dz\

1

Z{Zf

0

dz,

ZxZ

0

r

/
.2

QJZQ

0

0
1

where the 1 in the dzc A dzc spot represents the identity matrix IQ
and the | z\ \ in the dzf A dzj spot represents | z\ \ If.

Next consider the Poincare-type (l,l)-form v — —^^99log/3 2

where β — — log | | s | | 2 . The local expression for β is

where g is a bounded positive C°° function on £7, giving the metric
h on L locally. We decompose v as v = μ + 77, where

^/ϊddβ Jμ = — and 77=
π β π β2
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In the following lemma we describe the quasi-isometry class of
τr*α; + μ in local coordinates. Then we will use Proposition (5.2.4)
to describe the quasi-isometry class of τr*u; + v — π*ω + μ + η.

LEMMA 7.3.2. The restriction to U of the (1, ϊ)-form τ*ω + μ
is positive and quasi-isometric to all of the following for z\ close
enough (but not equal) to 0:

i. π ω

ii. ^Ξϊ ίdzi Λ dz\ + kdzf Λ dzj + dzc Λ dzcj, and

iii. π*ω + ^Ξl^dzf Λ dzj.

Proof Recall from (5.1.3) that μ may be expressed in terms of a
Chern form as

By our choice of metric h on L, the Chern form c\ (L, h) is negative
on the fibres of the map E —» C. The form

λπ*ω + βμ = λτr*ω - 2ci(L, /ι)

is positive for large λ, by Proposition (4.2.1), and is thus locally

quasi-isometric to the Euclidean (1, l)-form ^Ξl γ^=1 dziΛdzi. Writ-

ing π*ω + μ as

-jπ*ω + -

and observing that ^ = — 1Q * .& . —> 0 as 2?χ -> 0, we obtain quasi-

isometry (i).

To prove (ii), we write τr*ω+μ in local coordinates in chart format.
Using part (i) and factoring -Λ= out of the second row and column,
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we obtain

π*ω + μ

y/-ΐ
π

1

dzc

dz\

zrzf^β

0

1

ziZfSl

zι \2β ^

0

f

3

-1

dzc

0

0

Noting that z\ log | z\ | 2 —» 0 as z\ -Λ 0, we see that

π*ω + μ

Λ
/ \

7Γ

d z i

1

dzc

d~Zl

1

0

0

1

\fβ Zf

0

1

0

dzc

0

0

1

i.e.

+ dzc Λπ*ω + μ ~ ί dz\ Λ dz\ + ηs

for z\ close enough (but not equal) to 0. The term in the fibre
direction comes from the form μ — — |ci(L,/ι). Part (iii) follows
directly. D

We now calculate the local quasi-isometry class of τr*α; + v —
π*ω + μ + η.

LEMMA 7.3.3. Let τ : U —> Δ be the map given by τ(z\,..., zn) =
z\ and let u&* be the Poincare form on the punctured disc. Then
on U, for Z\ close enough (but not equal) to 0:

π*ω + v π*ω + μ
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Proof. Let ωE be the Euclidean (l,l)-form :^pLYJ™=idzi Λ dz{.

From part (i) of the previous lemma, τr*α;+μ > ^cvE. By Proposition

(5.2.4), the (l,l)-form hωE + η is positive and quasi-isometric to

\ωE + T*UU&* for z\ close enough (but not equal) to 0. D

This completes the proof that lπ*ω + v is positive for sufficiently
large I. To obtain quasi-isometry (i) of the Proposition, we use
expression (iii) of Lemma (7.3.2) and note that β ~ | log | z\ | 2 |.
Then we write out T*CJA* &S

* \f—T / dz\ A dz\ \
τωA "— W o * i *.|»)» J

and add it to expressions (i) and (ii) of Lemma (7.3.2) to obtain the
second and third quasi-isometries of the proposition.

§8. Modified Saper and Poincare metrics for successive
blow-ups and proof of Theorem I. This section contains the
proof of parts (i) and (ii) of our first main result, Theorem I of §2.1.
Part (iii) of Theorem I is proved in §9.1 and part (iv) in §10.

(8.1) Introduction. Let MQ be a compact Kahler manifold with
Kahler form ω0. Suppose that {π7 : Mj —> M7_i} is a finite sequence
of blow-ups along smooth centres Cj C Mj-U chosen so that Cj
has normal crossings with the total exceptional divisor Dj_i of the
composite 7ΓIO...OTΓJ_I of the first j—1 blow-ups. Let Lj = [Ej] be the
line bundle associated with the exceptional divisor Ej = π~ι{Cj).
In §4 we showed that there are hermitian metrics hj on Lj and
positive integers kj such that the (1, l)-forms defined inductively on
the compact manifolds Mj by the equations

are Kahler forms. Metrics hj on the line bundles Lj induce metrics
hj on the line bundles Lj = [Dj], as described in §3.9. In §4 we also
constructed Kahler forms ώj on Mj, using Chern forms of the line
bundles Lj instead of Lj.

Let Sj : Mj —^ Lj be a global holomorphic section of Lj such that
(SJ) — Ej and such that the norm || s3r | | of Sj under the metric hj

satisfies | | Sj | |< 1 everywhere on Mj. Let Sj : Mj -> Lj be the
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induced holomorphic section of Lj and 11 sj \ | the norm of §j under

the metric hj. We define a Poincare-type (1, l)-form Vj on Mj — Dj

by the equation

^ ϊ 2
(8.1.1) ^ = - ^ ϊ a a i o g (log Π ^ | |2)

We will show in §8 that there are positive integers lj such that
the (1,1) -forms defined inductively on the noncompact manifolds
Mj — Dj by the equations

ωs,j = tjtfωsj-i + Vj

are positive and consequently Kahler. The Kahler metric on Mj—Dj
corresponding to the form ωsj is a complete modified Saper metric,
distinguished with respect to the map TΓI o... o TΓJ : Mj -» Mo. If the
image of Dj in MQ consists of isolated points in Mo, this modified
Saper metric is precisely a Saper distinguished metric.

It follows from Proposition (5.5.1) that the (1, l)-form

ωpj = ωsj + Uj

is the Kahler form of a modified Poincare metric on Mj — Dj. We
may replace the Kahler form Uj by ώj or any other Kahler form on
Mj since all such forms are quasi-isometric.

The advantage of constructing our metrics inductively is that we
can describe precisely how the metrics change with each successive
blow-up. The disadvantage is that these metrics are difficult to de-
scribe totally in local coordinates, except in special cases. In §9
we will use a non-inductive method to construct Kahler homoge-
neous Saper metrics which can be described more precisely in local
coordinates.

(8.2) Normal coordinates for successive blow-ups. In order
to describe the local quasi-isometry classes of our metrics on Mj —
Dj, it is useful to define normal blow-up coordinates on neighbour-
hoods of points in Dj.

Let q be a point in Mj at which k components Eu...,Ek of Dj
intersect. Each component % is the strict transform EjjOίi of some
exceptional divisor Eai. We order the components so that a\ <
a2 < ... < α/c. Recall that local coordinates (zι,...,zn) are called
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normal for JEΊ, ..., Ek if E% is given locally by the equation Zi = 0 for
1 < i < k.

If q φ Ej then TΓJ is a biholomorphism on a neighbourhood of
q. Let (Zi, ...,Zn) be normal coordinates for 7Γj(£Ί), ...,ττj(Ek). We
will say that local coordinates (zi,..., 2n) near q are normal blow-up
coordinates for TΓJ corresponding to (Zi,..., Zn) if TΓJ is given locally
by the equations Z2 — Zi ΐoτ 1 < i < n.

If q G Ej then £* = Ej and πj(Ek) = Cj. The remaining com-
ponents Ei = £j ) Q ;. map to the corresponding divisors Ej-i,^ in
Mj_i. Let Ei — Ej-i^ai for 1 < i < A; — 1. Since Cj was chosen
to have normal crossings with -Dj_i, we may choose normal coordi-
nates (zi,..., zn) for the divisors Ei, ...,Ek on a neighbourhood £/ of
g, and normal coordinates (2Ί,...,Zn) for the divisors Eι,...,Ek-i
on a neighbourhood V of 7Γj (g), such that

i. Cj is given locally by the equations ZΊ = 0 for 7 G Γ, where
Γ is a subset of {1,2,..., n} containing k and

ii. πj is given locally by the equations

ZΊ = ^ z 7 if 7 G Γ -

Zj = z% if 2 = fc or if i φ Γ.

We will call the coordinates (^i,...,^n) normal blow-up coordinates
for 7Γj corresponding to (Zi, . . .,Z n).

In the case q ξί Ej, there may be additional divisors -Ej-i,/ passing
through the point 7Γj(g) whose strict transforms £j^ in Mj do not
pass through q. Such divisors will not be important for our local
calculations near q. Local coordinates W which are normal for the
set of all divisors JEJ_I,Z passing through a point p G ΰ j - i do not
necessarily correspond to any normal blow-up coordinates z in a
neighbourhood of a given point q G π~1(p).

The geometry of the map TΓJ near q G Ej is easily described in nor-
mal blow-up coordinates. Local coordinates for Cj are Zc = (Zi)ier

c

where Γc is the complement of Γ in {1,2,..., n}. Fiber coordinates of
the map Ej -> Cj are {zΊ}ΊeΓ-{k}- We use the convention that the
repeated index / is summed over the set Γ — {k} and the repeated
index C over the set Γc. In particular,

Λ d~zj = ^2 dzΊ A dzΊ and dzc Λ dzc — ^ dzi A
<yer-{h} ίerc
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(8.3) Exceptional divisors and Poincare-type forms in nor-
mal coordinates. Before stating our main results, we will describe
the divisor Dj and the Poincare-type form Vj in normal blow-up
coordinates, and compare them to the divisors and forms obtained
from previous blow-ups.

For each space Mj and for 0 < i < j — 1, let TΓJ,* be the composite
map

Kj,i = 7Γt+i ° Ki+2 o ... o TΓj : Mj - > Mi.

Let Djyι = KjjDi be the total transform of Di in Mj for 1 < i < j' — 1
and let Djj = Dj. Let Vj^ = rf^i be the pullback of i/< to Mj for
1 < 2 < j — 1, and let i/jj — Vj. The form Vj^ is a Poincare-type
(1, l)-form associated with the divisor Dj^.

Recall from §3.9 that metrics hi on the line bundles Li — [Ei]
and sections Si of Li satisfying (si) — Ei induce metrics hjj on
Ljj = [Djj] and sections Sjj of Ljj satisfying (3jj) = Djj. We also
write §j = §jj so that (§j) = -Dj. Let | | 5J)2 | | be the norm of so-
under hjj. By our choice of the sections ŝ , we have | | Sjj | |< 1 on
Mj. The Poincare-type (1, l)-form Vj^ may be written as

We now describe the divisors D^ and the corresponding Poincare-
type (1, l)-forms Vj^ near q e Dj, using normal blow-up coordinates
for TΓj as described in §8.2. Recall that we may write Djj in terms
of the irreducible divisors Ejj as

1=1

where tu is the multiplicity of Ejtι in Dj^. The properties of the
matrix Γ = (tu) = Tj(D,E) were described in §3.7. Let Λ = (A*/)
be the j xk submatrix of T corresponding to the irreducible divisors
Eι,...,Eie passing through q. The integer λu is the multiplicity of E\
in Djj. Since T is nonsingular, by Proposition (3.7.4iv), the matrix
Λ has rank k. Let Λ* = (A^,..., λ^) be the zth row of Λ and let

^ — ^i ^2 ~-zk '
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The divisor Djj is given locally by the equation zAi = 0 and the
(l,l)-form ujti by

for some bounded positive C°° function gia

Next we compare the divisors Dj^ near q to the divisors Dj-ij
near /JΓj(q) for 1 < i < j—1. If q £ Ej then TΓJ is a biholomorphism on
a neighbourhood of q. Suppose that q G Ej and let Λ = (λ^) be the
(j — 1) x (k — 1) submatrix of the matrix Tj_i(D, E) corresponding
to the divisors Eu E2, • ••, Ek-ι- The strict transform of Eι is Eι and
the multiplicity of E\ in -Dj-i,i is λi/. By Lemma (3.7.3), Λ consists
of the first j — 1 rows and k — 1 columns of Λ, i.e. \ι — λu for
1 < i < j ~ 1 and 1 < / < k - 1. Let Z A = Z^Z^.-.Z^1. The
(1, l)-form ^-i,t is given locally by

dd\og{\og{\

for some bounded nonnegative C°° function G{, The function G{
vanishes on those components £j -i,f of Dj-\j whose strict trans-
forms Ejj do not pass through q. Locally near q the pullback KjGi
is of the form | Zk | 2 λ g% for some nonnegative integer λ.

We are particularly interested in the asymptotic behaviour of the

forms i/jj = Vj and Vjj-i = ftjVj-i n e a r Dj. We may write i^ , i^ _i,

and π ̂  . ! as ^ = -jΞϊdd\og(β2), Vj_x = - ^ a a i o g ( 5 2 ) ,

and π i/j -i = -^aa iog(/? ' ) 2 where /3 = — log 11 % | | 2 and B =

— log || Sj_i | |2 are given in local coordinates by

β = - log(| zh Ui) and B = - log(| Z ^ " 1 I ^ - O

and ^ = π*JB = π*(-log| | s^ | |2) = - log 11 s ^ | |2 by

Using properties of the matrices Λ and A derived from Lemmas
(3.7.3) and (3.7.4) we obtain the following local descriptions of β
and β'.
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LEMMA 8.3.1. If q is a point in Dj and (zi, ...,2:n) are normal co-
ordinates for the irreducible components £Ί, . . . , Ek of Dj which pass
through q, then the rate of growth of the function β = — log 11 §j \\
near q is given by

i. β~ - logI zιz2...zk | 2 .
If, in addition, q£ Ej, then the rate of growth of

is given by

(-log\z1z2...zk\
2

ii. β1 ~ < — log I Zιz2...Zk-i | 2 if Cj <£. Dj-ι and k>2.

[ 1 ifCj (JLDj-x andk = l.

Proof. Recall that the entries of Aj are all positive, i.e. the mul-
tiplicity λjΊi of Ei in Dj is positive for all z, by Proposition (3.7.4 i).
This gives us quasi-isometry (i).

Now assume that q e Ej. The first k — 1 entries of ΛJ? Λ7_i, and
Λj_χ are identical (Lemma (3.7.3 iii)) since these entries are the
multiplicities of the strict transforms of Eaι,Ea2, ...,JKαjb-1 in the
divisors Dj, £>j_i, and Djj-ι = π*Dj-χ. The kth entries of Aj and
Λj_i are related by the equation λjjfc = ^j-i.k + 1 (Lemma (3.7.3
iv)) since Dj = Djj-i + Ej. The entry λj-i^ is positive if and only
iΐCj C Dj-ι by Proposition (3.7.4 v). This gives us quasi-isometry

(ϋ). •
In §5 we compared Poincare-type forms u to pullbacks of the

Poincare form u&* by suitable monomial maps. For each i such
that Λ» has at least one positive entry, let τ» : Ϊ7 *-* Δ be the
monomial map given by

Ti{zuz2,...,zn) = zAi.

If Λ» = 0, let T{ be a constant map to a point in Δ* so that r*u&* = 0.

(8.4) Main results. We can now generalize the results of §7 to suc-
cessive blow-ups. Our first theorem describes how complete Kahler
modified Saper metrics may be constructed inductively on the non-
compact spaces Mj — Dj by adding a Poincare-type form on Mj — Dj
to a large enough multiple of the pullback of the Kahler form of the
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previous metric. The proof of the following theorem is to be found
in §§8.5 and 8.6.

THEOREM 8.4.1. (Complete Kdhler modified Saper metrics for
successive blow-ups.) There exist positive integers lj such that the
(1,1) -forms defined inductively on the manifolds Mj — Dj by the
equations

^5,o = ^o andωSj = ljπ*ωSj-ι + Vj for j > 1

are Kdhler forms. The Kάhler metric on Mj — Dj associated with
ωsj is a complete modified Saper metric which is distinguished with
respect to the map 7rJj0 = TΓI o π 2 o ... o TΓJ.

The quasi-isometry class of ωsj Tnay be described as follows:
If'q £ Ej, then on a neighbourhood U of q, ω$j ~ KJUSJ-I.

If q G Ej, if k is the number of components of Dj intersecting
at q, and if (zu ...,zn) are normal blow-up coordinates for TΓJ on a
neighbourhood U of q, then locally

(i)

-\
7Γ

( ( g | i 2 i r p π

1 n

Σdzt Λ

Note that completeness follows directly from quasi-isometry (i)
by Proposition (6.1.1), since the monomial map Tj is given by

and all the integers λji,..., \jk are positive.
Quasi-isometry (i) means that locally near the exceptional divisor

Ej of TΓJ, the j th modified Saper metric looks like the pullback of the
(j — l)st metric plus a small term in the fibre directions plus a term
with Poincare-type growth in the variables zι, ...,£*. Inequality (ii)
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means that the modified Saper metric on Mj — Dj is locally bounded
below by the sum of the incomplete metric induced from Mo and a
Saper distinguished metric on Mj — Dj.

We noted in Proposition (5.5.1) that the sum of a modified Saper
metric on Mj — Dj and the restriction to Mj of a Kahler metric
on Mj is a modified Poincare metric. The following theorem also
describes the relationship between our modified Poincare metrics on
Mj - Dj and Afj_i - Dj^. The proof is in §8.7.

THEOREM 8.4.2. (Complete Kahler modified Poincare metrics
for successive blow-ups.) The Kahler forms

+ Uj

determine complete modified Poincare metrics on the manifolds Mj —

The metric associated with ωp^ is a true Poincare metric. For
j > 2 the quasi-isometry class of ωpj may be described as follows:
If q £ Ej, then on a neighbourhood U of q, ωpj ~ π^ωpj-i.
If q G Ej and if (zι,...,zn) are normal blow-up coordinates for πj
on a neighbourhood U of q, then locally

(i) ωpj ~ KjUpj-i H dzj Λ dzf + τ*ω^*, and

j \f-ί n

(ii) ωPjj ~ Σ τ*ωA* + ^ dz{ Λ d~z{.
π

Notice that the modified Saper and Poincare metrics differ only
in the order of growth of the fiber terms dzj Λ dzf. These terms
correspond to multiples of a Chern form of the line bundle Lj = [Dj].
Quasi-isometry (ii) simply states that ωpj is a modified Poincare
metric in the sense of (1.6.1).

Let α sap and ^Poinc be the fundamental forms, respectively, of any
Saper distinguished metric and any Poincare metric on Mj — Dj,
neither necessarily Kahler. Using the local descriptions of ωsj and

we obtain

THEOREM 8.4.3. (Global bounds for modified Saper and Poincare
metrics.) The modified Saper metric on Mj — Dj associated with
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is bounded below by the sum of the metric induced from Mo and
a Saper distinguished metric, and is bounded above by the modified
Poincarέ metric associated with ωpj. This modified Poincare metric
is bounded above by a true Poincare metric. More concisely:

τr*oωo + u>saP < ωsj < ωP,j < ωPoinc.

Proof. The first inequality follows directly from part (ii) of The-
orem (8.4.1) and the second from the definition of ωp,j. The local
quasi-isometry class of the form ωpOjnc is given by

which dominates ωpj, by Lemma (5.3.6). D

When more is known about the relationships between the centres
Ci and the exceptional divisors A - i , we can be more precise in our
descriptions of the metrics. Let ωp^om be the fundamental form of
a modified Poincare metric on Mj — Dj which is homogeneous in the
sense of (1.6.2). The following theorem is proved in §8.8. We allow
for the possibility that Dj may have several connected components,
but we need only prove the theorem for the case of a single connected
component, since each blow-up map τr; is a biholomorphism away
from its own exceptional divisor Ei*

T H E O R E M 8.4.4. {Metrics for the case Ci c A - i ) Suppose that
for 2 < i < j , the centre C{ for the ith blow-up is either contained
in the total exceptional divisor D^i of the first i — 1 blow-ups or is
disjoint from Ό{-.\. Then the Kdhler metric associated with ωsj is
a homogeneous Saper metric in the sense of (1.8.4) and the Kdhler
metric associated with ωpj is a homogeneous Poincarέ metric. More
concisely:

l α ; P ) h o m .

//; in addition, dimCi = 0 and dimC; = 0 for each i such that
Ci is disjoint from Di-\ {i.e. the image of Dj in Mo consists of
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isolated points in Mo), then the modified Saper metric is exactly a
Saper distinguished metric, i.e. ωsj

Outline of proofs. We proved Theorems (8.4.1) - (8.4.4) for a single

blow-up in §7. In that case, α^i ~ τr*α;o + ^sap and

Now fix m > 2 and assume that Theorems (8.4.1) - (8.4.4) are
true for 1 < j < m — 1. For the rest of §8 we will let π = π m .
Consider the forms

+ vm and ωP^m = ωs,m + ωm.

The form vm is hermitian and ^-closed so to show that ωs,m and

are Kahler, we need only show that ωs,m is positive on Mm — D

The (1, l)-form v — vm may be written as v — —

where β = — log11 sm | | 2 and || sm \\ is the norm of the section
sm : Mm —> Lm described in §8.1. As in §5.1 we decompose v as
v = μ + η where

(8.4.5)

μ= ^ - = - - C i ( [ ^ m ] , M and 7/=
7Γ μ μ 7Γ μ

By Lemma (8.3.1), the rate of growth of /? near q G An is given
locally in normal coordinates by β ~ — log | Zιz2...zk | 2.

Application of our inductive assumption of Theorem (8.4.1) for
j — rn — 1 is complicated by having to deal with two sets of local
coordinates near π(q) in Mm_χ: coordinates W which are normal
for the collection of all irreducible components E\,..., EK of D m _i
passing through τr(g), and coordinates Z, as described in §8.2, which
are normal for Cm and those irreducible components Ei of An_i
whose strict transforms in Mm pass through q. Our local coordinates
z on Mm are normal blow-up coordinates corresponding to Z. To
use our inductive assumption, written in W coordinates, we first
convert to Z or z coordinates.

To simplify notation we will let

(8.4.6)

ώ = > 7r- and Φ = >
71 i=l \ zi \ π i=l
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Throughout §8 we will use freely the quasi-isometries

(8.4.7)

/—-T n /-—T n

ωm ~ J2 dzi Λ dzi and α;m_i ~ J2 dWi Λ

where ω m and ωm_i may be replaced by the positive (1, l)-forms
corresponding to any hermitian metrics on Mm and Mm_i respec-
tively.

It is convenient to write our inductive assumption in terms of the
function B = — log 11 sm_i | | 2 . By Lemma (8.3.1) with j = m — 1,
we have

J 3 ~ - l o g | W W 2 W i | 2

near π(q). Our inductive assumption of (8.4.lii) for j = m — 1 may

be written as

1 1
(8.4.8) ω5|m-i > < - Φ +

from which it follows that ωs)m-ι > jjUm-i and

~ 1
(8.4.9) τr*α;5,m_i > — π*cϋm_!

where ^ = τr*B. Lemma (8.3.1) gives us a description in z coordi-
nates of the rate of growth of β' near q.

The proof of positivity and the calculations of the quasi-isometry
classes of Theorem (8.4.1) are done for q £ Em in §8.5 and for
q 6 Em in §8.6 . We finish the proof of Theorem (8.4.2) in §8.7 and
Theorem (8.4.4) in §8.8. D

m.
(8.5) Quasi-isometry class of ωsim near q £ E

Proof of Theorem (8.4.1) for q £ Em. If q is not in the exceptional
divisor Em = π~ι(Cm) it is easy to show that the form ωs,m =
ίfl"*ωs,m-i + v is locally quasi-isometric to π*ωs,m-ι for / 3> 0. We
need only show that lπ*ωsyTn-ι dominates v = μ + η locally. If q £
Dm then π*ωsiTn-ι is positive and v is bounded on a neighbourhood
of q and we are done.
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Suppose that q G Dm but q £ Em. The map π is a biholomor-
phism near q so 7r*ωsjm_i has the same description in local coordi-
nates as ωs^m-i By our inductive assumption that ωs,m-ι satisfies
quasi-isometry (ii) of Theorem (8.4.1), we have

~ 1 , 1> φ +

where φ is as in equation (8.4.6). Recall that μ = — |c i ( [D m ] , hm).

Then μ is locally dominated by l\ωm and hence by lπ*ωs,m-ι for /

large enough. To see that η is also dominated by lπ*ωs,m-ι, we use

Proposition (5.2.4), which tells us that locally \ωm + η ~ \ωm +

Ό ^ Δ * where τm(zu ...,zn) = zAm. The form φm = /?2τ^ωΔ* is

positive semi-definite, and by Lemma (5.3.2), φ > φm . Then -hφ >

and π*ωs,m-ι > r^ωA* + ^ωm ~η+ ±ωm >η. D

(8.6) Quasi-isometry class of ωs,m near q G Em.

Proof of Theorem (8.4.1) for q G Em. Recall that

^5,m = lπ*ωs,m-i + ^,

where ẑ  = — :^dd\og(β2) has the decomposition v — μ + η de-

scribed in (8.4.5) and β ~ — log | z i ^ ^ | 2 near 9. Our inductive

assumption gives us estimate (8.4.9): π*ωsim-ι ^ ir7r*^m-i By

Lemma (8.3.1), /?' < β. Hence

- 1
(8.6.1) π*ωs,m-ι > -gκ*ωm-χ.

We will first show that /4τr*α;m_i+μ and ljjπ*ωm-ι+v are positive
on Mm — Dm for / » 0. We will then calculate the quasi-isometry
class of Z-^7r*α;m_i + μ in local coordinates to obtain part (i) of
Theorem (8.4.1). To prove part (ii), we estimate the size of the
terms in ωs,m which have Poincare-type growth, using properties of
the multiplicity matrix Tm(D,E) from §3 and results on Poincare-
type forms from §5.
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LEMMA 8.6.2. For I ^> 0 the (1, ϊ)-form l^π*ωm-ι + μ is positive
on Mm — Dm and

βπ Um~1 μ ~ βωm'

Proof. From (8.4.5) we have μ = - | c i ( [ D m ] , Λm). Recall from

Corollary (4.3.2) that there is a Kahler form ώm_i on Mm_i such

that

/π*ώm_i - cι([Dm], hm) > 0

on Mm for / > 0. Then /τr*ώm_i + βμ > 0 for / > 0. Since all
metrics on a compact manifold are quasi-isometric, we have

β m l ~ β m

for the positive (1, l)-forms ωm-ι and ωm of any hermitian metrics
on M m _! and Mm respectively. D

Since β' < β we have

COROLLARY 8.6.3. For I > 0

β'π Um~l μ ~ βf7Γ UJm~1 ~βωm'

The next lemma is a consequence of Proposition (5.2.4).

LEMMA 8.6.4. For z\,..., Zk close enough (but not equal) to 0; the
(1, l)-form \u)m + η is positive and

1 1

Combining Lemmas (8.6.2) and (8.6.4) we obtain the following
quasi-isometry which, together with inequality (8.6.1), implies that

s positive.

COROLLARY 8.6.5. For z\,...,Zk close enough (but not equal) to
0 and I > 0
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Using the inequality β' < β again gives us a variation of Corollary
(8.6.5) which is used in the conclusion of the proof of Theorem
(8.4.Π) below.

COROLLARY 8.6.6. For z\, ...,£& close enough (but not equal) to
0 and I > 0

, 1 * , 1 * , 1 , *

Next we describe the (1, l)-form of Corollary (8.6.3) in local coor-
dinates. We show that 4-π*α;rn_i dominates all terms in \ωm except
possibly those in the direction of fibres of the map Em —> Cm.

LEMMA 8.6.7. For z\,..., Zk close enough (but not equal) to 0

(i) — τr*α;m_i + -ωm (-^(dzk Λ dzk + dzc Λ dzc)
P β π \β'

1 ^ \
+-fidzf Λ dzf I

(ii) - —τr*α;m.i + —^~^dzf Λ dzf.

Proof. We write out τr*α;m_i in local coordinates, using the nota-
tion of §8.2:

(8.6.8)

π*cc;m_! - π* Γ ^ z Λ dZ{

V ^ t ίV

dzk Λ dzk + dzc Λ dzc

+ (zfdzk + Zkdzf) A (~Zfdzk +
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where the repeated index / indicates summation over the set Γ—{k}.
Adding \ωm and writing the forms in chart format we have:

1 * 1
— π ωm-ι + -gC

Λ

dzk

dzc

dzk

~β' β

0

άzf

1

^k^f~Ξf

2 I

0

1

dzc

0

0

Λ
7Γ

dzk

TβdZ}

dzt

J i l l
dzt

-I
0

- (PZkzf\jj 0

0

From Lemma (8.3.1), β - βf if Cm C £>m_χ and 1 < | - < - log | zk | 2

for ziy..., zk near 0 if C m (jL D m _i. In both cases, Zk4r -> 0 and 4- is

bounded as ^ —>• 0. This proves quasi-isometry (i). Quasi-isometry

(ii) follows because we have showed that the form 4-π*ωm_i domi-

nates all terms in \ωm except ^^Ξίjjdzf Λ dzf. D

Conclusion of the proof of Theorem (8.4.1 i). From Corollary
(8.6.6) and Lemma (8.6.7) we obtain the quasi-isometry

—
1 ,
o d z ί Λ

for / 3> 0 and zi,..., z* close enough (but not equal) to 0. Applying

inequality (8.4.9), which says that π*ωsim-ι ^ ^*^m-i^ we obtain
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quasi-isometry (i) of Theorem (8.4.1):

,m = lπ*ωs,m-ι + v ~ π*ωs,m-i + -dzf Λ dzf

7Γ fj

Conclusion of the proof of Theorem (8.4.1 ii). We start with the
pullback of the forms of our inductive assumption (8.4.8):

* ~ * *

where Φ is as in (8.4.6). Notice that if ωsap,m-i is the fundamental
form of a distinguished Saper metric on Mm_i — D m - i then

1 _ 1

near π(q). Applying Corollary (8.6.5) and the inequality π*B

β'<β gives

1
lπ*ωs,m-i + v> TΓ^QU O + π* ^

Part (ii) of Theorem (8.4.1) can be written as

1 1

fr* + > + Φ +

with ^ as in (8.4.6), and follows from the next lemma.

L E M M A 8.6.9. For zι,...,Zk close enough (but not equal to) 0,

1 # - 1 , 1
7Γ ωSap,m-l + ~ή^m + TmUA* > —φ + -CJm .

Proof The quasi-isometry class of ωsap,m-i near π(q) was de-
scribed in terms of local coordinates W which are normal for all
irreducible components Eχ,...,Eκ of An-i passing through τr(g).
We will first rewrite some of the terms of ωsap,m-i i n the Z co-
ordinates of §8.2, which are normal for Cm and those components
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Eu ..., Ek-ι of An-i whose strict transforms in Mm pass through q.
We will then use our §3 description of the relationship between the
multiplicities of the components of D m - i and Dm and our §5 results
on Poincare-type forms.

Recall (Corollary (5.3.5)) that the quasi-isometry class of a distin-
guished Saper metric looks the same in any system of normal coor-
dinates W for J5Ί,..., Ejζ- We may choose Wι = Zi for 1 < i < k — 1
and then augment the collection Wι,..., Wk-i to a collection of nor-
mal coordinates W\,..., Wn for Eι,..., EK- Then

1 1

Let

^ϊ 1

Λ

dZf Λ

Using π*B = β' < β,we obtain

1
7r*U>Sap,m-l >

i = l

The forms φi have a simple description in z coordinates, since for
1 < i < k — 1 the pullback of Zi under π is

π*Zi = Zizξ

where δi = 1 if C m C ^ and ίj = 0 otherwise.

Recall that τm(zu ...,zn) = zAm = z\mlz\m11 ...z\mk where

^m,i, ,λm,fc are all positive integers. Let βm = — log | zKm \ and

Φk '= βlj>^. Then βm ~ /? and

1 J f e - l 1
^ Σ ^ + ̂ ω^ + r>Δ.

1 1

By Lemma (5.3.1), Σ£=i
plicities

Λ' =

> provided that the matrix of multi-

1 0 . . . 0
0 1 . . . 0

0 0 . . . 1

\
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corresponding to the forms φι,-..,φk has nonzero determinant. It is
easily shown that

fc-l

detΛ' = λm)k

We now use our careful calculations of the properties of the matrix
T = Tm(D, E) in §3. Recall from §8.3 and §8.2 that λm>< = tmJi and
λm,fc = tmjk = ίmm, and note that δ{ = δjum. By Lemma (3.7.3),

m-l

tmm = = J- ~r / v tmjUjm')

where the integers tmj and δjm are all nonnegative. Then

fc-l

det Λ' = tmm - ]Γ tmijiδjiim

m-l

^ tmm / ^ tmjOjm
3=1

= 1.

D

(8.7) Modified Poincare metrics.

Proof of (8Λ.2). Part (ii) of this theorem follows from Proposition
(5.5.1). We now prove part (i). Recall from (8.6.8) that

π*ω m _! ~ (dzk A dzk + dzc Λ oί^c
7Γ

+(zfdzk + zkdzf) Λ (zfdzk + Zkdz/))

where the repeated index / indicates summation over Γ—{&}. Then

7r*α;m_i + ̂ ψ^dzf A dz/ is positive and hence locally quasi-isometric

to ωm. Substituting, we obtain

7Γ I l o g I I I

+ 7Γ ωm_χ H dzf Λ azt
π
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π*(ωSim-ι + ̂ m-i) H dzf A dzf + τ^

7Γ

H

(8.8) Metrics in the case C* C A-i

Proof of (8.4.4). The statement of Theorem (8.4.4) allowed for
the possibility that Dj might have several connected components,
but it is sufficient to prove the theorem in the case that Dj is con-
nected, since each blow-up π^ is a biholomorphism away from its
exceptional divisor Ei. This simplification allows us to avoid having
to work with submatrices of multiplicity matrices corresponding to
individual connected components of Dj. For the rest of this proof
we will assume that C* C A - i for 2 < z < m.

We continue to use the notation of §8.3. We may write ωs)Tn as

for some integers ro, ri,..., r m . The forms

"m,< = < ί " i = - ^ ^ l o g ( l o g | | §mti II2)2

are Poincare-type (1, l)-forms corresponding to the divisors Dm<ί =

π ^ ? i A and have the usual decompositions z/m,ί = /x*+r/» as in (5.1.2).

In local coordinates, the function A = — log| | sm,% \f is given by

for some bounded positive C°° function # . If C< C A - i for 2 < z <
m, the calculation of the quasi-isometry class of ωs,m is greatly sim-
plified, because in this case all entries of the matrix Λ are positive,
by Proposition (3.7.4), and consequently βi ~ β ~ — log | Z\Z2—Zk | 2

for all i.
Applying Lemma (8.6.2) inductively in this case, it is easy to show

that there are positive integers r, (rt a sufficiently large multiple of
), such that

m ^
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By Proposition (5.2.4),

α i 1 . *

locally, for any positive constant α. Then locally

1

1 1
~ <i,o«>o + ^ ω m + — Σ A ? r>Δ* since A ~ /?

" " ι = l

Recall from §8.3 that the mxk matrix Λ has rank k. We may apply
Lemma (5.3.1) to the sum of the forms φi — βfτ*ωA* to obtain

m

~ Φ

This shows that ωs)m is homogeneous in the sense of (1.8.4).
Recall that ωs,i ~ ^I^O+^SΆP (Corollary (7.2.2)) and if dimCΊ =

0 then CJ^I ~ α;sap (Corollary (7.2.3)). If ωs,i ~ ĉ sapj then we may
neglect the term τr^oα;o in all successive blow-ups, and we obtain
the local quasi-isometry

1 . 1

Φ
which describes a Saper metric.

To obtain the quasi-isometry ωpyTn ~ cop^om, use Proposition
(5.5.1). ' ' D

§9 Homogeneous Saper metrics and proof of Theorem II.
Let M be a compact complex Kahler manifold and let X be a re-
duced compact analytic subspace of M. In §9.1 we will show how
to construct a homogeneous Saper metric on the nonsingular set of
X. This metric has the advantage that it is more easily described
in local coordinates than the metrics of Theorem (8.4.1), but the
disadvantage that there is not a natural decomposition into terms
corresponding to each of the blow-up maps used to resolve X.

In §9.2 we will show that an incomplete metric on M—Xsing which
determines an embedded resolution of singularities of X is associ-
ated in a very simple way with a certain complete Kahler modified
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Saper metric on M — Xjίng This result, together with Corollary
(10.2.4) on fine sheaves, constitutes our second main result, Theo-
rem II of §2.2.

(9.1) Complete Kahler homogeneous Saper metrics. Let M —
Mo be a compact complex Kahler manifold with Kahler form ω and
let X be a reduced compact analytic subspace of M. Suppose that
{TΓJ : Mj —> Mj_i} is a finite sequence of blow-ups along smooth
centres Cj C Mj-ι which resolves the singularities of X and such
that Cj has normal crossings with the total exceptional divisor Dj-ι
of the composite map π^o Mj -+ Mo. Let M = Mm be the final
blow-up, let π = πm?o be the composite map from M to M, and
let D — Dm be the total exceptional divisor of TΓ. The strict trans-
form X of X in M is smooth and has normal crossings with D, and
X — (X Π D) is isomorphic to X — XSing A metric on M — D induces
a metric on X — XSίng

In §8 we constructed complete Kahler modified Saper metrics for a
sequence of blow-ups of this type. We showed that if for 2 < j < m
the centre Cj is either contained in the total exceptional divisor
Dj_ι or is disjoint from Dj-ι, our Kahler form ωs^n on M — D is
homogeneous, i.e.

ωs,m ~ τr*α; + ωsap

where ĉ sap is the fundamental form of a distinguished Saper metric
on M — D. Now we will show that we may obtain such a metric
even when we remove this requirement.

Recall that the irreducible components Emjι,...,Emim of D are
the strict transforms of the exceptional divisors Ej = πJι{Cj).

THEOREM 9.1.1. Let 2?1? ...,Vm be effective divisors on M with
the same support as D, i.e. such that

3=1

for some positive integers b{j. For each divisor T>i, let Hi be a her-
mitian metric on the line bundle Ci = [Dΐ\ and let Si be a section
of Ci such that (Si) — T>i and \\ Si | | 2 < 1 on M. Let z/z- be the
associated Poincare-type (1,1)-form
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Suppose that
i. the matrix of multiplicities (bij) is nonsingular, and

ii. the forms

ψj = lπ*ω-c1([Dj],Hj)

are positive for all sufficiently large integers I.
Then the form

m

ωs = lπ*ω

is the fundamental form of a complete Kάhler homogeneous Saper
metric on M — D.

Proof. The construction is similar to that of §8. The form ωs is en-
closed so we need only show that it is positive and has the required
local quasi-isometry class.

We decompose Vj as Vj = μj + ηj as usual and note that

Pj

where βά = — log 11 Sj | | 2.
Consider any point q G M. If q £ D then π*ω is positive and Uj

is bounded in a neighbourhood of q so lπ*ω dominates Vj for large
/. Suppose that q € D and let Eu ...,Ek be the components of D
passing through q. Each Ei is one of the strict transforms Em%a.
The divisors D and Vj have the same irreducible components so
Eι,...,Ek are also the components of Vj passing through q. Let
λji be the multiplicity of Ei in Vj. The matrix Λ = (λ^) is the
m x k submatrix of the matrix (bij) corresponding to the divisors
J5Ί,..., Ek. The rank of Λ is k.

Let (zi,..., zn) be normal coordinates for the divisors Ei in a neigh-
bourhood U of q and let β — — log | ZιZ2 . zk \2. Near q we have

By assumption (ii), the forms
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are positive for all sufficiently large integers /. Then

2L, dZilπω + μ j π ω + 2L,
P π *=i

for ^i, ...,£* close enough (but not equal) to 0. Let r3 , : U —> Δ be
the monomial map given by

Tj^i, ...,znj — zλ z2 ...zk .

It follows from Proposition (5.2.4) that

ϊ * sk ^r ~~~ V "^ 7 I — sic

and from Lemma (5.3.3) that

A , x/11! 1 Λ d^ Λ rf%

because the matrix Λ has positive entries and rank k. Then

log\zιZ2...zk \ \i=ι

Λ

for zi,..., Zk close enough (but not equal) to 0. This shows that ωs is
positive for / ̂ > 0 and that α;̂  ^ 7r*tt;+u;sapj i e ^ i s homogeneous.
Completeness follows from Proposition (6.1.1). D

COROLLARY 9.1.2. There exists a complete Kάhler homogeneous
Saper metric on M — D and hence on X — XSing = X — (X d D).

Proof. Let X>i, ...,2?m and iϊΊ, ...,i/m be the divisors and metrics
of Proposition (4.4.1). These divisors and metrics satisfy conditions
(i) and (ii) of the previous theorem. For each i we may choose a
section Si of the line bundle Cι = [Di] such that (Si) = 2?* and such
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that | | Si | | 2 < 1 on M. Let ^i, . . . ,^ m be the associated Poincare-
type (1, l)-forms. Then the form

is the fundamental form of a complete Kahler homogeneous Saper
metric on M — D. D

(9.2) Incomplete and complete Kahler metrics. We will now
describe a simple relationship between certain incomplete and com-
plete metrics on X — XSing.

First note that in Theorem (9.1.1) we needed only a single Poincare-
type (1, l)-form Vi to obtain completeness because each divisor V =
V{ has the same support as D. Furthermore, we assumed that the
Chern form Ci ([£>], H) corresponding to the metric H = Hi had the
property that

was positive on M for all sufficiently large integers I. We may write
this assumption in terms of a section S of [V] such that (S) — V
and | | 5 Ί | 2 < l a s

on M. The form φ is a Kahler form on M which determines an
incomplete metric on M — D = M — XSing The completion of
M — -Xsing under this metric is M. Recall (definition (2.2.1)) that
we say that this incomplete metric on M - ^sing determines an
embedded resolution of the singularities of X. We will now show
that each such metric corresponds to a complete Kahler modified
Saper metric on M — X s i n g = M — D.

T H E O R E M 9.2.1. Let V be an effective divisor on M with the
same support as D, let S be a section of the line bundle C = [V]
such that (S) = V and \\ S \\ < 1, and let H be a metric on C such
that for all sufficiently large integers I
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determines a Kάhler metric on M. Then the (1, l)-form

Ω s = lπ*ω - yΞlddlog(- log || S | | 2 ) 2

determines a complete Kάhler modified Saper metric on M — D such
that

π*ω < Ω5 < π*ω +

and
1

Ω <

Proof. Since Ω5 is positive away from D for / ^> 0, we need only
prove the given quasi-isometries on neighbourhoods of points of D.
We write Ω5 as lπ*ω + v = Zτr*α; + μ + η where

S II2) = - |

y/ΐdβAdβη=-—w~' and

β = -\og\\S\\\

Then

Ω = liΐ*ω + -βμ

and

lπ*ω + μ ~ lπ*ω + - Ω > 0.

Next we calculate the local quasi-isometry class of

Ωs = lπ*ω + v = lπ*ω + μ + η.

Choose normal coordinates {z\,..., zn) near q G suppD = pp
Locally the divisor V is given by the equation Zι1Z22...z%k = 0 for
some positive integers λi,..., λk Let r be the local monomial map
given by

λ
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Using Proposition (5.2.4) we get locally

1 ~
lπ*ω + a + η ~ π*ω + —Ω + τ*ω&*

β

which is always positive. This shows that Ω^ determines a Kahler
modified Saper metric o n M - D and that Ωs > (1//?)Ω. Moreover
Ωs is bounded above by the Kahler form ωs of a homogeneous
Saper metric, i.e. a Kahler form ωs such that ωs ~ π*ω + ωsΆp. To
construct such an ωs, we proceed as in the proof of Corollary (9.1.2)
but note that for some i we may replace T>i by V and preserve the
properties needed to apply Theorem (9.1.1).

We use Proposition (6.1.1) to get completeness.

D
COROLLARY 9.2.2. There exist a divisor V on M with the same

support as D, a section S of the line bundle C = [D], and a metric
H on C such that for all sufficiently large integers I

i. the (1, l)'form

determines a Kahler metric on M and

ii. the (1, l)-form

Ω5 = lπ*ω - ^Eλdd\og(-log\\ S | | 2 ) 2

Z7Γ

determines a complete Kahler modified Saper metric on M — D
such that

π*ω < Ω5 < π*ω + α;sap

and
1 ~ ~

^Ω < Ω 5.

^ i i 2 -
Proof We have many choices for D, since all the Kahler forms

we constructed on M by the methods of §4 may be written in the
form (i). For example, let V be any of the divisors Vj of Corollary
(9.1.2) and Proposition (4.4.1). Then

is positive on M by Proposition (4.4.1) so it determines a Kahler
metric on M. Now apply Theorem (9.2.1). D
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§10. Fine sheaves. Let M be a compact complex manifold and
let X be a reduced compact analytic subspace of M. Let π : M —>
M be the composite of a finite sequence of blow-ups of the type
described in §1 which resolve the singularities of X. Let D be the
exceptional divisor of π. The strict transform X of X in M is
smooth and has normal crossings with D and the restriction of π to
X — (X Π D) is a biholomorphism onto X — XSing

Let h be a hermitian metric on X—XSing — X—(XίΊD). Let <So be
the complex of presheaves on X whose sections over any open set U
in X are smooth measurable differential forms φ on UΓ\ (X — XSmg)
such that both φ and dφ are Z/2-bounded with respect to h. Let S
be the associated complex of sheaves on X. Similarly, let SQ be the
complex of presheaves on X whose sections over any open set U in
X are smooth measurable differential forms φ on U — (U Π D) such
that both φ and dφ are Z/2-bounded with respect to /ι, and let S be
the associated complex of sheaves on X.

We will show that if h is bounded below by the restriction to
X ~~ ^sing of a hermitian metric on M, then <S is a complex of fine
sheaves. In particular, if h is a modified Saper or modified Poincare
metric then the complex of sheaves <S on X is fine. Similarly, if h
is bounded below by the restriction to X — {X Π D) of a hermitian
metric on X, then S is also fine. In particular, if h is a modified
Poincare metric then the complex of sheaves S on X is fine.

We first review some technical material concerning Z^-norms of
forms.

(10.1) Comparison of ^-bounded forms in two metrics. Let
KA and hβ be two hermitian metrics on an m-dimensional complex
manifold Y. Let W be a coordinate neighbourhood of a point y in Y.
After shrinking W if necessary, we may choose C°° sections ίi,..., tm

of the tangent bundle TW which are linearly independent at each
point of W and orthonormal with respect to /ι^. We call £χ, ...,ίm

an orthonormal frame for HA Let Ti, ...,rm be dual sections of the
cotangent space T*W. We call τi,..., τ m an orthonormal coframe for
/ι^. Let G — {Gij) be the C°° matrix for hβ with respect to the
frame tu ...,ίm, i.e. {U,tj)B = G -̂, where <?# is some C°° function
on W. Then (TΪ, TJ)B = (G~ι)ji. The matrix G is hermitian positive
definite at every point, so there is a (constant) unitary matrix U
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such that

where U* = U and D is a (constant) diagonal matrix with positive
diagonal entries di.

REMARK 10.1.1. At each point y in y , we have hB > HA if and
only if di > 1 for all i.

Next we construct an orthonormal frame and coframe for HA with
respect to which the matrix for hβ at the point y is diagonal. Let

3=1

and

3=1

Then ei,...,em is another orthonormal frame for HA and £i,. . ,£ m

is another orthonormal coframe for /u The matrix for hβ with
respect to the frame {e }̂ is

D = UGU*

where (e^e^B = A j and (ξuξj)B = (^"^jt Note that £>(?/) = i^.
At the point y we have

(ξi(y),ξj(y))A = ίy, and (ξi(y),ξj(y))β = —δij,
u>i

where 5y = 1 if z = j and δij = 0 Ίΐ i Φ j . We may extend the

collection of tangent vectors {-73= (̂2/)} to an orthonormal frame

{e^} for hβ on VF and the collection of cotangent vectors {\/cΓiξi(y)}

to an orthonormal coframe {< }̂ for hB. Let C be the matrix for the

change of frame

e'i = Σ < V ; a n d ξl
j

Then
CDC* = I and C(y) =
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i.e. C(y) is the diagonal matrix whose diagonal elements are -7==.
Volume forms for hA and hβ are

and

dVA

dVA.

Recall that D(y) — D, so that det D(y) = dιd2...dm.
We now compare L2-norms with respect to hA and hB Let ψ be

a p-form which is locally of the form

^ = Σ a(U, ,iP)ξii Λ - Λ &p = Σ aI& = Σ Plζ'l'
i\<...<ip I I

Similar calculations can be done for (p, g)-forms. We have

and (ψ,ψ)B = Σ,\βi\2'
I

Integrating over Y gives the L2-norms

ψ,ψ)AdVA and (ψ,ψ)B= / (-0, ψ)β dVβ
y '

where dV^ = det D C/VΛ locally.
To compare L2-norms with respect to hA and hβ we will compare

the local expressions for (ψ,ψ)A and {φ.^
For example, if p = 0 and ψ = a, then

and ^ is locally Z?-Z/2-bounded if and only if y det Dψ is locally
A-L2-bounded.

If p = m and ψ — aξi Λ ... Λ ^ m j then

I a\
, <ψ)B det D = \—V det

detD
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and φ is JB-Z^-bounded if and only if φ is A-Z^-bounded.
If p = 1 and φ = Σ #*& — Σ βiξ'i then at the point y,

If hB > HA then d{ > 1 for all i so

l

i.e.

(10.1.2) (Φ,Φ)B<(Φ,Φ)A.

Similarly,

at each point y so

(10.1.3) (Φ,Φ)B>(Φ,Φ)A

if hB > hA.

(10.2) Fine sheaves. Let F b e a reduced compact analytic sub-
space of an n-dimensional compact Kahler manifold M and let Z
be a complex analytic subspace of Y containing the singular set of
Y. Let hjtf be a hermitian metric on Y — Z induced from a her-
mitian metric on M. Let h be another hermitian metric o n 7 - Z
and let So be the complex of presheaves on Y whose sections over
any open set U in Y are smooth measurable differential forms φ on
U Π (Y — Z) such that both φ and dφ are Z/2-bounded with respect
to h. Let S be the associated complex of sheaves on Y. We will
show that if h > hu on Y — Z then S is a complex of fine sheaves.

The main technical result we need is the following proposition.
Recall that by a C°° function on Y we mean the restriction to Y of
a C°° function on M.

PROPOSITION 10.2.1. Let U be an open set in Y and let φ be
a smooth measurable differential form on U D (Y — Z) such that
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φ is L2-bounded with respect to h. Let f be a C°° function on Y.
Suppose that h > KM on Y — Z. Then df A φ is L2-bounded with
respect to h.

We will work in terms of frames and coframes of the type de-
scribed in §10.1 above, letting hΛ = hM and hB = h. More specifi-
cally, for each y eY — Z we may choose a coordinate neighbourhood
W on which we have an orthonormal frame {e }̂ and coframe {ξi}
for /i^, and an orthonormal frame {e }̂ and coframe {ξf

{} for hB

such that (ei,ej)β = A? and ί)(y) = D is a diagonal matrix with
positive diagonal entries rfz. The statement that hB > h,A means
that every eigenvalue di of D satisfies di > 1. Then for every 1-form
Φ, we have (Ψ,Φ)B < ( ^ , ^ ) Λ I n particular, (df,df)B < (df,df)A-
But (cί/, df)A is bounded because / is a C°° function on Y and /ι^
comes from a metric on M. Choose K > 0 such that (d/, d/)^ < i ί
everywhere on Y.

Suppose that φ is a p-form.

LEMMA 10.2.2. (df Λφ,df Λφ)B < κ[pl1){φ,φ)

Proof In terms of the coframe {£z }, let

B.

3

Then

and

μ|=p+i

(dfΛφ,dfΛφ)B=

Σ Λ <M-i) s s n ( i > / )) 6

(df,df)B(φ,φ)B

")(df,df)B(φ,φ)

\J\=p+l
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(df,4f)Λ(Φ,Φ),

We now conclude the proof of Proposition (10.2.1). The h-
norm of df A φ on U' = U Π (Y - Z) is

{df Λφ,dfΛ φ)B = J (df/\φ,dfΛ φ)B dVB

< oo

since the form φ on U' is Z/2-bounded with respect to
h = hB. D

We use Proposition (10.2.1) to prove our main result about fine
sheaves.

PROPOSITION 10.2.3. Ifh>hM onY - Z, then S is a complex
of fine sheaves.

Proof. It is sufficient to prove that multiplication by a C°° func-
tion determines a morphism of presheaves So -» <S0. Let φ be a
section of So over an open set U in Y, i.e. φ is a smooth mea-
surable differential form on U Π (Y — Z) such that φ and dφ are
L2-bounded with respect to h. We will show that for any C°° func-
tion / on F , the forms fφ and d(fφ) are also /ι-L2-bounded. Now
d(fφ) = df Λφ + f dφ, and fφ and / dφ are /ι-L2-bounded because
/ is bounded. By Proposition (10.2.1), df Λφ is also /ι-L2-bounded.

Thus multiplication by a function which is C°° on Y determines a
presheaf morphism from So to So- The induced map from S to S is
a sheaf morphism, so S admits partitions of unity and is a complex
of fine sheaves. D

Now we return to the situation of the introduction to §10, namely
that X is a reduced compact analytic subspace of M, π : M —> M is
a composite of blow-ups which resolves the singularities of X, D is
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the exceptional divisor of π, and X is the (smooth) strict transform
of X in M.

COROLLARY 10.2.4. Let h be a modified Saper metric on M — D.
Then the associated complexes of L2 sheaves on X and M are fine.

Proof. Recall that every modified Saper metric on M — D =
M — XSing is bounded below by a metric induced from M and then
use Proposition (10.2.3). D

COROLLARY 10.2.5. Let hp be a modified Poincare metric on
M — D. Then the associated complexes of L2 sheaves on X, M, X,
and M are all fine.

Proof Recall that every modified Poincare metric on M — D =
M — XSing is bounded below by a metric on M — XSing induced from
M and also by a metric on M — D induced from M. D

Appendix: Tubular neighbourhood construction. The fol-
lowing tubular neighbourhood constructions are based on Clemens
[CL, §5] and are used in the proof of Proposition (4.1.1).

Let X be a complex manifold and let Y be a compact complex
submanifold. Let TV = Nγ/χ be the normal bundle of Y in X. Let
F be a vector bundle over X and, for any subset Z of X, let Fχ be
the restriction of F to Z.

PROPOSITION A.I . There exist an open neighbourhood U of Y
in X and a C°° projection τ : U -+Y such that

(*) T is surjective and the fibres of τ are holomorphic submani-
folds ofU, transverse to Y.

PROPOSITION A.2. There exist an open neighbourhood U of Y
in X and C°° maps r : U —ϊY and φ : U —> iV such that τ satisfies
(*) of Proposition 1 and such that

i. the restriction of φ toY is the natural identification ofY with
the zero section of N',

ii. φ is a diffeomorphism onto its image, and

iii. the restriction of φ to any fibre of τ : U —> Y is a biholomor-
phism onto an open set in the corresponding fibre of N over
Y.
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PROPOSITION A.3. There exist an open neighbourhood U of Y
and C°° maps τ : U -» Y and p : Fυ —>• τ*Fγ such that r satisfies
(*) of Proposition 1 and such that

i. the restriction of p to Fy is the identity map,

ii. p is a C°° vector bundle isomorphism, and

Hi. the following diagram commutes.

τ*Fγ —-—y Fv

I I I
U

All these propositions are proved in a similar manner, by piec-
ing together local maps using a partition of unity on Y and the
appropriate transition functions.

Proof of Proposition A.I. Let {Ua} be a finite open cover of Y in
X with the following properties:

i. The closure Ua of Ua in X is compact.

ii. On Ua there are holomorphic coordinates za±, ...,£α,π such
that the set Ya = Y Π Ua is given by za± = ... = za^ = 0
and such that α̂,ib-M? •• ?̂ α,n are holomorphic coordinates on

Ya
Define a map vQ : C/α x F α -> Cn~~k by

where x e Ua, y € Ya, and zαj<(p) represents the value of the holo-
morphic coordinate za<ί at the point p.

For each y in 1^, the restriction of vα to 7Q x {y} C UQ x Ya

is holomorphic in x and gives a system of holomorphic coordinates
on Ya, centered at y. For y in YaΠYβ, let Jaφ{y) be the Jacobian
matrix relating ^-coordinates to ^-coordinates at y.

Let {σQ} be a C°° partition of unity on Y, subordinate to the
cover {Ya} of Y. Pick any Riemannian metric on X and let

d = mindist(supp(σα), C/̂ ).

Since supp(σα) is closed and contained in Ua, and {Ua} is a finite
cover of Y with ί7α compact in X, we have 0 < d < oo. Let Wa be
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the neighbourhood of Ya x Ya in Ua x Ya defined by

Wa = I (x,y) eUaxYa: dist(x,y) < - I.

In order for products of the form σΊvΊJΊ)Oί to be defined on all of
Wα, we make the convention that vΊ is 0 outside UΊ x YΊ and J 7 j Q

is 0 outside YaΓ)YΊ.
Define maps

Aa : Wa -> C n - f c

by

7

Notice that if (x, y) € Wα and σ7(y) φ 0, then

dist(x,supp(σ7)) < -

so x G ί/7. Then Aα is a C°° function and the restriction of Aa to
(Ua x {y}) Π Wα is holomorphic.

On Wa Π W)j we have

Aβ(x,y)JβiQ(y) = ΣσΊ(y)υΊ(xJ

7

so Aa(x, y) = 0 if and only if ^ ( x , y) = 0.
For each j/o ^ ^α? the restriction of Aα to {y0} x î α gives a

holomorphic coordinate system on a neighbourhood of y0 in Ya. By
the implicit function theorem, there exist C°° functions Uk+i, ...,un

on a neighbourhood of y0 in X, such that in a neighbourhood of
(j/o, yo) in Wα, Aα(x, 2/) = 0 if and only if za,i(y) = w<(x) for fe + 1 <
i < n. Locally, define a map r by

τ(α ) = (ui(aθ)jb+i<i<n

so that i4α(x,y) = 0 if and only if j/ = τ(x). Since on Wα Π Wβ,
Aa(x,y) = 0 if and only if Aβ(x,y) = 0, the map r may be ex-
tended to a C°° function on a neighbourhood W of Y in X, with
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the property: for each 7, AΊ(x,y) = 0 if and only if y = τ(x).
Since the restriction of Aa to (Ua x {y}) Π Wa is holomorphic and
the restriction to Ya x {?/o} is nondegenerate in a neighbourhood of
(y0? yo)? there is a neighbourhood U(yo) oΐyo in VF such that for y in
Y ΓΊ U(yo)J the fibre r~1(?/) Π £/(?/o) of r is a holomorphic manifold
of dimension k, transverse to Y. Cover Y by a finite number of
such neighbourhoods, let U be their union, and restrict r to be the
projection r : U -> y . D

Proo/ 0/ Proposition A.2. Let r : U -» y be as in Proposition 1.
Let {C/Q} be a finite open covering of Y in X with properties (i) and
(ii) of the proof of Proposition 1 and such that:

iii. There are local trivializations of the normal bundle

φa:N\Ya->YaxCk

with transition functions gaβ on YaΓ)Yβ, such that gaβ(y)ξβ = ζa
Note that gaβ is a k x k matrix so £α and ξβ should be regarded
as column vectors. In terms of holomorphic coordinate systems za

and Zβ on Ua and £7̂ , the matrix gaβ is given by

Let yα = y Π C/α. Shrinking the sets Ua and [/ if necessary, we may
assume that the union of the sets Ua is U and that τ~ι(Ya) = C/α.

To give a map φ :U -^ N, it is enough to give maps

Φa : t̂ α "> ^α X C*

of the form

such that flfttj/j(r(x))^(x) = ξa(x) f° r x €UanUβ.
Let {σα} be a partition of unity on F , subordinate to the cover

{l^,}. Let zΊ = (̂ 7,ί)2=i,...,A; We use the convention that gaa(y) — 0
if y £ Ya Π YΊ and 2;7(x) = 0 if x £ UΊ. Define maps

ξa : C/α -> Ck
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by

7

Notice that ξa is C°° since supp(σ7) CYΊ. On Ua Π Uβ we have

so that the maps φa(x) = (τ(x),ξa(x)) do indeed define a C°° map
V> : U - > TV.

Next we check that ^ has the desired properties. If y G Y then
r(y) = y and £7(y) = 0 for all 7, so the restriction of φ to F is the
natural map of Y onto the zero section of N. The restriction of φ
to the fibre Uy = τ~ι(y) of r is given by

where

so φ \Uy is a holomorphic map to the fibre Ny of JV. To see that
(after shrinking U if necessary) φ is a diffeomorphism onto its image
and the restriction of φ to any fibre of r is a local biholomorphism,
note that in a neighbourhood of y on the fibre Uy of r, £α is a
nondegenerate map to Ck. D

Proof of Proposition A.3. Let r : [/ -» y be as in Proposition 1
and let r = rank(F). Let {Ua} be a finite open covering of Y in X
with properties (i) and (ii) of the proof of Proposition 1 and such
that:

iii. There are local trivializations of F

Φa : F \Ua-> Ua x Cr

with transition functions gaβ on UaΓ\Uβ such that ga,β(x)ξβ = ξa

Let Ya = Y Π Ua. Shrinking the sets Ua and U if necessary, we may
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assume that the union of the sets Ua is U and that τ~1(Ya) = Ua.
Transition functions for T*JF on Ua Π Uβ are gaβ o r. To give a map
p : Fu —» τ*Fγ, it is enough to give maps

p α : [ / α x C r - ) [ / α x C r

of the form

such that gaβ(τ(x))fβ(x,ξβ) = fa(Xjξa) for a;6ί/ Ω n C/̂ .
Let {σα} be a partition of unity on y, subordinate to the covering

{yα}. We use the convention that ρα,7(x) = 0 if a; ^ UaΓ)UΊ. Define
maps

/ o : ί / α X C r - > C r

by

Ί

Since ^7,α(^)ία = £7 w e have

7

On the restriction of F to C/α Π C/̂  we have

Notice that fa is C°° since supp(σ7) C Ky.
Finally, we check that the map p defined by the functions fa has

the required properties. If y G Ya then τ(y) = y and
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so p is the identity map on Fγ. After shrinking U if necessary, the
map p : Fv -» τ*Fγ will be a C°° vector bundle isomorphism. By
construction, p commutes with projection to U. •
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