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Abstract
The Hurwitz action of then-braid groupB, on then-fold product By)" of the
m-braid groupB, is studied. Using a natural action &, on trees withn labeled
edges anch + 1 labeled vertices, we determine all elements of the orbiewary
n-tuple of then distinct standard generators Bf 1 under the Hurwitz action oB;,.

1. Introduction

Let B, denote then-braid group, which has the following presentation [1, 4].

<Ull -+.-30n-1

whereo; is thei-th standard generator represented by a geomethiaid depicted in
Fig. 1.1.

Throughout this papem is an integer withn = 2. Let G be a group and leG"
be then-fold direct product ofG. For elementgy andh of G, let g x h denoteh—1gh
and letg ¥ h denoteg * (h1) = hgh™.

oiojo; =ojoio; (li —j| = l),>
GiGj =(7j(7i (|i—j|>l) '

DEFINITION 1.1. TheHurwitz action of B on G" is the right action defined by

(g].! ey gifla gi! gi+ll gi+21 e gn) * Oj
= (gli o G- %941 O ¥ Gty Gig2s -y gn)

and

(@20 1,0, 0+1, G2, -0 ) 0] T

= (01, -+ Gi-1, Gi+1 % i\ Gy Git2r -« - On),
whereoy, ..., on_1 are the standard generators Bf.

We call the orbit of §1,...,9,) € G" under the Hurwitz action 0B, the Hurwitz
orbit of (g1, ..., gs) and denote it byds, ..., gn) - B,. We say two elements dB"
are Hurwitz equivalentif they belong to the same Hurwitz orbit.
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Fig. 1.1.

When G is a braid groupB,, and eachy; (j =1,...,n) is apositive simple braid
(that means a conjugate of), the Hurwitz orbit of ann-tuple @,...,gn) corresponds
to an equivalence class of an “algebraic” braided surface bidisk D? x D? with n
branch points [11, 13, 14, 15, 17]. Here, we say that two lkdhisurfacesS and S are
equivalentif there is a fiber-preserving diffeomorphisfn D?x D? — D?x D? (that is,
f(D? x {x}) = D?x {g(x)} for some diffeomorphisng: D? — D?) carryingSto S rel
D2x dD?2. It is natural to ask if two given braided surfaces are edeiviaor not. This
question is equivalent to asking if two giventuples @i, ...,09n) and @;, - .., g,) of
positive simple braids determined by their monodromiesHuewitz equivalent or not.
This is a very hard problem and no algorithm to solve it is knowlowever, we can
determine all elements of the Hurwitz orbits of som#uples of positive simple braids.

Throughout this paper, we use the symbgl’“to denote thei-th standard gener-
ator of By, 1, and ‘o;” to denote that ofB,.

We prove that for every permutation of {1, ..., n}, there is a natural bijection
from the Hurwitz orbit of §,1), ..., Syn) t0 @ set consisting of all trees satisfying
the conditions of Definition 2.2. As a result, we determineeiments in the Hurwitz
orbit of (Sy(), . .., Sym)) for every permutatiorp of {1,...,n} (see Theorem 4.3). We
will also prove Theorem 1.2 by using Theorem 4.3.

Let X1 be the set of the integek2, 3,...,n}. For a permutatiorp of {1,...,n},
let A = (i € Xns1 |70 —1) < 970}

Theorem 1.2. For permutationsp and ¢ of {1,...,n}, the following conditions
are mutually equivalent.
(1) (spy - -+ Spmy) @nd (Sywy, - - -+ Sy(n)) are Hurwitz equivalent.

(2) The products i) - - Sy and Sy(1) - - - Sy(m) are equal in Biq.
(3) The sets A and A are equal.

REMARK 1.3. LetB ; be the semi-group which has the generafifs.. ., s;
and the relations™s] = sjs™ if |i — j| > 2 ands'sjs§" = s7§'s] if |i — j| = 1. Let
i: B;;l — Bn41 be the natural semi-group homomorphism, ii€s*) = s for each
i €{1,...,n}. In [7], Garside proved thatis injective. (We call an element o{B., ;) a
positive elemenbf B,,1.) Using the Garside’'s theorem, T. Ben-ltzhak and M. Teicher
showed the equivalence of the conditions (1) and (2) of Témod.2 in [2]. This is



DETERMINING THE HURWITZ ORBIT 61

explained as follows. Ifi — j| > 2, then &, sj) and &, s) are Hurwitz equivalent. If
li—jl =1, then &,sj,s) and &j, s, sj) are Hurwitz equivalent. (See [2].) Thus, for
permutationsy and v of {1,...,n}, (S - - Sem)) @and &y, - - ., Sy)) are Hurwitz
equivalent if and only if the products; - - - s, andsjq)---sj ., in B, are equal.
By the Garside’s theorem, this condition is equal to the d@d that the products
Sp(1)* * * Sp(n) @and sy - - - Sym) iN Bnyq are equal. Thus, we have the equivalence of (1)
and (2) of Theorem 1.2. In this paper, we will prove the edeivee of (1) and (3) of
Theorem 1.2 by using Theorem 4.3.

2. Main result

Let S,;1 be the symmetric group of degreet+ 1 and let7,,1 be the set of elem-
ents €1, ..., tn) of the n-fold direct product §,,1)" of S .1 such thatry, ..., 7, are
transpositions which generaf ;. For any elementz, ..., 7,) of 7,1, the Hurwitz
orbit (1, ..., 7h) - By is contained in7,41 [10, 12]. Thus, we obtain an action &,
on 7h41 as a restriction of the Hurwitz action org(.1)". Let G,.1 be the set of trees
with n edges labeledey, ..., e,} andn+ 1 vertices labeledwvy, ..., vh11}. A natural
action of B, on G,.; has been observed [5, 6, 8]. It is explained as follows.

Take an elementz(,..., ) of Thy1 and puty; = (ki ;) (ki <I;) fori € {1,...,n}.
We definel'(zy,...,tn) @s a graph witm+ 1 vertices labeledvs,...,vy,+1} andn edges
labeled{ey, ..., e,} such that the edge labeled connects with two vertices labeleg,
andvy, fori e {1,...,n}. Sincery, ..., 1, generateS,;1, the graphl'(ry, ..., tn) must
be a tree [5, 6]. Hencd;(ty,...,1) € Gny1. We call the induced map: Tni1 — Gnia
the graphic map The mapr is bijective [5, 6]. Thus, we obtain the action &, on
Gnr1 defined byy © B = T'("%(y)) - B) for y € Goyr and B € By [5, 6, 8]. We call
this action theHurwitz action of B on Gp.1.

For 1<i <n, lett; be the transposition { + 1) of §,;1. Take a permutatiop of
{1,...,n}. Let p: Byy1 — S+1 be the canonical projection and IBt= p": (Bn1)" —
(S4+1)" be the map defined byof,...,by) — (p(by),..., p(bn)). Then, for anys € By, it
holds P((by,...,bn)-B) = (P(by,...,b,))-B. Thus, for every permutation of {1,...,n},
we haveP((Syw), - - - Sem)) - Bn) = (to)s - - - 1 tpn)) - Bn. Since {o(), - - -1 tom)) € Tnya (@and
hence,I'(tya), - - -, tym) € Gnr1), We havel (tyy, - - ., tom) © By C Gnya. In [16], it is
proved that the maf’ = P|s,u....5,0) 8 (Sow)s -+ - Spm) - Bn = (tp@)s - -+ 1 o) - Bn iS
bijective. Then,"o P((S(p(l),...,sp(n))- Bn) = F((t(p(l),...t(p(n))- Bn) = F(t(p(l),...,t(p(n))@ Bs.
SinceI" and P are bijective, the ma o P: (Sy(),---,Sym))* Bn = T'(tpa), - - -, o)) © Bn
is bijective.

REMARK 2.1. Take an elementy, ..., 1,) of Tni1. Let Tnia(ze, ..., ) be the
subset of7n;1 defined by{(z;,...,7;) € Tag1 | 7175 = 11+ - -}, In [10], A. Hurwitz
proved that there exist1@ 1)"* elements of7n41(t1, - . ., ). In [12], P. Kluitmann
proved that the Hurwitz orbitz(, ..., z,) - By is equal to the se¥n 1(z1, ..., 1) by

an induction onn and using combinatorially calculations &.,. Hence, there exists



62 Y. YAGUCHI

(n+1)"* elements in the Hurwitz orbitz(, ..., ,)- B,. In [9], S.P. Humphries proved
that the Hurwitz orbit §,...,s,)- B, consists of i+ 1)"* elements. In [16], the author
proved that for any permutatiop of {1,...,n}, the Hurwitz orbit &,(), ..., Sym)) - Bn
consists of 1§ + 1)1 elements.

Let C be a circle inR?. Let P"*1(C) = C x --- x C denote the product space of
n + 1 copies ofC. Let Q™YC) = {(d, .- ., Gnt1) € P"™HC) | g #q; fori # j}.
We call Q"+1(C) the configuration space of ordered # 1 distinct points of C Fix
an elemeng = (qy, . . ., Ghs1) € Q"Y(C) and Ietl“r‘]‘+l be the set of segmentsq; |
1<i<j<n+1}in R2 Take elemente and€ of I'! .. If de = {q, g}, 9€ =
{gi, g~} and g # g, i.e., e and € share a common end poigt, then we say that
e and € are adjacent(at gj). Moreover, if the end pointsj/, g and g appear onC

counterclockwise in this order, then we say tlais aright adjacentto e (at g;).

DEFINITION 2.2. Ann-tuple @y,...,€,) of elements oﬂ“ﬁ+1 is goodif it satisfies
the conditions (i)—(iii).
(i) If k#1, theng andg are disjoint or adjacent.
(i) If k<l ande andg are adjacent, then is a right adjacent te.
(iii) The unione; U---U e, is contractible.

Let G(T',,) be the set ofn-tuples of elements of !, which are good. When

(e, ..., &) is an element oQ(FﬂH), the unione; U--- U g, is regarded as a graph
with n+1 verticesqy,...,0n+1 andn edgesey,...,e,. Note that the graple; U---Ue,

is a tree. Putting labels; on the pointsg; for 1 <i <n+1, we regardg(FﬂH) as a
subset ofG,,1. The following is our main theorem.
Theorem 2.3. For a permutationg of {1,..., n}, there exists an elememt of

Q™X(C) such that the Hurwitz orbif"(t,), - . ., tym) © By is equal to the seG(I'y, ;)
(C Gn+1). Hence the mapT” o P gives a bijection from the Hurwitz orbis,y, - - -,
Sy(n) - Bn to the setG(T'y, ).

REMARK 2.4. In [16], the author found an elememtof Q"*%(C) such that the
Hurwitz orbit I'(ty), - - - , tym) © By is contained inG(I'7, ;). Thus, we obtained an
action of B, on Q(FﬂH) as the restriction of the Hurwitz action @&, on G,.1. In
this paper, we will show the transitively of this action.

3. Some notions

Throughout this sectionX,,;; is the set of the integerg, 3,...,n} and Ais a
fixed subset ofX;,1.
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For integers and j with 1=i < j =n+1, we defines’} € Byy1 ands)} € Byy1 by

#=sh-se( 1 s

k=i+1

whereey = 1 if k € A and ex = —1 if k ¢ A. We call 5} a band generator of B
associated withA. Note that a standard genera®rof B,,; is a band generataﬁﬂ.
Let =, , be the set of band generatds;; € Br1|1=i < j =n+1} associated with
A. Let T,,1 be the set of transpositions & 1. The natural projectiorp: By —
S+1 gives the bijectionp = p|2¢+l: EHAH — The1 Which satisfiesp(q’j*) = (i j) for
l1=si<j=n+1

Let B, = (k, 0) € R? for an integer with 1< k < n 4+ 1. Let C; be the circle in
R? whose diameter is the segmd?iP,,. Take the points Qe C, for 1= k=n+1
such that @ = Py, Qny1 = Py and Q = (k, yk) for each 2= k = n, wherey, < 0
if ke Aandy > 0 if k ¢ A. We call the points @ ..., Q,.1 on the circleC; the
points associated with. We call the elemen@Q = (Qq, ..., Qn1) of the configuration

spaceQ"*1(C,) the ordered n+ 1 points associated with\. Let l"nA+1 denote the set

of segments™, ; = TY, ={QQ; [1=i < j <n+1} in R%. We have a bijection
from ., to I'p,, defined bys} = QQ; for 1 =i < j =n+ 1, and we call the

segmentQ; Q; the segment corresponding t(ﬁs

REMARK 3.1. In [16], the reason why we cal;Q; the segment corresponding
to q’j* is explained as follows.

Let Py=Qy = (0,0)e R? and R,> = Qn;2 = (n+2,0)c R?. Let C; be the circle
in R? whose diameter is the segmé®#P,,,. Let D be the disk inR?, with 4D = C,.
Take an isotopyhy}uep,1; of D such that for eachn € [0, 1], hg = id, hy|sp = id, and
for eachu € [0, 1] and each X, y) € U3 QQi11, hu(x, y) = (x, (1 — u)y). Then
hi(Q) = P for anyi. For 1=i < j =n+ 1, we definea} by the archi(QiQ;)
in D. Note thatde} = (P, P}, «ff is upper thanP if k € A and «f} is lower
than P if k ¢ A. The braid groupB,.; is isomorphic to the mapping class group
of (D, {Py,...,Py1}) relative to the boundary (cf. [3]). The band genera#prcorres—
ponds to the isotopy class of a homeomorphism fr@m({P;y,...,P,1}) to itself which
twists a sufficiently small disk neighborhood of the a@ by 18C-rotation clockwise
using its collar neighborhood. By the homeomorphidm (D, {Q1, ..., Qni1}) —
(D,{Py,...,Pys1}), we identify the mapping class group dD{{Q,...,Qn+1}) and that
of (D,{Py,...,Pys1}). Then the band generatq’rj‘ corresponds to the isotopy class of
a homeomorphism fromO(, {Qg, ..., Qn+1}) to itself which twists a sufficiently small
disk neighborhood of the segme@t_Q,- by 180-rotation clockwise. Thus, we say that

the segmen); Q; corresponds to the band generaﬂa@re TA,
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Fig. 3.1.
Let (01, ..., gn) be an element of the-fold product @nH)” of En+1 and let
(a1, - - ., ay) be then-tuple of the segments; corresponding tog;. Then, we call
(a1, . - ., an) the segment system corresponding(tg, - . ., gn)-

DEFINITION 3.2. An element of I(nH)n is A-goodif it is good. An element of
(=4, )" is A-good if the corresponding segment system is A-good. We denotes¢he
of elements of EHH)” (resp. (’nﬂ)”) which are A-good bﬁ(EnH) (resp. g(rnﬂ))

ExAMPLE 3.3. Letn =4 and A= {2}. Then, the elementsf;, sb,, Sfs, Sp) of
(z£)* is an A-good element. The segments. .., as corresponding tesys, S5y, St3, Shi
are depicted in Fig. 3.1.

Let % = Uaciz.n (Eh)" @ndT* = Upcio. ny(Tay)". Let @ £ —T* be the
map which sends an element cﬁrﬁl)“ to the segment system corresponding to it for
each subset A of2,...,n}. It is obvious that the mag is bijective andd)((En+l N =
(Fn+1)“ By Definition 3.2, <I>(Q(En+1)) = Q(FHH) For each subset A of?2, ..., n},
we simply write ® for the bijective map®|gsa WE g(EnH) — g(I‘n+1

Proposition 3.4. Let A and B be subsets of2,..., n}. Then the conditions
G(EA. ) =G(28. ), 6(IY.) =GR, ) and A = B are mutually equivalent.
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Proof. If A= B, then it is obvious that the other two conditions hold. Bytue
of the bijective mapd: £* — I'*, the cond|t|0nsg(2n+l) = Q(En+1) and g(l’nJrl =
g(rM) are equivalent. We prove that the condn@(i“nH) = Q(FHH) implies A= B.
Let @ denote the pointk,yk), on the circleC;, associated with a subsetX{2,...,n}.
Take elementsa,...,ay) € g(rnﬂ) and 4,...,by) € g(rnH) Then, by the conditions
of Definition 2.2,0a;U- - -Udan = {Q},...,Qh,;} anddb,U---Udb, = {QF,...,QB, .}
Hence, the conditio(I's, ;) = G(I'8, ) implies ' = Qf for 1 <k <n+1, and this
implies A= B. This completes the proof of Proposition 3.4. O

Let A be a subset of2,...,n} and let Q,..., Q1 be the points, on the circl€,,
associated with A. We regar@(l‘nH) as a subset ofi, 1 putting labelsvy,...,vh41 ON
the points Q, ..., Qny1, resp. Recall that the Hurwitz action &, on G, 1 is defined
by y © 8 = F((F_l(y)) - B) for y € Gh11 and B € By, whereT is the graphic map
[': Thi1 — Gni1. By Proposition 3.5 (2), we obtain an action Bf, on Q(Fﬁﬂ) as a
restriction of the Hurwitz action 0B, on Gy;1. We call it theHurwitz action of B
on g(Fn+1)

Proposition 3.5([16]). (1) If (91, ...,0n) € g(EnH) then for any g8 € B, we

have (g, ..., gn) - B € G(Z4,1).
(2) If (a,...,an) € G(I'4,,), then for any g € By, we have(ay, ...,a) @ f € G(TA, ).

Take an elementy, ..., gn) = (S}, ..., &) € G(Zp,1). Then,@(gy, ..., gn) =
(Q.Qj--»Qi,Qj) =T((i1 ja), .-, (in jn)) =T o P(G1,...,0n) (€ G(Th,1)). Moreover,
for any elemeng € By, (0y, . . ., gn) B e g(2n+1) by Proposition 3.5 (1), and we have
@((91:---,0n)-8) = Lo P((g1,---,9n)-B) = T'(P(9,---,Gn)-B) = T'(((i1 jo)s---.(in [n))-B) =
(M *Q,Qj,---»Q,Q;)) - B) = (Q,Qj,r .-, Q,Q;,) © B = P(, .., Gn) © B. Thus,

we have the following proposition.

Proposition 3.6. For an elemen{g, . . ., gn) of G(Z4,,), we have

(1) ®(g,---, ) =ToP(g, ..., ) (€G(TA ) and
(2) for any element € By, ®((g1, ..., 0n) - B) = ®(91, ..., o) O B.

By Proposition 3.6 (2), the bijective map: g(2n+1) — g(rn+1) implies that two
statements of (1) and (2) of Proposition 3.5 are equivalent.

4. Proof of Theorem 1.2 and Theorem 2.3.

Throughout this sectiom is a fixed integem with n > 2 and X,,;1 is the set of
the integers{2, .. ., n}.

For a permutatiornp of {1,...,n}, let A? = {i € X1 | 0o X — 1) < ¢71(i)}.

For the first step of the proof of Theorem 1.2 and Theorem 28,pvepare the
following lemma which is proved in [16]:
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Lemma 4.1 ([16]). (S, - - -+ Sym) is an element off(Z47,).

Let A be a subset 0K, ;. By virtue of the bijective mapb: g(EnH) — g(l*nJrl
two statements of (1) and (2) of Theorem 4.2 are equivaleheofiem 4.2 is also our
main result in this paper.

Theorem 4.2. (1) For each elemenfa, ..., a,) of Q(FnH) the Hurwitz orbit
(a1, ...,an) © By is equal to the seQ(Fn+1)
(2) For each elemenfgy, ..., g,) of G(Z4 1), the Hurwitz orbit(gs, ..., gn) - By is
equal to the seti (), ).

The following theorem is directly obtained from Lemma 4.1dafheorem 4.2 (2).

Theorem 4.3. For a permutationg of {1, ..., n}, the Hurwitz orbit(S,q), - . -,
Sy,m) - Bn is equal to the seG(ZA),).

We can prove Theorem 1.2 and Theorem 2.3 by using Theorem 4.3.

Proof of Theorem 1.2. We prove that the conditions (1) andaf® equivalent.
Take permutationg andy of {1,...,n}. The condition (1) is equivalent tGy), ...,
Sem) * Bn = (Sy@s - - -» Sy(m) - Bn. By Theorem 4.3, this is equivalent &()},) =
Q(En+1) By Proposmon 3.4, this is equivalent to? A= A, and we have the result[]

Proof of Theorem 2.3. Fix a permutatignof {1,...,n} and let A= A¢. By The-
orem 4. 3 @,(1), .. Sga(n))' Bn Q(En+1) Then, qD((Sga(l)a .. Sp(n)) Bn) = <I>(Q(En+1)) =
g(ra 1) LetQ =(Qq,...,Qny1) be the ordereah + 1 points of associated with A, that
is an element of the configuration spa@8+1(C,) of the circleC;. Then, Q(Fn+1) =

(Fn+1) and we regar@(l“nﬂ) as a subset ofj,,1 putting labelsvy, ..., vhr1 ON
the points Q, ..., Qny1, resp. By Proposition 3.6 (2)P((Sy), - - -5 Sem)) - Bn) =
D(Sp(1)s - - -+ Sp(n)) © Bn. By Proposition 3.6 (1)P(Sp(), - - -+ Spn)) © Bn =T o P((Sp(ay, - - -»
Spm) - Bn) = L((P(Sp2): - - - Sem))  Bn) = T'((teq), - - - 1 tom) - Bn) = Tty - - - b)) © Bn,
whereT': Thy1 — Gnyt is the graphic map. Thud(t,q), - - -, tyn) © Bn g(FnJrl
and we have the result. O

Let C be a circle inR?. Fix an element = (qy, . . ., Oh+1) Of the configuration
spaceQ"t1(C). Let I',1 denote the set of segmenllbl,‘i+l ={Gq |1zi<j=
n+ 1} in R2. Let G(I'h,1) be the set of good elements df(1)". Letry, ..., i1
be n + 1 points with{ry, ..., rnt1} = {q1, - - -, Ons1} Such thatry, ..., roy1 stand on
C counterclockwise in this order.

Let A be an subset 0K,,; and let Q,...,Qny1 be then+1 points, on the circle
the C,, associated with A. Let R..., R,y1 ben + 1 points with{Ry, ..., Rys1} =
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{Q1, ..., Qny1} such that R, ..., Ryy1 stand on the circleC; counterclockwise in
this order. Leth: R? — R? be a self-homeomorphism @&?2 such thath(Ci) = C,
h(R) =r; for 1<i <n+1 andh(RiRj) =TT for 1 <i < j <n+1. Then,h induces
the bijectionh: T'}; — I'nyq. Let f: (T2 ;)" — (Ths1)” be then-fold product ofh,
i.e., for each elemengy,...,a,) of (FQH)”, f(ag,...,an) = (h(ag),...,h(&y)). Then, it is
obvious thatf(g(l“ﬁﬂ)) = G(I'ny1) and the mapF = f|g(r¢+l): g(I‘nAH) — G(Cpy1) IS
bijective. If (ey,...,€,) € G(T'hy1), then, for anypg € B, we easily see thagf,...,e,)®
B = F(F (e, ..., e)) ®B). By virtue of the mapF and the Hurwitz action of
B, on G(I'n41), Proposition 3.5 is equivalent to Proposition 4.4, and ofam 4.2 is
equivalent to Theorem 4.5. The rest of this section is delvtdeproving Theorem 4.5

(and hence Theorem 4.2).

Proposition 4.4. If (ey, ..., &) € G(T'ht1), then for any ke {1,...,n—1} and
any € € {—1, 1}, we have(ey, ..., &) © o € G(In4+1).

Theorem 4.5. For each element(e;, ..., &) of G(I'n+1), the Hurwitz orbit
(e, ...,€6,) O B, is equal to the se(I'y1).

For elementsa and b of I'n,; satisfying thata and b are disjoint orb is a right
adjacent toa, we define the elemen®* b andb* a of I',,; as follows.
(1) If a andb are disjoint, then, lea xb =a and letbxa = b.
(2) If bis a right adjacent ta anda = Txqy, b = qy0z, then, letaxb = bxa = 0.
Let (e,...,€,) be an element of(I'+1). By the conditions (i) and (ii) of Defin-
ition 2.2, for anyk € {1,...,n—1}, & and e, are disjoint ore,; is a right adjacent
to &. This implies that the elementg * e,; ande 1 *e of ' 1 are defined. Then,
we have the following proposition.

Proposition 4.6 ([16]). The Hurwitz action of Bon G(I'h41) is given by

(el!--~1&(*11&(1Q(+1!Q(+21'~-;en)®c‘k
:(ell"'1a(—1aeK+lIQ(*a(+lva<+21"'ven)

and
(ell ST e«+l, eK+21 LI en) Oark71
= (elv LR e,(,]_, er(+1¥er(! er(! Q(+21 e en)
For a powera = (1 2 --- n+ 1) (t € Z) of the n + 1-cyclic permutation

(12 --- n+1), letcy =Tepolar+n) for 1 <k <n. Then, we see that{, ..., c,) is
an element ofG(I'n;1) and we call itcyclic.

Lemma 4.7. Any two cyclic elements @(['n,1) are Hurwitz equivalent.
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Proof. Letc) = (Fif,...,fnfny1), that is a cyclic element af (I'n.1). It is enough
to prove that any cyclic element is Hurwitz equivalent tacg. Put© = (Cy,...,Cn) =
(Ta@Fa): - - -+ Tamlan+1)) for a powera of the cyclic permutation (1 2-- n+1). By
Proposition 46C0O (0102+ - -on_1) = (C2,C3,...,Cn, (- - - ((C1 % C2) k C3) * - - -) % C,). Since
the pointsry,...,r41 stand onC, counterclockwise in this order, so do the poinig),
legy andrqpgy for 2 <i < n. Hence, T, IS a right adjacent ta@ = Ty ()Tagi+1)-
Sincec;, = My)Tae) aANdTy1)Ta() * G = Te@Tai+1), We have (.- ((C1 * Co) x C3) * -+ ) *

Cn = Ta@lansD)- THUS, C © (01 0n1) = (a@Ta@) - - - » Ta@ar1): Ta@iDTa@)- If
at)=n+1, then© © (o1---on_1)! = ¢ and we have the result. O

Let Clpy1 = {Fif2, ..., Tafnat, Tnyaf1)- Then, the following lemma holds.

Lemma 4.8. For any elemenf(ey, ..., &,) of G(I'hy1), there exists an element
ke{l,...,n} such that ge CI'y,1.

Proof. Suppose that there exists an element. (.,e,) of G(I'h,1) such thate €
Inhy1\CIhyg for eachk € {1,...,n}. Since then+1-gon|rir,---rn1| is convex, there
exist elements, j € {1,...,n} (i # j) such thate ande; intersect in their interior.
This contradicts the condition (i) of Definition 2.2. Thusewave the result. ]

For a powera of the n 4+ 1-cyclic permutation (1 2--- n + 1), let G,(Tnh+1) be
the set defined by(ey, ..., &) € G(Tnt1) | & = TamTa(n+y)}. Let T be the subset
of 'y defined by{riTj € Thyt | i, j # a(n+ 1)} and letG(T,,) be the set of good
elements of [',)""*. Then, we have the following.

Lemma 4.9. Let (e, ..., e,) be an element of, (1) for a powera of the
(n + 1)-cyclic permutation(1 2 --- n+ 1). Then we have
(1) the degree of the vertex1) of the graph euU---Ue, is 1, and
(2) (e1,...,en-1) is an element off (I y).

Proof. First, we prove (1). Suppose that the degree of thexegn1) is greater
than 1. Then, there existgn+ylx € {€1, ..., &1} for somex € {1,...,n+ 1} \
{a(n),a(n+1)}. Since the point$,(),...,lvn) andrym+1y stand onC counterclockwise
in this order, so do the points,m), run+1) andry in this order. Thusr,ni1)fx is right
adjacent tory(nT«(n+1) = €. This contradicts the condition (ii) of Definition 2.2. Thus
the degree of the verter,ny1) must be 1.

By (1), the unione; U---U e, is contractible, henceef, ..., e, 1) satisfies the
condition (iii) of Definition 2.2. It is obvious thate(, ..., e, 1) satisfies (i) and (ii) of
Definition 2.2. Thus, we obtain (2). ]

Theorem 4.5 is proved by Proposition 4.4, Lemma 4.7 and thewfimg lemma.
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Lemma 4.10. Any element ofj(I'n+1) is Hurwitz equivalent to a cyclic element
of G(I'n+1)-

Proof. Let €1, ...,€,) be an element ofj(I'n;1). We prove this by induction
on n.

First, consider a case where= 2. Then, €, &) = (f1f2, T2r3), (f2rs, Faf1) or
(rsry, T1r2). They are cyclic and we have the result whee= 2.

Next, consider a case where> 2. By Lemma 4.8, we can take an eleméng
{1,...,n} such thate, € CI';,;1. Let

(€,....e)=1(er...,e) 0O (on-10n_2. . Lo 7L
Using Proposition 4.6, by direct calculations

(€, ..., €)=(er, €, ..., 61, &1 ¥ 6, B2 % &, ..., En * &, &).

By Proposition 4.4, €, ..., €,) is an element 0iG(I'n4+1). Sinceeg, = & € Cl'niy,
€, =Tomla(nt+1) fOr a powere of the n+4 1-cyclic permutation (1 2--- n+1). Then,
(e, ..., &) is an element ofj,(I'n+1). By Lemma 4.9 (2),€,,...,€, ;) is an element
of G(T'he). By the assumption of the inductiorg|(. .., €, ;) is Hurwitz equivalent to
a cyclic elementge@)T@@): - - - » T 8- Bn)) Of G(I'ne), Wherep is a power of
the n-cyclic permutation ¢(1) «(2) --- «a(n)). By Lemma 4.7, it is Hurwitz equivalent
0 (o@Ta@) - - - Ta(n—DTam). Then, €, ..., € _,, &) is Hurwitz equivalent to

(Ma@ 2@ - - - » Ta(=1a(m) €) = (a@la@): - - - + Ta@Ta(n+1);

that is a cyclic element of(I'h1), and we have the result. ]

Proof of Theorem 4.5. By Proposition 4.4, it is sufficient tmye that any two
elements ofG(I'h;1) are Hurwitz equivalent. Take an element of G(I'n,1). By
Lemma 4.10;g is Hurwitz equivalent to a cyclic elemeft of G(I'v+1). By Lemma 4.7,
T is Hurwitz equivalent to a special cyclic elemégt Hence, any element @(I'n..1)
is Hurwitz equivalent tacg. This completes the proof of Theorem 4.5. ]
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