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Abstract

We prove the global existence of analytic solutions to theidBg problem for
nonlinear Schrodinger equations in two dimensions, whieenonlinearity behaves
as a cubic power at the origin and the Cauchy data are smaliecaly exponentially
at infinity.

1. Introduction

We consider the Cauchy problem for nonlinear Schrédingesatons of the form
. 1
1.1) idu + EAU = f(u),

whereu is a complex-valued function of,x) € R xR?, A is the Laplacian irR? andf
is a complex-valued function o€ satisfying a gauge conditiorfi(€?z) = € f(z) for
any @, z2) € R x C and behaving as a cubic power at the origin. Typical exampfes
the nonlinearitiesf are:

(1.2) f(u) = Aul?u,
(1.3) f(u) = (exp@|u[®) — Lu

with A € C\{0} (see [2, 19] for instance).

There is a large literature on the Cauchy problem for the ineat Schrédinger
equations (see for instance [3, 6, 30] and reference thgorémthis paper we study
the analyticity of solutions to the Cauchy problem for (1.1)/e refer the reader to
[1, 2,9, 10,11, 12, 13, 14, 16, 17, 22, 23, 24, 25, 26, 29, 3i}He available results on
the analyticity and related subjects. The purpose in thjgepas to prove the global
existence of analytic solutions to the Cauchy problem fot)(in two space dimensions
for sufficiently small Cauchy data with exponential decayirdinity. In particular, we
describe analytic smoothing effects for (1.1) with (1.2)the L?(R?) setting and also
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with (1.3) in the H(R?) setting. The associated scaling critical space for (1.ith w
(1.2) and (1.3) are known respectively B3(R?) [4, 7, 15, 18, 33] andH(R?) [20].

To state our result precisely we introduce the followingation. For anyp with
1< p < oo, LP denotes the Lebesgue space mth integrable function orR?. For
any s € R, HS = (1 — A)"*/2LP and H$ = (-A) ¥2LP denote the usual Sobolev
space (or the space of Bessel potentials) and the homogerg&aholev space (or the
space of Riesz potentials), respectively. For any R, U(t) = exp((t/2)A) denotes
the free propagator. For arye R, J = J(t) = x + itV = U(t)xU(-t) denotes the
generator of Galilei transforms. For artye R\{0}, U(t) and J(t) are represented
asU(t) = M()D(t)FM() and J(t) = M(t)itVM(-t), respectively, wherdM(t) =
exp([x?/(2t)), (D®¥)(x) = (it) 'yt %), (Fy)(E) = 2r) " [ explix - £)y(x) dx.

With the Cauchy datai(0) = ¢ att = 0 the Cauchy problem for (1.1) is written
as the integral equation

(1.4) u(t) = U(t)p — i /0 t U(t — t) f (u(t) dt’.

We introduce the following basic function spaces:
2o = LYR; L% N L>®°(R; L?),
21 = LYR; HY) N L™®(R; HY),

with the associated norms defined by

llu; Zoll = max(lu; LAR; LY, [lu; L=(R; L)),
Ju; 23] = max(lu; LYR; HP)[, [u; L=R; H)|).

We treat (1.4) in the following function spaces wih> O:

a‘“‘
Go(J) = {U € 20; [u; Gy =) 1 97U Zoll < 00}-
a=0

a‘a‘
SHOE {u € 23 u: GIQ)I = Y —- 19 23] < oo},

a>0

where J* = J[*J,2 = M(itd)*M ! for any multi-indexa = (o1, @2.) For p > 0,
we define

||
Ba(p) = {¢ € GB(: 93 B30I = Y - Ixs L] < p},

a>0

o]
B2(p) = {¢> € GI): 193 GF0)I = Y - Ixs M| =< p}.

a>0
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We now state our main results.

Theorem 1. There exists a constapt> 0 such that for any a- 0 and ¢ € B3(p)
equation(1.4) with (1.3) has a unique solution & G3(J).

Theorem 2. There exists a constapt> 0 such that for any a- 0 and ¢ € BS(p)
equation(1.4) with (1.2) has a unique solution & G§(J).

REMARK 1. Theorems 1 and 2 describe analytic smoothing properfieslo-
tions since functions in the spad@3(J) are analytic inx for any t € R\{0} (see
[12, 13]). A novelty consists in the fact that minimal regitha assumption regarding
scaling invariance [3, 4, 7] is imposed on the Cauchy datanfare with [13, 17, 29]
for instance.)

REMARK 2. By Proposition 2 in [24], the norm o@§(x) is described in terms
of weights of exponential type. To be specific,

j=1

2
(1‘[ il |g: 12| < g G|

2
<@+ 2log?2) (H(l + alx; |)1/2eax1>¢; L2|.

j=1

We prove Theorem 1 in Section 3 by a contraction argument ®f3trichartz es-
timates and the Sobolev embedding in the critical case [R®R?2, 28]. Basic estimates
for the proofs of the theorems are summarized in Section 2Sdcation 4, we give a
sketch of proof of Theorem 2.

2. Preliminaries

In this section we collect some basic estimate for the Séhgéd groupU(t) =
exp((t/2)A) and Sobolev embedding.

Lemma 1 ([3, 6, 28, 30, 34]) U(t) satisfies the following estimates
(1) Forany(q,r) with0<2/g=1-2/r <1

[U(-)e; LIR; L")|| < Cllg; L2

(2) For any(qj,rj) with0=<2/q; =1-2/rj <1, j =1,2,the operatorz defined by

t

(ET)(t) :/0 Ut —t)f(t) dt
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satisfies the estimate

IZ; L2®; L) < C|| f; LER; L"),
where p is dual exponent to p defined dyp+ 1/p’ = 1

The following lemma is crucial in the proof of convergencetloé series of expo-
nential type.

Lemma 2. For any r with 2 <r < oo there exists a constant,C- 0 such that
for any g with r< g < oo the following estimate holds.

lus LY < Ceg™™ Jus HHIZ =2/ |u; L7222/,

Proof. We recall the following estimate [20, Inequality @3: For anyr with
1 <r < oo there exists a consta@ > O such that for anyg with r < g < oo

lus LYY < C/g¥" [Ju; HY =2/

By an interpolation inequality in the homogeneous Soboleacs [8], for anyr with
2 <r < oo there exists a consta@’ > 0 such that for anyg with r < q < oo,

llus HZT=2/9) < CF flus [P/ i LT |A=2/r 2/,
The lemma follows from those two inequalities. ]

3. Proof of Theorem 1
For ¢ > 0 we define the metric space
Xi(e) = {u € GI(J); [lu; GI(JI)| <&}
with metric
(3.1) d(u, v) = [lu—v; G§(I)||.

We see that Xi(¢), d) is a complete metric space. Fgre Bi(p) andu € G(J) we
define @(u) by

(@) = U®¢ —i(Ef )W)

We prove that®: u — @(u) is a contraction mapping onXg(e), d) for ¢, p > 0
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sufficiently small. By Lemma 2, fou € 27 we estimatef (u) in L% as
I (u): L3
[A]]

= luPu; L)
l

1

| 4(2)+1)/3)2) +1
i g LAGTHL3 20+

- . ) . 3
Al 42 +1)\"? 42j + 1)\ ¥4
'J—',(cz(%) k) (ca( M)

CZ A j+5/4 )
) ' ') ( 2j +1)) llu; H3 207D Ju; H |2

Fa(llu; Hz ||)||u H I,

2(j-1

IA

(] zw

Il
=

J

(

where Fi(p) = (C3/C3) Y- ,((C3I21)! /§1)((4/3)(2] +1))+¥/p2i-D converges for any

o with 0 < p < ,/3/(8e(‘22|x|) by dAlembert’s ratio test. Similarly, fou € 27 we
estimateV f(u) in L%® as

| O

/\O

IV (f(u)):; L4/3||

Z 2] + 1)[uB Vu; LY3

(o]

Z L(2) + 1)us L9 vu; L
L1

o 1A
ZJ— 2 + 1)(Co(4])"2|lu: HZ [)297D(Ca(4))%*[lu: HF )| Vu: LY
j=1

IA

c2\ &
(—‘;)Z (2 + 1)(4) Y2 u; HY 20D u; HE1®
2 =1

Fa(llus Hz ) llus Hz (1%,

where Fa(p) = (CZ/C%) X521 ((C3IA)! /j1)(2] + 1)(4))! *1/2p*0~1 converges for any

p with 0 < p < /1/(4eC2|x|) by dAlembert's ratio test. Therefore, by Lemma 1 and
the Hdlder inequalities in space and time, we have

@ (u); 23] < Cll¢: Hal
+ C(Fa(llu; L(R; HP)I + Fa(llu; L=(R; H)D)lu; 232
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for any u € 27 with [lu; L(R; H})|| < p, where 0< p < ,/1/(4eC3|x|). For any

multi-index «, we write J¥(f(u)) as

J*(f(u) = M(itd)* f (M~tu)

© 4] _
= Z %M(ita)“(|M‘1u|21 M~u)
j=1 %

D T ]| CAGHTY
— ]! _ I 8001, 01)81
= B+y+d=a Hk:1:3 YY) 0l k=1

ﬂ(l)+...+ﬁ(i>=ﬂ

)/(1)+"'+V<j)=}’

to estimate
13 (u)); L¥3|
|A|] ol
= Z > -
prrii—e ([They BO1YO1)o1

ﬂ(l)+...+ﬁ(i)=ﬂ
}/(1)+"-+V(j):)/

i
I ur L@ 37y, LA oy LA,
k=1

We use Lemma 2 to estimate three factors in the last norms as

. 42j + 1)\ ¥*
13Pu; L4@I+D3) < C4((JT)) | 3Pu; H41||

with g = g, D s, We use Lemma 2 to estimate other factors as

. 4(2) 4 1)\
13%u; LAG+D3)| < Cz(“T)) 197 u; H |

with g = p®, y® for k > 2. Therefore, we obtain

13%(F W) L2

|)L|J al _— 4 j+5/4
<Z 3 — ———Ci;" (3R + )
j=1 Bty+é=a (Hk:l plLy( )!)8!
ﬂ(1)+...+ﬁ(l):ﬂ

YO fgy =y

i
® oyl ® gl @yl @ gl 18- 1wl
-(IIHJB u; H3111197 u,H2n>nJﬁ u; H 17 Pus H 9%u; H.
k=2
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Taking L*® norm in time of the last inequality and using the Hoélder ingldy, we have

13%(F W) LY@ LY

|| al st (4 j+5/4
= Z_I Z i N GG, (5(21 + 1))
j=1 I* B+y+i=a (szlﬂ( )|)/( “)8'
/3(1)+...+ﬂ(l):ﬂ
y(1)+---+y“):y

j
' (Hnaﬂ(”u; L=(R; HA) (197 u; L¥(R; H%)M) 132%u; 231197 u; 24| 3% u; 23]
k=2

Multiplying the last inequality byal*!/a! and taking the summation over all muilti-
indices of the resulting inequality, we obtain

[l (u): G5(I)l

Jot]
= aa_!naa(ab(u)); 2ol

a>0

o]
a o
<C E ?”X é: L2

a>0

o M s 2o (4. e 2j+1
vy Bleeid(Gei+ ) Iweto
= 1

= Cll¢: G3(x)| + CFa(llu: GH(I)llu: GHI)II>.

We estimateVJ¥(f(u)) in L¥® by using the Holder inequality with /& = 1/4 +
2j/(4j) to obtain terms of the form

i
TT13% u: L4911 97u; L4911 9%u; B
k=1

with B+y +8=0o, BO+... 4+ =8,y ... 4+ 90) =y We use Lemma 2 to
estimate two factors

137u; LY = Ca(4i)* 4197 u; Hl

with g = W, yM. We use Lemma 2 to estimate two factors

13%u; LY|| < Co(4])Y2[1 3P u; H|
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with 8 = p®, y® for k > 2. In the same way as before, we obtain

o]
> 2 Iva@w): zl

a=0
<C 2?: %IIX‘%: H2 | + CRa(llu; GH(I)INIlu; GF)II®.
Therefore,
[®(u); GI(I)
< Cllg: GI(X)Il + C(Fa(llu: GII)I) + Fa(llu : GHINlu; GII)|1.
Similarly, we have
|2 (u) — @(v): Go(I)
< C(Fu(llu; GEI) Dllus GIII? + Fa(llv; G Dllvs GHI)IP)u —v; G,

so that the contraction argument goes through for aryG3(x) with |¢; Gi(X)| < p,
provided thats and p satisfy

C(F1(e)e?, Fo(e)e?) < 1,
{C,o + C(F1(e)e® + Fa(e)ed®) < &.

This completes the proof of Theorem 1.

4. Proof of Theorem 2

For ¢ > 0 we define the metric space

Xo(e) = {u € G§(I); llu; G§(I)|| < e}
with metric
d(u, v) = [lu — v; G§(I)II.

We see that Xo(e), d) is a complete metric space. We prove tldat u — @(u) is a
contraction mapping onXy(¢), d) for ¢, p > 0 sufficiently small. in a way similar to,
and simpler than, that of the proof of Theorem 1, for anw € Xq(e) we have

@ (u); G§(I)II = Clig; Ga(I)Il + Ce®,

12 () — @ (v): G3I)I < Ce?[lu—v: G§(I)II,
and the contraction argument goes through for gng G§(x) with [¢: G5(X)| < p,
provided thate and p satisfy

Ce? < 1,
Cp+Ced<e.
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This completes the proof of Theorem 2.
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