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Introduction. Weighted norm inequalities appear in many places in
analysis, fcr example, for Hardy-Littlewood maximal functions, singular in-
tegrals, pseudo-differential operators, Fourier series etc. In this note we shall
investigate weighted norm inequalities for pseudo-differential operators.

Let m(x, £) be a sufficiently regular function defined on R"XR". The
pseudo-differential operator with symbol m(x, £) is defined on the Schwartz
space S(R") of rapidly decreasing and infinitely differentiable functions by the
formula:

i, D)) = (2m)™"{ e mie, )/ E)0E

where f(f):S e~'*'t f(x)dx is the Fourier transform of f.

R’l
In this note we shall consider the regularity of the following type:

(0.1) |0¢m(x, )| =C(1+-1E1)™™,  |al =k,

(0.2)  |oem(x+h, E)—0em(x, E)| =C(1+|E]) w(1+ €], |k]), |al=k,

(or; multi-index), where (s, 2) is a positive function on (0, o) x (0, o).
L?-estimates for such operators were given by many authors, Nagase [13,
14], Coifman and Meyer [3], Journé [5], Muramatu and Nagase [12], Bourdaud
[1], Yamazaki [21, 22], etc. Miller [8] showed the weighted L?-estimates for
smooth pseudo-differential operators and applied them to study the weighted
Sobolev spaces. Nishigaki [15] showed the weighted L?-estimates for the pseu-
do-differential operators satisfying (0.1) and (0.2), where w(s, t) has the form
o(t) and & is sufficiently large. By a different method the author has shown
the same result as Nishigaki for the case where o(s, ) has the form Q(s)w(Z)
and k>n, Yabuta [19, 20]. Recently Miyachi and the author have shown the
unweighted L?’-estimates for pseudo-differential operators for the case A>max
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(n/p, n/p) and o is general, Miyachi and Yabuta [10]. These & are in a sense
sharp.

In this paper we shall show that the weighted norm inequalities for pseudo-
differential operators hold for the case A>max(n/p, n/p’) under a condition on o,
more restricted than in [10]. As an application we shall show that a problem
rested in [20] can be solved affirmatively.

Our plan in this paper is as follows. In the next section we prepare nota-
tions and lemmas concerning weights and maximal functions and then give a
sufficient condition for an operator with an integral kernel to satisfy the so-called
Fefferman-Stein inequality (Proposition 1.4). In Section 2 we state the main
results and their direct remarks. In Section 3 we investigate the distribution
kernels of pseudo-differential operators, to check whether they satisfy the as-
sumptions in Proposition 1.4. We prove the main results in Sections 4 and 5.
In Section 6 we comment on pseudo-differential operators with double symbols
m(x, €, y). Several concluding remarks are given in the last section.

We note that the letters C, C,, etc will always denote positive constants,
which may have different values in each occasion.

1. Preliminaries and notations

R is the real line and N is the set of all nonnegative integers. For a real
number s, [s] denotes the integer satisfying s—1<[s]<s. The letters a, 8 will
denote multi-indices, i.e. a=(ay, -*-, @,)EN", and |a|=a;+*+a,. For «,
EER", x-E=xE+  +x,E,, |x|=(x-%)" and <{x>=(1+|x]|?". Differential
operators are denoted by 8® or 9% ;

" 9 \* 0! f(x
@) 0 = (2) T = 51

F(R") is the space of infinitely differentiable functions with compact support.
L*(R") is the space of all Lebesgue measurable functions f with ||f||,=
(SR"I f(x)|?dx)'”?<<+oo. For a given weight function w(x), i.e. a positive me-
asurable function on R", L’(w)=L’(w(x)dx) is the space of all measurable func-
tions f with || f|| mw):(sml S(%) |?w(x)dx)'”? <+ oco. For a Lebesgue measurable
set ECR’, w(E)ngw(x)dx and |E| is the Lebesgue measure of E.

For a locally integrable function f we define the sharp function f*(x) of
Fefferman and Stein by the formula:

£ = sup inf 1Q17 | ) —cldy,

where @ moves over all cubes with sides parallel to the coordinate axes, ccn-
taining x, and ¢ moves over all complex numbers.
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For 1= p<<oo, M, f(x) will denote the p-th Hardy-Littlewood maximal func-
tion, i.e.
M, () = sup (1917 | f(5)[%dy)" .

M,(f(x) is the usual Hardy-Littlewood maximal function of f.

Weight functions we shall use are the 4, weights of Muckenhoupt, defined
as follows, (Muckenhoupt [11]). For 1<(p<Coo, a positive measurable function
w(x) is said to belong to A,=A,(R") if and only if

-1 -1 =1/(0=1) )1 oo
sup(1Q17" [ w(@)dv) (1Q17 | wx) e vdxp <o
For p=1, we 4, if for some C>0
Q] ‘ISQw(x)dxgc ess iqnf w(y), for any cube @.

We set Am:pU A, Clearly A,C A4, if 1= p<s.
=1

The following two lemmas are well-known.

Lemma1l.1[9]. LetweA., 1= p<coandf &L, (R"). Then,if w({M,f(x)
>a})<<-+oo for each a>0, there exists C>0 such that

2o S UM f o = CH Al L2 -

Lemma 1.2 [5]. Let 1=p<<oo. Then for any r>p and any w&A,,
there exists C>0 such that

WM fllrw=Cllfllrw -

Combining the above two lemmas we have easily the following.

Lemma 1.3. Let 1=p<<co. Let T be a lincar operator from C7(R") to
L}, (R") such that there exists B>0 satisfying

(1.1) (T (x)=BM,f(x) for x€R".

Then, if r>p, wE A,;, and w({M,(Tf) (x)>a} )<<+ oo for each a>0, there exists
C>0 such that

(1.2) Tl =CIFllrew -

Therefore, in order to show the weighted norm inequality (1.2), it is almost
sufficient to obtain the inequality (1.1). Inequalities of this type are, first, used
by Fefferman and Stein [4] and are often called the Fefferman-Stein inequalities,
(for example, Journé [5], Nishigaki [15]).

In this paper we shall show the Fefferman-Stein inequalities for pseudo-
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differential operators, by using the unweighted L?-estimates and studying their
distribution kernels, and then applying Lemma 1.3 we shall obtain the weighted
norm inequalities.

To this end, we prepare the following proposition for operators with in-
tegral kernels.

Proposition 1.4. Let 1= p<<oo and 1/p+1/g=1. Let w(t) be a positive and
1

nondecreasing function on (0, oo) such that S w(t)t7'dt<+ oo, and let G(R,j) be a
0

nonnegative function on (0, 1) X N such that

(1.3) sup > GR,j)<+oo.

0<R<1 152/<1/R

Suppose T is a bounded linear operator on L’(R") and has the kernel K(x,y) satisfy-
ing the following conditions: For any f=C7(R")

(1.4) Tf(x) = SK(x,y)f(y)dy ,  for almost all x& [supp f]°;
(13 ( | K(x,y)— K (2, )| “dy)1 < CuR 0o (M2X(L 1¥=2]))
R<lx-SJI<2R ( R )

for |[x—z|<R/2, R=1;

(1.6) |K(x, ) —K(2, y) |'dy) "= C(ZR) ™" *G(R, j) ,

-
2/R<|x- V<2t 1R ]
for |x—z| <RJ2, 1=2P<1/R, 0<R<1,

where Cy and C, are independent of R, j, x and 2. Then there exists a positive
constant C such that

(1.7) (TH}x)=CM,f(x), forxeR"and fcC7(R").

Proof. Let feCF(R"). Given xR" and a cube @ centered at x with
diameter d, let By={y€R"; |x—y| <d} and B;={yeR"; 2 7'd< |x—y| =2/d},
j=1,2, . Put T(fXp,)(x)=a. Here and hereafter X; denotes the charac-
teristic function of the set E. Then, for 2€@Q

(1.8)  Tf(z)—a = T(fXs,) (2)+§BOC[K(3, ¥)—K(x 9)]f()dy = L(2)+L() -
Then, since T is bounded on L?, we have by Holder’s inequality

(19) 1917 1)1z (1917 | 1T( %) (2)17d3)"

|
Q
<C(1Q17, 170 1dyy* SCM,f(x)

We next treat the second term I,(2).
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(i) The case d=1. By (1.4) and the Holder inequality we get
(110) (L@ 5 ([, 1K~ K ) | | ) 1%y
| f(9)12dy)"?

<cC g w(2)M, f(x)éC(S:w(t)t—ldt)Mﬁ f(x) .

< S1 e o @) (|,

x—yl<2jd

(i) The case 0<d<<l. We have

) nE= | Ken—Kwfow+ | od =,

a<ls=rI< 5= 31zt
Then, setting 4;={yeR"; 27< |x—y|<2/*'}, we have by (1.5) and Holder’s
inequality
112 1AIS S 1KE DKy 1)1y
sSczme@)(| OB S C M)

For J,, we obtain from (1.6) and Holder’s inequality

113) 1As 3 (), 1K@ -KE) | 1f0)1a)

1529<1/4

r—yl<ai*l

IA

1§2§1/d C(Zjd)—”/pG(d’ ]) (S lz—yl<2i*1g I f('y) I pdy)llp

=C 3 Gd,)M,f(x)=CM,f(x).

1=<27<1/d

Thus in both cases we get from (1.10)—(1.13)
(1.14) 1917 113 1ds < C M, f(x) .

Therefore, by (1.8), (1.9) and (1.14) we obtain the desired inequality (1.7).
This completes the proof of Propositicn 1.4.

RemaARK 1.5. Proposition 1.4 comprises the criterions for Fefferman-Stein’s
inequalities, used by Kurtz-Wheeden [6] and Rubio de Francia [16], and is a
generalization of Theorem 2.4 in Yabuta [20].

2. Statement of the main results, remarks and examples
To state our results, we introduce a notion, following Yamazaki [22].

DeriniTION 2.0. We call a function w(s, ) on (0, o)X (0, oo) a modulus of
continuity if it satisfies the following two conditions:
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1) For each fixed s, (s, ?) is positive, nondecreasing and concave with

respect to Z.
2) There exists a positive constant A such that the inequality

o(s', ) = Aw(s, t)

holds for §/2<s"<2s.
Then our main results are as follows.

Theorem 2.1. Let 1<p=2 and 0<b=1 satisfy [n/p]4+b>n[p. Let
w(s, t) be a modulus of continuity such that there exist 0<<8<<1 and B>0 satisfying

2.1) S:cf(l Jt, ) dt <400
2.2) S\ W@, RSB for 0<R<1.

1<2/<1/R

Suppose m(x, £) satisfies the following conditions with k=[n|p):
(2.3) |08m(x, E)| S C<EX™™,  |a|=k;

(24)  |0fm(x, E+n)—0m(x, E) | S CEXTF M n|®, In|<<ED/2, |al =k;
(2.5)  |0tm(x+h, E)—0em(x, £)| = C<Ew(<ED |R]), lal=k;

(26)  |Otm(x+h, E+n)—0tm(x-+h, E)—0:m(x, E+n)+0tm(x, £)|
S CEM l'oKED, (R, 9] <LKE[2, la| =k.

Then there exists a positive constant C such that
27) (m(x, D)f)(x) = C M, f(x) -

Furthermore, for any r= p and any weight wE 4,,, there exists a positive constant
C=C(p, r, w) such that

(2.8) llm(x, D)fl2rr = C(p, 7, @) fllrwr -

Theorem 2.2. Let 0<b=1 and w(s,t) be a modulus of continuity satisfying
(2.1) with =1 and (2.2). Suppose m(x, ) satisfies (2.3)~(2.6) with k=mn.
Then T=m(x, D) satisfies :

(P-0) (THMx)=C, M, f(x),  1<p<oo;
(P-1) For any 1<p<<oo and wE A,

TSl o = C(, W) fll 2w 5
(P-2) For any we A4,

w({| Tf(x)| >a}>§£<¥ Ifllow,  forall a>0;
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(P-3) For any we A,
Tl = C(1, @) || fll o 5
(P-4) ”TfHBMO = ”(Tf)#”L“’(R")é Cllfllz=am -

In the above H'(w) is the weighted Hardy space H' and BMO is the John-
Nirenberg space of functions of bounded mean oscillation, i.e. f€BMO if and
only if || f¥|,=@n<<-+ oo, (for detailed definitions, see [19, 20], for example).

Theorem 2.3. Let 0<b=1 and o(s, t) he a modulus of continuity satisfying
Slwz(llt, 1)t 'dt<<+oo. Then, if m(x, E) satisfies (2.3)~(2.6) with k=n, the con-
c;usions (P-1), (P-2) and (P-3) in Theorem 2.2 hold.

We shall prove these theorems in Sections 4 and 5.

Remarks. 1) As the later proof will show, the condition (2.1) in the
theorems is unnecessary to obtain the conclusion provided the L?(R")-bounded-
ness is known. 2) Theorem 2.2 improves Theorem 3.1in [20]. 3) Theorem
2.3 improves Theorem 5.1 in [20], and hence answer the question (c) in the
section 6 there. As was shown in Proposition 3.5 in [19], the properties (P-0)
and (P—4) do not hold, in general, under the assumptions in Theorem 2.3.

In the rest of this section we shall give two sufficient ccnditions for a modulus
of continuity to satisfy (2.1) and (2.2), and then give some examples.

Proposition 2.4. A modulus (s, t) of continuity satisfies (2.1) and (2.2) if
one of the following conditions is satisfied :
i) There exist 0<8<1, B,>0 and B,>0 satisfying

(2.9) o(s', ) S Bio(s, t)  if 0<s'<<sand 0<t<1,

(2.10) o(1/t, #) < B, <log %) for 0<t<1;

i) There exists B>0 such that
(2.11) o(s,t)=Bo(s",t) if 0<s'<sand 0<t=1,

and (s, t) satisfies one of the following conditions,
1
(2.12a) Sow(l Jt, )t dt< 4o
2\ -1
(2.12b) o(l, )< B, (1og T) for 0<t=<1;

Proof. Suppose first i) holds. (2.10) implies (2.1). By (2.9), (2.10) and
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the monotonicity in ¢, we get for 0<R=<1 and 1<2/<1/R
i -1
(2, R)<B.w(1/R, R)<B,B, (1og %) ,

hence we have (2.2).
Next, suppose ii) holds. By (2.11) we get for 0<R=1, 1<2/<1/R, and for
any fixed 0<8<1,

o(1]t, #*) < B o(1/£, #) and (2, R) S (2, 277) .

Hence from (2.12a) we see that (2.1) and (2.2) hold. We can treat the case
(2.12b) similarly. This completes the proof.

Reconsidering the above proof, we have the following consequence of
Theorem 2.2.

Corollary 2.5. Let 0<b=1 and w(s,t) be a modulus of continuity satisfying
ome of the following conditions :
(1) (s, 2) satisfies (2.9) and (2.10) with §=1;

(ii) S:w(l £, )t~ dt< oo,
Then, if m(x, &) satisfies (2.3)—(2.6) with k=n, m(x, D) satisfies (P-0)—(P—4).

ExamPLES of (s, 2). 1. Let g(¢) be a positive, nondecreasing and concave
function on (0, oo) satisfying g(¢)< B(log(2/t))™* (0<<t<<1) for some B>0. Then
for any 0=a<1, g(s"t) is obviously a modulus of continuity satisfying (2.9) and
(2.10). o of this type was treated by Coifman-Meyer [3], Muramatu-Nagase [12]
(a=0), and Nagase [13, 14] (0=a<1). Note that if g(z) is positive and non-

1
decreasing then g ()t~ 'dt <+ oo implies g(t)< B(log(2/t))~* (0<t<1) for some
0

B>0. A typical example is w(s, )=s" (0=a<1).

2. Let Q(f) be a positive and nondecreasing function on (0, o) such that
for some A>0 Q(s") <4 Q(s) for s/2<<s'<2s, and g(¢) be a positive, nondecreas-
ing and concave function on (0, o). Then, if there exists 0<d<<1 with Q(1/¢)
g(t%) = B(log(2/t))"* (0<t<1) for some B>0, w(s, t)=Q(s)g(¢) satisfies (i) in Pro-
position 2.4. o of this type was treated by Bourdaud [1] and Yamazaki [21].
Typical one is o(s, £)=Ilog s/(log(2/t))? (for s large and ¢ small).

ExampLE 2.6. Finally in this section we state a concrete and interesting
examples of pseudo-differential operators to which Theorem 2.2 can be applied.
Let 1/2<a<1 and @(§)ECF(R) satisfying @(£)=1 on [3/4, 5/4] and supppC
[2/3, 4/3]. Define m(x, £) by

m(, ) = 33jp(2E)exp (—i2/a) .
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Then for this m(x, £) the properties (P-0)—(P—4) hold. To see this, we first
rewrite m(x, &) sa follows.

m(x, §) = {; 2RI j=a (277E) exp (—i27x) .

Take Q(s)=s"? and g(t)=t" min((log4)~%, (log A)~°), where we choose 4 so
large that g(¢) is concave. g is clearly positive and increasing. As is shown in
Coifman and Meyer [3, p. 39], we get g(277)|1—exp(i2’h)| =2 g(|k|). Hence
using two expressions of m(x, £) we see that it satisfies (2.3) and (2.5) with «(s, £)
=B Q(s)g(t) for €N, where B is a positive constant. One can see easily that
(s, ) satisfies (2.1) and (2.2) with §=1. Hence by Theorem 2.2 the properties
(P-0)—(P—4) hold. Note that in the case a=1, we can apply Theorem 2.2
more easily by taking w(s, £)=C min((log+) ™% (log 2)7%).

3. Estimates for the kernels of pseudo-differential operators

We shall investigate here the kernels of pseudo-differential operators with
symbol m(x, £). They are given by (2z) " (x, y—x). Here and in the sequel
M(x,y) will always denote the Fourier transform of m(x, £) with respect to the
covariables £. Our first estimate is the following.

Lemma 3.1. Let 1=p=<2, 1/p+1/9g=1 and 0<b=1 with [n[p]+b>n[p.
Suppose

(3.1) [0zmE) | S C,IE17™,  |al=[np];
(32)  [0zm(E+n)—0m(E) | = ColEI7" 91", [n]<IE1/2, |a] = [n]p] .
Then it holds that

(33) |(y)|"dy)¥s < C R, R>0 ;

(SR<|yl<2R
Im(}’“l—h)—rh(y) lqdy)l/q <C R_”/P<%>[n/p]+b—n/, ,
|k|<R[2, R>0,

where, if [n/p)=n[p and b=1, b in (3.4) should be replaced by an arbitrarily fixed
positive number c<1.

¢4 (

R<|y|<2R

Proof. Put k=[n/p] and take a radial function Y(§)eCF(R") satisfying
supp ¥ C {1/2<|§]| <2}, y(§)=1 on {3/4<|&|<1} and X7 - (27E)=1
(%0). Define m,(£) (j€Z) by

(3-5) my(§) = m(E)W(27E) .

Then m; satisfies (3.1) and (3.2) uniformly in j. For any a; |a|=Fk we have
by integration by parts
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(3.6) S[aé"mi(f +n)—0%m;(€)]e™"dE = (i'1y") (77— 1yhi(y) .
Hence by (3.1), (3.2) we have, using Hausdorff-Young’s inequality,

BN [ e —ti)

R<|7I<2R

sc( | 1ometm—om @) agye

27 T 2< || <2i +2

sc( | agminlpagye
277 2<|E1<2i +2

SC27 il |, if ] <2770,

Hence we have for any » with |5| <2773

(3-8) ( S [1y1*1e™"—1] |#h;(y) [ T'dy)/2 < C 27 ¢+ ||,

R<|YI<2R

We shall treat two cases 27R=1 and 2/R<1; it corresponds to divide the
symbol m(£) into two parts with support {|&|>(2R)™'} and {|£| <2/R}, respec-
tively. Now suppose 22R>1. Then there are a finite number of £(7) with
|£(F)| =1, independent of R, such that for any y with R<<|y|<2R there exists
E(7) satisfying 1/4>|y-R™27%(7)|>1/16. In this case for »=R™'27%(7), we

have |7|=273/R<2"% and
(39) 16[y| |91 <16]y| |7l < Cle?*"—1] .

So, dividing the integration domain appropriately, we have from (3.8) and (3.9)

3.10 |#1,(y) |‘dy)/s < C R+-42-C+b-nipi  if 2iR>1.
(3.10) 'y

R<|I7I<2B

Denote the left hand side of (3.10) by I;. Then
(3.11) D I;SCR* PRttt = CR™™?,

2/R=>1

Next by (3.1) and (3.5)

(12) mp=cs( | im@rarscsrvescr.
2JR<L1 2/R<1

2iR<1
21 71| £ <27 *1

This proves (3.3).

We go next to the proof of (3.4). Suppose first 2ZR=1 as before.

(3.6) we have the following identity for any a with |a|=Ek

(3.13) y*(e7"—1) [th(y+h)— i (y)]

Using
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= —[(y+h)"—y"1 (07— Lyt (y+-h)—y™ (&' +M " — ™o (y+-1r)
i ([t +n)—0tm, (8] (-7 — e et
=itlet)s.
From (3.8) it follows that, if || <R/2 and |5|<2/73,

G1) ([ IArayr=eC [ R =1 )| )
R<|7|<2R R/2<|7|<3R
é C |h|R-—1 | 7 ' b 2—(k+b—n/p)j .

We have by using (3.10) and |e*"—1| Z2(|k| |7])}, (0=bX1),

(3.15) ( S |]2(qdy)1/q < CRk(lhl I,’][)bR—k—bz—(k+b-n/p)j
R<|7I<2R

= C(Ih|[R) g 24507,

if |7]<2/7%*and |h|<R/2. For J;we get by (3.1), (3.2) and Hausdorff-Young’s
inequality

@16 ([ 15l

R<|V|<2R

<o( [ 1@mErn—om (@) e ragye

2/ 25§ <0 +2

sc( | vEIgltming, 1811 )Pagy

27725 |E| <07 +2

= C27¢i | min(1, 27| k[) .

Hence, as in the proof of (3.3) we obtain from (3.13)—(3.16)

G17)  L=C | 1rh i)ty

R<L|Y|I<2R

<cC R*H(%)”z-“”-ﬂmrc R-+-02-(+b=m0i mmin (1, 27| 1),

if |#|<R/2 and 27R=1. So, if |k| <R/2 and k+b—n[p<1, we get
(3.18) S1L; < C R (| h||R)’R¥+*"1?

2/Rz1

+C R—k—b 2 2—(k+b—n/p)i2j|h| +C R—k—b 2 2—(k+b-n/p)j

lhl<2-I<R 2-751al
< CR—n/p(Ihl/R)b+CR—k—blh|k+b—n/p
< OR™*(|h|[R)*+C R™"/*(| k| [R)*+*~"/¢
__S_ C R-n/p(lh l /R)k+b—n/p ,
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since 0<k+b—n/p<b=1. If k+b—n/p=1, i.e., if [n/p]=n/p and b=1, for
any 0<<c<1 there is C,>0 such that

(3.19) R 31 2-G+-w»idi| | ~C R™*(| k| |R)log(R/|k])
1h| <27 /<R
<C,R"*(|k||Ry .

As for the case 27R<<1, we have by Hausdorff-Young’s inequality for R>0
and |k| <R/2,

2/R<1 2/R<1

(3.20) L,=C 3 ((Im@) r—vragyr=c (| 1glmpagye
< 2/R<1 |1£l<2i*
=C|h| 20+ S C|h| R < C R™™*(|h||R)".

2/R<1

Hence we obtain the desired estimate (3.4). This completes the proof.

Lemma 3.2. Let p, q, b be as in Lemma 3.1. Suppose m(E) satisfies the
Sollowing :
(3.21) [05m(§)| = C<E>™™,  |al=[n/p];
(3.22)  |0gm(E+n)—0gm(E)| = C<EXT 0y, |9| <<ED[2, || =[n[p] .
Then it follows
(3.23) ( [ ko) dyescrem, R2110.

RLII|<2R
Proof. We use the notations in the proof of Lemma 3.1. By Lemma 3.1
we may assume R=1. Then from (3.10) it follows that

(3.24) ‘:‘_,0 I,<CR**.
Set @(E)=1— 2 Yr(277E) and m,(E)=m(E)p(). Then (3.21) and (3.22) also hold
iz0

for this m;. Hence as before we have

625) (| [yl 1) IS Clalt, i lnl<1/2.

R<|7|<2R

Considering » with |7|=1/(4R), we have as in (3.10)

(3.26) (| muoayescrs.
R<LIV|I<2R

Combining (3.24) and (3.26) we have (3.23) for R=1. This completes the
proof.

Lemma 3.3. Let p, q, b be as in Lemma 3.1. Suppose m(E) satisfies (3.1),
(3.2) and supp m(§)C {|E|>1/R} (O<R=1). Then it holds that
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(3.27) ( S |#(y) | %dy) " < C R0~ 01D & N

2!R<|yi<2/* 1R
where C is independent of R, I and m.
Proof. We use the notations in the proof of Lemma 3.1. Taking account
of the support of m, we have only to consider j with 27*'>1/R. In this case

2*'R=1 for I=1,2,+--. Hence from (3.10) we get (3.27) for I=1,2,---. (3.27)
for I=0 follows from (3.3). This completes the proof.

Lemma 3.4. Let p, q and b be the same as in Lemma 3.1, and o(s, t) be
a modulus of continuity. Suppose m(x, §) satisfies (2.3)—~(2.6) with k=[n[p] and
suppem(x, E)C {1=|E| =1/R}, (0<R=1). Then we have

(328) (| hGerh )i, )y

2lR<|y]<2!* 1R

< C(2'R)y™™*H(R,l), forx,heR", |h|<R[2,IEZ
where H(R, l) satisfies for some positive constant C,

(3.29) SYHR,D<C, 3 o, R),

I=-o0 1<2/<1/R

and C is independent of R and l.

Proof. Let 4r be the same as in the proof of Lemma 3.1 and mx, §)=
m(x, EWr(277E). Then m; satisfies (2.3)~(2.6) uniformly in j.
Integrating by parts with respect to &, we have for a with |a|=k

(3.30) ¥, =iy (e”" 1) [Fu(x+h, y)—7i(x, y)]
= (tozm,a-t-h, &-+m)—tm,(-+h, £)—08m(x, E4-n)
+0gm;(x, E)]e™ " tdE .
Hence by Hausdorff-Young’s inequality and (2.6) we have for any s>0

630 (| waayrsec [ Ko lnlece, 1h)pe

s<|YI<2s 2f 2L |E| <2 +2

S C27®HmDi |y be(24, | R]),
if || <2/%and 2’s=1. Hence as in Lemma 3.1 we have

(332)  ( S |30 (k- y)— 11 (x, ) | %dy) /8 < C 2 G+b=nPig=h=bey(2), | k)

$<L1YI<2s

if 2s=1. On the other hand, if 2/s<1, by (2.3) and Hausdorff-Young’s in-
equality we get
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(333) (et )i (s, 3) )
s<1yI<2s
=cC | imeth ©)—m(x £)12agye < C20a(2, 1h]).

27 71<|E1<2i +1

So using (3.32) and (3.33) we have

@34 (| itk )i y) ) S CRR) R L 1B),
2/R<)y|<2! 1R

where F(R; j, I, )= (27MR)-@0+5=m9 (23 g) (2R = 1), = (2*'R)"*e (2, 1)

(27*'R<1). By elementary calculation we obtain

SUFR;j,LR)= 3 <+ 3 - =Cw(2),R).

=~ 2i~IR>1 2itir<1

Since suppgm(x, £) C {1=< |£| =1/R}, we have only to consider j with 1<2/<1/R.
Hence setting H(R, )= > F(R;j, 1, R), we get the desired estimate (3.28),

1<2/<1/R

by summing (3.34) with respect to j: 1<2/<1/R. This completes the proof.

4. Proof of Theorem 2.1

We shall show that the conditions in Proposition 1.4 are satisfied under the
hypotheses in Theorem 2.1. Hereafter ¢ will denote the conjugate exponent of
p, ie. 1/p+1/g=1. First, we note that by Theorem 3.1 in Miyachi and Yabuta
[10] m(x, D) is bounded on L?(R"), in this case. Next we study the kernel
K(x, y)=(27) " (x, y—x) of m(x, D).

For R=1, we have, using Lemma 3.2

@y (| K@K esenl | iy

R<|5-9|<2R R< |z~ Y|<2R

1 j (2, y—2)|‘dy)/ < C R™5=5,  for |x—z| <R/2.

R/2<|Y-z|<3R
Assume then 0<R=1. By Lemma 3.1 we have
4.2) ( S | (2, y—x)—M(z,y—z) | ‘dy)/* < C R™"/*(| x—=z| [R)/P1+b=nl |

R<|x-3|<2R

|a—z| <RJ2.
Let @ and +r be the same as in the proof of Lemma 3.2, and put
my(x, £) = m(x, E)p(£) and my(x, E) = m(x, E)W(27E) (j=0,1, ).
Then
(4.3) m(x, £) = my(x, E)+1§z§1/nmj(x’ 5)-{—22:»:/ Rmi(x» £)
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= m(x, E)-+my (%, E)-+m1i(x, E) .

Then m,(x, E) satisfies (2.3). Since suppgm;,(x, E)C {|€]|<1], by (2.3) we have
clearly |#,(x, y)| <C,, and hence

(4.4) C | syt y—x) 4y

2/R< |5 -y|<2/+IR

< C(2'Ry"t = C 2 R2'R)™" .
Next, since suppg my(x, £)C {1/2<|&| <2/R}, we have by Lemma 3.4

(4.5) ( s [ 1(%, y— ) — o (2, y—2) | “dy)*

2JR<|7-9|<2i 1R

<CZR)™HR,j), |x—=z|<RJ2,
where > H(R,j))=C, X (2, R). Since the support of m;;(x, &) is con-

1<2/<1/R 152/<1/R
tained in {|£|>1/R}, we have by Lemma 3.3
(4.6) ( S lrh”,(x, y—x)—ﬁz”,(z,y—x)lﬂdy)l/q

2iR<|x-y|<2it iR

=C | ey (e )iy

2/R<|7|<2/* 1R 2/R<|31<2/+1R

< C(2R)™ ™2~ Wrtl+b=nt)i - |x— 2| <RJ2.

Therefore from (4.1)—(4.6) we see that the hypotheses in Proposition 1.4 are
satisfied by m(x, D) if we take w(t)=¢" and G(R,j)=2/R+H(R, j)-2~/21+b=4/p)i
in Proposition 1.4. Hence we have the desired estimate (2.7).

We next go to the proof of the second assertion. It is clear that there
exists a real number s with 1<<s<<p such that all the assumptions in Theorem
2.1 are satisfied for p replaced by s. Hence by the first step, we get

(4.7) (m(%, D)f){(x) = C M, f(x) .

Now let f(x)€C5(R") with supp f C {|x| <A} and w(x)E4,;,, Then from the
theory of 4, weights we have

(48) ff0te) (1 1)< oo
From Lemma 3.1 we get for x with |x|>24
(49)  Im(x, D)f)| = 12x) [, y—)(2)ay)]
scC | i y—ntpy i fo)ray e s ciae.

1¥1/2<|*-7|<2|#]

Since we have already m(x, D)f € L*(R"), we get by (4.9)
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(4.10) My(m(x, D)f) (x) = C|x|~"?, for |x|>24.
Combining (4.8) with (4.10) we get

(4.11) w({My(m(x, D)f) (x)>a})<<+oo,  foranya>0.

Since we4,,,C4,, we see by Lemma 1.3 that (4.7) and (4.11) imply the
desired estimate (2.8). This completes the proof.

5. Proofs of Theorems 2.2 and 2.3

We shall prove Theorem 2.2 by showing that to m(x, D) one can apply the
arguments in Journé [5, Chapter 4], i.e. m(x, D) is a Calder6n-Zygmund operator
in a generalized sense. We begin now with the following lemma.

Lemma 5.1. Let 0<b=1 and «(s, t) be a modulus of continuity satisfying
(2.2) i.e. for some B>0 3> (2, R)=B, (0<R=1). Suppose m(x,&) satisfies

1=<2/<1/R
(2.3)*~(2.6) in Section 2 with k=n. Then we have for any cube Q with diameter d
and center a, and any f € Li,.(R")

60 [ 1K@ —KEN @)y s Csup 117 170)1dy, % 2@ ;

17-31>4
652 | 1K00—K9)1f0)ldy s Csup 1117 1 70) 1y, % <,
|Y-al>d
where K(x, y) = (2z) ™" M(x, y—x) and I’s are cubes.
Proof. As in the proof of Theorem 2.1 in Section 4, we see that K(x,y)
satisfies the assumptions in Proposition 1.4 (p=1), except the L(R")-bounded-

ness. Hence as the proof of Proposition 1.4 shows, we see that (5.1) holds.
(5.2) is more easy. Indeed, by (2.3), (2.4) and Lemma 3.1 (p=1) we get

(53)  Ih(y, x—y)—h(y, z—y)| < Cla—y| "(|lx—=2|[|x—p])",
lo—z|<|x—y]|/2.

Hence K*(x,y)=K(y,x) satisfies the assumptions in Proposition 1.4 (p=1). So,
as above we obtain (5.2), which completes the proof.

From (5.1) we have easily for any cube @ with diameter d and center a,
and any f € L}(R")

G4 || Ken—KENfOISCMfRE),  for x2eQ.

|¥~a|>d

From (5.2) we have for any w & 4, and any cube @ with diameter d and center
a, and any f € Lj,(R")
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G5 1 [ | K@) —KE 0w < Cu@)1Q17 | )y,

1=31>d
for all 2€Q),
since one gets || "Slw(x)dng ess itnf w(2)= lQl"Lw(x)dx for QCI, by the

definition of 4;. By (2.3), (2.4) and Lemma 3.1, we have |#(x, y—x)|<C
|x—y|~" and hence for any cube @ with center a and diameter d, and any
fELL(R")
(5.6) | K@aroscMfa.
d/2<|Y-a|<d

Therefore, in this case, K(x,y) satisfies the kernel conditions, discussed in Journé
[5, p. 47]. Thus, if one can show the L'(R")-boundedness for some 1<<r<Coo,
then the standard conlcusions for the usual Calderon-Zygmund operators hold,
(for the details, see [5, Chapter 4] or Yabuta [19, 20]).

Now we can prove Theorem 2.2.

Proof of Theorem 2.2. From the assumption on o, we get easily

1

Socoz(l/t, t)t7'dt<<+oo. Hence, by the arguments in Bourdaud [1, p. 1032] or
Coifman-Meyer [3, pp. 43—45] we have the L*(R")-boundedness for m(x, D).
This, combined with the above consideration, gives the proof.

Proof of Theorem 2.3. We shall show (P-1) in the following. Then
(P-2) and (P-3) follow from (5.2) as in the proof of 5.1 in [20]. Now as in
Theorem 2.2, m(x, D) is bounded on L% R"), i.e.

(.7 |lm(x, D)fll, = CIIfll2 -
Next we decompose the symbol m(x, &) as follows: Take a nonnegative
function u(x) € C7(R") with supp uC {|x| <1} and Su(x)dx=l. Put
(s, £) = (u(Im(s—<E>s, B)ds = [u<E> (v—a)m(, &) <©'ds,
my(x, &) = m(x, £)—my(x, £) .

Then we have

(5.8) |050gm(x, £)| = C, 6<E>™P, || <n, BEN";

(5.9) |050gmy(x, &-+n)—050Em(x, £) | < C,,p<E>"PI0 9|,
l77|<<g>/2; Ial =n, BEN” >

(5.10) |0gmy(x, £)| = CXED™0(KED, 1KED), |at|=m;

(5.11) |0%my(0, E-+1)—0fmy(x, £)| = C.LEV™" " In] (<D, 1KED),
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7| <<ED[2, |a| =m,

(cf. [10, Section 5, Lemma 5.1] or Nagase [13]).
Then by Theorem 3.2 in [10], we have for any 1<p<<oo

(5.12) llma(oe, D)fl, = Cll fll, -

From (5.7) and (5.12) it follows that m,(x, D) is bounded on L R"). From (5.8)
and (5.9), using Lemma 5.1 and the consideration after it, we see that #,(x,
y—x) satisfies (5.4), (5.5) and (5.6), since w(s, t)=st clearly satisfies the assump-
tions on  in Lemma 5.1. Therefore by the arguments in Journé [5. Chapter
4] we see that my(x, D) is bounded on LA(R") for any 1<<p<<co. Combining
this with (5.12) we get that m(x, D) is bounded on L*(R"), 1<p<<co. Hence
its adjoint operator m*(x, D) is bounded on L'(R") for 1<r<<co. From (2.3)
and (2.4) we have, by Lemma 3.1 (p=1), for the kernel K*(x,v) associated with
m*(x, D)

| K*(2, y)—K*(%, )| = Cla—y | " (la—z|[lx—3]), |x—z]<|x—y|[2.
Therefore by Froposition 1.4 we have
(m*(x, D)fJ(x) S C, M, f(#), 1<r<oo .

Hence for any 1<p<<co and any wE 4, taking 1<r<p so that w&A4,, (this
can be done from the 4, weight theory, see, for example, Coifman-Fefferman
[2]), and applying Lemma 1.3 we have

llm* (2, D)f |20 = C(p, W)l fll 226 »

since for fECF(R") we obtain w({M,(m*(x, D)f) (¥)>a})<-+ oo for any a>0
as in the proof of Theorem 2.1. Therefore, by duality (using the fact that
we A, is equivalent to w™?€4,, if 1/p+1/g=1) we obtain for any vE 4,

|lm(x, D)fl|2» = C(g, V)| fll2ar »
which shows (P-1). Hence the proof of Theorem 2.3 is complete.

6. The case of double symbols m(x, &, y)

Let us consider pseudo-differential operators of the following type:

m(s, D, 9)fx) = @) (( e eimis, &,y

The L?(R")-boundedness of these operators is studied by Muramatu and Nagase
[12] and then by Miyachi and Yabuta [10]. We have also in this case a result
similar to Theorem 2.2.

R"xR

Theorem 6.1. Let w(s,t) and w,(s,t) be moduli of continuity such that
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there exist By, B,>0 and 0<38,, 8,<<1 satisfying the following conditions (i), (ii)
or (1), (iii):
(1) 152’25:1/3(0’(2]’ R)=B, (0<R=1),1=1,2;
1
(ii) So[m,(l Jt, ) Ld(L)t, o)]t dt <400 ;
1
(iif) So[wf(l/t, £55) tay(1t, £2)]tdt< o0 .

Suppose m(x, £, y) satisfies for 0<b=1:

(6.1) [Ogm(x, &, )| = C<EXT,  |al=n;
(6.2) |0m(x, E+n, y)—0em(x, €, y)| =< C<KE>"|q]?,

(7] <<ED/2, |a| =n;
(63) ]a?m(x+h7 Ev y+k)—aé'm(x, E: y) l

= CEan(KED, |R])+-wo<ED, [RI)], |t =n;

(6.4) |0¢m(x+-h, &+, y-+k)—0¢m(x—+h, £, y+k)—0zm(x, £+, y)
+0gm(x, &, y)| = C<EY™ " |]"[0y(KED, |B])+wi<ED, |RI)],
I7| <<&>)2, |a| =mn.

Then the pseudo-differential operator m(x,D,y) satisfies the properties (P-0)—~(P—4)
in Theorem 2.2.

Proof. Let K(x,y)=(2#)"M(x, y—x,y) be the distribution kernel asso-
ciated with m(x,D,y). Using (i), Lemmas 3.1, 3.2, and easy variants of Lem-
mas 3.3 and 3.4, we see that K(x,y) satisfies (5.4), (5.5) and (5.6). By Theorem
8.1 in [10], using (ii) or (iii), we see that m(x,D,y) is bounded on L*(R") for
any 1<p<<oo and hence especially on L¥R"). Therefore by the arguments in
Journé [5, Chapter 4], we see that m(x,D,y) has the desired properties (P-0)-
(P—4). This completes the proof.

REMARK 6.2. If one can show by some means the L'(R")-boundedness for
some 1<<r<Coo, then the conditoin (it) or (iii) in the above can be removed.

1
Note also that Sml(l/t’ t)t'dt<<-+4oco implies (i) with /=1. So, as a
0
partial result of Theorem 6.1 we have the following.

Theorem 6.3. Let w,, w, be moduli of continuity satisfying (ii) in Theorem
6.1 (respectively (ii1)). Then, if m(x,&,y) fulfills (6.1)~(6.4), m(x, D,y) has the
properties (P-0), (P-1) and (P—4) (respectively (P-1), (P-2) and (P-3)).

Since the proof is similar to the above, we omit it.
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7. Concluding remarks

a) We note that all theorems and lemmas in this paper, it is sufficient to
consider only differential operators of the form 9{; for the assumptions on the
derivatives of symbols.

b) Relating to Proposition 2.4 ii), we note that in Theorem 2.1 (2.1), (2.10),
(2.11) and (2.3)—~(2.6) with k=n do not imply (2.7). So the condition (2.12a) in
Proposition 2.4 is in this sense sharp. This can be seen by the following example.
Let h(t)eC7(R) be an odd function such that #(z)=0 (|¢]| <1), =1 (2>2). Put
G(E)=h(E)/log(2+ | £1), £(x)—min((log log| x| ™), (log 2)™) (0<b<1) and de-
fine m(x, £)=(sgn x)g;(x)G(£). Then by elementary calculations one sees that
G(x)=—2ix"(log(2+27 | x| ") *+0O(| x| ~*(log(2+ | x| %)) ") near x=0. Hence
m(x, D)X .y=C(sgn x) (log log |x|™*)!"*4-a bounded function near x=0, and so
m(x, D)X ) 6 BMO(R). On the other hand |8fm(x, £)| < C<ED>*(log(2+ | €]))7%,
kEN. Note also that m(x, £) is continuous on RX R. This example satisfies
(2.1), (2.3)~(2.6), (2.10) and (2.11) with w(s, )=C(log(2+s))}, but m(x, D) do
not satisfy (2.7).

c) Let 0<b=1 with [n/2]4b>n/2. Under the assumption on o in
Theorem 2.1, if m(x, £) satisfies (2.3), (2.4) with k== and (2.5), (2.6) with k=
[7/2], then m(x,D) has the properties (P-1)~(P—4) in Theorem 2.2. This can be
shown by using Theorem 2.1 with k=[n/2] and the last part of the proof of
Theorem 2.3.

Finally we thank the referee for several helpful suggestions, with which, we
hope, we could clarify what we want to say.
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