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0. Introduction

We call (M, o) a Riemannian manifold with a pole iff M is a Riemannian
manifold and exp,: T,M—M is a global diffeomorphism. We define the
radial curvatures at x&M as the sectional curvatures of all the 2-dimensional
planes in T, M which are tangent to the unique geodesic joining the pole o to «,
and write 7(x) for the distance function from 0. Suppose now our (M, o) satisfies
the following conditions:

0.1) There exist C~ functions &, K: [0, oo) — [0, oo) such that

1. — K(r(x))=all the radial curvatures at x<k(r(x)),
2. S“sK(s)ds<oo,

0
3. Smsk(s)ds <1.

0

In this paper, we shall prove the following theorem.

Main Theorem. Let (M, o) be an n-dimensional complete Kdhler manifold
with a pole o satisfying condition (0.1) (n=2). Moreover assume that there exists
a C= function H: [0, co] — [0, oo) such that

02  (TsHEds<oo,
0
and
(0.3) —H(r(x))=tha Ricci curvature at x<H(r(x)) .

Then there exists a positive constant v, depending only on K(s) such that if
S”sk(s)ds<% ,
0

M s biholomophic to C".

It was conjectured by Greene and Wu that if A is an n-dimensional com-
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plete, simply connected Kihler manifold satisying
— A(1+r(x))"** < the sectional curvatures at x=0,

then M should be biholomorphic to C". This conjecture was verified by Siu and
Yau (cf. [10]). In [3], Greene and Wu generalized the above resul: to the case:

— K(r(x))<the sectional curvatures at x<0,

where K is the function of (0.1) and moreover non-increasing on [a, o) for some
a>0. In view of the above results and several facts of [3], it has been con-
jectured if a complete Kihler manifold with a pole (M, o) satisfies condition (0.1),
then M should be biholomorphic to C”. In fact, Mok, Siu, and Yau have shown
(M, o) is biholomorpbic to C” in the case:

— A (1+7r(x)) "2 *<the sectional curvatures at ¥ < A,(1+7r(x))"*"*,

where A4, is a sufficiently small constant depending only on &(cf. [7]). Recently
Kasue has proved Main Theorem under the stronger condition than (0.3):

—A(1+4-7(x))"?"*<the Ricci curvature at x < A4(1+4-r(x))"%"%,
where A is a constant independent of §, then M is biholomophic to C”.

Combining the argument in [7], [10], and Kasue’s unpublished result cited
above, the proof of our Main Theorem follows from the following observation:

1. We construct a bounded solotion to the equation:
Au(x) = O(r(x))

where 6 is a C~ function such that there exists a C*~ function
h: [0, o0) — [0, o)

satisfying |8(x)| <h(r(x)) and j:sh(s)ds< oo |

2. We construct a bounded non-vanishing holomorphic n-form on A more
directly than [7].

We would like to express sincere thanks to our adviser Prof. T. Ochiai, to
Dr. A. Kasue for his kindness to show us his unpublised result cited above, and
to Prof. J. Kazdan who informed us Lemma 2.1 and its corollary which simplify
considerably our original proof of Proposition 2.6.

1. Preliminaires

Let (M, o) be an n-dimensional complete Kihler manifold with a pole
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satisfying condition (0.1) (r=2). We recall several known results which will
be used later.

Fact 1.1 (cf. [4], p. 678, Fact 2.1). Define C* functions f(t), F(t) by
(1.2) [k =0, f0O)=0, f(O)=1,
(1.3) F'—KF =0, F0)=0, F/(0)=1.
Then there exist constants p and ) satisfying the following inequalities:
(14 pu=f (=1 and ut=< f(t)<t,
(1.5) ISF' ()= and t<F(t)<\t,

(1.6) 1—S”sk(s)dsgpg1,
(1.7) lgxgexp{rsk(s)ds} .

Using the results of ([4], p. 679, Lemma 2.1) and ([3], Th.C), one can
obtain the following inequalities by simple computation.

Fact 1.8. Let f(t) and F(2) be as in Fact 1.1. Set

s(t) = exp {Si}%—)} .

Then

(1.9) (log s) (r(x)) is plurisubharmonic on M,
(1.10)  s*(r(x)) is @ C= strictly plurisubharmonic function on M

and

2(F f—) ()02 L) z2( £ ;-Z—) ()%,

(1.11)  for arbitrary p>0,

L{log(14-*) ((x))) = min. {2(1:”: ;j)zfz , (ﬁi{;ﬁ} ()Q,

(1.12) t<s()=st* (1=1)

and
PEZs() =t (0=t=1)

where Q) is the Kdhler form of the given Kdhler metic G and L is the Levi-form.
Note that M is, in particular, a Stein manifold.

We call a differential operator on an open set U of R*
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s 0 (i 0 gice-
a=3, e ) @ <CW)

uniformlly elliptic iff there is a positive number » (which is called as uniform
ellipticity of A) such that for any x U and for any tangent vector X & T,(R™),

77 XIS 300 (0) X, X, <0 3, X5
Fact 1.13 (cf. [3], p. 56, Th.C and p. 80). The exponential map
exp,: T,(M) - M

is a quasi isometry and the real operator
Vigla= i %(\/Egﬁgax—)
is uniformlly elliptic with respect to the coordinates
exp,: T(M)— M. Here
Re G = 33, g;;dx'dx’
(g") is the inverse of (g;;),
lg| = det(gi;) .

From now on, we call the global coordinates exp,: T,(M)—M as the natural
coordinates.

Fact 1.14 (cf. [4], p. 678, Th.1). "Let E— M be a holomorphic line bundle
with a hermitian fibre metric h. Suppose the Chern form w=—(\/—1/27)00 log h
of the hermitian line bundle {E, h} satisfies the condition

(L15)  Jlo@®)l|=o(r(x)  (x€M)

where v(t) is a non-negative C™ function on [0, oo) satisfying
(1.16) S”w(s)ds<oo .
0

Then there exists a positive number v, such that if o is a non-zero holomorphic
section of E over M satisfying

(117)  llo(@IISC4r()"
on M for some constant C and some 0<<v<uv,, then o is nowhere zero on M.

Fact 1.18 (Hormander’s (9-L?) method) (cf. [2], AI-53). Let M be a
Stein manifold and E— M a holomorphic line bundle with a hermitian fibre metric
h. Let @ be a plurisubharmonic function on M. Assume that there exists a positive
continyous function c(x) on M satisfying
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(1.19)  Ric(M)+c\(E, h)=cQ
where Ric(M) is the Ricci form of (M, G) and ¢(E, k) is the Chern form of {E, h}.
If an E-valued C=(0, p)-form o on M satisfies (p=1)

(120) Fo=0 and [ @Therce,

M c

then there exists uniquely an E-valued C=(0, p-1) form < on M such that
(1.21) Oy =0 aud S P e < S g‘3'-""—>"e"’ .
M M c .

The definition of  , >, is as follows:
if we write locally o as o,e; on U; where o; is a (0, p)-form and e; is a local
holomorphic section of E, then <o, o,(x) is defined as

oy api(x) = <oj» 77 (%)h(e)> &) (%)
where { , > is the inner-product of (0, p)-form induced by the metric of M.
Fact 1.22 (cf. [6], p. 67 (7.9)). Let A be a uniformlly elliptic operator on

R?"(n=2). Then there exists the Green’s function G, of A on R* satisfying the
Jollowing inequality:

123) — mn)" —q yy<—_(m )
(1.23) [x— |2 A%, y)= ——Ix—ylz"“’

where c(n, n) is a positive constant depending only on n and u (uniform ellipticity
of A).

Fact 1.24 (Moser’s submean value inequality: cf. [8], p. 462, Th.1). Let
A be a uniformlly elliptic operator on B(2R)={x&R*: |x|<2R}. Assume
ve WY B(2R)) satisfies

(1.25) S Sy 2100 0% 4o
B(Q2.

6x,' 8x,~

for any ¢ =0 in D(B(2R)). Then

2 SC(”, 77) S 2
(1.26) [lo ”w.s(x)_—Rz“ mmv
where c(n, 1) is a constant as in (1.22).

Fact 1.27 (Moser’s Harnack inequality: cf. [9], p. 578, Th.1). Let V be
as in (1.24) and u a positive C™ function defined on B(2R) such that Au=0 on B(2R).
Then
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1.28 sup u=c ;
( ) B(}.g = (n) 77);3.!; u

where c(n, n) is a constant as in (1.22). In particular, from (1.28), one can easily
obtain the following “ Liouville theorem™: Assume A is a uniformlly elliptic operator
on R**. If a positive C~-function u on R* satisfies Au=0, then u is a constant.

2. The solution of Poisson’s equation
Lemma 2.1. Let h(|x|)EC~(R?) depend only on r=|x| for x& R**(n=2),
2
and Aozz,-(ga—) the usual Laplacian on R*". If h(s) satisfies
x

swsh(s)ds< oo,
0

then there exists a solution to the equation Ayw="h such that

22) o) =—p 1| M) g,

2(n—1)wpy- ) Ron | x— y| 2

23)  o(x)—o(0) = Z(nl 1)g ()[( l)Z"—z]ds,

where w,,-, 15 the volume of the unit sphere of R*.

Proof. It is easy to see that the integral in the right hand side of (2.2) is
finite. 'Then it is well known that Aj=h. And moreover the solution to
Agv=Hh is unique up to harmonic fuctions. But then both v and % depend only
on 7, so the equation A,=# becomes an O.D.E.

h AO‘U = 7)rr"l"zn 1

1 -
= —Tm.(rzn l'v,), .
This can be integrated explicitly, just by integrating
"o (r) = S s p(s)ds ,
0

and we obtain

an (s)ds .

Therefore
o(r) = v(O)-{-S 1 1[5 @ Y(s)ds)dt

Shaoe( Gl s QE.D.

Z(n 1)Jo
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From (2.3), the following is obvious.

Corollary 2.4. If h=0, the function v(x) of (2.2) satisfies
1 [E4]
2.5 <o(x)—v(0)= —— .
25)  0<o(x)—v(0)=< 2n—ZSo sh(s)ds

Proposition 2.6. Let 0 be a C* function on M and assume that there exists
a C= function h: [0, co)— [0, o) such that
27)  10(x)| Sk(r(x)) and S:sh(s)ds<oo .
Then there exists a bounded C* function u on M satisfying
(2.8) Au=20.

Proof. Using the natural coordinates, set

4=, (Vg L) = vigla.

x; x;

By (1.13), A is uniformlly elliptic on R*(=T,M). Let G, be the Green’s
function of 4 on R* as in (1.22). Then

u(w): = | Gl 9) (VT210) (0)dy

is a bounded solution of (2.8). In fact, by (1.13) and the assumption on 8, we
obtain

IV 1g16() | =Cik(I1),
where C, is a constant. By (1.23),
[ Gate ) (VIEIO )y <0, M2 ay,

but from (2.1) and (2.4), the right hand side is bounded by a constant independent
of x. Q.E.D.

Using a local holomorphic coordinates (z;, -+, 2,), the Ricci tensor R is locally
expressed as

#log|G| ; a5
R=-3, dz"dz’
lap 02,02 s

where G=3,4G,5dz"d7° and |G| =det(G45). Set

50° log |G|
2.9 = —,, G 87|
(29) [ P 524 0%,
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where (G®) is the inverse of (G,s). Note that 2¢ is the scalar curvature of
Re G. The following is obvious from (0.3) and (2.6).

Corollary 2.10. There exists a bounded C™ function u on M satisfying
(211) Au=¢.

So u is unique up to constants.

3. Construction of non-vanishing bounded holomorphic n-form
The following is obvious.

Lemma 3.1. Let E— M be a hermitian vector bundle with a fibre metric h.
Assume that o is a non-zero holomorphic section of E over M such that

(3.2) Alo|,=0 on Bg(R)—V

where Bo(R)={x&M: r(x)<R}, and V={x&M: |a|,(x)=0}. Then
3.3) |o |, € W"(Bg(R)),

and

T-7.ii0|a |, 0¢
3.4 L. 72191k YP <
(34) E,,SMR)\/IgIg o, 6x,-=0

for any $ =0, ¢ € D(By(R)) with respect to the natural coordinates.

Let v be a real valued C~ function on M. Then we define a fibre metric
| |, on the canonical line bundle K,, of M by

(B3 T Ii=1 ke

where | |, is the fibre metric on K, induced by G.
The next lemma immediately follows from Poincaré-Lelong’s formula.

Lemma 3.6. Let u be the function of (2.11). Then for any holomorphic
n-form &,

(3.7) Alog|&]l,, =0 on M—V
where V={x&M: £(x)=0}. In particular
(3.8) AlE]2,=0 on M—V.

Proposition 3.9. For any positive number v, there exists a non-zero holo-
morphic n-form & on M such that

(3.10) | & gp (%) < C(14-r(x))r/m-n+ve
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where C is a constant and p is as in (1.1).

Proof. Let {U, (2, ‘-, 2,)} be a local holomorphic coordinates around o
and assume Bg(€)cU. We choose p= 9(R) satisfying
P =1 if 7|27,
p)=0 if |r|2e,
and
0=p=1.
Set
a=vlog(l4+s), @ =2nlogs

where s is the function in (1.8), and we choose a fibre metric | |, on K;. By
direct computation using (1.1), we obtain

Rie(M)+e(Ky, | |a)=c2,

where ¢ is a positive continuous function on M.
Set

£(®) = p(r(@)dz~~ds,
then, by (1.18), we obtain a C*(n, 0)-form on M with
(3.11) 9y =20g
and
¢12) [ Inlzens 1012 <o
Because of the singularity of @ at 0, we must have »(0)=0. So
(3.13) E=g—n
is a non-zero holomorphic z-form and satisfies
E(o) = dzy~+~dz, and 9E =0.
Since g has a compact support,

1€ ku
Jureram<=

In the following, C; denotes a constant independent of £. Let u be the function
(2.11). Then

1€ %

S I
u (1) (1+s)*

(Sl
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From (3.1), (3.8), and (1.24),

sup [EILSCR™( [£]k

Bg(R) Bg(2R)

2
<C,R(1+5(2R))*(14-5(2R)) Suﬁl)%ﬁ@ :
Here by (1.12), we obtain

sup l E I gué O‘(1+R)2n(lln—l)+2w# .
Ba(R)
Because u is bounded
TE | ka(%) S Co(1r () )/t Q.E.D.
The following lemma is proved in Moser’s paper (cf. [9]).

Lemma 3.14. There exists a positive number 8, such that if u is a harmonic
function on M satisfying

(3.15)  w(x)SCy(r(x)+C,)°  for some 0<<5<S,

where C; are constants, then

(3.16)  u = u(o) identically.

Proposition 3.17. There exists a positive number 7, such that if

S:sk(s)ds<’)’1 :

then there exists a holomorphic n-form & on M satisfying
0<C'=|E|gy=C

where C is a constant.

Proof. Choose any ;<1 so that

1
”(1_%“1)<”o

where v, is the number of (1.14), and take »>0 so that

n(l—l'yl— 1)+1_L%<'Yo .

Let & be the holomorphic n-form of (3.10). If SN sk(s)ds<vy, then
0
1

n(;— 1)—|—%<vo
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therefore & is nowhere zero on M by (1.14). Hence log|Z|, is well-defined
everywhere M and

A(log|E|%,—2u)=0 onM.

Using the natural coordinates, set A=+/|g|A and
v =log|E|ky—2u.

Then A4 is uniformlly elliptic and 4v=0. By (3.10)
o(x) = C{1+4log(1+7(x))}

where O is a constant. From (3.14), v is a constant. Since # is uniformlly
bounded on M, we get the conclusion. Q.E.D.

4. Construction of a biholomorphic map

Let T%(M) be the holomorphic cotangent bundle of M and w a real C~
function on M. We define the fibre metric { , ), on T™(M) by

(4'-1) « ’ »w =, e
where { , > is the fibre metric on 7%(M) induced by G.

Lemma 4.2. There exists a bounded real C* function p on M such that for
any holomorphic 1-form o on M,

(4.3) logl|o||, ts subharmonic on M—V
where ||o||i={o, o), and V={xEM: o(x)=0}.

Proof. From (2.6), there exists a bounded real C~ function p on M such
that

the Ricci curvature at x=Ap(x) .

Using Bochner’s identity
JAllollE = 1V°s -+ Ric(o*, e+ -Apllall

where ot is the dual of o and V* is the covariant derivative with respect to the
metric { , ), we get the conclusion. Q.E.D.
We refer the proof of the following lemma to ([3], p. 43, Th.B).

Lemma 4.4. Assume that v is a non-negative C~ function on M satisfying
Av=0. Then
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(4.5) Av=Cn, %, 1 a)R"S

S BglaR Bg(R)

where 0<a<1 and O(n, N, p, @) is a constant depending only on n, A, u, c.

Proposition 4.6. For any positive number v, there exist holomorphic functions
Jis *+*s [ on M such that

(47)  fi0) =0 and df(0) = dz;,
(4.8) | fi(x)| < Cy(14r(x))r+rti/e-n
(4.9) ||df(%)|| < Co(14-r(a))¥/#+rD0/E-1)

where C; are constants and (2,, -+, 2,) are the holomorphic coordinates at o of
(3.9).

Proof. Take positive numbers a, b so that By(a)eBg(b)<U. Let X be a
C* function on [0, o) such that

4.10 Xt—{l O=t=a
*10) XD =1 s

and 0=<X<1.

Set v,(x)=X(r(x))2; on U, and v,(x)=0 on M—U.
Let & be the holomorphic #-form in (3.17), and set

(4.11) B =log|&|%, and = (2n+2)logs.
We define a fibre metric on the trivial line bundle E=M X C by
(4.12) k= fVicslEsh
From (1.11),
Ric(M)+c\(E, h,)=c),

where ¢ is a positive continuous function on M. From (1.18), there exists a
C* function #; on M such that

(4.13)  Ou; = dv;
and

iz E %fx 5 ,‘,5 i“hy _
(4.14) SM(lllthlle)VszzéSj v cv>h .

Because of the singularity of e™* at o,

u(0)=0, duo)=0.
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Therefore if we set
fi=vi—u;,
then
4.15)  8f; =0, fi(0) =0, and df(0) = dz; .
Since v; has a compact support, (4.14) implies
2
(4.16) SMW)%—_;LS)Z”“QO .

Using the natural coordinates, we set A=+/|g|A. Then from (1.13), 4 is uni-
formlly elliptic.
By (3.1) and (1.24),

(4'17) B (szl’-'l '(*))' f‘ |2§ C’lr(x)_z”SBq(r(x)) I f' I ’
S Cr) (- (st il

(by (4.16) and by (1.12))
< 02(1 _|_r(x))2/(v+n+1/rl—n)

where C; are constants. Let p be the function of (4.2). Then by (3.1) and
(1.24), we obtain

(#18)  sup IHIESCoe ] Idsil:

B2 Ba(r(x))

(since p is bounded)

<Co@ | lfir=coty|  OIAI?

Bglr(x) Bg(r(x))

(observe A=2[T])
=27y AIfI

Bg(r(x))

éC}r(x)"‘z”“)S 1fil2 (from (4.4))

Bg2(r(2)
gcsr(x)-<2"+2>gz""(1+t)2<“+"+1>/"-1dt (from (4.17))
< C(14-r(x))R+ntire=n=1y
where C; are constants. Recall that p is bounded, then we obtain
[ldfil1(x) < Co(1-+r(x))#+@+n0/=D Q.E.D.

The proofs of the following lemma and proposition are the same as those of
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([7], p- 214, Lemma 3 and p. 215, Proposition).

Lemma 4.19. There exists a positive number %v,=<7, where %, is the con-
stant of (3.17) such that if

g:sk(s)ds<')’z ,
there exists holomorphic functions f,, -+, f, on M satisfying the following conditions:
(420)  dfneendf,=E

where £ is the holomorphic n-form of (3.9), and if we define holomorphic vector
fields {X}15i<q on M as

(#21)  df(X)) =3
then
(4.22) | X;| (%)< Cyr(x)m-D0/EH@+/E-D) 1<isn,
where C; are constants.
We define a holomorphic map F: M — C" by
F=(fy - f): M= C".

Proposition 4.23. There exists a positive number °,=<, where %, is the
number in (4.19) such that if

S:sk(s)ds< Yo
then the holomorphic map F defined above is a proper map.
Now we give the proof of our Main Theorem.
Proof of the Main Theorem. If S:sk(s)ds<'yo, then from (4.20) and (4.23),
F is a covering map. Since 0" is simply connected, F is biholomorphic. Q.E.D.

ReMARK. Moreover if the sectional curvature of M does not change the
sign, we can conclude that M is flat by using Mok-Siu-Yau’s argument in ([10],
p. 211).
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