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Let MU*( ) and K*( ) denote the Z,-graded complex cobordism theory and
the complex K-theory respectively. 'The Thom homomorphism g: z(MU)—
7(K) on coefficient groups is identified (up to sign) with the classical Todd
genus Td: A—Z. We denote by I the ideal of A to be the kernel of 7d: A—Z.
Wolff [7] proved that the decreasing filtration {I?MU*( )} of MU*( ) consists
of cohomology theories defined on the category of based finite CI¥-complexes,
and the associated quotients JT?MU*( )[I***MU*( ) are determined by the
complex K-theories KG§( ) with coefficients G,=17/I9**,

The purpose of this note is to extend the Wolff’s result to the category of
based CW-complexes. Let F,MU be the CW-spectrum associated with the
cohomology theory I?MU*( ), i.e., {Y, F,MU}*=I1?MU*(Y) for any based
finite CW-complex (or finite CW-spectrum). We show that {F,MU*( )} is a
decreasing filtration of MU*( ) consisting of A-modules so that the associated
quotients are equal to KG§ ( ), and in addition that F,,,MU*( ) is a direct
summand of F,MU*( ).

Moreover we give a tower

MU = -+ = QoMU — Qg MU — - — Q.MU = K

of MU-module spectra such that KG,—Q,MU—Q,_,MU is a cofiber sequence
of MU-module spectra, which factorizes the Thom map g,: MU —-K.
Baas [3] constructed a tower of CW-spectra

MU — -+ - MU<ny) > MU<{n—1)> — -+ > MUL0> = H
factorizing the Thom map x: MU —H. In appendix we show that the tower is

of MU-module spectra and the sequence Z**M U<n>—ni‘+M Ulny—-MUn—1>
is a cofiber sequence where m,_is the multiplication by x, a ring generator of A
with degree 2n.

1. Decreasing filtration of MU,( )
1.1. A pair (E, p) is called a Z,-graded CW-spectrum if E is a CW-spectrum
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and p: X*E—E is a homotopy equivalence. Such a pair (E, p) gives rise to
natural isomorphisms

pxt Ex(X) = Bxio(X), pxi E¥T(X) = EX(X)

for any CW-spectrum X. So we can define Z,-graded homology and cohomology
theories Ey( ), E¥ ) by putting

E(X) = BE(X)DE(X), EYX)= E(X)DE(X).
For a CW-spectrum E we put
E=V3"E, E=II3"E.

Taking the canonical identifications p: 3*E— E and p: 32 E— E as structure

morphisms E and E admit structures of Z,-graded CW-spectra respectively.
From definition it follows that

Eo(X) = 2 Ezn(X) ’ EI(X) == 2 Ezn+1(X) ’
FX) = TEAX), B(X) =1 E*(X)

for all CW-spectra X. In particular, the canonical morphism H—> H becomes
a homotopy equivalence for the Eilenberg-MacLane spectrum H.
The BU-spectrum K may be regarded as a Z,-graded CW-spectrum because
it possesses the Bott map 3: 3* K—K which is a homotopy equivalence.
Denote by F, the direct sum of n-copies of the integers Z and by F the direct
limit of F,, i.e., F is a free abelian group with countably many factors. Putting

BUf, = BU X --- X BU, the product of n-copies of BU,
BUr = UBUp, , the union of BU,

we obtain
Proposition 1. There exists a natural isomorphism
[X, BUy] - KF°(X)
for any based connected CW-complex X.

Proof. Let Y be a based connected finite CW-complex. Then we have
a sequence of natural isomorphisms

[V, BUs] < lim [Y, BU; ] < lim [Y, BU]®F, — lim K%(Y)®F,
— K(Y)QF — KF(Y).

Therefore the contravariant functor KF° defined on the category of based con-
nected CW-complexes is represented by BUy (use [1, Addendum 1.5]).
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Proposition 1 implies that BU is homotopy equivalent to Q3BU; where
Q3 means the component of the base point in the double loop space. Hence we
have

(1.1) in the BU-spectrum KF with the coefficients F every even term is the based
CW-complex BU .

1.2. Let us denote by MU the unitary Thom spectrum and by p,: MU—-K
the Thom map which is a ring morphism. The composition

2. MU—- K— K

of V34, and VB" is a morphism of Z,-graded ring-spectra, called the Z,-
graded Thom map. As is well known, it is characterized by the coefficient homo-
morphism g : 7y MU)— 7y(K) which coincides (up to sign) with the classical
Todd genus Td. Putting A=ny(MU), ny(K)=Z is viewed as a Z,-graded A-
module via g ,=17d and it is written Z;, for emphasis.

Using the kernel I of Td: A— Z we define a decreasing filtration {/%} 4,
consisting of ideals of A. Denoting by G, the associated Z,-graded A-module
I17]I9%, we see easily [7, Satz 3.8] that

(1.2) Gy=Zr, and G, is a free abelian group with countably many factors for g=1.

For a Z,-graded A-module 4 we have a decreasing filtration {/?4},>, con-
sisting of submodules of 4, whose associated Z,-graded A-module I74/1?*'A
is written G4(4). Applying the commutative diagram

0 — Torf(Zyy, A) > IQA - A — Z;QA — 0
A A

V I !
014 - A— G(4)—0
with exact rows, we get an isomorphism
(1.3) Gi®A= Go®(Zr,04) > G,RG(A)
by means of ‘4 lemma”.

Proposition 2. Let A be a A-module with Tor}(Z;4, A)=0 for all k=1.
Then, for every q=0 both 19QA—>I14A and G,QA— G,A) are isomorphisms
A A

and Tory(19, A)=Torp(G,, A)=0 for all k = 1.

Proof. Choose a free A-module F such that 4 is isomorphic to a quotient
F/B. By induction on ¢ we shall show that the sequences

0—IB—IF—>IA—(, 0->GyB)—> Gy(F)— G,(4)—0

are exact. The ¢g=0 case is evident because of (1.3). Applying induction
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hypotesis and “3Xx3 lemma” we find easily that 0—I?B—IF—-14—0 is
exact. So we have a commutative diagram

0— Gq§Go(B) - G1§G0(F) - Gq?Go(A) -0
! ! V
G(I’B) — GIF) — Gy(I%4) —-0

with exact rows. Since all vertical arrows are epimorphisms and in particular
the central one is an isomorphism, all vertical arrows become isomorphisms.
Consequently we get that 0 — Gy(B) — G,(F)— G,(4)—0 is exact.

Next, we consider the commutative diagrams

0 — Tord(I?, A) — I*"®B — IQF — QA — 0
A A A

! y y
0—> IB — IF — I94 —
0 Tor}(Gy, 4) > G,®B  —G,QF —G®4 -0

v y v
0— Gq<;&G0(B) — Gq(?GO(F) — G,,?GO(A) -0

with exact rows. Remark that Torf(Z;,, B)=0 for all k=1. By use of “4
lemma” and (1.3) we see that all vertical arrows are isomorphisms, and hence
we obtain the required results.

For a A-module 4 we put J(4)=A/I?"'A4 and abbreviate J,=J,(A) when
A=A. As an immediate corollary of Proposition 2 we have

Corollary 3. Let A be a A-module with Tory(Zry, A)=0 for all k=1.
Then J,QA— J(A) is an isomorphism and Tory(J,, A)=0 for all k= 1.

1.3. Let MU denote the category of comodules over MUy(MU) which
are finitely presented as A-modules. Notice that SHU is an abelian category
which has enough projectives, and also that MU(Y) lies in the category MU
whenever Y is a finite CW-spectrum. Since the functor M — Z,,QM is exact
on MU [5, Example 3.3] it follows immediately that "

(1.4) Tory(Zrgy M) =0 for all k=1 if M lies in HU.
Proposition 1 and Corollary 2 combined with (1.4) say that

(1.5) the functors M»IﬂMgIG(?M, M_,GAM)C__VGI?M and M— J(M)=
],,(?M on MU are exact.

Theorem 1 (Wolff [7]). i) Both I?MUy( ) and MUy( )[I?*"*MUx( ) are
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homology theories defined on the category of CW-spectra, so that I'Q MU4(X)—
A
I'MUy«(X) and A|17*! Q?MU*(X) —> MUy(X)/1*MUx(X) are natural isomor-

phisms for all CW-spectra X.

it) I'MUy( )1V MUx( )is a homology theory defined on the category of
CW-spectra such that there exists a natural isomorphism 1Y MU x(X)[I7"* MU «(X)—
KG (X) for any CW-spectrum X which is induced by the Z,-graded Thom map p..

Proof. i) and the first half of ii) are immediate from (1.5). The latter half
of ii) is also valid because we have a natural isomorphism

G MULX)) = G, @ MUK(X) > Go®(Zr,@ MUK(X))
= G,QK(X) S KGu(X).

Let ¢: Ex(X)— F4(X) be a natural transformation for any CW-spectrum
X. According to [1, Addendum 1.5] there exists a morphism f: E— F inducing
¢, and it is unique up to weak homotopy. The proof in [1] is actually given for
the category of based connected CW-complexes, but it is easily extended to
that of CW-spectra. Such a morphism f is uniquely chosen (up to homotopy)
under the assumption that F°(E) is Hausdorff.

Let E4( ) be a Z,-graded homology theory defined on the category of
CW-spectra, i.e., a homology theory equipped with a natural isomorphism
E«(X)— Ey,(X) for any CW-spectrum X. Then it gives E a structure of Z,-
graded CW-spectrum. In particular, the induced structure is uniqe if E%E) is
Hausdorff.

Recall that the Z,-graded CW-spectrum MU is equipped with the canonical
identification p: S*MU—> MU as structure morphism. Since MU¥MU) is
Hausdorff (use Proposition 6 below), the Z,-graded CW-spectrum (MU, p) is
characterized only by the Z,-graded homology theory MU( ).

Denote by F,MU and Q,MU the representing spectra of the new homology
theories I?MUy( ) and MUy( )/I97"MU4( ) respectively, i.c.,

IP'MUW(X)= {Z*, FFMUAX} , MU(X)/ " MU (X)={=*, O.MUA\X}
for any CW-spectrum X. Of course, they are both Z,-graded CW-spectra.
Then there exist morphisms

ig: FouMU - F, MU, j,: O MU — Q, .MU,
tqt ForaMU - MU, 7,2 MU—- Q.MU

which induce the canonical morphisms in homology groups, and moreover we
have morphisms
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pe: FuMU —> KG,, v,: KGy— Q.MU

such that pg: FoMUy(X)—> KGp(X) and vge: KGp(X)—>QMU4(X) in homo-
logy groups are natural homomorphisms induced by the Z,-graded Thom map g..

Lemma 4. Let E L ri G be a sequence which satisfies the property that
0— Ey(X)— Fy(X)— G(X)— 0 is a short exact sequence for every CW-spectrum
X. Then it is a cofiber sequence.

Proof. Let C, be the mapping cone of f, i.e., E->F—C, a cofiber
sequence. Then for any CW-spectrum X we have a commutative diagram

0 — Ex(X) = Fx(X) = C o(X)— 0
d=hx

0 > Ex(X) > Fy(X) = G(X) — 0

with exact rows. Clearly 4: C,— G which induces ¢ is a homotopy equivalence.
By virtue of Lemma 4 we verify that

(1.6) FouuMU—>MU—-Q,MU, Fy MU — F,MU—-KG, and KG;— Q,MU—~

Q..MU are all cofiber sequences.

2. Z,-graded MU-module spectra

2.1. The inclusion Z CQ induces a natural transformation ch: E¥*(X)—
EQ*(X) for any CW-spectrum X, called the Chern-Dold character.

Proposition 5. If ch: E¥(X)— EQ*(X) is a monomorphism, then E*(X) is
Hausdorff.

Proof. Since EQ*(X) is always Hausdorff [8, Proposition 4], the result is
immediate.

Let W be a connective CW-spectrum with Hy(W) free and assume that
nx(E) is torsion free. Then H*(W; nw(E))—H*(W; z+«(E)®Q) is a monomor-
phism, and hence the Atiyah-Hirzebruch spectral sequences for E*(W) and
EQ*(W) collapse. Therefore we get that

(2.1) ch: EX(W)— EQ*(W) is a monomorphism. (Cf., [8, Lemma 11]).
Applying Proposition 5 we obtain

Proposition 6. Let W be a connective CW-spectrum with Hy(W) free. If
nx(E) is torsion free, then E*(W) is Hausdorff.

By means of Proposition 5 we get the following lemmas.
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Lemma 7. Assume that n(E) is torsion free and n,(E)=0. Then
E(KGyAMU p -+ AMU) and E°(Q.MU A MU p -+ A MU) are Hausdorff and
E'(F,MU A MU p - A MU)=0.

Proof. Since E* (BUg,A MU -+ A MU)=EQ** '(BUg, AMU A -
AMU)=0 we have a commutative square

E(KG,AMU p -+ o MU) ‘)‘liﬂEz”(Bqu AMU p - A MU)
EQ(KGyAMU p - AMU) — lim EQ*(BUg, A MU p -+ A MU)
—

such that the horizontal arrows are isomorphisms. The left arrow is a mono-
morphism because so is the right one by use of (2.1). Since Theorem 1 implies
that 0—>EQ*(Q4_1MU AMU p - AMU)%EQ*(QqMU AMU p - A MU)-—>
EQ*(KGy, o MU p --- A MU)—0 is exact, an induction on ¢ involving “4 lemma”
shows that ch: E(Q,MU A MU p -+ A MU)—EQ(Q,MU A MU p -« A MU) is
a monomorphism. Then we find that E°(Q,MU o MU p -+ A MU)—E(MU A
-+ AMU) is a monomorphism because so is EQ°(Q,MU A MU p -+ p MU)
—EQ° (MU p --- A MU). Therefore E'(MU p -+ A MU)— E*(Fg. MU p MU A
-+ AMU) is an epimorphism, and hence E(F, ., MU A MU p -+ o MU)=0.

Lemma 8. KGYF,MU MU p - A MU) and Q,MUF,MU p MU A -
AMU) are Hausdorff and KGy(F,MU p MU p -+« A MU)=0Q,MU"(F, MU n MU
Ao A MU)=0.

Proof. Putting X=F,MU 5 MU p --- A MU, we note by Theorem 1 1) that
K(X) is free and K,(X)=0. Applying the universal coefficient sequence

0 — Ext(K,_,(X), G») — KG¥X) — Hom (Ky(X), G5) — 0

for K (see [9, (3.1)]) we get immediately that ch: KG)(X)—KG,® Q°(X)
is a monomorphism and KG,(X)=0. By induction on p we obtain that
ch: Q,MU(X)— Q,MUQ%X) is a monomorphism and Q,MU"(X)=0 because
0—KG,Q0*(X)— Q,MUQ*(X)— Q,_,MUQ*(X)—0 is exact.

Assume that 7y(E) is free and of finite type and put again X=F,MU A
MU p -+ AMU. Using the universal coefficient sequence for E [9, (1.8)] we
have a commutative diagram

0 — Ext(Ey_(X), Z) — EX(X) — Hom(E«(X), Z) — 0
|
0 — Ext(Ex_,(X), Q) — EQ*(X) — Hom (Ex(X), Q) > 0

. A, . . .
with exact rows where E is the dual of E constructed in [9]. Note that 7r*(EA ) is
. A, .
free and hence so is E4(X). Then the central arrow becomes a monomorphism.
Considering the commutative square
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EXX) - I1 E*(X)
EQYX)— 11 EQ*(X)

in which the upper arrow is an isomorphism, we find that the left one is a
monomorphism. Thus we get that

(2.2) EXF,MU p MU p -+ » MU) is Hausdorff.

Let MU denote the mapping cone of the canonical morphism MU — MU.
Since [1Z/2)Z— 11 O/310 is a monomorphism we remark that

23) =(MU)=T11 7o MU)[S) 7, MU) is torsion free and =,(MU) =0,

(see [4, Exercise IV 20]). Then MU has a unique structure of Z,-graded

CW-spectrum so that the cofiber sequence MU — MU — MU is of Z,-graded
CW-spectra.

Lemma 9. F,MUF,MU p MU p --+ x MU) is Hausdorff and
FyMUYF,MU A MU p -+ A MU)=0

Proof. We put X=F,MU A MU p -+ A MU. From Lemma 7 it follows
that F,MU'(X)=0. In the sequence

F,MU(X) - MU(X) - MU(X)

the former arrow is a monomorphism because of Lemma 8 and the latter one
is so by means of (2.3) and Lemma 7. Thus the above composition is a mono-

morphism. On the other hand, (2.2) says that MU°(X) is Hausdorff. So we
get the remaining result.

2.2. Since F,MU(F,MU) and Q,MU°(Q,MU) are both Hausdorff, we
verify that

(2.4) the Z,-graded homology theories I'MUy( ) and MUy( )[I?"*MUx( ) give
F,MU and Q,MU unique structures of Z,-graded CW-spectra respectively.

Moreover, by virtue of Lemmas 7, 8 and 9 we see that

it ForrMU — F,MU, 12 FpouMU — MU, p,: F,MU - KG,

2.5
(23) Ja: QeMU — Q- MU, n,: MU - Q,MU, v,: KG,— O,MU

are uniquely determined (up to homotopy), which induce the canonical
morphisms in homology groups. In particular, the composition ¢,_,-1, is homo-
topic to ¢, and j, - 74 is s0 to 7,_;.
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Consider the diagram

Fo MU

KGq """"""""""" > QqMU """"" > Qq_lMU""“'>2 KGq

N /

2Fq+1MU quMU

consisting of cofiber sequences. With an application of Verdier’s lemma (see
[2, Lemma 6.8]) we get a cofiber sequence KG,—Q,MU—Q,_ MU —3KG,
(denoted by dotted arrows in the above diagram) which makes the diagram
homotopy commutative. Clearly this yields the canonical exact sequence
0— KG(X)—> O;MUy(X)—>Q, .MUy« X)—0. By uniqueness of v,, j, the

above cofiber sequence coincides with KGQZJ—Z oMU Je 0, .MU —3KG,.
The multiplication ¢: MU o MU — MU gives rise to natural Z,-graded
homomorphisms
my: F,MU(X)QMUYWY) — F,MU(X A Y)
mq: QeMU(X)@MUL(Y) — Q. MU(X 7 Y)
for all CW-spectra X and Y. By use of Lemmas 7 and 9 there exist unique
pairings
¢ FoMU A MU — F, MU, ¢, Q.MU A MU — Q,MU
which induce the above m, and #, respectively. Then it follows that

(2.6) both Fo,MU and Q.MU are (associative) Z,~graded MU-module spectra.

Proposition 10. Let M be a Z,-graded ring spectrum, E, F and G Z,-graded
M-module spectra and E—F—>G a cofiber sequence. Assume that E°(E),
EE A M), G(F) and GX(F 5 M) are Hausdorff, or that F°(E), F(E A M), G°(G)
and G°(G A M) are Hausdorff. If for any CW-spectrum X 0 — Ey(X)— Fy(X)—
Gy(X)—0 is a short exact sequence of Z,-graded My )-modules, then the cofiber
sequence E— F— G is of Z,-graded M-module spectra.

Proof. Assuming that F(E), F(E o M), G(G) and GG A M) are Haus-
dorff, we consider the diagrams
’E - 3*F - %’G - 3°F E/\M—>F/\M—>G/\M—>2E/\M

| | ' l V | v }
E - F - G —>=E E - F - G - 3E
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with cofiber sequences. Under the first two assumptions two left squares
become homotopy commutative because they induce the Z,-graded homomor-
phism Ey( )—Fy ) of My )-modules. Therefore there exist morphisms
2?G— G and G A M — G which make the above diagrams into morphisms of
cofiber sequences. As is easily cheked, they give Gy( ) a structre of Z,-graded
M,y( )-module, which coincides with the original one. So, using the remaining
assumptions again we see that the above morphisms are homotopic to the given
ones respectively. Consequently the cofiber sequence E— F— G becomes the
required one.
Another case is similarly proved.

The ring spectrum K may be regarded as a Z,-graded MU-module
spectrum via the Z,-graded Thom map g,: MU — K.
Applying Proposition 10 to three cofiber sequences of (1.6) we get

Theorem 2. The sequences F, .MU —->MU—->Q,MU, F,, MU —-F,MU —
KG, and KG,— QO ,MU— Q,_ MU are cofiber sequences of Z,-graded MU-module
spectra.

Proof. The assumptions needed in Proposition 10 are satisfied by Lemmas

7,8 and 9.
As a result we have a tower
(2.7) MU — -+ - O,MU - Q,_ MU — -+ - QMU = K

of Z,graded MU-module spectra such that KG,—Q,MU—Q,_ MU is a
cofiber sequence, which factorizes the Z,-graded Thom map g.: MU — K.

2.3. Here we extend the Wolff’s result to the case of based CW-complexes.
Proposition 11. There exists an (unstable) natural homomorphism
D,: KGHX) - F,MU*(X)
for any based CW-complex X, which satisfies the equality that pes-®,=id.

Proof. We may assume that X is connected. Leti: BUg,—KG, be the
inclusion. Then we can choose a morphism ¢,: BUg, — F,MU such that i is
homotopic to the composition p,-c,, because F, ., MU (BUg )=0. In the com-
mutative diagram

[X, BU,] I (x, BU,} % {X, KG,} = KGY(X)

€\ Y g
{X, F,MU} = F,MU(X)
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the composition ix- J, is an isomorphism because of Proposition 2 (see [6, Theo-
rem 14.5]). So we put that ®g=cgx+ [y (¢x- J,) 7.

Remark. If @, is stable, then we have a natural split exact sequence
0 — F,,,MU¥X) - F, MUY X) - KG4X) — 0

for every CW-spectrum X. Therefore F,MU becomes homotopy equivalent to
the wedge Fg,, MUV KG,. However Hy(F,MU) is a free abelian group and
H.«(KG,) is a OQ-module. This is a contradiction.

We now obtain our main result.
Theorem 3. For any based CW-complex X the natural sequences
0 — Fp ;MUY X) - F, MUY X) — KG¥X) — 0
0 > KGY(X) - 0, MUY(X) — Q. MUYX) — 0
of Z,-graded A-modules are split exact.

Proof. The first case is immediate from Proposition 11. On the other
hand, a diagram chase shows that the second sequence is exact for any based
CW-complex X and hence it is split.

Appendix

Recall that MU is a ring spectrum with coefficients Ag=2Z[x,, «+, %y, -]
where deg x,=2n. By killing certain bordism classes Baas [3] constructed
homology theories MU<np>4( ) with coefficient z4x(MU<n))=Ax/(Xps1s **)s
whose representing spectrum we denote by MU<n>. MU<n)4( ) is an (asso-
ciative) MUy( )-module, thus there exists a natural homomorphism

m,: MU(X)QMUn(Y) > MUnDx(X A Y)
for any CW-spectra X and Y. 'This gives us a pairing
¢<n>: MU A MUny — MU<n>

by which the above m, is induced.
An easy computation shows that MU{nD>Z|Z* (MU p -+ A MU A MU<n)
=0 because 7,,,,(MU<{n>)=0 for all I. Then [8, Theorem 1] says that

(A1) MU (MU p -+ A MU p MUm)) is Hausdorff (see also [9, Corollary
13]).

Hence ¢<n> is uniquely determined (up to homotopy) and moreover

(A.2) MU<n) is an (associative) MU-module spectrum.
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An important relationship between MU<n>4( ) and MUn—1>4( ) is
given in the form of a natural exact sequence

e MU 5-(X) —25 MU Cnyo(X) 2 MUCn—154(X) —
MU<”>*-2n—1(X) -

of MUy( )-modules where -x, denotes the multiplication by x,. Because of
(A.1) there exists a unique morphism 7,: MU<n> —MU{n—1)> of MU-module
spectra whose induced homomorphism is the above #,. On the other hand, the
composition

s s MU v« mUens B mucns

is characterized by the above multiplication -x,,.

Lemma A. Let E i F& G be a sequence of CW-spectra such that the com-
position g-f is homotopic to the zero. If 0— wy(E)— ny(F)— w+(G)— 0 is exact,
then E— F — G is a cofiber sequence. (Cf., Lemma 4).

Proof. Let C, be the mapping cone of f: E—~F. Then g: F— G admits

a factorization F—C,— G. Considering the commutative diagram

0 — 74(E) — m4(F) — ”*1(0 ) —0
hs

with exact rows, we see easily that 2: C,— G is a homotopy equivalence.

Using (A.1) the composition 7,-m, becomes homotopic to the zero. We
get therefore that

m, "
(A.3) ="MU<n> —> MU<n) LN MU<n—1> is a cofiber sequence.
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