Enomoto, H.
Osaka J. Math.
9 (1972), 75-94

THE CHARACTERS OF THE FINITE SYMPLECTIC
GROUP Sp(4,q), q=2f
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The purpose of this note is to calculate all the (complex) irreducible
characters of the finite symplectic group Sp(4, g) where ¢g=27, while B.
Srinivasan [3] determined the character table of Sp(4, ¢) for odd ¢. All the
irreducible characters of Sp(4, 2/) are expressed as linear combinations of
induced characters with integral coefficients. The conjugacy classes of various
subgroups are easily determined by the same method described in [1], and only
the results are given (cf. [4]). For purposes of convenience the character tables
of various subgroups (and of Sp(4, 27) itself) are given in the Appendix.

The author wishes to express his hearty thanks to Professor N. Iwahori
and Mr. E. Bannai for leading him to this work and for valuable discussions.

By similar but a little more complicated calculations, the author has ob-
tained the character table of the finite Chevalley group G,(2/), which will
appear elsewhere.

1. Notation and preliminary results

Let K be the finite field with ¢ elements, where ¢g=p” and p is a prime
number. Let K be the algebraic closure of K, and put

K, = {xeK|x" =} .

Then K, is the subfield of K with ¢ elements, and K,—=K. Let « be a fixed
generator of the multiplicative group K¥, and put 7=«%"", §=x%*!, n=0""
and y=0?"". Then we have <>=K¥ and <{y>=K*. Choose a fixed
isomorphism from the multiplicative group K¥ into the multiplicative group
of complex numbers, and let #, 4, # and 4 be the images of 7, 6§, 7 and v
respectively under this isomorphism.

Let G be the 4-dimensional symplectic group over K, that is,

G = {A€GL4, K)|'AJA =]},
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1
where J= 1 1 and ‘4 is the transposed matrix of 4. For teK,
—1
define
1 ¢ ] 1
1 1 ¢
x,(t) = 1 —¢ | x,(t) = 1 ’
1] 1
1 t ] 1 t
Xgrp(f) = 1 1 *| and Xaar(t) = ! 1 )
1] 1

and put A*={a, b, a+b, 2a+b}. Then for reA*, X,={x,(t)|tcK} is a
subgroup of G isomorphic to the additive group of K, and we have the following

commutator relations, where the commutator x™* ™' x y is denoted by [x, y]:

[xa(t)) xb(u)] = xa+b(tu)x2a+b(_t2u) ’
(1' 1) [xa(t)) xa+b(u)] = x2a+b(2tu) ’
[x,(2), x,(u)] = 1 for all other pairs of r, s€A™ .

2

Next, define h(z,, 2,) = 2

2 25! for ;€ K¥, and put U=%,%,%,,,
27!
X Xoaisy O=1{h(2,, 2,)|2,€K*} and B=HU. Then U is a Sylow p-subgroup
of G, and B is the normalizer of 1 in G (called the Borel subgroup of G). Put
o,=x,(1)x,(—1)x,(1) for re A*. Especially,
1 "1
w, = _q | and o= 1

1 1

Then G is generated by BU {w,, w,}. The maximal parabolic subgroups of G
generated by BU {o,} and BU {w,} are denoted by P and Q respectively.

From now on, we shall assume that the characteristic p of K is 2. Then
the commutator relations (1.1) are reduced to:

[xa(t)? xb(u)] = xa+b(tu)x2a+b(t2u) ’
[x,(2), x,(u)] = 1 for all other pairs r, s€A™ .

1.1y

Now we shall consider linear characters of the additive group K. Define
the map € of K into {1, —1} by &(#)=1 if and only if X*+ X-+¢ is reducible in
K[X] and &(t)=—1 if and only if X?4 X+ is irreducible in K[X], where K[X]
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is the polynomial ring over K in the indeterminate X. In other words,
&{#+1t)=1 and &@#+1t+E)=—1 for t K, where £ is a fixed element of K such
that X*4 X+-£ is an irreducible polynomial of K[X].

The following lemmas are used to calculate the characters of B.

Lemma 1.2. 31&(t)=0, hence > &(t)=—1.
tEK EK*
Lemma 1.3. For x& K, we have

>V &(Pu+t-tutxu) = g&(x) .

tEK,uE K*

Proof.
’EKEHEK* &(tu+ttu-+toxu) = ‘ ;, K*e(tz(u—!—uz)—i—xu)
:“EZK]*( lge(tz(u+uz)))€(xu)

=q &(wu)

S K*, % +u2=0
= g&() -

For a finite group H and two characters X,, X, of H, the scalar product
(X, Xp) g of X, and X, is defined by

(o X = e D XU0),

where |H | is the order of H and X,(x) is the complex conjugate of X,(x).

We use the following set of parameters both for the conjugacy classes and
for the characters (Z mod m means that 7 and j (7, j€ Z) give the same class or
the same character if i=j mod m):

T,= Z mod ¢—1,
T,= {ieT,|i%£0 mod ¢—1},
T,= {{€Z mod ¢+1|i==0 mod ¢+1} ,
S, = {@ ))eT,x T,|i%j mod ¢—1},
S, = {@ ))eT,xT,|i£+jmod ¢g—1},
S, = {G, ))eT,xT,|liE+jmod ¢g+1},
R, = {ieZ mod ¢¢—1|i%qgi mod ¢—1},
R, = {ieZ mod ¢"—1|i%4¢i mod ¢*—1} , and
R, = {ieZ mod ¢"+1|i%0 mod ¢*+1} .
We also use the following abbreviations:
o= ¥*+57*%, keZ mod ¢—1, and
Br=n*+77%, ke€Z mod ¢+1.
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2. Characters of the Borel subgroup B

In this section we show that every irreducible character of B is the induced
character of some linear character of a subgroup, that is, B is an M-group.
The character table of B is given in Table I of the Appendix.

It is clear that X(k, ) (k, /IeT,) is a linear character of B. Now,
consider the following linear character of the subgroup {i(v*, ¥*)|ieT,}1:

h(')’i» 'Yi)xa(t)xb(u)xa+b(‘v)xza+b(w) g &ikg(t) ’

where 7, ke T, and t, u, v, we K. Using Lemma 1.2, the values of the induced
character of this linear character to B are easily calculated, and we obtain X,(k)
(k= T,). Similarly, X,k) (ke T,) is the induced character of the following
linear character of the subgroup {A(v%, 1)|ie T }1:

R, 1)x,(8)%,(1)% 4 1 5(0) %001 (W) — FRE(W), i€T,, tu,v,wek.

Also, X,(k) (k= T,) is the induced character of the following linear character of
the subgroup {A(v’, ¥/)|i€ T} XX, sX00+s:

R(YE, 77 )y (8) %y (U)X 5(0) = FRE(M), €T, t,u,vek,
and X (k) (ke T,) is the induced character of the following linear character of
the subgroup {A(1, ¥)|i€ T} XX, sXs0+s:
h(1, v)xy(8)% 4 ()Xo +5(0) — F%E(0), i€T,, t,u,vekK.
0,=X,(0)-X,(0) is the induced character of the following linear character of U:
%) %5 ()% 44 (V) X501 (W) — E(+u), t,u,v,weK.
Next, consider the subgroup W,=<x,(1)>%,%,,,%,,., of order 2¢°, and the
following linear character &(k, x) (k=0, 1, x K):
xa(l) g (_l)k ’
()% 1 5(1) %501 5(V) = E(xt+u+2), tiu,vekK.
Using Lemma 1.3, the values of the induced character &(k, x) are easily
calculated. For example, we shall consider the class A4,,. The elements of

1, which are conjugate to x,(1)x,,., (1) in B are {x,(¢)x,,,(ut)X,q, ,(4’t+2)|
t,veK* ucsK}. Therefore the value of &(%, x) on the class 4,, is

ICB(xb(l)xzakb(l))l 2 p E(xt—i—ut—t-uzt—‘[—v)

Iu1| tiveK* uc

— L s emtutan) 3 )

2 teK*,ucK

= —gE(®)]2.
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Then we know that (&, x) is irreducible and depends only on & and &(x). Hence
four more irreducible characters 6,(k)=E&(k, 0) and 0,(k)=E&(k, £) (k=0, 1) are
obtained. Now we have obtained all the irreducible characters of B.

3. Characters of the maximal parabolic subgroups P and @

First, we determine the character table of P=<{B, w,>=B U Bw,B, which
is given in Table II.
It is clear that X,(k) (k= T,) is a linear character of P. Inducing the

irreducible characters of B to P, we obtain the following irreducible characters
of P:

X,(k) = X,(k, k) —X,(k), keT,,

Xy(k, 1) = Xk, 1), (&, 1)ES,,

X (k) = X(k), keT,,

Xy(k) = X (k), keT,,

0, =40, and

00 =00 — S %), k=0,1.

To obtain the remaining characters, we use the following characters of
<©£a%a+b’ wa>'
Characters of <9%,%, .5, Wz

Class Number Order of a3(k) a,(k) Class
representative | of classes | centralizer 01 02 keT, RER, in P
h(1,1) 11¢*(¢—1)(¢*—1)| a(¢—1)| q—1 (g—1)? q—14,
%a+5(1) 1 #(¢*—1) —q -1 —(g—1) ¢—1 |4y
x4(1) 1 q*(g—1) q—1 —(g—1) —1|44
xa(1)25+5(1) 1 q —1 1 —1|4,,
h(ri, 19) (g—2)%/2 (g—1y By, Cy
h(Bi, 6%) ag—2)/2 -1 —(fi*+Gui%) | B,
h(ré,r7%) (g—2)/2 a(g—1)* g1 ¢g—1 C,
h(ri, %) q9—2| q(¢—1)(¢g*—1) (g—17* |Cs
k(7#, 777) q/2 @1 |— (@D ¢—1 —(g—1)B —Bir|Cy
h(ri, v xa15(1) | (@—2)/2 q(g—1) -1 -1 D,
h(ri, ri)xa(1) q—2 q(g—1) —Fi* | Dy
h(ni, 17 )xa4+5(1) q/2 q(g+1) 11 —1 Bir —Bir | Dy

Then the remaining irreducible characters of P are obtained as follows:
X(k) = &(k)—0,, kER,,
03(0) = 6,—0,(0),
0(1) = 64(0)+0(1)—0,(0), and
Xo(R) = 6,—a4(k)—0,(0)+6,1), keT,.
We have obtained all the irreducible characters of P.
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Induced characters of PV

B,k B,k k a,(k

x k_—z_(o,)l k i(o,)1 % %2 kaé( T)2 ké-(lgl
4, 9(g—1)g*—1)/2 | ¢lg—1)(g*—1)/2 | ¢%(g—1)|¢%(g—1) q%(g—1)? g%(g—1)
A, q(g—1)%2 —q(?—1)/2
Az —q(?—1)/2 —q(g?—1)/2 - - | —¢¥qg—-1) *(g—1)
As, —q(g—1)/2 q(g+1)/2
Ay (—=Dkq(g—1)/2 | (—1)*kqg—1)]2 q(g—1) —q(g—1) —q
Ay —(—1)*q/2 —(—1)*q/2 —q q —q
As, (—1)*q/2 —(—1)*q/2
As, —(—1)*q/2 (—1)*q/2
By(1) —(Gi* -+ Gaiky
Cy(2) q—1 q—1
Cy(2) (g—1)7*
C,(3) —(g—-1) g—1| —(@g—1DBi —Bir
D,() —1 —1
Dy(7) —Fik
D,(2) 1 -1 Bir —Bix
(n Dp a/2 @+22 | g+ 2 g 2

Similarly, the character table of Q given in Table III is constructed.

4. Characters of G=Sp(4, q)

Inducing the irreducible characters of P and Q to G, the following
irreducible characters are obtained:

Xy(k, ) = Xy(k, D), (k, D)ES,,
X,(k) = X,(k), kER,,

Xy(k, ) = Xi(k, I), keT, lT,,
X (k) = X,(k), keT,,

X.(k) = Xi(k), keT,,

X.o(k) = X,(k), keT,, and
Xu(k) = X5(k), keT,.

1) The rows corresponding to B;(z,j), Ci() and D;({) are omitted because the values of
characters at these classes are 0. This convension is used throughout the paper.
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Induced characters of G from P and Q

- o - To(k 7o' (k 7/((g—1E
x #(0) #(0) #(0) P PSR S
A, (g+1)(?+D(g+1)(+1)| g(g+1)g%+1)| g(g—1)(g*—1)| g(g—1)(g*—1) gt—1
A, q+1 ?+q+1 q(g+1) —q(g®>—1) —q(g—1) ¢*—1
Az ?+q+1 q+1 q —q(g—1) —q(g?—1)] —(¢*+1)
A3, q+1 q+1 q q q -1
A, 1 1 -1
A, 1 1 -1
B,(i,7) 4 4 4
B,(i) 2 -2 28,
By(i, 1) 2 |
Cy(3) 2(g+1) q+3 2(g+1)|
Cy(7) q+3 2(q+1) 3g+1 2(g—1)
Cy(2) g+1 (2—1)Bir
Cy(2) q+1 —(g+1) (@—1)Bu —(q+1)Baix
D, (?) 2 3 2
D,(7) 3 2 1 —2
Dy(7) 1 —Bir
D,(1) 1 -1 —Bik — Bair
(%, Ve 33 3 ?—q+1 @?—q+1 2
P A 1) 73(0) B:(1)
A, (®—1)(¢g*—1) q(g+1)(g*—1)/2 qg—1)(¢*—1)/2 q(g—1)¢*—1)/2
4, —(g*—-1) q(g?2—1)/2 —q(g?—1)/2 —q(g*—1)[2
As —(®—1) | —q(g+1)(g?—q+1)/2 | 9(g—1)(g?+q—1)/2 | —q(g—1)(g*+g+1)[2
Az, —(¢*—1) q(g—1)/2 —q(g—1)/2 q(g+1)/2
Ay 1 —q[2 —q/2 q/2
Ay, 1 q/2 q/2 —q/2
C(3) -1
Cy() ?—1 ?—1
D,(i) -1
Dy(i) 1 1
(1, Ve | ¢ | (@*+20+2)12 | 712 | @+2)12

To obtain the remaining characters of G, we use the following characters of
<DX,X.04 4, ®py 0014, Which is isomorphic to SL(2, g) X SL(2,q).
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Characters of <9%p%,, 45, Vs, D2a+5)
Class Number Order of a(R) as(R) au(k, 1) Class

representative | of classes centralizer 01 keT, | RET, k1T, in G
h(1,1) 1 g4 (g®—1)? qg| g¢—1| ¢(@—1) (-1 44
%za+5(1) 1 a%(q*—1) —1 —q| —(@—-1| 4,
h(ri, 1) (@—2)/2 | qlg—1)(g*—1) 1 (O
h(7%, 1) q/2 | glg+1)(g*—1) | =1 | —Bu| —gBir| —(@—1Bir| Cs
xp(1) 1 ¢#(?—-1) q| q-1 —(@—1| 4.
x5(1)%24+ (1) 1 q* —1 1| 4,
h(ré, Dxy(1) (g—2)/2 q(g—1) 1 D,
h(7?, 1)xy(1) q/2 qg+1) | =1 | —Bu Bir| Ds
h(1, 79) (@—=2)/2 | glg—1)(F#—-1) | ¢ q—1 q— C,
h(1, 79224 4 5(1) (g—2)/2 q(g—1) -1 — D,
h(ri, 17) (g—2)*/4 (g—1)? 1 By, C,
h(n, 77) a(g—2)/4 -1 —1 —Bir —Bir B,
h(1,77) q/2 | q(g+1)(g?—1) g q¢—1|—(@—1| —(@—1B;:| Cs
h(1, 79)xz0+ (1) q/2 q(g+1) -1 Bji| Ds
h(ri, n9) a(g—2)/4 ¢¢—1 1 By
h(n*, n7) ¢4 (@+1)2| —1| —Bu Bir BirBj1 | By, Cy

Induced characters of G from {9%;%,, 5, @p, W45
¥ 5 85(k) G3(k) 34(k, 1)
1 keT, keT, (k,EeS,

A4, @ +1) ?#g—1)(?+1) (g—1)(¢*+1) g¥(g—1)*(g*+1)

A, q° q%(q—2) —q° —2¢%g—1)

As, —¢

By, j) 2

By(3, 7) —Bje — Bt

B,(i, ) -2 —(Bi+B;1) Bir+B;e BirB i1+ BB

(&0 g+1 g—1 q—1

Cy(2) q(g+1)

Cy(7) q—1 qg—1—PB —(@—1)—qBu —(@—1D)(Bir+Bi)

Cy(®) —q(g—1) —q(g—1) B q(g—1)Bir q(q—1)BirBis

D\@) —1 —1

Dy(7) —1 —1—P8 1 Bir+Bi

x, Ve q+2 q g?—q+2 q%—2g+3
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Using these induced characters, almost all the irreducible characters of G
are obtained:

Xk, ) = &k, ))—X(k+1)—X(k—1)+0,, (k DES,,
Xis (k) = 64(k)—X(R), kET,,

~

Xo(k) = (k) +Xo(k)—0,, keT,,

(g

X(B) =31 06l =Xl DR @D+ 3 Xk DXkt k=D)

(g-2)/2
2 XB— 2

lfE+kmod ¢+1

+X4(k)— X (2k)+ X 5(k)—X,(2k)+X(2k), RET,,
Xo(R) = Xi((g—1)k)—X,(k), keT,,
6, — 0,(0)— (";2:/2 :Z]_lxl(k, I)— “ﬁ’z :ﬁ}xs(k, I)— z:; EXA(k, 1)

q-2)/2

a/2
Xu(k)_ gxla(k) ’

’ —2/2 Xy(k, 1
— %2 I 2 (o V. ER VR SV} — tal+1, k—D}

A, q%(g—1) —q%(g—2)
Az, —g¥(b—1) *(g—2)
Ba(i) —Bi
e — B+ o Bin

1) Bir+ Bk — Boit — Baji —Bir—Bik—BirBjr+2B2ik 12821
Cy(2) —(g—1)
Cy() g—1
Cy(?) (@2 —1)Bi —q(Bir—Bair)) —(q+1)@—2)/2:Bi] —(g—1g—2)/2:Bir+Bain+1)
Cy(@) |—(@®—1)Boie] —(q—1)(Bir—Bair) (g+1)(g—2)/2+ Baix (@—1)(g—2)/2+ Bair+Bir +1)
Dy(1) 1
Dy(7) —1
Ds(1) —Bix —(q—2)/2- B (g—2)/2:Bir+Bair+1
D (1) Bait Bit— Bzir (@—2)/2Byir —(@—2)/2+Bair—Bir—1
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@-2)/2 k-1 @-2)/2 4a/2 a/2 k-1
Z, TnkD 23wk 2 2 kD
4, (g+1)%g*+1)(g—2)(g—4)/8 (g*—1)g(qg—2)/4 (g—1)%g%+1)q(g—2)/8
A, (g+1)%(g—2)(g—4)/8 —(g*+1)q(g—2)/4 (g—1)*q(¢—2)/8
Ay (g+1)%g—2)g—4)/8 (¢>*—1)g(g—2)/4 (g—1)%q(g—2)/8
Az (2¢+1)(g—2)(g—4)/8 —q(g—2)/4 —(2¢—1)9(¢—2)/8
Ay (g—2)(g—4)/8 —q(g—2)/4 q(g—2)/8
Ay (g—2)(g—4)/8 —qlg—2)/4 9(g—2)/8
B,(i,7) 3
By, j) -1
B,(@, j) 3
Ci(d) —(g+1)(g—4)/8 —q(g—1)/2
C(d) —(g+1)(g—4)/8
C4(d) - (g+D(g—2)/2 (g—1)(g—2)/2
C(@) (¢—1)g—2)/2
D,(7) —(g—4)/2 q/2
D,(@) —(g—4)/2
Dy(3) (g—2)/2 —(g—2)/2
D,(3) —(g—2)/2
(¢-2)/2 (@-2)/2 a/2
kZ‘ x6(R) > ru(k) > x13(R)
=1 =1 k=1
4, (g+1)g?+1)(g—2)/2 q(g+1)(g?+1)(g—2)/2 ¢ g—1)(¢*+1)/2
4, (g+1)g—2)/2 a(g—2)/2 —q?2
Ay (@®*+q+1)(g—2)/2 q(g+1)(g—2)/2 q%(g—1)/2
Asz (g+1)g—2)/2 a(g—2)/2 —q*2
A‘l (q_z)/z
Ap (g—2)/2
By, ) -2 -2
B,(2) ~1
By(3, 1) 1 1
B, ) —2
Ci() —(g+1) —q+(g+1)(g—2)/2 q(g—1)/2
Cy(2) —1+(g+1)(g—2)/2 —(g+1)
C5(7) —(g+1)(g—2)/2 g—q(g—1)/2
C,(4) (g+1)(g—2)/2 q—1
Dy(3) -1 (@—2)/2 —q/2
Dy(i) —1+(g—2)/2 -1
Dy(1) —(g—2)/2 q/2
D) (g—2)/2 —1
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Finally, we consider the following linear character p (k) of M= {h(7, 7%)|

0<i<g}™:

k(7 T9) — ik

Then we obtain the following family of irreducible characters:

xs(k) = p(k)_p(0)+00_61+04+05 ’ kERz .

Now we have obtained all the irreducible characters of G.

(1]
(2]
(31
(4]

are
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Appendix

The character tables of various subgroups of G=Sp(4, g) (and G itself)
given in this Appendix. We remark that the class representatives are not

necessarily elements of G, but canonical forms in Sp(4, K) are given. We use
the convension that the value is zero if there is no entry in the character table.

1) To be exact, we should say that we consider the subgroup of G which is conjugate to

M in Sp(4, K), since h(rf, 7%) is not an element of G unless h(zi, r%)=1.



Table I-1 Conjugacy classes of B
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Notation repre(igftsative (}\fI ‘(l:ﬁ::s?; c?x:&z{i;ir ?;a;)s (ii:ast
A4, h(1,1) 1 q'(g—1)? A4, A4,
A, %2a+5(1) 1 gtg—1) | 4, A,
Ag %a+5(1) 1 g'g—1) Aan Az
As, %q+5(1)%24 4 5(1) 1 qt Az Az
Ay x5(1) 1 a(g—1) 4, Aq
A, x5(1)%24+5(1) 1 g Az Ay
45 x(1) 1 ¢?g—1) | 4a Aa
As, %a(1)%2a+5(1) 1 ¢ | 4e A
Ao xa(1)wp(1) 1 2¢% Ag As;
Aez " xa(1)aep(1)x20 4. 5() 1 2¢> | A As,
B(,j) k(i) | GDES (—2)(g—4) (12 | B B,
Cy(@) h(1, ri) ieT, q—2 qlg—1)? C, C,
C:(?) h(rt,r=%) | €T, q—2 a¢—1)? | G C,
Cy(7) h(ri, 1) 1eT, q—2 q(g—1)2 C, C,
Cy(d) hri, ) | €T, q—2 aq—12 | Cs Cs
D,(?) h(1, 79)%24+ (1) ieT, q—2 qg—1) D, D,
Dy(3) (i, 7 xa45(1) ieT, q—2 q(g—1) D, D,
Dy(2) h(ré, Dx(1) | i€Ty q—2 aq—1) | Dy D
Dy(@) k(ri, ri)x (1) | i€T,  q—2 q(¢—1) | Ds D,
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Table 1I-2 Characters of B

87

Character| 2.k, D | 20 | 2z | n® | x® | 0, 0,(4) B3(8)
Number |} 1eT,| keT, | keT, | keT, | keT, k=0, 1 k=0,1
characters| @~ 1?| ¢—1 q—1 q—1 7—1 1 2 2

A, 1 q—1  q—1 q(g—1)| qg(g—1)] (g—1) a(g—1)%2 q(g—1)%/2
4, 1 -1 g—1] ¢(g—1) —q| (@—17¥ —al@—1/2} —gql@—1)/2
Ay 1 q—1 g—1 —q| q(g—1) (@—1)?% —ql@g—1)/2] —qlg—1)/2
Az 1 g—1 g1 —q —q| (g—1)? q/2 q/2
Ay 1 q—1 —1 —(g—1) a(q—1)/2] —qlg—1)/2
Ay, 1 q—1 —1 —(g—1) —ql2 q/2
A5 1 =1 q¢-1 —(g—1)|(—1)*q(g—1)/2(—1)*q(¢—1)/2
As, 1 -1 q¢-1 —(@—1)] —(=1)*q2] —(—1)*q/2
Ag 1 —1 -1 1 (—1)kg2|  —(—1)kq/2
Ag; 1 -1 —1 1 —(—1*g/2 (—1)*q/2
BG,j) | F*ti

(S10)] il (g—1)Fi

C()) ik (g— 17"

Cy(d) Fir (g—1)7*

Ci(®) 7D (g—1)F*

Dy() il —r

Dz(i) }'i(k-l) —7'71'”

Dy(7) Fi —7i*

D4(z) 7i(k+l) —}-"i'?
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Table II-1 Conjugacy classes of P

Notation reprgle:ﬁ?ative Number of classes c?;gzll.iggr (iﬂaés
4, k(1,1) 1 *g—1)@*—1) | A
4, %ga+ (1) 1 ¢*g—1) | 4.
Ay xa+5(1) 1 *g*—1) | Aa
As, %a+5(1)%za+5(1) 1 gt | As
Aq xa(1) 1 ®g—1) | Aa
Ay %a(1)%z0+5(1) 1 ¢ | A
45 xa(1)xs(1) 1 2¢¢ | Aa
4s, %a(1)x5(1)%24+5(§) 1 22 | Ay
By(3, 1) h(ri, vy | G,NES (g—2)(g—H))2 (g—1)* | B
By(1) h(0:, 07%) i€ER, q(g—2)/2 q2—1 B,
(&10)] K1, 1) | i€y q—2 gq—1)2 | G
C,(4) Kri,r=9) | €Ty (g—2)/2 qq—1)?2 | C,
Cy(?) Wi, ry | i€Ty  q—2 aqg—1)(*—1) | C;
Cy(d) h(ni,n=7) | i€T, q[2 a@g*-1) | C,
Dy() h(1, r)%5045(1) | €Ty q—2 qq—1) | Dy
D7) h(ri, 1~ Dxars(l) | €T (¢—2))2 q9¢—1) | D,
Dy(d) ki, riyxa(l) | i€Ty  g—2 q¢q—1) | D,
Dy(3) k', 0~ )xasp(1) | i€ET,  q/2 q(g+1) | Dy

Bl(i’ ]) = Bl(j’ i) ’

B,(i) = By(qi) ,
Cy(i) = C(—9),
Dz(l) = Dz(_l) )

C4(i) = C4(_—i) ’
D4(i) = D4(—Z') .
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y—)x = @)yx
‘A—)rx = @)’x
“y—)x = @)yx
‘@ Dx =0 9%

- g — | tg— - 1 ora
gd— a+d a12d OFa

- 1o— a-ip 1 1 (raq

yd— 1d+yid a1 y1d O'a

1—b wg— | g (1—b) - 1 @0

24(1—D) a+p:A(1+0) 124D ased (©O)%)

1—b 10(1—b) u-nip | 1 1 (O]

141 =D) | pd+ad asd a1 ®o

(4229 +:0)— pd— | ad Org

absndtircnd | acind | acend | (D'

T/ba(1—) Tb(y1—)— I 1— - I 1 g

2By (1—)— 2/by(1—) 1 1— - 1 1 %

/b (1—)— by (1—)— (1—b)— - 1—b 1 1 (67

a—0)b.(1—) | T/0—D)b,(1—) | (0—b)— - 1—b 1 1 L4

4l T/b— (—b)— 1-b b b— 1— 1+b b I &y

/(1 —b)b— T/(1+D)b— (1—2P)(1—D) 1—b (G—0b— | (1+D)b— | 1—, 1+b b 1 7

z/(1—b)b— 7/(1—b)b (1-b— 1—b (1—0b)b— | (1—D)b 1— 1+5 b 1 °p

Tl(1—Db)b T/(1—2b)b (1—2zP)(1—b) 1—b 1—0)b | (1—2D)p | 1—, 1+2 b I 'y
(4 (4 1 T/(1—D)b /b Z/(t—D) 1-b | T@e=BH)(1—-b) | 1—b | 1—b aﬁwwaﬁ
10=¥% 10=% sy Ly L3y °L >y ET)) "L3% | L3Y | pqumy
€0 )% 9 @) @)z ()24 @) ()24 @¢r | () |1eerey)

d jo s1wereqd  g-T1 A9EL
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Table I1II-1 Conjugacy classes of Q
. Class Order of Class
Notation representative Number of classes centralizer in G
4, h(1,1) 1 g'(g— (1) 4,
4, %24+ 5(1) 1 q*(¢g*—1) A,
Ay %44 5(1) 1 q*(g—1) Az
As, %4+ 5(1)%2a.+5(1) 1 q* As
Ay x5(1) 1 *g—1) A,
Ay x5(1)%24+5(1) 1 ' Ag
A x4(1)xs(1) 1 2¢2 Ay
As, %a(1)x5(1)x24+ (€) 1 2¢* Ay,
By, 5) h(ri, r9) @HNES (g—2)g—4)/2 (g—1)y B,
By, 1) h(ri,ni) |i€Ty, j€T, q(g—2)/2 -1 B,
Ci() h(1, %) €Ty (g—2))2 q(g—1)? C,
C,(7) h(ri,r™%) €Ty g¢—2 q(g—1)? C,
Cy(3) h(ri, 1) €Ty g—2 a(g—1)(¢*—1) (o
C4(3) h(1, 7%) €T, q/2 q(g*—1) Cs
D, (@) h(1, 7)x24+5(1) €Ty (q—2)2 q(g—1) D,
D,(7) h(ri, 7~ )xa45(1) ieTy g¢-—2 q(g—1) D,
D;(3) h(r?, 1)xs(1) i€y, q—2 q(g—1) D,
D7) h(1,7%)224 4 5(1) i€T, g2 q(g+1) D,

D\(?) = D(—9),

Bl(i, ]) = Bl(i’ —]) ’
Bz(i,j) = Bz(i’ _]) )
C\(d) = C(—i),

C4(l) = C4(—-l) ’
D(i) = D(—i).
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00— Pix =@ 9ix
“(—)x = (@3x

“E)—x = @)X

“a— ix =1 Yix

— 1g— 1y — 1— 1 ora

ad— 41 a1d ®ta

ard— pyd asd aid ra

1— 1y 'p 1 1 O'a

1—b 19— 1g(1—b) - |1 )0)

1+4(1—D) 14(1+D) asdb ad (O]

214(1—D) 0414 q1d aid (O]

1—b #0(1—b) "o 1 I (Oke)

Rﬁﬁml qd— ud (Carg

1.6«.& F.m n..k. Q. a.uv~m

T/ (1—) (1 —)— 1 - - 1 1 By

T/b(1—)— Tby(1—) 1 - - I 1 4

/b (1—)— by (1—)— (a—b)— 1— 1—b 1 I 7

7/(1—b)b.(1—) | ¢/(1—D)by(1—) | (1—B)— I— 1—b 1 1 vy

¢/b /b= (1—-b)— 1—b b b— - 1+5 b 11 “v

7/(1—Db)b— t/(G—Db)b (1—b)— 1—b (1—b)p— | (1—bp | 1— 1+b b 1 T

T/(1—Db)b— T/(1+b)b— (—:0)(q—b) | 1—b (1—b)b— | (1+D)b— | 1—¢ 1+b b 1 ’y

Tl(1—Db)b T/(1—2:D)b (1—2D)(1—b) 1—b 21—0)b | (1—2z0)b | 1—2b 1+5 b I 'y
z 4 . 2/(1—b)b th | ele=b | 1-b | g@=ha=b) | 1=b | [—b [FITEP
1'o=¥% 1°0=¥ AL31 L3y | AL3Y WAL WAL WL19L3Y | UL3Y | I3 | pquny
@0 @)/ ] (‘D @, % l @ x * @)% 1 Nftx @fx | (@)% |190e18yD

0 3o s1peIRy)  T-III I9EL
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Table IV-1 Conjugacy classes of G=Sp(4, 2/)

Notation repre(szcl:istitive Number of classes c?x::ix'zliigcfar
4, h(1, 1) 1 24— 1)(¢*—1)
A, %2a+5(1) 1 q*(g>—1)

Ay xa+5(1) 1 g%(¢>—1)

A, %a+5(1)%xzq+ (1) 1 'y

Ay xa(1)xs(1) 1 2q2

Ay, xa(1)x5(1)xz2a+ 6(€) 1 2¢

Bi(3,5) h(ri, 19) @GNES:  (g—2)(g—4/8 (g—1)y

By(1) h(6i, 69) iER, q(g—2)/4 q?—1

By, 1) h(ri, 77) i€Ty,jeT; q(g—2)/4 -1

B.(i, j) h(7', 7%) (G, ))ES; 9(q—2)/8 (g+1)?

Bi(3) (i, %) i€ER; ¢4 *+1

Ci(d) h(1, %) €Ty (¢—-2)2 q(g—1)(¢*—1)
(1) h(ré, 779 €T, (g—2)2 a(g—1)(¢*—1)
Cy(®) h(1, %) €T, q/2 a(g+1)(g*—1)
Ci(D) h(n,77%) €T, q2 q(g+1)(g®—1)
Dy(i) h(1, 7)xzq+5(1) €Ty (g—2)/2 q(g—1)

D,(3) h(ri, 174+ 5(1) i€y (@—2)2 q(¢—1)

Dy() h(1, 7%)x24 4 5(1) €T, g2 a(g+1)

Dy(2) h(n?, 7 xars(1) €T, q2 q(@+1)

The 8 classes Bu(+%, +7j), Bu(d-j, £7) are the same one, for u=1,4.
The 4 classes B.(+7), Bu.(4-¢7) are the same one for u=2,5.

The 4 classes B.(d4-7, 4-j) are the same one.

Cu(?) = Cu(—7), Du() = Du(—17) for 1<u<4.
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EISTS9 a0y (¥—)x = @)X
"auo dwres 9y} 18 (JF ‘YT )Fx sI010BIRYD 4 YT,

‘gz =" 10§ duo sures Y3 e (ybTF)"x ‘(yF)"x s1I0eIRYD § Y],

‘$1=" 10§ 9uo awes Y} a1k (yF 7F)"X ‘(1F ‘y7F)"x s1910eeyo § Y],

ngig 1y — - - 1 ora
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"g+r¢)(1—b)— | *g(1+5)— -5 b— |b - 1+5 1 ()]
#o(1—D) I'ot*o(1+-b) b b 1 1+b 1 @0
#(1—D) (to+10)(1+D) | b 1 b 1 oo
~.\%:%+ lm}..m. ! - ! Ore
— 1 - - 1| e
I— |1 - 1| (C0%g
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(ro-g+ g+ -9+ ug)— | ¥o''0+ 00 1S 1 (4 1| Cog
1 - - 1 Th— 414 4l Th— I oy
I - - 1 (4l T/b— T/b— (4l I vy
(—-b7)— - - 1+5¢g (414 (L z/b 4l 1 e
2(1—D) 1—2b (1+20)— (1+D) T/(1—b)b— t/—bb— | ¢/(0+Db% | z/(1+DBD |1 L7
(1—b) (I+z0)— | 1—2P 2(1+D) T/(1—b)b— t/(a+D)d | z/(1—b)b— | T/(1+D)p | | ’y
(1+2D)(1—D) 1—b 1—b (+2D)(1+D) | t/:(1—D)b | b 2+ | Tl (1+b)p | T/(1+:D)b | 1 'y
T - T
Y EL S2(1%) s v 2 2 1 o9 | soqumyy
9z (1 y)x @)z ()4 1930818y
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g I - 1y — vy —1— 4 ora
I Wl - g —1— 1y — I O*a
- 1o I - LY o4 O°a

- I 1y 1— o+ 1 ora
vg(1—b)—  |[#°gb—(1—b)— (1+b)— #¢(1—D) g —1—b I+b o
1gb—(1—b)— (*g(1—b)—  (1+D)— #g—1—b | #g(1—Db) 1+b (O]
1-b 1'0(1+5) 12pb+ 1 4b 15 tp(1+D) | Mo+14b o5

1—b b4 1+ b 10(14b) 1—b o4+ 1+b #0(1+b) (O)e]
Q.nhnT*,.Q amwuwnT s.;.m.xT m..l.wnT a.:m vam
i%.l .:.%;:h At%._. 1) — t%ﬁ%l (Cayg
1o — Ly - 11 (Coeg

Aty — o g — 0 ()rg

41 ¥ piip wpLap #ptip g

- - 1 I 1 oy

- - I I 1 vy

b— D— b b 1—b 1—b 1+b 1+b 1 ®p
(1—Db)b b— (1+5)b b 1—b (+b—g0)—| 1+b 1+b+;b (1—20)— L7
b— (1—b)b b (1-+b)b (1+b—b)—| 1—b 1+b5+:b 1+5 (1—2b)~ ’py
(1401 —2)b ((1+8)(1—D)b (14201 +B)D | (1+B)(1+D5)B| (14:8)(1—D)| (1+5)(1—B)| (1+B)(1+B) (1+z8)(1+5) (1—2B) b
z/b 2/b 2(—b —b b b —b —b iSRRI
AL ALY Foy) i 7oy TN 5y soqrunyy
@)er @) @)Y @) @)sx @)% (@) @)z @)sx IapeIRY)






