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1. Introduction

For a positive integek and an arbitrary integer , the clasdiedekind sums

s(h, k) is defined by
-5 () (2)

x —[x] — 1 if x is not an integer;
() = 2 T ’
0, if x is an integer

where

The sums §, k ) plays an important role in the transformation thexf the Dedekind
7n function; See the Chapter 3 of [1]. There is an extensiveditee about the Dedekind
sums. H. Rademacher [8] wrote an introductory book on théestb
Perhaps the most famous property of the Dedekind sums isttiprocity formula
h+k2+1 1
+ = =
s(h k) + stk h) = —5 20— — 7
for positive coprime integer8 amd . Some three term versainthis formula were
discovered by H. Rademacher [8], R.R. Hall, M.N. Huxley [Bpal. Pommersheim [7].
J.B. Conrey, E. Fransen, R. Klein and C. Scott [4] studied niean value of
Dedekind sums and proved the following proposition.

Proposition 1. Suppose thain is a given positive integer ahd is any suffi-
ciently large integer Then

k

2m
lezm(h’ K) = fulk) (%) +0 ((kg/s +k2m—l+1/(m+l)) Iog3 k) ’

h=1

where E; denotes the summation over all such tatk) = 1, and f,, (k) is defined
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by the Dirichlet series

me(k) (¥(2m) ((s+4m—1)
C(4m) (s +2m)

- ¢(9),

where ((s) is the Riemann zeta-function

In [3], J. Chaohua improved the error terms in PropositionH1. Walum [10]
showed that for prime&

-1
> L= ’D (h K2,
x modk
x(=1)=-1
In the spirit of [4] and [10], the second author [11] used atingste for character
sums to prove the following:

Proposition 2. Suppose thap is any sufficiently large prime number and is
any positive integerThen fork = p", we have

-12 , 3logk
Z Is(h, K)|? = — 71) -k +0(kexp(|og|0gk>),

whereexp(y) =¢* and the constant implied in th@ -symbol is absolute.

Also some interesting relations between Dedekind sums amwvikt zeta-function
were established (see references [12], [13], [14] and [16])

B.C. Berndt [2] gave an analogous transformation formula tlee logarithm
of the classical theta function

+oo

0(z) = Z exp@rin®z), Imz >0,

n=—oo

and showed that fot €27 in the theta group

logé(Vz) = logf(z) + % log(cz +d) — im' + %m’S(d, ),

where

c—1

S(d,c) = Z(—l)”“[df/cl.

j=1

The sumsS 4, ¢ ) (and certain related ones) are sometimes cabedyHsums. They
are closely connected with Dedekind sums [9]. Some aritlwaleproperties ofS d, ¢ )
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can be found in B.C. Berndt [2] and R. Sitaramachandra Raolf9[15], the second
author studied ther2 -th power mean $%, ¢ ), and proved the\iig:

Proposition 3. Let p be an odd prime and: be a positive integéren

p—1 2 m
o _ owGP(2m) (1-1/4") S 6Inp
h§:1 |S(h, p)I™" = p @) (17 U@ +0 (p exp( p)) .

In this paper, we use the important works of J.B. Conrey et [4]. and
J. Chaohua [3] to study then2 -th power meanSoh, X ), and give apshaymp-

totic formula for Z’izl §2"(h, k). That is, we shall prove the following theorem.

Theorem. For any fixed integern > 2 and any sufficiently large integetr, we
have the asymptotic formula

k
Z/ Szm(h k) — gm(k)kZm +0 (k2m—l) ,
h=1

where g, (k) is defined by the Dirichlet series
o~ gn(k) _ 2 (274 —2) (22" — 1) (@m) (s +4m — 1)
ks (2,v+2m _ 1)2 (22111 + l) ((4m) QZ(S + 21"1)

L 221 s)¢@m)
(2,v+2m _ 1) C(s + 2]/”) :

¢(s)

k=1

2. Some lemmas
To prove the Theorem, we need following lemmas. First we have
Lemma 1. For any given positive integek and any integer  with, k) = 1

and any P > 1, there exist a positive integer < P and an integera with(a, g) = 1
such that

h a < 1
k qP’
Proof. This is a well-known result; See Theorem 36 of [6]. [l

Lemma 2. Leta, b, ¢, d, h and k be positive integers withd — bc = 1 and

RG]
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then we have
2+ k2 +y?

1
s(a,c)+s(h, k) —s(x,y)= “Tocky 4

Proof. This is equation (26) of [5]. [l

Lemma 3. Leth andk denote relatively prime integers wit> 0, then

S(h. gy = 4 B R) =85 +k, 2, i h+kis odd
’ 0, if h+k is even

Proof. This formula is an immediate consequence of (5.9) @gl0) in [9].

]
Lemma 4. For any positive integey, we have
q
! 2
> Is(a. q)| < g log?q.
a=1
Proof. This is Lemma 6 of [4]. U

Lemma 5. Letk,h,a andg be positive integers witth, k) = (a,q) = 1, and
setz =gh —ak. If h+k is odd andl < |z| < k/q, then we have

qz

k atq . .
-——+0 ,q)| + ‘ — ’ +lz|), ifa+ b
S(h k) = <|s(a Q)| s( > q) |z|) if a+¢g is an even number
O (q+]z|), if @ +¢ is an odd number

Proof. Suppose that ¢ is even. Sineed )=al, and must be odd num-
bers.

First We consider the case thak 0. Since §, g ) = 1, there exist positive integers
b andd such that

ad —bg=1 1<d<gq.

Let f = 2dh — 2bk. Then we have

(%) ()= (%)
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(7 ()0,

The fact thatd < ¢ andz > —k/q yields
h a 1

hob z 1 2%d (7 1
=2%d |~ —=)=2%d |~ -+ = )=2%kd [ >+ = |=="(2+=) >0
! (k d) (k q qd) (qk qd) ( )

g \k d
On the other hand, sincei(k ) = 1 and

749
and

is odd, we ggt—(z) = 1. Then
by Lemma 2,
a+gq > +q>+z2 1
+ —z) — + = — =
s (3 a) +s0 -9 stk ) == T2 -
That is,

ek =0 (s (T50.0) ).

From Lemma 8 of [4] we also have

s(h, k) = ﬁ +0 (s (a,q)| +z]) -

Therefore by Lemma 3 we immediately have

S(h,k):—qk—z+0 (|s(a,q)|+‘s (a;q,q)’+|z|), if z<O.

For z > 0, we can find positive integefs amtl satisfying

ad —bg=-1, 1<d<gqg.
Let f = 2bk — 2dh. Then we have

200
(4 2)(0-(2)

Similarly we can get f,z )=1 and

b h 1 a h
=2kd (= ——)=2%d(=+=—-2])=
reaa (G=p) =2 (G5 3)

and
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Then by Lemma 2,

2 2 >
PRAL PO SNSRI (A ik iad (A

2 12((a+q)/2) -z-(h+k) 4
Noting that
2
a+ a+ (a+q)/2) +¢°+1 1
$ (0. 920) s (38 gy < A 2Pl 2
2 2 12((a+q)/2)-q 4
and
_(h+k)P+ (2P +1 1
s(2k, h +k)+s(h +k, %) = DN n
we have

s(h+k,2k):%+0<’s (%,q)‘ﬂd).

So from Lemma 8 of [4] and Lemma 3 we immediately have
stk =-* 40 (sta @) + |s (“22.q) [ +12l) . for =0,
qz 2
This proves that

_ _k atq
SR =~ +0 (st )l +|s (57 ) [ +1]).
if a+ g is an even number

On the other hand, it: 4 is an odd number, using the similar pdghwe can
get

s(h+k,2k):2%qz+0(q+|z|),
so we have
S(h,k)=4s(h, k) —8s(h +k, 2%k) =0 (q +|z|) .
This completes the proof of Lemma 5. U
Lemma 6. For any reals > 1, we have the identities
— 1) _ 1 < ud) 2

2o TA-2NE) (2 - 1K)
2|d 2td
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iz /L(e)(d/e)lfz’" _ 2s+2m __ 91l—2m C(S +4m — 1)
= - ds+2m - 25+2m -1 C(s + 2]/,1)
2?11’ eld
and
ZZ ple) (dfe)™2" 212 _ 1 ((s+dm — 1)
s+2m T ost2m _ ’ :
= 0 ds* 2% 1 C(s +2m)
2|d
Proof. Using elementary methods we can easily deduce tloesgities. ]

3. Proof of Theorem

We suppose thaiz > 2 and a sufficiently large numbér are given. We set

0= [kl/z] . P=20.

For integersa andy with ¥ ¢ < Q, let I(a, ¢) be an open interval given by

_[(a 1 a 1
Ia,q)=-——5,-+— .
9 9P g gP

Whena/q #a/¢ andgq, q < Q, one has

1 (1 1)
> = >+
qq qP P

Thus the intervald o, ¢ ) are pairwise disjoint.

If1 < h <k, (h,k) =1 andh +k is odd, then by Lemma &/k falls into
an intervall &, q ) with 1< ¢ < P, 0<a<gq and @,q) =1
Let z =gh — ak. It is easy to see that # 0 and

a
q

h
=gk |— <
lz| =q ’k <

a
el

~|
»Ql?r‘

If h/k falls into an intervall §,q ) with 1< ¢ < P, 0<a < ¢, (a,q) =1
anda +g is an odd number, then by Lemma 5, we have

k
S(h,k)=0 (g+z]) < P+ 5 < kY2,

Thus,

Z* SZm(h’ k) < k/n+l < k2m—l
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where the asterisk indicates summation over those integeis< h < k, (h, k) =1
and h +k is odd, for whichk/k falls into an intervall §,q ) with 1< g < P,
0<a<gq, (a,q)=1anda +4 is an odd number.

If h/k falls into an intervall ¢,q ) withQ < ¢ < P, 0<a <gq, (a,q)=1
anda +g is an even number, then by Lemma 5, we have

k +gq
SR = = 40 (Ista @)l |s (54| +4)
k ko k koo
THg+t— < —+P+— /2,
<<q q P<<Q P<<k
Thus,

Z* SZm(h’ k) < km+1 < kZm—l’

where the asterisk indicates summation over those intelgets< h < k,(h, k) = 1
and h +k is odd, for whichi/k falls into an intervall ¢,q ) withQ < ¢ < P,0 <
a<gq, (a,q)=1 anda +g is an even number.

Therefore
k /
> 8k k) = Z $2"(h, k) = Z Z Z §2"(h, k) + O (k" 1),
h=1 q=1 a=1 h/k€l(a,q)
2f11+k 2tq 2a

where the asterisk means thaklh < k, (h,k) =1 andh +k is odd.
Lemma 5 produces

S0, = = +0 (Ista.a)l + |5 (52 q)| + ).

if @ and ¢ are odd numbers

Using the estimate
(A+B+CP" =A% +0 (JAP" " (|B|+|C|)) + O (B> +C*"),

we obtain

u=() "0 () (mare p (54 a) 1))
o((stwan+]s (45 ))" +).
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Therefore

0 q , .
Z SN 52(hk) = Q1+ 0(R2) + 0(R0).

=1 a=1h/kel(a.q)
q 2ta

where

2=y Y Y (ﬁ)zn_l (Ista @)l +[s (52, 4)| +12l)

e 4, * a+ 2m
S I (R ENCINES]

q a=1 h/k€l(a,q)
2tqg 2fa

Noting that for the fixede ¢ k and , the equatien g# — ak has at most one
solution 2 . By Lemma 4, we have

Qo < k2 12 Z Z — 2”:!' 5 (|s(a,q)| + ‘s (#,q)’ +1)

fé)(l [é)(l h/kel(a,q) q
q 2da
2m—1 L1 at 1
<k ZWZ (|S(av‘1)|+‘s( )’*1)2—2
q=1 a=1 z#0
2&1
1 lo +1
< k2m lz g |Og (q + 1) < k2m lZ g (q ) < k2mfl.
q=1 1 q=1
2tq 2q

Moreover,

2m k
k /
2m m m+1 2m—1
523<<§ E E ( +( ) ><<k E 1< kK" <k
q=1 a=1 h/k€l(a,q) h=1
2q 2a

Combining these estimates, we obtain

k
Z/ SZm(h’ k) = Ql + O(kZm—l)’
h=1
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where

kz’" Z 2m Z Z 2,,1

1 h/kel
2&1 % / (aq)

It remains to obtain an asymptotic formula fé;. Noting that if 1 < h < k,
thenh/k ¢ I(a, q) if and only if |z] > k/P. Hence

kzmz Ly s Loy iy y 2

‘é*l h/kg1(a, 0 °

4 a=1 |z|2k/P
2’rq 2lq 2fa
2n-1 Q
P 1
2m
<o (8) X
q=1
2fq

< kPP 2 P
Thus

k2m Z Z Z (qh — ak)zm +0 (kZm—l) .

a=1l h=1
% 2a 2Ah+k

Using the estimate

Z /Oo dix = /°° _dy < L
h>k+1 (gh — ak)zm ~ Ji  (gx —ak)® (g—a)k gy qk?n=1’

we get

0 1 1, 1
k2m Z Z Z (qh )2m kZm Zl qzm W <k

a=1 h>k+1 = =
b 29 2
Since
1 > ¥
e < ety - <+ -
;(‘1” “")”” e gi(q”ak)zm ke /o (qx + ak)?
_ i+/°° dy 1 1 - 1
= k2m " qum Je2m qk2m71 f2m—1°
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we have
2m 2m
¢ z Y z = o
a=1 h<0
2@ 2ta 2+q 2@
Therefore
k2m +0 kZm 1
Z EY S GO
2fa (h,k)=1
Zm f (2+h)+k
Since
2m 2m 1 ’ ! - 1
oy Ly > gram <L mE L
q>Q a=1 h=— a=1l z=—o0
2tq 2ta (/21)[2?%1 2)([1 2ta
2m 2m
<Oy z =
a= t]>Q
ZM 2*" 2lq
2m +1 2m— 1
< gz <k <k
we have
Z 2m ; hz (qh_ak)Zm ( )
2fa (h,k)=1
T
Therefore
k i
> 87 (h,k) = gn (k)K" + O (K",
h=1
where

gm(k) Z ZmZ Z (qh ak)z’"

Ba (0oL
2 2ta  (h,k)=1
)fq 2th+k
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Z

q=1 a=1
2fq 2ta 2|k

= Uai(s) + Ua(s).

We proceed to find an expression fOi(s). We remove the coprimality conditions by

use of the Mobius relation

2m
k=1 a=1
2’(1] 2a

(/1 2/% 1 z)fq 2a 2k

—_ 1’
> uln) = { o

din

L. HUANING AND Z. WENPENG

=1

; ks Z (qh — ak)z’"
(h K= 21
2th+k

Zk? Z (qh_ak)Zm Z ZmZ Zk? Z (qh_ak)Zm

a=1 k=1 -
(hk)l
2/h

ifn=1
if n#1

After rearranging the sums, we have

(d) ple)
Ui(s) = ZZ ;Qm 54; Z & Z q2" Z Z “ (gh - ak)zm

a=1 h=
2|l< 2)([1 2ta 2{/1

Let g = (k, ¢), then the inner double sum is

q oo

Sa o
n=—a(k/g) modq/g

1) 3>

8 n=1
ZJ(a 2tn
n=—a(k/g) modgq/g

oo

nn

- > 1
n2m+z Z I’lﬁ

a=1 n=1
2ta 2tn

n=—(q—a)(k/g) modq/g

1< 1 = 1
= g2m Z Z n2m = Z Z nam + Z nam
a0 S S S

n=—a(k/g) modgq/g n=—a(k/g) modgq/g n=0modq/g
1 [ (@ -y, g (20 - 1)cen)
- g2m 8 22m 2m 22m
_ @ -9c@n) i, 1
- 22m g ﬁ :
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Thus by Lemma 6,

00) = e o | o e Y
(25+2m _ ) (22m + 1) C(s + 2]/,1)4(4,/”) P sq 2m vl ks 4m
2k 91 20k 2tq

By Lemma 6 we have

>3t S ()

=1 g=1 k=1 ¢=1
o 2)((] T quq d|(k.q) e
_ pe)d/e) " g 1
= Z Z d5+2m Z Z kqum
d=1 eld k=1 g=1
2d 2k 2t
~ (2s+2m _ 21—2’") (22’" — 1) C(s +4m — 1)((s)¢(2m)
- 2S+2m (2§+2m _ 1) Q(S + 2”1')
Therefore

(27 —2) (2" —1)  CH@m) (s +am —1) o
(2s2m — 1)2 (227 + 1) C(4m) (2%(s +2m)

21 )@
(2v2m — 1) ((s+2m)’

Ul(s) =

Using the same methods we can prove

@ -1 —2) (2 —1) E@m)¢(s+4m 1)

Us(s) = (2x+2m B 1)2 (22m + 1) C(dm) ~ C%(s + 2m) ¢(s)
L2 =D -1 (s)c@m)
(25+2m _ 1) C(s + 2]/11) ’
So we have
U = 2E = (2 1) Eem)((stan - 1) o

(272n —1)% (220 +1)  C(@m) (s +2m)

L2 @ =1 (s)g@m)
(2S+2m _ 1) C(s + 2,")

This completes the proof of Theorem.
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