THE COHOMOLOGY GROUPS OF TORI IN FINITE
GALOIS EXTENSIONS OF NUMBER FIELDS

J. TATE

To the memory of Tapast NAkaAvyama

Class field theory determines in a well-known way the higher dimensional
cohomology groups of the ideles and idele classes in finite Galois extensions
of number fields. At the Amsterdam Congress in 1954 I announced [7] the
corresponding result for the multiplicative group of the number field itself,
but the proof has never been published. Meanwhile, Nakayama showed that
results of this type have much broader implications than had been realized.
In particular, his theorem allows us to generalize our result from the multi-
plicative group to the case of an arbitrary torus which is split by the given
Galois extension. We also treat the case of “S-units” of the multiplicative
group or torus, for a suitably large set of places S. It is a pleasure for me to
publish this paper here, in recognition of Nakayama’s important contributions
to our knowledge of the cohomological aspects of class field theory; his work

both foreshadowed and generalized the theorem under discussion.

Notations, and the plan of the proof. Let L be an algebraic number
field of finite degree, or an algebraic function field of one variable over a finite
constant field, and let K/L be a finite Galois extension with group G. By a
place of K we mean an equivalence class of non-trivial absolute values, archi-
medean or non-archimedean. Let S be a set of places of K satisfying the

following conditions :

(S1) S is stable under G.

(S2) S contains all archimedean places.

(S3) S contains all places ramified over L.

(S4) S is large enough so that every ideal class of K contains an ideal

with support in S.
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Note that we do not assume that S is finite, and that the conditions aie
automatically satisfied if S is the set of all primes of K, a case which is
certainly of interest in what follows.

We wish to study the Galois cohomology of the following exact sequence
of G-modules

’

(A) 0—>E—5] 25 C—>0,
in which:
E is the group of S-units of K, that is, elements of K which are units at

all places P not in S.

J is the group of S-ideles of K, that is, idéles whose P-component is a
unit for each place P not in S.

C is the group of S-idele classes, which in view of condition (S4) is iso-
morphic to the group of all idéle classes of K.

We will compare the cohomology of (A) with that of a simpler sequence,
which we denote by

’

b b
(B) 0—>X—>Y—Z—>0.
Here:

Z 1is the group of integers, G operating trivially.
Y is the free abelian group generated by the places P in S, an element
s G operating by the rule

S( 2 in) = 2 ﬂp(SP) = 2 n(s—lP\P.
Pes PeS PES

X is the kernel of the map & which takes an element
y = > npP into its coefficient sum, > #s.

Clearly X is a G-submodule of Y, and (B) is an exact sequence of left G-
modules. Perhaps we should make precise that we are letting G act on places
of K according to the convention |cls = |s™clp, for c€ K, where c+>|cls is an
absolute value belonging to the place P; thus the rule s(¢P) = (st) P holds for
s, teG.

Our object is to show that the cohomology sequence derived from (A) is

isomorphic to that derived from (B), after a dimension shift of two; that is,
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we want to construct a commutative diagram

<+ —H' (G, X) —H(G,Y) —H (G2 —H'GX)—-
(1 as lag ia; ia?“
ce o —>HG,E)—H "(G,])) —H "*G,C)— H "G, E)—> -,
in which the vertical arrows af, for i=1,2,3 and - o <7< o, are isomor-
phisms. Here, and throughout this paper, H (G, M) denotes the modified co-
homology groups of the finite group G operating on the G-module M, which
are in general non-trivial in negative dimensions, and which are denoted by 7~
in [2, Ch. 12] and in [5, Chs. 8 and 9], where their properties are discussed.
The homomorphisms a7 will be given by cup product with certain co-

homology classes
(2) aseH*(G,Hom(X, E)), axe H*(G, Hom(Y, J)), and a;€ H*(G, Hom(Z, C))
which we are soon going to define. Here and throughout this paper, “Hom”
denotes abelian group homomorphisms; we use “Homs” to denote G-module
homomorphisms. If M and N are G-modules, then we make Hom(M, N) into
a G-module by putting (sf)(x) =s(f(s™'x)) for s€ G, f<Hom (M, N), and
x€ M. Then the rule (sf)(sx) =s(f(x)) holds, so that the canonical pairing
(3) Hom(M, N) x M—> N
is a G-pairing and does lead to cup products
H’(G, Hom(M, N)) x H' (G, M) —> H*""(G, N).

Thus, any three cohomology classes a; as in (2) will lead to a diagram (1) in
which a}(£) =a; Ué&.

In order that the diagram (1) be commutative it suffices that the three
classes a; be the images of one single canonical class

4) a € H*(G, Hom((B), (A))),

under the three maps #; in the following commutative diagram

0
“ l
Hom((B), (A)) — ——————>Hom(Z, C)
U
(5) | \\2‘ (1 a (b,1)
| us Hom(lY, J -——~—->Hon'1(Y, C)
v (Lay VO (e D

0 —Hom(X, E)——Hom(X, J) ———Hom(X, C) ;
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here Hom((B), (A)) is the group of triplets f= (f1, f2, fs) of homomorphisms
fi of abelian groups such that the following diagram is commutative

b’ b
0—X—>Y-—>Z—>0

Is, ln, s

0—E—J]—>C—0,

and the homomorphisms #; are defined by u;(f) =f; for i=1,2,3. An arrow
in (5) marked (v, w) carries a homomorphism f into wofov. If a is any class

as in (4) and we put a; = #;(«) then we have
(6) ai(f)=a;Ué=aUf, for i=1, 2, and 3,

and the commutativity of the resulting diagram (1) results from the basic
functorial properties of the cup product; the point is that the single group
Hom((B), (A)) is paired compatibly with the whole sequence (B) into the
sequence (A).

The method by which we will construct « is as follows. From global
(resp. local) class field theory we get first a canonical class a; (resp. a») as
in (2) such that the arrows af (resp. a%) in (1) are isomorphisms for all 7.
Then, using the relationship between the local and global class field theories
we show that there exists a unique class « as in (4) such that a; = #;(«) for
=1, 2. Putting as=wus(a) we finally obtain a commutative diagram (1) in

which, by the five lemma, all vertical arrows are isomorphisms.

Construction of a;. We let a; be the image under the canonical isomor-
phism C ~Hom(Z, C) of the fundamental class in H*(G, C) ; cf. [1], [3]. 1t is
well known that the maps «’: H"(G, Z) - H "*(G, C) produced by cupping with

a; are isomorphisms for all »; cf. [4], [5], [6].

Construction of a;. Let us first recall some facts about the functors M
H' (G, M) which we will use. Since these functors can be viewed as cohomo-
logy, they commute with direct products; but since they can be viewed equally
well as homology, they commute with direct sums and injective limits as well.
Shapiro’s lemma, which relates the cohomology of a group to that of a sub-
group, can be stated as follows: Let G be a finite group, G, a subgroup and
G = U+ertG, a partition of G into cosets of Gi, Let M be a G-module, M; a
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Gi-module, and

M: M,
i
a pair of G;-homomorphisms such that jo7 is the identity on M, and such that
M = > ertiM,, direct sum. Then the two maps

jores

H' (G, M) &2 H (G, M)
coroz
are mutually inverse isomorphisms, where res denotes restriction and cor de-
notes “corestriction” or “transfer”. The fundamental relation between transfer

and cup products is
(7N a Ucor B =cor (resa UB),

which holds for any G-pairing and any subgroup G, of G, where a is a G-
cohomology class in the first factor of the pairing and g a Gi-cohomology class
in the second. Finally we note that we are systematically using the same
letter to denote the induced homomorphism on cohomology as denotes the G-
homomorphism by which it is induced.

For each place P of K, let Gr denote the corresponding decomposition
group, that is, the group of all s G such that sP =P, and let Kr denote the
completion of K with respect to the place 2. For each P in S, let

i'p ir
Z—->Yand K —J

denote the canonical injections, the first of which is defined by ir(n) = #P, and
the second of which maps a non-zero element of K, onto the idéle having that
element as P-component and having 1 as its component at all places other
than P. Then i» and i are Gr,-homomorphisms and so also, for any G-module

M, is the projection
je: Hom(Y, M) -M

defined. for P in S, by j-(f) = f(P).

Let S.. denote the set of places of L which lie below the places in S, and
let #: S-S be a function which assigns to each place @ in S. a place P
lying over Q.
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LeMMA. For any G-module M there is a canonical isomorphism

Hr(Gy HOm(Y, M)) 2_/—) ngs Hr(Gh(Q)) M)

which attaches to an element 0 on the left the element of the direct product whose

Q-component is jng ° res(0) for each Q€ Si.

Note that Y is the direct sum of the G-modules Yo = >} ¢|qZP. Accordingly,

we have

Hom (Y, M) =TI Hom(Y,, M).
Q

Now recall that cohomology commutes with products, and apply Shapiro’s

lemma to the situation
J
Hom(Yy, M) Zﬁ M,
1

where j(F) = fir(Q)) and where (i(x)) (3 #npP) =nnex for x< M. Shapiro’s
lemma applies, because any two primes of K lying over the same prime of L
are in the same orbit under G.

In view of this lemma we can define a» to be the unique element of
H*(G, Hom(Y, J)) such that, for each Q@ € S, we have

(8) jh(Q)(reS az) = ih(@)a'h(o) in Hz(Gh(Q», ]),

where for each place P of K we let ar denote the local fundamental class in
H*Gpr, K}).
The class a. defined by (8) is independent of the choice of the function

% ; indeed we have
(8" je(res ay) =ipar in H*(Gp, J)

for every place P in S. Let P=th(Q), with & G. The automorphism ¢ acts
on the whole situation under consideration, which is derived functorially from
the field K. If we apply ¢ to (8) we obtain

jp res(t*txz) =1ip (t*“h(o))

where f.a» is the image of a. by transport of structure under the automor-
phism (G, /) » (G, J) defined by (s, x) (tst™', £x) and where f.ap is the image
of an) by transport of structure under the isomorphism (Gig), K@) = (G, K%)
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defined similarly. But it is a well-known fact about the cohomology of groups
that f.a: = a», and we have *ang = apr because the fundamental class of local

class field theory is canonical. Formula (8') results.

Proof that af is an isomorphism. We shall prove more, namely that the

following diagram is commutative.

i!
QIE-I Hr(Gh(Q), Z) _~__) Hr(G, Y)

r l r
(9) Iéldh(ow ; l“z
I H "*(Guo), Kio) — H (G, ].

VESx

The sign II denotes direct sum. The left hand vertical arrow is an isomor-
phism because for each place P of K the cup product with ar gives an iso-
morphism ap: H (Ge, Z)==, H "*(Gr, K3, cf. [4], [5], [6]. The top horizontal

arrow ¢’ is induced by the maps

coroi'p

H(Gr, Z) — H'(G,Y),

for P=h(Q); it is an isomorphism because Y is the direct sum of the Y,
and Shapiro’s lemma applies to the situation ir: Z - Y,. The bottom hori-
zontal arrow ¢ is induced by the maps

H (G, KD ST H (G, ],

for P=h(Q), and is well known to be an isomorphism. For completeness we
sketch the proof. We have

f = h_n'l)] (So)

8o

where S, runs over the family of finite subsets of S, ordered under inclusion,
and where J(S,) is the group of idéles whose components are units at the

places P above So; that is,
f(So) . HJQXH Uq
QeS| QaES,
where

Jo=TI K}, and Uy=11I Up,
Plo PiQ

Ur denoting the group of units in Kr, Now use the commutativity of our
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cohomology with products and injective limits, apply Shapiro’s lemma to J,
and U,, and recall that H'(Ge, Up) =0 for all » when Kr/L, is unramified,
which is the case for all but a finite number of places @ of L.

To prove the commutativity of (9) it suffices to show
az U (cor ixé) = cor ip(ap U &)
for each P=#2(Q) and each ¢ H'(Gr, Z). By (7) the left side is equal to
cor(res a; U pt), and we have
res as U l;zf = (jp res az) U f = (ipap) Ué= ip(ttP U f)
The two extreme equalities come from the functorality of cup products and
the middle one from (8').

Construction of a. From the upper part of diagram (5) we obtain a
sequence
(10)

(—(b,l)

(%1, u2) (1, a)
0 — Hom((B), (A)) — Hom(Z, C)xHom(Y,J) — Hom(Y,C)—0

which is easily seen to be exact. On the left and in the middle the exactness
follows formally from the definition of Hom((B), (A)) and the exactness of
(5). At the right the exactness results from the fact that Y is Z-free, so that
the homomorphism (1, @) : Hom(Y, /) >Hom(Y, C) is surjective. Now con-
sider the exact cohomology sequence derived from (10). In order to show that
there is an « € H*(G, Hom((B), (A))) such that #,(a) = a; and #(a) =a; we

have only to show that
(11) (0, Day= (1, @)az, in H*G, Hom(Y, C)).
Moreover such an « is unique if it exists, because by our lemma,

H'G, Hom(Y, C)) = II H'Gxe, C) =0.

QE Sy
By the same lemma, to check (11) it suffices to check
(11p) jeres(b, Day = jeres(l, @daz, in H(Gs, C)
for each place P=S. This boils down to showing

(12) resa;=a(jeresas), in H*Gp, C),



THE COHOMOLOGY GROUPS OF TORI 717

which is a problem concerning the relation between local and global funda-
mental classes in the extension K/L' whose Galois group is Gr. Let Q' denote
the place of L' below P. The local degree of K/L' at @' is equal to the global
degree, n'=[K : L'], and P is the only place of K above @'. Since restriction
carries fundamental class into fundamental class, the left side of (12) is the
global fundamental class for K/L', and has therefore the invariant 1/#'. On
the other hand, by the definition of as, the class jr res a» in H*(Gp, J) has
invariant 1/#' at @' and 0 at all other places of L. The sum of these in-
variants, namely 1/#', is the invariant of the right side of (12); hence (12)

is true.

The generalization to tori. Let M be a torsion free G-module. Let
(A)® M (resp. (B) @ M) denote the result of tensoring the exact sequence (A)
(resp. (B)) with M, over Z. Since M is torsion free, these new sequences are
exact. We let G operate on them by the rule s(x®y) = sx®sy. Then the ob-

vious pairing
Hom((B), (A))x((BY@M) > (A)QM

is a G-pairing, and the cup product with the canonical class « just constructed

gives the vertical arrows in a commutative diagram

- — H(G, X®M) — H' (G, Y®M) — H (G, ZQM) — -+ -

(1x) l l l

- —>H"G, EQM)— H*G,JOM)— H (G, CQM)—> « + -
analogous to (1) = (1z).
TueoreM. The vertical arrows in (1y) are isomorphisms.

By Nakayama’s theorem [4], [5] we have only to check that they are iso-
morphisms when M = Z, but with G replaced by an arbitrary subgroup G' of

G. This follows from what we have proved, together with

ProposITION. Let G' be a subgroup of G. The canonical class
' e H*(G' Hom((B), (A))) is the restriction of a.

By the definition of « and &' via the exact sequence (10), it suffices to
prove the proposition with a replaced by a; and a:. For ay, this is just the
basic property of global fundamental classes to be carried into each other by
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restriction. To check the statement for a., we let the symbols 7; denote the

restrictions indicated by the diagram below; then for each

G
VA
Gy 7@
V%
Gh=GpNG'

place P in S we have
jPﬁhdz = jp?’si’zaz = ﬁgjprzaz = r3ipap = Lp¥sap.

This shows that aj = r«; as required, because 7ap, the restriction of the local
fundamental class for G, is the local fundamental class for Gb.

Let N be a Z-module of finite rank d, on which G operates, and put M =
Hom(®, Z). Then for every G-module C we have a canonical isomorphism

M®C ~Hom(N, Z) @ Hom(Z, C) =, Hom(N, C).

Thus, we can reinterpret the G-modules in (1) as modules of homomorphisms
rather than as tensor products in this case. In particular, we can interpret
Hom(N, E) as a group of points on a certain group scheme. Let R be the
ring of elements of K which are integers at all places P not in S, and let
R,=RNL=R" Our conditions (S$3) and (S4) on S amount to saying that R
is etale over Ry, and that R is a principal ideal ring. Let A = R[N] be the
group ring of N over R, and let 4,= A% where G operates on A by the rule

S( 7)) =3 (s72) (5%) = D) (s#6-12) 1
2EN =N xEN
Since R is etale over R,, the canonical homomorphisms
(13) Ao?R—)A, and Ao;®Ao—+ (A(}E?A)G

are isomorphisms. In virtue of the second of these, the homomorphism of R-
algebras A~ A ?AzR[N x N1 which is induced by the diagonal homomor-

phism of groups N—- N x N induces a homomorphism of Rj-algebras

Ao"Ao? Ao.

This homomorphism gives a law of composition on the R,-scheme T = Spec (A4,),
by virtue of which 7" becomes a commutative group scheme. We have, in
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view of the first of the isomorphisms (13),

Tx R~Spec (RIND =GE, &,

where G, r denotes the multiplicative group scheme over R, because
®d
RINI=R[Z*1=R[Z1",

as soon as we forget the operation of G. Thus, T is a “twisted torus of di-
mension d, defined over R,, and split by the unramified extension R'. The

group of points on T rational over R is
T(R) =~ Homg.aigevens (RIN], R) = Homgroups (N, E),

because E is the group of invertible elements in R. Thus the theorem above
gives a description of the Galois cohomology groups of the torus 7T for the
extension R/R,, in terms of the character module N of 7'; from the point of
view of algebraic groups, Nakayama’s theorem [4] gives a standard procedure

for generalizing theorems on the cohomology of G, to arbitrary tori.
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