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ON TWISTING OPERATORS AND NEWFORMS OF
HALF-INTEGRAL WEIGHT II

COMPLETE THEORY OF NEWFORMS FOR
KOHNEN SPACE

MASARU UEDA1

Abstract. The author continues his previous work with the purpose of estab-
lishing a theory of newforms in the case of half-integral weight. In this paper,
the author formulates and proves a complete theory of newforms for Kohnen
space. Kohnen space is an important canonical subspace in the space of cusp
forms of half-integral weight k + 1/2 (k > 0). Every Hecke common eigenform
in Kohnen space corresponds to a primitive form of integral weight 2k and of
odd level via Shimura Correspondence.

These newforms for Kohnen space satisfy the Strong multiplicity One the-
orem. Moreover, we explicitly determine the corresponding primitive form (of
weight 2k) to each newform for Kohnen space. The space of oldforms is also
explicitly described.

In order to find all newforms for Kohnen space, the author needs a certain
non-vanishing property of Fourier coefficients of cusp forms. Such property
proves by using representation theory of finite linear groups. The method of
proof of newform theory is mainly based on trace formulae and trace relations.

Introduction

The theory of newforms is very important and useful for arithmetical
study of modular forms of integral weight. This theory has the following
nice properties:

(i) The space of newforms have an orthogonal C-basis consisting of
common eigenforms for all Hecke operators and such common eigenforms
are uniquely determined up to multiplication of complex numbers. More-
over such common eigenforms satisfy the Strong Multiplicity One Theorem
(cf. [M, §4.6]).
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(ii) The full space of cusp forms, S(2fc, TV), can be reconstructed by the

space of newforms, i.e., we have the following decomposition:

S(2k,N)= 0 0 S°(2k,B
0<B\N 0<A\(N/B)

where S°(2k,B) is the space of newforms (see below §0 and [M, §4.6]).

(iii) The above operator / —> / ί 1 (almost) preserves the

Fourier coefficients of the cusp form. Hence for studying the Fourier coef-

ficients of cusp forms, it is sufficient to study cusp forms only in the space

of newforms.

(iv) The theory of newforms has tight relations to both Representation

theory and Geometry.

Until now, several authors have attempted to find a similar theory of

newforms of half-integral weight which satisfy similar properties like the

above (i)-(iv) (cf. [She], [N], [K], [M-R-V], [Ul], [She-W]).

In the paper [K], W. Kohnen defined (what is called) Kohnen space

which can be considered as the canonical subspace corresponding to cusp

forms of integral weight and of odd level via Shimura correspondence. And

when the level is a 4 x (odd squarefree integer), he also established a theory

of newforms for this Kohnen space.

In the previous paper [Ul], the author generalized Kohnen's work and

obtained a similar theory of newforms for Kohnen space of arbitrary level

(= 4 x (odd integer), cf. [Ul, §3]). But those results are half-way for a

technical reason (cf. [Ul, §4]).

The aim of this paper is to complete the results in the previous paper

and to formulate and state a complete theory of newforms of Kohnen space.

Let us precisely state a formulation of the theory of newforms for

Kohnen space.

Let /c, N G Z + and N divisible by 4. Let χ be an even character modulo

N with χ2 = 1. We denote the p-adic additive valuation for any integer m

by ordp(ra). We decompose N as follows:

N = 2 o r d 2 ( i V ) MiM2- f , Mi := Π p, M 2 + :=
p|JV,p#2 p\N,Pφ2

ordp(iV) = l ordp(JV)>2

Denote the set of all prime divisors of M2+ by Π.
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Kohnen spaces S(k + 1/2, JV, χ)jζ can be defined only in the case of

ord2(JV) = 2 (See below §0 (d) for the definition). Put M = MiM 2 +.

We shall consider such a case. For simplifying the explanation, we deal

with only the case of k > 2. In the case of k = 1, we must slightly modify

subspaces (cf. §0).

Define the space of oldform O(k + 1/2, TV, χ)κ as follows.

l/2,N,χ)κ= Σ Σ S(k +1/2,4B,ξ)κ\~δA
0<B\M 0<A\(M/B)

Σ Σ Σ S(k + l/2,4B,ξ)κ\U(A)l[Rι

e'.
0<B\M 0<A|(M/β)2 0<eι<2

BφM ( l n )

Here, ξ runs over all characters modulo 4B such that ξ (—) = χ. The

operator (5 ,̂ the shift operator U(A), and the twisting operator Rι (I G Π)

are defined as follows: For / = Σ } n > 1 a(n) e(n^),

/ I δA(z) :=

The space D(fc + l/2, iV, χ ) χ is a subspace of ̂ (fc + 1/2, TV, χ ) κ . We denote

by 5ίl(fc + 1/2, JV, χ ) ^ the orthogonal complement of D(fc + 1/2, JV, χ)κ in

S(k +1/2, N,χ)κ.

The space ?Π(fc + 1/2, JV, χ)κ is stable by the twisting operators Rp for

all p G i l . Hence we can decompose this space into common eigen subspaces

as follows:

1/2, N, χ)κ = ®nz{±ι}π^(k + 1/2, TV,

Uΐ0 κ(/c + 1/2, JV, χ)κ := {/ € (TC(fc + 1/2, JV, χ)κ;

f \ Rp = κ(p)f for all p e Π}.

Here { i l } 7 7 := Map(i7,{±l}).
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We call these spaces Ή0'*(/c + l/2,N,χ)κ (K E {±1}Π) the spaces

of newforms, because these subspaces have the following nice properties

(cf. below §3 and especially Theorem 4).

(1) 9ΐ0'*(fc + 1/2, JV, χ)κ has an orthogonal C-basis consisting of com-

mon eigenforms for all Hecke operators ϊ/c+i/2,jv,χ(p2) (P' prime, p \ M)

and U(p2) (p: prime, p | M), which are uniquely determined up to multipli-

cation with non-zero complex numbers. Let / be such a common eigenform

and Xp the eigenvalue of / with respect to ί/c+i/2,Λr,χ(p2) (p I M) resp.

U(p2) (p I M). Then there exists a primitive form F E S°(2k1 M) of weight

2k and of conductor M which is uniquely determined and satisfies the fol-

lowing: For a prime p,

F\T2KM{p) = \ p F i f ( p , M ) = l a n d F | U(p) = X p F ifp\M.

Furthermore we can find, by using the trace relation of Theorem 2 (1),

which primitive form occurs via the above correspondence.

(2) (The Strong Multiplicity One Theorem)

Let /, g be two non-zero elements of yi®>K(k + 1/2, N, χ)κ If / a n d g

are common eigenforms of ΪA._|_i/2,/sr,χCp2) with the same eigenvalue for all

prime numbers p prime to some integer 4̂, then Cf = Cg.

Therefore 9ΐ0'*(/c + l/2,N,χ)κ *-> S°(2k,M) as modules on the full

Hecke algebra.

(3) The space of oldforms O(k + 1/2, TV, χ)χ has also an orthogonal

C-basis consisting of common eigenforms for all operators ίfc+χ/2,7V,χ(p2)

(p: prime, p \ N). The system of eigenvalues of such a common eigenform

corresponds to a primitive form of weight 2k whose conductor is a divisor

of M and is less than M (cf. Theorem 3).

(4) The space of oldform O(k + 1/2, A7", χ)χ is generated by the spaces

of cusp forms of lower level. Hence, by induction, we see that the spaces

S(k + 1/2, TV, χ)κ are reconstructed by the spaces of the types of yi®'K(k +

l/2,4£?,£)χ and the operators of the types of 6A, U(A), and Rι.

From the above definition these operators 6A-> U(A), and Rι (almost)

preserve Fourier coefficients of cusp forms. Hence for studying Fourier co-

efficients of cusp forms E S(k + 1/2, iV, χ)κ, it is sufficient to study cusp

forms only in the spaces of newforms 9ΐ0'κ(fc + 1/2, JV, χ)κ

Finally the author has some comments.
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There exists a case such that m®>κ(k+l/2, N, χ)κ^m^κ>' 0+1/2, TV, χ)κ

as modules on Hecke algebra for two distinct ft, κf E {dbl}^. See the formula
(3.4) for such an example.

It seems likely that there exists a similar theory for any full spaces of
cusp forms S(k + l/2,iV,χ) even if ord2(N) > 3.

In the case of ord2(ΛQ < 3, the author thinks that necessary prepa-
rations have already done in the author's previous papers [U3-5]. But
situations are quite different in the case of oτd2(N) > 4 (cf. [U5]).

It seems that its reason is the existence of the twisting operators for
characters (—) and (-). These twisting operators can be defined only if
ord2(iV) > 4 and ord2(ΛΓ) > 6, respectively. See the forthcoming papers
[U6].

This paper is composed as follows: §0 is general preliminaries. §1 is
preparation from representation theory of finite groups. We apply results of
§1 to calculations of §2. In §2, we will complete an attempt in the previous
paper [Ul, §4]. §3 is the main part of this paper. We will formulate and state
a complete theory of newforms for Kohnen space in §3. In the Appendix,
we will prove several general formulae which are used in calculations of §2.

The author wrote this paper while he was staying at Max-Planck-
Institut. The author would like to express his hearty thanks to Max-Planck-
Institut and its staff for their warm hospitality.

§0. Notational Preliminary

Throughout this paper, we use the following notations.

(a) General notations.

Let A, B be subsets of a set X and {A{}iei a family of subsets of X.
If A U B is a disjoint union, then we denote A + B \— A U B for simplicity.
Similarly, if \JieI Ai is a disjoint union, then we denote Σiej A{ \— {JiGl A{.

We denote the set of positive integers by Z+. We denote the additive
valuation for any integer m by ordp(m).

See [M, p.82] for the definition of the Kronecker symbol ί | j (α, 6 inte-

gers with (α,6) φ (0,0)).
Let iV be a positive integer and m an integer φ 0. We write m \ N°° if

every prime factor of m divides N.
Let k denote a non-negative integer. If z E C and x E C, we put

zx — exp(x log(z)) with log(z) = log(|z|) + V^~ϊarg(^), arg(2:) being



122 M. UEDA

determined by —π < Άτg(z) < π. Also we put e(z) = exp(2π\^Λz).

Let S) be the complex upper half plane. For a complex-valued function

f(z) on So, a = (a b) G GL+(R), 7 = (u V) G Γ0(4) and z£f),we define
\c d/ \w x/

functions J(α, z), ,7(7, 2:) and / | [θί]/c(̂ ) on $) by: J{a, z) = cz + d, ,7(7, z) =

(^)~ 1 / 2 ( f ) ( ^ + ^ ) 1 / 2 and / I [a}k(z) = (deta)k/2J(a,z)-kf(az).

For m G Z + we define a shift operator £/(ra) on formal power series in

eθ) by

α(n) e(n2:) | U(m) :=
n>0 n>0

Let x be a Dirichlet character modulo TV. We denote the conductor of

X by f(χ) and the p-primary component of χ by χp for each prime divisor

p of N.

Let V, V be finite-dimensional vector spaces over C. We denote the

trace of a linear operator T on V by tr(Γ; V) and also the kernel of a linear

map F from V to V7 by Ker(F; V).

We denote the set of all mapping from a set A to a set B by Map(Λ, B).

Furthermore we use the abbreviated notation BA (= Map(A, J9)).

Let i b e a set of prime numbers and (ap)peA a system of integers. We
put the following notation: A{a)i := {p E A \ ap = i} and A{a)iJr := {p G
A I ap > i} for any i G Z.

(b) Modular forms of integral weight.

Let fc and iV be positive integers. By S(2k,N), we denote the space of

all holomorphic cusp forms of weight 2k with the trivial character on the

group Γ = ΓQ(N). We also denote the subspace of 5(2fc, TV) spanned by all

newforms in 5(2fe, N) by S°(2k, N).

Let α G GL^(R). If 7̂  and a~ιΓa are commensurable, we define a

linear operator [ΓaΓ]2k on S(2k,N) by: / | [ΓαΓ]2fc = (det a)k~ι Σ f I

[oίilΊk, where aι runs over a system of representatives for Γ \ ΓaΓ. For a

positive integer n with (n, N) = 1, we put T2k N(U) — Σ r ( ) ^ '

where the sum is extended over all pairs of integers (α, d) such that α, c? > 0,

α I 0?, αc/ = n.

Let Q be a positive divisor of TV such that (Q,N/Q) = 1. Take any



COMPLETE THEORY OF NEWFORMS FOR KOHNEN SPACE 123

element 7Q G SL2(Z) which satisfies the conditions:

( °) (mod JV/CJ).

Put VF(Q) = 7gί j . The following facts are well-known: W(Q) is a

normalizer of Γ; [W(Q)]2k induces a C-linear automorphism of order 2 on
S(2k,N) and this operator is independent of a choice of an element ηq.

For Q — 1, we can take 71 = W(l) = ( J. Hence we have [W(l)]2fe =

1. Moreover for the sake of simplicity, we use the following abbreviated

notation: Let A be a subset of the set of all prime divisors of N. Then

WA := W (jlpeΛP
Oΐdp{N))' I n particular, we simply write Wι = WA if

A = {1}.
Moreover, if the subscripts are obvious and any confusion does not

occur, we simply write T(n) = T^Arf/i) and W(Q) = [W'(Q)]2 ĵ etc..
For any /(^) — X^^! α(n) e(n^) G S(2k, N) and % a primitive charac-

ter modulo f = f(χ), put / | Rχ(z) := Σ™=1 χ(n) a(ή) e(nz). From [Sh 3,
Prop. 3.64] we have f \ Rχ e S(2k,N',χ2), where N' is the least common
multiple of iV and f(χ)2. We call this operator Rx the twisting operator of

X

(c) Modular forms of half-integral weight.

Let k denote a non-negative integer, N a positive integer divisible by
4, and χ an even character modulo TV such that χ2 = 1. Put μ = ord2(iV),
M = 2~μN and ΓQ = ΓQ(N). Then there is a square-free odd positive
divisor Mo of M such that x = i~^) or ^ ) (the Kronecker symbol).

Let 0(fc + 1/2) be the group consisting of all pairs (α,φ), where a =

( ) G GZ^(R) and y> is a holomorphic function on S) satisfying φ(z) =

t(detα)-/c/2-1/4J(α,^)A:- f l/2 w i t h t G C and |t| = 1. The group law is

defined by: (a,φ(z)) (β,rφ{z)) = {aβ^φ{βz)tφ{z)). For a complex-valued

function / on ί) and (α, y?) G C5(fc +1/2), we define a function / j (α, y?) on

ft by: / I (a,φ)(z) = φ(z)~1f(az). Moreover if there will be no confusion,

we also write 7* = (7,.7(7, z)2k+1) for all 7 G /o(4).
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By Δo = Δo(Λ/r, χ) = Δo(iV, χ)k+i/2^ w e denote the subgroup of (S(k

1/2) consisting of all pairs (7,^), where ( ) = 7 G ΓQ and φ(z) =
\c d/

χ(d)j(<y,z)2k+1 and also denote Aλ = Δi(JV) := {7* | 7 G Λ(iV)}.

We denote by G(fc + 1/2, iV, χ) (resp. S(k + 1/2, TV, χ)) the space of

integral (resp. cusp) forms of weight A; + 1/2 with the character x on the

group ΓQ , namely, the space of all the complex-valued holomorphic functions

/ on f) which satisfy / | ξ = f for all ξ G Δo and which are holomorphic

(resp. are holomorphic and vanish) at all cusps of JQ. Moreover we also

denote by S(k + l/2,Δi(7V)) the space of cusp forms of weight k + 1/2

on the group Γχ(N) i.e., the space of all the complex-valued holomorphic

functions / on S) which satisfy / | ξ = f for all £ G Δi and which are

holomorphic and vanish at all cusps of Γι(N) ([cf. Sh 1]).

In the case k = 1, i.e., the case of weight 3/2, 5(3/2, iV, x) contains

theta series of special type. We know that these theta series correspond to

Eisenstein series via Shimura correspondence.

From this reason we define the orthogonal complement V(N; x) of the

space of such theta series in 5(3/2, iV, x). In the case of weight 3/2, we deal

only with this complement V(N χ). See [Ul, §0, §1] for the details.

Let ξ G 0(fc + 1/2). If ΔQ and £" 1Δo£ are commensurable, we define

a linear operator [ΔofΔ o ] f e + 1 / 2

 o n G(k + l/2,iV,χ) and S(k + 1/2, TV, χ)

by: / I [ΔoξΔo] fc+1/2 — Σ77 / I ^' where η runs over a system of rep-

resentatives for ΔQ \ ΔoξΔo Similarly, if Δi and £ - 1 A i £ are commen-

surable, we define a linear operator [Δi£Δχ] on S(k + l/2,Δχ(Λ^)) by:

/ I [ΔiξΔi] - Σr/eΔΛΔiξΔi / I r?
Then for a positive integer n with (n, N) = 1, we put

where the sum is extended over all pairs of integers (α, d) such that α,

d > 0, a I c? and ad — n. We simply write T(n2) := ί/c+i/2,Aτ,x(^2) if the

subscripts are obvious and any confusion does not occur. These operators

Γ(n 2 ) ((n, N) = 1) are hermitian and commutative with each other on

S(k + 1/2, TV, x) (cf. [Sh 2, lemma 5], [Sh 3, Prop. (3.32)], [Ul, (1.9)]).

For any m G Z+, put 5 m :
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Let Q be an odd positive divisor of N such that (Q,N/Q) = 1. Take
any element 7g E SL2CZ) satisfying the conditions:

ί c 0) ( m° d

[ Q °) (mod 7V/Q).

Then ΊQ e Γ0(N/Q) C Γ0(4). Put W(Q) := 7 g *JQ E ®{k + 1/2). See [Ul,
§1] for the details of properties of these δm and W(Q).

Let f(z) = Σ^=o a(ή) e(nz) E G(fc + 1/2, JV, χ) and ^ a primitive char-
acter modulo f(^). Let Nf be the least common multiple of TV, f(^)2, and
f('0)f(x) Then / | Rψ(z) := Σ ^ o ^ ( n ) α ( n ) e ( n ^ ) belongs to the space
G(/u + l/2,7V/,χ'^2). In particular, if / is a cusp form, so is / | Rψ [Sh 1,
Lemma 3.6]. We call this operator Rψ the twisting operator of ψ.

(d) Kohnen space.
We keep to the notations in the subsection (c).
Let k be a positive integer. Suppose that TV = 4M and M is an odd

natural number. We define the Kohnen space S(k + 1/2, TV, χ)κ as follows:

Slk + -,
V 2 AT I α(n) = 0 for χ 2 ( - l ) ( - l ) Λ n = 2,3 (mod 4) J

where X2 is the 2-primary component of χ.
In the case of weight 3/2, we define V(N;χ)κ := V^N x) Π 5(3/2, iV,

See [Ul, §0, §1] for the details.

§1. Representations of SL2 over finite fields and non-vanishing of
Fourier coefficients

We begin with a summary of representations of G := SL2(Fp) (p is an
odd prime number).

Define subgroups of G by:

and put

ψ : Fp 3 u mod p 1—> e(u/p) := expftnyf^lu/p) G C
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The set of all irreducible representations of U is given by {ψa | a G F p}.
For any Dirichlet character χ modulo p, we define the representations χ of

B of degree one by: χ : B 3 ( α ) ι-> χ(α) G C x .

The following facts are well-known.

PROPOSITION 1. ([S, Chapter 7, pp. 54-60]) (1) If χ2 φ 1, Indgχ is
an irreducible representation.

(2) If x = 1 (the trivial representation), Indβ 1 = 1 0 Cp, where £p

is an irreducible representation of G of degree p which is called Steinberg
representation and Resu <£p — ®ae¥pΨa>

(3) Ifχ= Q (Legendre symbol), Indg^ = C(p+1)/2 Θ £(p +i)/2; ^ e r e

C(p+i)/2 ^ ^ C/ +1w2 denote irreducible representations of G of degree (p +

l)/2, which are not equivalent to each other and satisfy the following:

Resu

Resu (5UD/2) = tfΌ θ ί Φ

PFe call (£(p+1)/2 (resp. C| +1)/2) ^ e residual (resp. non-residual) represen-
tation. D

ASSUMPTION. From now on and until the end of the paper, we assume
the following:

(i i) x2 = i

We will determine the explicit C-basis of the irreducible components

1, Cp, £(p+i)/2, and <£'(p+1)/2 in Indg^ (χ = 1, Q ) .

We can identify the induced representation Indg χ with the left C[G]-

module C[G] (S)c[Bl X Hence, it is sufficient to find the explicit C-basis of

irreducible components of this left C[G]-module.

Let e := ( ) be the unit element of G and we choose a basis of
\o 1/

the representation space of χ by ε, i.e., χ( ί _χ j Jε = χ(a)ε. A system
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of all representatives for G/B is given by the p + 1 elements: e = ί j

and £a := f )( ) (a G FD). Under these notation, a C-basis of
Vo 1/ V-i 0/ ^

x = C[G] ®cfBl X *s g i y e n by the p + 1 elements: e® ε and £α ® ε

(a E Fp).

Take any element iι G F p and h := &(e<S>ε) + ΣxeF βχ{ζχ®ε) £ I ^ B X

(α, ft G C (x G Fp)). We have the identity y U J h = a(e ® ε) +

ΣXGF βχ{ζu+x ® £) Hence any element h belonging to the representation
ψa (α G Fp) is expressed as follows:

J Λ = α(e ® ε) + β (ΣxeFp ξx ® ε) (α,/3 G C) if α = 0,

\ h = β ΣxeFp e(~ax/p)(ξx ® ε) (0 G C) if α ̂  0.

We therefore see that for any non-zero α, C ( ^ ί r G F e(—ax/p)(ξx (8) ε))
is the ^-component in the C[U]-modules ResuCp, Resu ί(p+i)/2? an<^
Resu€'(p+1)/2.

We must determine an explicit basis of each ^o-corαponent in the above
three C[U]-modules.

Put for any a G F p , /ια := Σ^^p e(—ax/p) (ξx ® ε) G Indβ x and put

* ;= Σ . e F > e c[G].
We will calculate the element Xha = Σxveφ

 e(~ay/p) (ζxζy ® ε)-

( —1 — x \
J G B, the part of y = 0 in the above sum is

Next assume that y φ 0. Then

Hence

e{-ay/p) (ξxξy ® ε)
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Σ

(1.3)

if X = 1 and α = 0,

if x = 1 and α ^ 0,

-y)

Kav/p) x(y)

From these results,

p{e® ε) + (p~ I) h0,

p{e®ε) - h0,

Jε), if x = (-J and a = 0,

^ J p(e ® ε) + (|J 0p/io, if X = (-) and α ^ O ,

where gp := X]a,GFx e(x/p) (f) ^s ^l16 g a u s s sum.

Suppose x = ί-j and take a quadratic residue α G F^ . Since /ια G

From the formula (1.2), C(gp(e®ε) + /io) — φo and hence this element gives

a basis of the ^o-component of C( p + 1)/ 2

We can find an explicit basis of the ^o-component of £ p , <£/ , 1w2 i n ^he

same way. The case of 1 is trivial. Thus we obtain the following.

PROPOSITION 2. Under the above notation, we have the following ex-

plicit expression of irreducible C[G]-modules in Indg x.

1 = C ( ( e ® e ) + /io),

<ίP =C(p(e®ε)-h0) θ(0C/ιΛ

αeF>

= C(0P(e ® ε) + Chaj,
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Here, each direct summand of the right-hand sides is an irreducible C[U]-
module. Precisely speaking, each first direct summand is isomorphic to φo
and the other direct summands Cha (a φ 0) are isomorphic to ψa respec-
tively, as C[U] -module. Q

From now, we study representations of finite groups which are con-
structed by modular forms of half-integral weight.

We use following notation until the end of this section.
Let k be a positive integer and N — 4 x M, M is a positive odd integer.
Put up = oτdp(N) = oτdp(M) for any odd prime p. We decompose

M = M1M2+, Mi := Πp|M,i/p=iP a n d M 2+ - Π P ( M , , P > 2 ^ P

Let x be an even Dirichlet character with χ2 = 1 and for any prime p,
χp the p-primary component of χ. Moreover we denote the M\ (resp. 2M2+)-
component of χ by Xι := Π p | M l XP (resp. χ := ΠP|2M2+ XP)

For any positive integer a G Z+, put

G(α):=5i2(Z/αZ),

Moreover if («,/3) = 1, we naturally identify as follows: G(aβ) = G(α).x
G(β) and for simplicity, we shortly write Gi := G(Mi), Bi := B(Mi),
and B := B (4M2+).

For any positive integer a divisible by 4, put Δ (α) := {7* | 7 G /^(α)},
Δi (α) := {7*1 7 e A(a)}, and Δ o (α) := {7*| 7 e Γ0(α)} (cf. §0(c)).

Under these notation, we have that Δo(4M2+) > Δ(iV) = Δ(4MiM2+)
and that

Δ o (4M2+) /Δ(iV) ^ Γo (4M2+) /Γ(iV) ^ B x G i .

From this we can define the representation TΓ of the group B x Gi on
S(k + 1/2, Δ(7V)) as follows:

(1.4) [τr(7 mod (iV))] f := f \ 7 *~\ (/ G S(fc + 1/2, Δ(iV))),

where 7 mod (TV) G Γ0(4M2+)/Γ(iV) ^ B x G x . We consider S(fc +
l/2,Δ(iV)) as a left C[B x Gi]-module by the above representation TΓ.
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Let TTf be the left C[B x Gχ]-module generated by a non-zero cusp
form f €S(k + 1/2,N,χ), i.e.,

π , := C[B x Gx]f = </| 7*; 7 G /o(4M 2 + )) c .

Moreover we can define the following one-dimensional representations χ,
YΊ , Y and γ w :

χ(α) €

Then we have a canonical identification χ — χ®Xi — X® (®p\Mλ Xp)

For any / G 5(fe + l/2,iV,χ) and any 7 = ( a ) G Γ0(N), π(7 mod
\c d/

*

(N))f = f ( ) = χ{a)f. Hence we get the isomorphism χ = C/ as
V—c α / =

B(Λ/")-modules. We denote the basis of the representation space of χ by ε.
Then we get the following proposition by easy computation.

PROPOSITION 3. For any non-zero f E S{k + l/2,iV,χ), the following
map gives an surjective homomorphism o/B x G\-modules:

Φ = Φ/ : Ind?x*fx x —> 717, f V^ α̂ r/ ® ε 1—> y ^ aηi
^ 7 7 77

where aη G C αnc? 77 is ίαA en ô  er αZZ representatives for (B x Gχ)/(B x Bi) .

can, therefore, identify πj u

We have canonical identity:

We can, therefore, identify TΓJ with a subrepresentation o/Ind~ x * χ. Q
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From Proposition 1, we know that each IndB( ? χp is the direct sum of two

distinct irreducible submodules. We therefore have the following decompo-

sition

where θp is taken over the set of irreducible C[G(p)]-modules {1G(P)> £p} o r

{C(p+i)/2^(p+i)/2} accordingly to χp = l G ( p ) or Q (cf. Proposition 1). We

note that % <g) (<S)pι^ 0P) are irreducible C[G]-modules and not equivalent

to each other.

Now we more closely study the representation TΓJ by using Proposi-

tion 2. We need some notational preliminaries.

For any prime divisor p of M\, let εp be a basis of one-dimensional repre-

sentation space of χp. Put ep := ί I G G(p) and ξp(a) := ( j ί ) G

G(p) for α E F p and Afp(α) := ̂ x G F e(—ax/p)ξp(x) G C[G(p)]. Moreover

let ε be a basis of χ.

For any prime divisor p of Mi and any x G F p , we choose an element

7p(x) G 5^2(Z) such that

(1.7) SL2(Z)lΊp{x)

and define an operator Xp (p \ M±) as follows:

(1.8) / I Xp := J ] π( 7 p(x) mod (JV))/, / G 5(fc + 1/2, N, X).

In [Ul, §1], we defined several fundamental operators on S(k + 1/2, ΛΓ,χ):

U(p), W(p), and 1̂ >. The above operator Xp can be express by those.

PROPOSITION 4. Let p be any prime divisor of Mi and f any element

of S(k + 1/2, iV, x). Then the following hold.

(1) f\Xp= p - f c / 2 + 3 / 4 / I W[p) U{p). Hence the map f H-> / | Xp gives

an operator on S(k + 1/2, iV, χ)

(2) / I YpU(p) = f I U(p)Xp.
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( (p-l)f\Xp + pf, ifχP = l,
(3) / I Xp

2 =

Hence Xp is a semi-simple operator on S(k + 1/2, TV, χ) .

Proof. (1) We keep to the notation in [Ul, §1]. We have from the

definition [Ul, p. 151] W(p) — 7»<5p, where ηv G 5^2(Z) is satisfied the

following condition:

ί C Ό1) (mod

[ (J °) (mod N/p),

and 6P = ((^ °),p- f c/2- 1/^. Rom [ux, (1.19)],

f

By using the notation 7p(α) (cf. (1.7)), we can easily calculate for any
*

α G F p , / I 7* ί α J = τr(7p(—α) mod {N))f. We therefore have

= pfc/2-3/4 /

From this and [Ul, (1.22)], / ι-> / | Xp gives an operator on 5(^+1/2, N, %).

(2) From the definition of 1̂ , (cf. [Ul, p. 155]) and the above (1),

Yp u{p) = f i u{p)



COMPLETE THEORY OF NEWFORMS FOR KOHNEN SPACE 133

(3) The map / ι—> f | U{p) gives an isomorphism from S(k + 1/2, N, χ)

onto S(k + 1/2, JV,χ (2)) (cf. [Ul, (1.28)]). Hence it follows from the above

(2) that U(p)~1YpU(p) = Xp on S(k + 1/2, TV, x). By using this relation,

we can deduce properties of Xp from those of Yp. In particular, from [Ul,

Proposition (1.27)], we have the above relation (3). •

Take any non-zero / G S(k + 1/2, JV, χ) and assume that TΓJ is irre-

ducible. From Proposition 3 and (1.6), there exists a system of irreducible

representations (θp)p\Ml such that Φj : χ ® (®p|Mi$p) — π / Moreover for

any prime divisor g of Mi,

Ker(Φ/) D χ ® ( (

where θq is the irreducible component such that Ind β ! ! χq — θq 0 θq.

Set the elements ap, a
f £ C[G(p)] such that

(1.9) (ap,a'p):=<
(pep - Xp(0), ep

if θp = 1G(P) 5

if θp = Cp,
, if ep =
, if (9P = C|

Then ftp <g> εv €

(1.10)

*p(g) εp e θ'v and

( (^) ep g)εp ) ® (α^ ® εg) E Ker(Φy).

We therefore have

(1.11)
>|Mi,

qf - f I X g , if (9g = 1 G ( ( ? ) ,

f + f\Xq, ifθq = <εq,

ΰqf ~ f I

In other wards, / is a common eigenform of Xp for all prime divisors p \ M\.



134 M. UEDA

Conversely, assume that / is a common eigenform of Xpi p | Mi.

Decompose TΓy into irreducible components: 7Γf = p\ Θ Θ pm

 a n d let

f = fi + - ' + fm, fi e Pi (i = 1, . . , m).

We apply the following operator to the above: AA :— |B x B i l " 1 ^

χ(d)7*, where 7 = ( ) is taken over all representatives of Γo(N)/Γ(N).
\c dJ

We easily see that / = / | ΛΛ and for any i, fi \ Λ4 G p% Π

1/2, TV, x). From this, without loss of generality, we can assume that fi G

S(fc + l/2,iV,χ) and /; ^ 0 (i = l , . . . , m ) . Then ^ is generated by a

non-zero form fi for all i. It follows from (1.11) that all f^s are common

eigenforms of Xp, p \ M\.

Set fi\Xp = σfifi, (i = 1,... ,m, p I Mi, σj° G C).

Since TΓJ is identified with subrepresentation of Ind~ x * x, pi (i =

1,... ,m) are not equivalent to each other (cf. (1.6)). Hence, from (1.11),

the systems of eigenvalues (σ_p )p\Mι > •? (σp )p|Mi a r e different from each

other. Therefore we see that m = 1 and TΓ/ is irreducible.

Thus we get the following results.

PROPOSITION 5. Let the notation be the same as above. For (0 ^ )

/ G 5f(A: + 1/2, TV, x), Λ̂e following hold good.

(1) 7Γ/ is an irreducible C[B x Gι]-module if and only if f is a common

eigenform of Xv, p \ M\.

(2) Suppose that πj is irreducible. Then π j = χ 0 (&r,|Mi @P)> w^ere

θp's are irreducible C[G(p)]-modules. Let σp(p \ M\) be an eigen value of f

on Xp: f I Xp = σpf. Then σp is given by the following table.

(1.12) σp=<

P, if XP =

— 1, if χp = 1 αncί # p =

flp?

- C(p+i)/2

D

Now we will study relations between the above representations and

Fourier coefficients.
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Let / be a non-zero element of S(k + 1/2, JV, χ) and take any system

i ^ Πp|Mi F P T h e n

JJ e(-apxp/p) π(j((xp)) mod (N)).f,

where Ύ({XP)) € SX2(Z) is an element satisfied the following condition:

mod 4M2+,
o

\p{xp) modp for all prime divisors p of Mi.

Choose a matrix 7 ^ £ SX2(Z) and an element x G Z for (#p)p|Mi

ΠplMx F P S U c h t h a t

( ) m o d 4 M 2 + , f Λ Λ/Γ. \o 1/ , | 0 m o d 4 M 2 + ,
7Mi = < and x = < ./iVJ1 1 /0 _i\ 1 a: modp for all p M x .

mod Mi, v p

\i 0/

and put α((xί?)) := ( j . Then we note that η((xp))

Γ(N). Moreover set g := / | W(Mi) = Σ^=i & W e ( ^ ) G 5 ( f c +
χ(Mi)). Hence

p|Mi

Π e ( -
p|Mi

^ U e(-apxp/p) f I W?(Mχ) ̂  ^ P ) ) * " 1

= Ml-*/2-i/4
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[J e{-apxp/p)je{-nx/M1).
p\Mι

Since the G.C.D. of all Mχ/p (p: prime divisor of Mi) is 1, there exist

integers up £ Z such that X ^ i ^ up (Mχ/p) = 1. We therefore have

Σ ( Π e(~aPxp/p) )e(-nx/Mi)

I I ®VV @jpxp TlXUp J IpJ

p|Mi

p\M\ Xp^Fp

_ J Mi, if —αp = n n p (mod p) for all p \ M\,

\ 0, otherwise.

Here, we use the condition: x = xp (mod p).

Since — ap = nup (mod p) <Φ- —ap(Mι/p) = n (mod p), we get the

following.

(1.13)

= Mi-fe/2+3/4 ^ 6(n)e(n«/Mi),
nΞ-αp(M1/p)mod(p)

where 5 := / ι

Moreover we suppose that πj is irreducible. In this case, there are

irreducible C[G(p)]-modules θp (p \ Mi) such that % ® ® P I M ^P ~ π /

We use the notation α p and α^ of (1.9). Then in all cases of θp = l G ( p ) ,

£ p , £(p+i)/2j o r ^(ϋ+i)/2' w e c a n e x P r e s s that λfp(O) = Co x ap-\-c\ x α^ with

a non-zero constant CQ and a constant c\. And from the formula (1.10), it

follows that for any system {ap)p\Ml G ΠpiMi ^p» there exists a non-zero
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element C2 such that

(1.14)

) ( m o d KerΦ/).
\p|Mi,αp=0 '

Now we set the following notation for any prime divisor p of Mi:

(1.15)

0,
F x ,

F]K
Fp -

ί β
11 C7p —

if θp =

if β p =

px2 if ^ —

and 5 p := 5p

x U {0}.

From the formula of Proposition 2, we see that Sp

x = {o G F^ | Xp{a)®εp G

ΘP}
From (1.14), we see that for any system (ap)p\Ml G ΠP|MX

 F P '

α p Qs) £p

e ® I (XJ ^ p ( α p ) ® ε p ̂
xp|Mi,αp=O

Xp(ap) ® εp E θp for any p | Mi such that αp 7̂  0

<̂ => ap G 5^ for any p \ Mi such that ap φ 0

(αp)p|Mi

Combining the above with the formula (1.13), we obtain the following

theorem.

THEOREM 1. Let f be a non-zero element of S(k + 1/2, JV, χ) and

- X ; ^ ! 6(n) e(n^) G 5(fc + 1/2, JV,χ (^))
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is irreducible and π/ = χ <g) (S)p|Mi ^P ™^ irreducible C[G(p)]-modules

Then for a (αp)p|Mi ^ ΠplM -̂ V ^ e Λowe the following:

"there exists n E Z+ snc/i t/iαί 6(n) φ 0 and

p) (mod p) for allp | M\."

dp.

P\MX

In other words,

"b(n) = 0 /or aZi n's which satisfy the condi-

(ap)p\Mλ £ Π SP <=> tion: n = -ap(M1/p) (mod p) /or any p \
P\M1 Mi."

See (1.15) for the definition of Sp. Π

§2. A complete theory of newforms for Kohnen spaces

We will generalize the results of §4 of the previous paper [Ul] and will

get a complete theory of newforms for Kohnen spaces. So we will consider

only Kohnen spaces in this and next sections.

We keep to the notations in §0, §1 and in [Ul]. See those for the detail

of definitions and notations.

We recall some notations.

Let k be a positive integer and iV = 4 x M, M is a positive odd

integer. Put vv := ordp(iV) = ordp(M) for any odd prime p. We decompose

Let x be an even Dirichlet character with χ 2 = 1 and for any prime p, χp

the p-primary component of χ. Moreover we denote the Mi (resp. 2M2+)-

component of χ by Xl := UP\Ml XP ( r e s P X := UP\2M2+ XP)
We also denote the set of all prime divisors of M2+ by 77. For any I E 77,

we denote the twisting operator of 0 by 72/ (cf. §0 (c)). Furthermore for

any subset 7 C 77, we put Rj := Π/G/ ^ι'

For any K E { i l } 7 7 and any / E 77, we define operators by ef :=

\{R% + κ(ϊ)Rι) and eκ

π := Π/ei7eΓ ^ o r a n y s u bset 7 of 77, we set the

following notations: lj := Π/G/ '

Let (aι)ieπ be a system of integers such that 0 < OL\ < v\ for all

/ E 77. For simplicity, put M ^ := Πi^jjl**1 *> N(a) := AMiM^ , 7) =

77(α)o := {/ E 77 | on = 0}, £? - 77(α)χ := {/ E 77 | at = 1}, and
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F — 77(α)2+ := {I E Π \ Cίi > 2}. We note that every positive divisor of
M2+ is of the form M^. for some system (o:/)/ei7

We choose and fix K G { i l } 7 7 until the end of this paper. Let K\F £
{±1}^ be the restriction of K to F.

We have to study the subspace Θ0 '* I F(/C + 1/2, N(a),χ)κ of S(k +
l/2,N1χ)κ We recall the definition of this subspace (cf. [Ul, (3.3) and
(3.5)]).

We decompose the character χ into two parts as follows:

X = W , η = (-) , η' = ί—J , 0<u\lD, Q<u'

Since the character 7/ can be defined with modulo iV(α), the subspace
Θ ^ I ^ O + l/2,iV(a),7/)K i s naturally defined, where κ'\F := Λ|F (M) G

(cf. [Ul, p. 177]). And then, using this subspace, we define as follows

(2.1) &^F(k + 1/2,N(a),χ)κ := 60<κ'^(k + 1/2,N(a),η')κ | U(u).

&®'κ'\F{k + 1/2, N(a),ηf)κ has a C-basis Bη/ consisting of common eigen-
forms for all Hecke operators T(n2) = Tk+1,2 ̂ , x v>{n2) (n E Z+, (n, iV(α))
= 1) (cf. [Ul, (3.11)]). Moreover U[u) gives an injection on 5(fc+l/2, iV(α)
lD,Vf)κ ([Ul, (1.28)]) and is commutative with all Hecke operators T(n2)'s
(cf. [Ul, (1.8) and (1.20)]). Therefore the set Bχ := {̂  | Ϊ7(ix); 3 G β^}
gives a C-basis of Qr^^ik + l/2,iV(α),χ)κ consisting of common eigen-
forms for all Hecke operators T(n2) = ί/c+i/2,iv,χ(n2) (n £ Z+, (n,N) = 1).
Put

0<α|/D

ί 5(fc + l/2,7V,χ)κ if fc > 2,

1 V(N;χ)κ if fe = 1-

Then from [Ul, (3.10)],

(2.2) flW = 0 Θ0'^(fc + l/2,iV(α),χ)κ | [/(α2)
0<α|/D

c ί 50'κl^(A; + 1/2, JV(Q) /β, X ) ^ if k > 2,
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Since every U(a2) (0 < a | ID) gives an injection on S(k + 1/2, N(a) ip, χ)

(cf. [Ul, (1.28)]), we get the following:

(2.3) B™ = 9 φ C / | U(a2)
f<ΞBx \ ) < α | / D

where / takes over all elements in Bχ.

Moreover we can see that

(2.4) B^ \en

n

In fact, applying the operator

that

β { a )

to the both sides of the definition, we see

κ π ,χ)κ, if k > 2,

; χ)κ I e£ = y^(ΛΓ; χ ) κ , if fe = 1.

Every generator of B^ \ efj, f \ U(a2)efj (0 < a \ Ijj), is a common

eigenform on Γ(n2) (n G Z+, (n, iV) = 1) and has the same system of eigen

values as / (and so as g G B^). This system corresponds to a primitive

form in S°(2k,M1M
f), 0 < M' \ M^ ([Ul, (3.11)]).

From [Ul, (3.10)] and the Strong Multiplicity One theorem of weight

2k ([M, Theorem 4.6.19]), &0^(k + 1/2, N,χ)κ contains all of generators,

/ I U(a?) efj, and therefore contains all elements of B^

We denote for any / G Bχ

(2.5) C/ I C/(α2).

0<α|/

These spaces B^ are contained in S(k + 1/2, N(ά) ZD,X). We will

decompose B^ by the semi-simple operators YP1 p

l/2,N(a)-lD,χ)(cΐ.\ϋl,(1.27)]).

First we consider the case of p | M\lβ.

Take g G Bη> such that f = g\ U{u). Then

V(a),ηf)κ, iΐk>

on
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and since Rι (I G F) commutes with Yp ([Ul, (1.24) (2)]), we see

{a),η>)κ, if k > 2,

P G | 9 ^ ) - η ' ) κ , if fc =

Since Yp commutes with Hecke operators T(n2), (n,N) = 1, both g and

g I Yp belong to the same system of eigen values on T(n2), (n, N) =

1. And since g G ©^'^(fc + 1/2, iV(α),τ/)χ, its system of eigenvalues

corresponds to a primitive form of weight 2k and of conductor M\IE X

(a divisor of UleFl
aι) ([Ul, (3.10) (2)]).

From these, first we see that g \ Yp G &®^\F(k + l/2,N(a),η')κ ([Ul,

(3.10) (1)]) and next, by using the Strong Multiplicity One theorem ([Ul,

(3.11) (2)]), g I Yp = rpg for some τp G C.

Combining these with Proposition A.I in Appendix, we obtain that

(2.6) / I Yp = g I U(u) Yp = η'p(u) i-\ g \ YpU(u) = η'p(u) ( - ) τpf,

i.e., / is an eigen form for Yp.

Moreover in this case, Yp commute with U(a?) (0 < a \ ip) because

of Proposition A.I. Hence we see that every element of B? is a common

eigenform on Yps (p \ M\IE) belonging to the same system of eigen values

as /.

As to the case of p \ ip, we get the following proposition.

PROPOSITION 6. Let I be any subset of D and f be any element ofBχ.

And let A(I) be the subset of Map(7, C) consisting of all functions p such

that p(p) = ± w ( — )p resp. ρ(p) G {p, —1} according to χp — 1 resp. (-1.

Hence \A(I)\ — 2l7L Then we have the following decomposition:

0 C/ I U(a2) = 0 C/,,
0<α|/j

where each fp (p G A(I)) is a non-zero cusp form satisfying the condition:

fp\YP = p(p)fP (for al1 P^I)

Proof. We will prove by induction on |/ |.

If |/| = 0 (o 7 = 0), then IQ = 1 and the assertion is trivial.
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Next suppose that I φ Φ and the assertion holds good for any proper

subset V of /.

Take and fix a prime p G / and decompose / = {p}+/7, i.e. V — I—{p}.

By the assumption of the induction, we have

Cf\U(az)= φ C/y,
0<α|Zj/ p'eA{Γ)

where A(Γ) is the subset of Map(/7, C) which is described in the assertion.

Hence |A(/7)| = 2'7 ' and fpt (p7 G A(I')) is a non-zero cusp form satisfying

the condition:

fP'\YP = p(p)fP> (for all pel').

Since U(p2) gives an automorphism of S(k + 1/2, N(a) ID,X)K,
 w e can

calculate as follows:

Of I U(a') = ( © C/ I f V ) ) θ ( Q3 C/ I [/(α̂ ) ) £/(;/)
0<a\h

p'eA(i')

From [Ul, (1.24)] fp, \U(p2)Yq = /p, | YqU(p2) for any g G V. Hence,

every element of C/p/ θ C (/p/ | U(p2)) is a common eigenform on all Yq

(q G If) which belongs to p'.

Now, we will decompose the space C/p/ © C (/p/ | U(p2)) into two eigen

subspaces on Yp.

From the definition of # χ , there exists g G #7/ such that / = g | C7(IA).

Then

U(a2)

and so for any jp> (pf G A(/7)), there exists gp> G Φo<α|/ / ̂ 9 I ̂ ( α 2 ) s u c h

that /p/ = ̂ p/ I C/(τ/).

These forms gpι satisfy the conditions: gpt G S(k + 1/2, iV(α) lp,ηf).

And also we have (p, JV(α) ///) = 1, (it, 4/^) = 1, and ηr

u ~ 1.
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g is an eigen form on T(p2). From this and [Ul, (1.20)], gp> is also an

eigen form on T(p2) belonging to the same eigen value as g.

From the above facts, we can apply the formulae (A.7) and (A. 11) in

Appendix to the forms fpt = gp< \ U{u) and fpr \ U(p2) = gpt | U(up2).

It follows that the space C/p/ 0 Cfp> \ U(p2) can be decomposed into

two distinct one-dimensional eigen subspaces on Yp:

Θ C/p/ I U{pz) = C/ii φ C/ι2.

And also we see that /iχ, /̂ 2 are two common eigenforms on Yq (q G /)

whose eigen values are coincide (= pf(q)) on the operators Yq (q G I1) and

are different only on Yp. We can extend p' to two elements in Map(/, C)

by associating {p} with each of such two eigen values.

Combining this and the above formula, we obtain the assertion. Q

From these arguments and Proposition 6, we have the following decom-

position:

(2.7) βf = φ C/ I U(a2) = 0 C/p.
0<α|/D

Here A(D) is a subset of Map(JD, C) such that \A(D)\ = 2^ and each fp is

a non-zero common eigen form on Yp {p \ MIIJ^IE) satisfying the condition:

(o &λ f i v f '^ for a 1 1
 P

(2.8) / P | r p = cp/p, cp:=<[ ^ foral

where Xp is the eigen value of / G Bχ on Yp.

We take such a fp and fix it. Since fp G S(k + l/2,iV(α) ID,X)K,

hp := fp I WiMxlolE)-1 e S{k + l/2,N(a) • lD,x(Mihύή)κ (cf. [ui,

(1.22)]).

PROPOSITION 7. Let Xp be an operator defined in (1.8) o/§l. The

above form hp is a common eigen form of Xp for any p |

Proof. From [Ul, (1.18)] and Proposition A.I, it follows that

hp I W(M!IDIE) U(p) W(p) - cohp \ W[p) W^I^E/P) U(p) W(p)

= hp I W(p) U(p) W{MXIΌIEIP) W{p)

= cxhp I W(p) U(p) W{MxlDlE),
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w h e r e c o _ ( χ

Hence, for any prime divisor p of Mi

(2.9) hp I W{MxlDlE) U(p) W(p) W{MλlDlE

ι

= c\hp I Xp.

Thus we proved the above claim. D

From this claim and Proposition 5, Δo(4f |^^ laι)/A(4Mιl]jM2^_ )-

module 7Γ̂ p is irreducible. We decompose it into primary components:

(2.10) πh =ψ§

where ^ — Π 1 M / / (^ ( M I / D ^ j j and ψ is defined by ^ in the same

way as (1.5).

PROPOSITION 8. We can determine each primary component θp (p E

D + E) by using (1.12) and (2.9) as follows:

[Case 1] (p \ lf)lβ cind χp = 1)

<Vi)/2, */ λp = p e E ,

, *

δpandpeD.

[Case 2] (p \ lD and χp

). ifp(p)=P,

€p, ifp(p) = -l

[Case 3] (p | ^ and X p = Q ) θp ^ €p.
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Proof. The assertions in Cases 1 and 2 are easily verified.

We consider Case 3. Suppose that θp = 3-G(p) We have hp | Xp = php

from Proposition 5 (2). Hence Xp — p. This follows from (2.8) and (2.9).

Moreover, using (2.6) and the fact: Vp — Xp— \z) -> w e g et that g | Yp = pg.

Applying [Ul, (1.26)] t o £ (= Σ n > i α W e M Ξ ^(fc + 1/2, i V » , τ/) κ )

and p, we have # | Yp = g | W(p)" 1 <5p - # + p~k/2+3/4g | [/(p) 6p.

Since p-W+Wg I [/(p) - ( 5 | yp) | W(p)- 1 = (pg) \ W(p)~\ we

therefore have g = p~k/2~ι/4: g | t/(p) 5p = Σ n > i a(Pn) e(pnz).

From this formula we have that α(n) = 0 if (p,n) = 1. Hence there is

a form g' G 5(fc + l/2,N(a)/p,ηf (^))κ if jb > 2, resp. V(N{a)/p\rf (E))κ if

/c = 1 such that 5 = 5

; (p^) ([Ul, (1.11)]).

Both g and ^ r have the same system of eigen values on the Hecke

operators f(n2), (n,N) = 1 (cf. [Ul, (1.8)]). Since g is in 60 '^lF(fc +

1/2, N(a),ηf)κ, the system of eigen values corresponds to a primitive forms

of weight 2k and of conductor MIIE X (a divisor of Π^^p laι).

On the other hand, from [Ul, (3.10)] for the spaces S(k+ 1/2, N{μ)/p,

rf (2))x a n < i V{N{θί)/p] r)f (~))κ, the system of eigen values of gf corresponds

to a primitive form of weight 2k and of a conductor prime to p.

This is a contradiction. Hence we have θp = <£p. Q

Now we will find the condition for fp | efj φ 0 by using the results in
o 1.

PROPOSITION 9. (1) // χp = 1, we have Xp = ±gp (p e E) and

p{p) = ± 0 p ( p E D ) . / / χ p = ( - ) ; p(p) =por-l{pe D ) .

(2) VKe have

Xp = (— ) κ{p) gp, for all p E E with χp = 1,

p(jp) — —1? /or all p £ D with χp = (-),

;(p) 0p, /or all p £ D with χp = 1.

Remark. In the above, the condition: λp = ί-^J κ(p) gp depends only

on /.

Proof. The first assertion follows from [Ul, (1.27)] and (2.8). We will

prove the second assertion.
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[=>] We apply Theorem 1 to the forms hp and fp (G S(k + 1/2, N(a)

IDIX)K) Set //9(^) := Σ n > i c(n)e(nz) and use the notation Sp on π^ p in

(1.15).

From Theorem 1, we know the following:

(2.11) c(n) — 0 if n = — x (MII^IE/P) mod p for some x mod p ^ Sp.

We modify the condition. Let first p £ E with χ p = 1. From the

definition of Sp and Proposition 8,

the condition in (2.11) <=> —n {M\IDIE/P)~ (mod p) £ Sp

ί ~ l j i f ΘP ~
(̂  l , it t/p - ^(

Suppose that #p = C(p+1)/2 From the first assertion, λp = ± g p . If

λp = - (MI1DJE/P\ Q^ t h e n ^ ^ ί ( p + i ) / 2 ( c f Proposition 8). This is a

contradiction. Hence λp = ίM^/p\ ^ a n d s o ^ λ p f l - i = _ L T h u s

we can easily deduce the following from similar argument.

the condition in (2.11) <=> ί ] \pQ~l = - 1

We suppose that λp = - [=^J κ(p) Qp ( ^ «(p) = - ^y j βpλp" 1) for

some p G ί with χ p = 1. If (jM = /c(p), we have c{n) = 0 from (2.12). On

the other hand, if fe\ = -/c(p) or 0, we have ^ + κ(p) (fy = 0.

Observing that fp \ e% = \ Σ^ c(n)^f + κ{p) Q)e(nz), we get

fp I e^ = 0 and so fp \ eκ

u = 0.

In the same way, we get the assertions in the case of p G J9 with χ p = 1.

Next we consider the case o f p G fl with χ p = ί-J. Let θp = 1 G ( P )

Then Sp — {0 mod p}. It follows from (2.11) that c{n) = 0 for any n prime

to p. Hence we have fp \ e p = 0. From these fp\efj^O=>θp = (εp^

= — 1. We use the first assertion at the last implication.
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H From (2.2) and fp e βf] C β(") , it follows that fp\Rp = κ(p) fp

for all p 6 F. Hence for all p € F, fp | e£ = / p . Therefore,

For each prime p \ MIIJJIE-, we choose a residue class 6p (mod p) G
satisfying the following condition:

ft,

®-
E and χ p = 1,

i f p e D a n d χp = i ,

- (f
bp G if p I Mi.

We can see from the definition S^ and Proposition 8 that {bp)p\M1ιDιE £

ΠplMiZ / ^P* Hence by using Theorem 1, there exists no E Z-_j_ such that

c(no) φ 0 and —no Ξ bp [M\IΌ^EIV) (mod p) for all prime divisors p of

MιlDlE.

For such a no, we have by using the assumption

P

- 1

P

MxlDlE/p\

P

if P S E and χp = 1,

)> if P € D and χ p = 1,

Thus we see that

fp I e*π is equal to

This means that jp\eκ

πφ§.

) and also that the no-th Fourier coefficient of

c(n0) Y[peD+E{κ(p?+ κ{p)κ{p)} = c(n0) φ 0.

D

Combining (2.5), (2.7) with Proposition 9, we get the following propo-

sition.
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PROPOSITION 10. Let the notation be the same as above. Then

Bf I eπ = C/ P o

, forpeD and χp = 1,
/\

forpeD and χp = - .

Moreover fpo \ efj φ 0 if and only if f G Bχ satisfies the following condi-

tions:

(*) f \ Y P = (—)<P)ΰPf for allpeE with χ p = l. D

We have the following formula:

PROPOSITION 11.

ί ( ^ ) (p)flp> forpeD and χp = 1,

- 1 , forp^D and χp = \^J,

where (*) is t/ie same condition as in Proposition 10 anoί /p o is a non-zero

common eigenform on Yp (p \ Mil pi E) such that fpo\Yp = po(p) fpo if

p £ D resp. \p fpo if p G E. Here Xp is the eigen value of f on Yp.

Proof From [Ul, (1.20)] and [U3, (1.7)], fpo \ eκ

π G B{

f

a) is a com-

mon eigenform on all T(n2) ((n,N) = 1) belonging to the same system of

eigenvalues as that of /.

And since there is a g G Bηf such that f — g \ U(u), the system of

eigenvalues is also the same as those of g G Bη>.

By applying the Strong Multiplicity One theorem [Ul, (3.11) (2)] to

elements in Bηt, each different element in Bηr belongs to a different system

of eigenvalues from each other. Therefore, {fPo | e^; / G Bχ, f satisfies the

condition (*)} is a system of linear independent forms. Π

We will express the above condition (*) in terms of g G £y such that

f = g\ U(u). Since η'p = χp for all p G E, we have f\Yp={^jg\Yp U(u)

for all p € E with χp = 1 (cf. (2.6)).
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Hence, the condition (*) 4̂> ί-J g \ YpU{u) — ί —) κ(p)gpg \ U(u).

Moreover since U(ύ) is an isomorphism on S(k + 1/2, N(a) Ijj, 7/), we

get that the condition (*) <̂> g \ Yp = {-ψ) κ(p) &Pg-

In [Ul, (3.6)], we defined the hermitian involutions wp (p \ M\IE) on

βWr(k + l/2,N(a),η')κ. Then g \ wp = p'1/2 (f ) k + l ' 2 η'(p) g \ Yp for

all p G E with χp = 1. This follows from [Ul, (3.7)] and η'p = χp for all p e

E. Hence / : (*) <* g \ wp = ( f )%'(p) φ) κ(p) g = ( f )* χ(p)
Here, we note that χ(p) is meaningful because of χp = 1.

We denote this condition for g by (**):

(**) 5 I W P = ί—J X(p) «(p) 0 for all p G E with χ p = 1,

and we denote

h I wp = ^ j χ(p)φ)h for all p G S with χ p = 1

From [Ul, (3.9) and (3.11)], we have g \ wp = zLg for all g G Bηt and so

{̂  £ ^V; 5 satisfies the condition (**)} is a basis of the space &*C 'F.

As we show in the proof of Proposition 11, all of three forms /;Po -77'

/, and g are common eigenforms on Γ(n2) (n G Z+, (n,N) = 1) and all of
them belong to the same system of eigenvalues.

Therefore, for all n E Z + and (n, iV) = 1,

= tr T(n

(2.13) = tr I f(nz);

We will describe the right hand side of the above formula in terms of
cusp forms of weight 2k.
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Take any element g of the basis of &*C , i.e. g G Bηt which satisfies the

condition (**). Let G be the primitive form of weight 2k which corresponds

to g in the sense of [Ul, Theorem (3.11)]. From [Ul, (3.9)], we have g \

U(p2) = —pk~ιg I wp = —pk~ι ί—J χ{p)κ{p)g for all p G E with χp — 1.

So from [Ul, (3.11)], G | tf(p) - - p ^ 1 ( f ) \ ( p ) « ( p ) G .

Let W(p) be the Atkin-Lehner operator of weight 2k (cf. §0 (b)). From

[M, Corollary 4.6.18], G \ U{p) = -pk~ιG | W(p) and so G \ W{p) =

) X{P)^(P)G for all p G JE1 with χp = 1. Hence the space ©**

corresponds to all such G's.

We can deduce the following expression by the trace relation in the

paper [Ul, (3.10) (2), (A.2) (3), and (A.5)]:

For any n G Z+ prime to N(a),

(2.14)

;5*(τ''σ') ( 2k,M1lE J J lβι ) | Rψ ) ,

where the notations are as follows: ΣΠR \ ψ/ rτ' σ'))^p' i s ^he sum extended
over all elements of the following set:

Π(βι)ιeF^',{τ\σ'))] (A) = (PI)IGF is a system of integers^
Pf := < such that 0 < βx < at for any I G F, Φ7 C F(/3)o + i?(/3)i, > .

[τf G Map(F, {±1}), σ; G Map(F(/3)2+, {±1}) J

F ^ i := {/ G F I βι = ί} for i = 0, 1 and F(/3)2+ := {/ G F | A > 2}.

- '((A^Φ'^Λσ')) = Π p e F 3 ^ ^ ) , * 7 , ^ 7 ^ 7 ) ) - E a c h Ξ^ίA),* 7 ,^ 7 ,^))
is the constant determined by the table [Ul, (2.22)]. τf is the extension of
τ1 which is defined as follows:

{ = β k χ ( l ) κ ( l ) Π , e Φ , ( { ) , U l e E a n d Xι = 1 .
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Finally,

f ( R m = σl{ι)f ] Rι for

U G

See [Ul, Appendix 1] for the definition of the space S*(2k,M1lEγ[leFl
βι).

In order to compare this formula (2.14) with those in [Ul, (3.10) (2)],
we must modify the above formula.

We define a system of integers {βι)ι^π f°r each system of integers (βι)ι^F
as follows: βι = βι, 1, or 0 according to I € F, E, or D.

Then we have Π{β)0 = D + F{β)0, J7(/3)i = E + F{β)χ, Π{β)2+ =

F(β)2+, and lExUieFlβί=Uieπ^1-
We want to extend the domain of definition of τf (= F) to the whole set

77. Since {±1}Π = {±1}F x {±1}D+E, we will append this factor {±1}D+E

and denote each element of {±1}Π = {±1}F x {±1}D+E as r = (r 7,^ 7).
We note that there are some assumptions on the primes I E E with

χi = 1 in the definition of the space S*^'^) (2k,M1lEUι^Flβι)' W e

remove this condition by replacing the coefficients Ξ/((^/), Φr, (r', σ')) =:
Π p e F Ξ^((A), Φ', (r'; σ')) with Π P € F Ξp((A), Φ', (r', σ')) x Π p e ΰ + £ ; Ξ^ where
the notation is as follows:

2 x Ξp' := I l + X> if p e S and χ p = Q

[ fc' (f) r"{p), if p G E and χp = 1.

Finally replacing σ' with σ and combining the formula (2.13) and (2.14),

we can obtain the following expression of trί Γ(n2); B^ | efj j in terms of

primitive forms of weight 2k:
Under the above notation, we get the followings for all n G Z+ prime

to TV,

(2.15) = Σ H Ξ;((A), Φ;, (T7, σ)) x
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where r := (τ',τ") G {±1}F x {±1}D+E = {±1}Π, σ G
&, and

if € S*(2k,M1Uieπ^\ f

2k, Ml Π lβl ••= { τ(p)f for all p e 17, / I i ^ P = <r(p)/
j (Rpϊoΐa\lleΠ(β)2+=F(β)2+

Now we will compare the above formula (2.15) with [Ul, (3.10) (2)].

And we will see that the formula (2.15) can be considered as a part of the

expression formula [Ul, (3.10) (2)] of tr(f{n2); Θ0'*(/c + 1/2, iV,χ) χ).

We first note that for any parameter ((#), Φ', (τ;, σ), T") G P ' X {±l} D + i ? ,
the system ((βι)ieπ^ ̂ > (r? σ )) is contained in the range P of parameters
in the expression formula [Ul, (3.10) (2)] of the trace tr(Γ(n2); &φ^(k +
1/2, TV, χ)κ This is easily verified.

We second must study for any (/3/)/Gjp, Φr, (r, σ) = ((r;, σ), r"), whether

the coefficient of tr(τ(n); S<τ^ fok, Mλ \\leΏ l~βΛ \ Ryλ is equal to those

in the expression formula [Ul, (3.10) (2)].

Both coefficients are defined as products of primary components on
p G Π. We will compare these primary components.

For p G F + E, we can verify the following identities:

(2.16) ^p({pι),Ψ , (r,σj) = < _f, if τ> G E

where the left-hand side is the constant with respect to Θ0'̂ (/c + 1/2, N, χ)κ

determined by [Ul, (2.22)] and τf := τ\F.
These identities are easily verified, in case by case, from the following

facts.

(1) The 2-primary part of χ is χ2 - η2η'2 = ί ^ J (— J , η'2 = ( — J ,

and also 7^M I Z B = ί ^ J χMl

(2) For p G £ + JP, we have χp = η'p.

Next we consider the case of p G D. Then if τ(p) — —1, any identity

like (2.16) does not hold good.



COMPLETE THEORY OF NEWFORMS FOR KOHNEN SPACE 153

However, since any prime p E D does not occur in the level M\ Π/ei7 ^ι >

the Atkin-Lehner operator Wp is the identity operator 1. Hence if τ(p) =

- 1 , the space S*(T>σ>> fok, M x Y[l€Π lβιλ is always equal to {0}. Therefore

we can neglect such cases and eventually without a loss of validity, we can

consider that we also have the same identity as (2.16) in the case of p E D.

Therefore we get the following formula.

PROPOSITION 12. Let notation be the same as above andn E Z_|_ such

that (n,N) = 1.

tr (τ(n 2 ); flW | e"π) =
((/3z),Φ

/,(τ/,σ),r//)€P/x

xtr(r(ra);S*(r'σ)

where each coefficient Έι((βι), Φ ;, (r, σ)) Λα5 ίΛe vαfce either 0 or 1 which

is the coefficient oftv(τ(n)]S^r^ (/lk,Mι ]\ιeΠl~βι\ \ Ryι\ in the expres-

sion formula [Ul, (3.10) (2)] of the trace of f(n2) on the space Θ0'Λ(fc +

/n other words, we can consider the above formula as a part of the

expression formula [Ul, (3.20) (2)]. Q

For any (αj), £( α ) | e^ is a subspace of 60-K(fc + 1/2, iV, χ)κ (cf. (2.4)).

We define the following subspace of &^κ(k + 1/2, N, χ)κ:

(2.17) $?>« = ί ί 0 κ (Jfe + 1/2, N, χ)κ :=

Here, (α/) in the above sum runs over all system of integers such that 0 <

θίl<vι = oτdι(N) (I € Π) and (otι)ιeΠ φ (vi)ien- We also denote by UΐΘ'κ =

αΐ0'κ(fc + l/2,N,χ)κ the orthogonal complement of #*•* (A; + l/2,N,χ)κ

Since any operators T(n2) ((n,N) = 1) fix each subspace B^ \ e^

respectively, both y$iK and Ul®^ are stable under the action of T(n2)

((n,N) = l).

We can generalize [Ul, Theorem (4.13)] as follows:
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THEOREM 2. Let the notation be the same as above and let K G

^ . We suppose that oτά2(N) = 2. The following assertions hold good.

(1) For all n G Z+ prime to N,

Π(l/)2=I+J+K τ€Map(77,{±l})
σeMap(/7-(/+J),{±l})

x tr ( Γ(n); S*(τ'σ) I 2fc, Mi J J I J J ^ I | R I + J

\ \ leJ ieπ-{i+j) )

where Π(u)2 := {/ G i7 | z// = 2}7 ]Ci7(i/)2=/+J+i<: is £ ê swm extended over

all partitions such that Π(is)2 = I + J + -fC, ^(/, J)/ is ft constant which

has a value 0, 1, or v\ (:= ord/(iV)) according to I £ I, J, or Π — (I + J),

Ξ((is(I, J)/), / + J, (T, σ)) are ί/ie constants determined by [Ul, (2.22)].

(2) LetB_ be an orthogonal basis of&®>κ(k + 1/2, TV, χ)κ which is stated

in [Ul, (3.11) (1)]. Let Bo (resp. B\) be the set of all f G B which correspond

to primitive forms in S°(2k,M) (resp. in S°(2k,Mf), 0 < M' \ M, and

M' < M) in the sense of [Ul, Theorem (3.11) (1)]. Then Bo (resp. J3χ)

generates the space y$>κ(k + 1/2, N,χ)κ (resp. ^^(k + l/2,iV,χ)κ).

(3) Let f be any element of Bo and Xp the eigenvalue of f with respect

to ί\+i/2,iv,χ(p2) (P: prime, p )( M) resp. U(p2) (p: prime, p \ M). Then

the primitive form F which corresponds to f in the sense of [Ul, Theo-

rem (3.11) (1)] satisfies the condition F | T(p) = XpF resp. F \ U(p) = XpF

for all primes with p / M resp. p \ M.

Proof. Let B be the same C-basis of 6 0 A (& + l/2,N,χ)κ as in the

above statement (2) and P the same set of parameters as in the expression

formula [Ul, (3.10) (2)].

For any (α/), the space B^ | e ̂  is a stable subspace of Θ0'^(fc +

1/2, N, χ)κ under the action of all operators T(n2) ((n, N) = 1). Using the

Strong Multiplicity One theorem [Ul, (3.11) (2)] on 60'κ(/c + l/2,7V,χ)κ,

β(a) i e ^ j g generated by the set BΠ (B^ | e^) . Similarly, we can see that

the spaces ί l 0 ' κ and O^0'̂  are generated by /?ΓΊ9ΐ0A = ̂ (aι)Φ(uι) {B^ \ e^)(Ί

B and ̂ 0 ^ Π B respectively. And also B=(BΠ 9ΐ0'*) + (BΠ tft0'*). For
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any ((p/), Φ, (r, σ)) G P, we denote by B(( , , σ)) the subset of B which

corresponds to the subspace S'*(T'CΓ) (2k, M\ Tiiejjl
Pl) | 7?Φ in the sense of

[Ul, (3.11) (1)].

Then from Proposition 12, there exist only two possible cases: either

B(( Λ w „ C B^ I e?r, or R . _ , λλΠ B^ \ eκ

π = 0; and whether the
=((pz),Φ,(τ,σ)) - i i ' =((pz),Φ,(τ,σ)) ' " '

former case is or not depends only on the parameter ((p/), Φ, (r, σ)).

We define the subsets P* and P** of P by:

{ ((p/), Φ, (r, σ)) G P; ((pί)?

 φ> ( r ' σ ) ) d o e s n o t satisfy (at least):

one of the following three conditions: (i) p\ = v\ on 77(p)2+;

(ii) Φ = 77(p)o + Π(p)i; (iii) ί/| = 2on 77(p)0 + 77(p)i

andP** :=P-P\

Take a system (afiizπ a n d a parameter ((p/), Φ, (r, σ)) G P such that

(α,) φ (!/,) and I ( ( p i ) i Φ ) ( τ > σ ) ) C fl(*) | e^. Then ( ( Λ ) , Φ, (τ,σ)) € P*. In
fact, suppose that ((p/), Φ, (r, σ)) satisfies the above condition (i) and (ii).

We get from Proposition 12 that p\ < OL\ for all / G iT and Φ C iJ(α)2+.

Hence Π(p)2+ C iT(α)2+ and by using the condition (i), (pj =) α/ = z// for

all / G iT(p)2+.

From the condition (ii), i l(α) 2 + 2 Φ = Π - Π(p)2+ D J I - iT(α) 2 + .

This means 77 = iT(α)2+.

Since (α/) ̂  (z//), there exists Z G 77 such that α/ < ^/. From the above,

then I G 77 — 77(p)2+ (C 77(α)2+) and 2 < α; < ι//. Hence the condition

(iii) is not satisfied.

The contrary is also true. Take any ((pz), Φ, (r, σ)) G P*. Put

pz, i f/G77(p) 2 + ,

2, if Z G Φ,
1, i f Z G 7 7 ( p ) 1 - Φ ,
0, if Z G 77(p)0 - Φ.

Since ((p/), Φ, (r, σ)) does not satisfy one of the conditions (i)-(iii), we have

(α/) 7̂  (ẑ /). Next we put

pu ifZG77(p) 2 +,

1, i fZGΦn77(p) ! ,

0, if ZG ΦnT7(p) 0 .

We also define the system of integers (A)/G/7 by ^ n e above (/?/) in the

same manner as in the paragraph after the formula (2.14). Then we have
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βl — pi for all Z G Π. Moreover observing that Φ C Π(p)o + Π(p)ι C

(77(α)2+)(/3)o + (Π(a)2+)(β)i and (iI(α) 2 + )(/3) 2 + = J7(p)2+, we can see

that ((βι)ιeΠ(a)2+i φ> ( r > σ )) occurs in the parameter set P'x {±i}#(α)i+i7(α)0

of the expression formula in Proposition 12. Hence Z?,, λ τ . λλ C β( α ) I

eπ.

Thus, we see that Vt^K is generated by the set U((̂ ),Φ,(r,σ))GP*l((pz),Φ,(τ,σ))

and so U{{pι)^^σ))eP**g{M^^σ)) generates UX®^. The assertion (1) is

easily deduced from this result.

We will prove the assertion (2). For any ((p/), Φ, {j^σ)) G P, we have

from the definition: S<τ^ (2fc, Mλ UleΠ /«) | i?Φ C S°(2fc, Mλ Uιeπ-* lPι

2 ) Hence the assertion (2) follows from the fact:

The assertion (3) can be proved by the same method as in the [Ul, Theo-

rem (3.11) (1)]. D

§3. Another simpler definition of newforms for Kohnen spaces

In this section, we give another simpler definition of newforms for

Kohnen spaces than the previous one.

We keep to the notations in the previous sections and the paper [Ul].

See those for the details of definitions and notations.

We note that we consider only Kohnen spaces in this section.

In this paper and the previous paper [Ul], we define several subspaces

and give several decompositions. Combining those decompositions, we ob-

tain the following:

f SS(k + l/2,N,χ)κ iffc>2
> \ V : = V { N . χ ) κ i ί k = 1

'κ(k +1/2, N,χ)κ
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\

.,χ)κ\U(e2)

0<e,d, dφM.^

ed\M1 /

{ Ker(Rπ,S) ifk>2 }
Θ < >

( Ker(i?τ7,y) if k = 1 J

This formula follows from [Ul, (1.5), (1.7), (3.10) (2)] and (2.17) in this

paper.

D E F I N I T I O N . We put the following notation:

(3.2)

(3.3) O(k +1/2, N,χ)κ

yf>κ{k+l/2,N,χ)κ

^ik + 1/2,4dM
2+
, χ)

κ
 I U(e

2

{ Ker(Rπ, S) if k > 2 )

\ Ker(Rπ,V) if k = 1 J

Then we can rewrite the formula (3.1) as follows.

ί S :=S(k +1/2, N,χ)κ, iffe>2 Ί

\ V:=V{N;χ)κ, if k = 1 J

= yt(k + 1/2, N, χ)κ φ D ( H 1/2, N,

PROPOSITION 13.

Kev(Rπ,S) = Σs(k + l/2,N/l,χ(lλ) | δh
\ \Π K

N/l; χ f-
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Proof. By using [Ul, (1.9)], the subspaces of the right-hand sides are
contained in S, V respectively. Since (f\δι)(z) = Zfc//2+1/4/(i^), those sub-
spaces are contained in the subspaces of left-hand sides.

We will prove the contrary. Let / be any non-empty subset of 77.

From [Ul, (1.5) (3)], it is sufficient to prove that S1, V1 are contained
in the subspaces of right-hand sides respectively.

From the formula after [Ul, (1.4)], we have

S1 = {^Γ b(n)e(nz) G 5; b(n) = 0 for all n <£ L/},
n>\

V1 = {]Γ b(n)e(nz) G V\ b(n) = 0 for all n £ £,/},

where L1 := {a G Z; (a,lπ) = h} (C Z//).

Take a prime Z G 7 and any element / = Y^=ΐ b(n)e(nz) in S1 or V1.
Then from the above formula, b(n) φ 0 =̂> n G L/ C ZZ. Hence there exists
a function g(z) on f) such that f(z) = g(lz). It follows from [Ul, (1.11)]
that 5 G S(k+1/2, N/l,χ ft) κ if / G S J, or p G F(7V/Z;χ 0 ) ^ if / G F 7 .
This proves the contrary inclusion. Π

DEFINITION. For any primitive form F of weight 2fc, we denote by
{\F(ΎI)\ n G N} the system of eigenvalues on the Hecke operators {T{rί)\n G
N}. Then we define two subspaces of S(k + 1/2, iV, χ)κ as follows:

( + ' ' ' X ' J K •" \for all n G Z + such that (n, N) = 1

V(N Y'F) ί
V ; κ ' \n G Z + such that (n, iV) = 1

These are considered as the eigen subspaces corresponding to the primitive

form JP.

Remark. We can prove that V(N, χ\F)κ = ^(3/2, iV, χ; F)χ for any
primitive (cusp) form F.

Under the above notation, we get the following theorem.
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THEOREM 3. (1) For k > 2, the following decompositions hold good.

S(k + l/2,N,χ)κ= 0 S(k +1/2,N,χ;F)κ,

S{k +1/2, N,χ;F)κ,
F:(*2)

l/2,N,χ)κ= 0 S(k +1/2, N,χ;F)κ.
F:(*3)

(2) For k — 1, the following decompositions hold good.

V{N,χ F)κ,

V(N,χ;F)κ,
F:(*2)

D(3/2,N,χ)κ = 0 y(iV,χ;i^.
F:(*3)

iϊere (*l)-(*3) are the following conditions on primitive forms F of weight
2k:

(*1) the conductor of F is a divisor of M.

(*2) ί/ie conductor of F is M.

(*3) t/ie conductor of F is a divisor of M and less than M.

Proof From Theorem 2 (2), the subspace 9ΐ0'*(fc + 1/2, TV, χ)χ has an
orthogonal C-basis consisting of common eigenforms for all Hecke operators
Γ(n2) (n G Z+, (n,N) = 1). Moreover the system of eigenvalues of any
element of such basis corresponds to a primitive form of weight 2k and of
conductor M.

Similarly, from Theorem 2 (2) and [Ul, (3.10) (2) and (3.5)], the sub-
spaces mφ^(k + 1/2,N,χ)κ and β^κ{k + l/2,4dM 2 + ,χ) κ | U(e2) have
orthogonal C-basis consisting of common eigenforms for all T(n2) (n G Z+,
(n, N) = 1). Moreover the system of eigenvalues of any element of such ba-
sis corresponds to a primitive form of weight 2k and of a conductor which
divides M and is less than M.

We will prove a similar result for the subspaces Ker(R/7, S) and Ker(i?/j,
V), i.e., these subspaces have orthogonal C-basis consisting of common
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eigenforms for all T(n2) (n G Z+, (n,N) = 1) and moreover the system of
eigenvalues of any element of such basis corresponds to a primitive form of
weight 2k and of a conductor which divides M and is less than M.

We use an induction on M2+.
If M2+ = 1, then Π = 0 and Rπ = 1. Hence, Keτ(Rπ, S) = Ker(Rπ, V)

= {0} and the statement holds good.
Let M2+ > 1 and assume that the above claim holds good if the sub-

space has a smaller "M2+"-part than M2+.
We consider the spaces S(k + l/2,7V/7,χ (-))χ and V{N/l\χi^))κ for

any I G Π. From the assumption of the induction and [Ul, (1.8)], these
subspaces have orthogonal C-basis consisting of common eigenforms for all
T(n2) (n G Z + , (n, N) = 1) and moreover the system of eigenvalues of any
element of such basis corresponds to a primitive form of weight 2k and of
conductor dividing M/l.

Combining this and Proposition 13, the claim for Ker(i?τ7,5) and
Keτ(Rπ,V) follows.

From (3.1)-(3.3) and the Strong Multiplicity One theorem of weight
2fc, the first assertion follows. The second and third assertions are easily
seen by using the above results. Q

Our next purpose is to rewrite the space of "oldform" O(/c+l/2, N, χ)κ-

PROPOSITION 14. We have the following formulae.
[The case of k > 2}

N,χ)κ= Σ Σ
0<B\M 0<A\(M/B)

Σ Σ Σ
0<B\M 0<A\(M/B)2 0<ez<2

[The case of k = 1]

Σ
0<B\M 0<A\(M/B)

+ Σ Σ Σ V(4B;ξ)κ\U(A)Y[RfK
0<B\M 0<A\(M/B)2 0<ez<2

BφM ξ(A\=x ( )
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Here, £ runs over all (even quadratic) Dirichlet characters defined modulo

AB such that ξ (A) = χ.

Remark. We know the relation of the twisting operator: i?/3 = Rι for

all/ G Π. Hence we can replace the range 0 < e/ < 2 with 0 < e/ G Z.

Proof. From [Ul, (1.9), (1.22), (1.23)], we easily see that the right-hand

sides of the statements are subspaces of S(k + 1/2, N, χ)κ resp. V(7V; χ ) ^

The subspaces S(fc + l/2,4B,ξ)κ and y ( 4 B ; ξ ) κ have orthogonal C-

basis consisting of common eigenforms on hermitian operator T{n2) (n G

Z+, (n,4i?) = 1), moreover the systems of eigenvalues of such eigenforms

correspond to primitive forms of weight 2k and of conductors dividing B.

(cf. [Ul, (3.10)]).

The operators T(n2) (n G Z+, (n, N) = 1) commute with the operators

δA, U(A), and Rt (I G 77) (cf. [Ul, (1.8), (1.20)] and [U3, (1.7)]). Hence all

subspaces in the right-hand sides of the statements have generators which

are common eigenforms on T(n2) (n G Z+, (n,N) — 1). Moreover those

systems of eigenvalues correspond to primitive forms of weight 2k and of a

conductor which divides M and is less than M, because B \ M and B Φ M.

Combining this with Theorem 3, we see that O(fc + l/2, JV, χ)κ contains

the right-hand side.

Next we will prove the contrary inclusion.

We have an explicit expression formula (3.3) of O(k + 1/2, TV, χ)κ We

will check each direct summand of the formula (3.3).

It follows from Proposition 13 that Ker(Rn, S) and Ker(i?77, V") occur

in the first term of the right-hand side, respectively.

Next we consider the part of the subspaces Θ0'κ(/c + 1/2, 4dM2+, χ)κ \

U{e2) = 60<*'(fc + l / 2 , 4 d M 2 + , χ 2 + ) κ | U{rrne2) (0 < e, d, d φ Mu ed \

Mi), where see [Ul, (3.1)] for the definition of mi and χ 2 + . We only remark

«' : = «. (ϊ2i), 0 < mχ I Mr, and χ 2 + ( ^ ) = χ.

This subspace is contained in the space £(fc + l/2,4c?M2-f, X2^)κ

U(mιe2) (when k > 2), resp. V(4dM2+; X 2 + ) x I ̂ ( m x e 2 ) (when fe = 1).

We decompose vn\ = m2 7713 with rri2 = ( ^ Ί ? d).

Then the character χ 2 + ( ^ can be defined modulo 4dM2+. From [Ul,

(1.28)], we have S(k + l / 2 , 4 d M 2 + , χ 2 + ) κ | f/(m2) =

X 2 + H k and y ( 4 d M 2 + ; χ 2 + ) i , | C7(m2)

From this we may assume that (mi, d) = 1.
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We decompose that m\ — 777,4 * w&5 with 777,4 = (mi, e).

We first consider the case of 777,4 = 1. In this case, we set B =

Since (777,1, ed) = (e, d) = 1, πiie2 \ (Mi/d)2 = (M/B)2 and so the sub-

spaces S(k + 1/2,4dM 2 +,χ 2 + )^ I [/(raie2) (when fc > 2) and F(4dM 2 + ;

X 2 + )κ I U(mιe2) (when k = 1) occur in the second term of the right hand

side.

Next we consider the case of 1714 > 1. Take a prime divisor p of 7714.

Then raie2 = (mι/p)(e/p)2 x p 3 .

For fc > 2, we have

l/2AdM2+,χ2+)κ I C/(mie

2)

C

1/2, , χ
2 +

Here, we use the formula (A.4) at the last inclusion.

For k = 1, we can see in the same way,

V{AdM2+- U{mxe
2) C V - χ

2+ ί
K

2+Here, we use that Hecke operator f{p2) fixes VUM/P; χ2

We set B = M/p, A = p and so A = p \ (M/B) = p. This means that

S(k + l/2AdM2+,χ2+)κ I U(mιe

2) (when k > 2) and 1/(4dM2+; χ 2 + ) χ

U(mιe2) (when k = 1) are contained in the right-hand side.

We finally consider the part of W0'*(/c + 1/2, TV, χ)κ. For all ( α / ) ί € i 7

i w e have the following (cf. §2 (2.1)):

0<α|/D

0<a\lD

(α), 77')
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where D := i7(α)o, F := 7T(α)2+, and see §2 for the other notation.

It follows from the above that B^ occurs in the second term of the

right-hand side. Here, we note that B = MiM^ and so ID2 \ (M/B).

Hence A = ua?\ lD

3 I (M/B)2.

Since e^ = Uιeπ U& + <l)Rι) **dW>«(k + l/2,N,χ)κ = £(«,)#(„)

β(ot) I e^.5 the subspace ίΠ^>/ί(fc + l/2, iV, %)/<- is contained in the second term

of the right-hand side. D

From the above, we can give the following simple reformulation of re-

sults of §2 and §3.

THEOREM 4. (Final formulation of newform for Kohnen space) Let

k be a positive integer and M an odd positive integer. Let χ be an even

character modulo N := 4M with χ2 = 1. We denote the p-adic additive

valuation for any integer m by ordp(m). We decompose M as follows:

M = M1M2+, M i : = J J p, M 2 + := J J pOT

ordp(M) = l ordp(M)>2

p\M p\M

Denote the set of all prime divisors of M2+ by Π.

Define the space of oldform D(k + 1/2, TV, χ)κ as follows.

[The case of k > 2]

D(k+l/2,N,χ)κ

= Σ Σ S(fc + 1A 45,0A: I δA

0<B\M 0<A\(M/B)

Σ Σ Σ
0<B\M 0<A|(M/β)2 0<ez<2

B ^ M ( )

[The case of k = 1]

0<S|M 0<A|(M/B)

+ Σ Σ Σ ^(^ 0A-
0<S|M 0<A\{M/B)2 0<ez<2

B * M { l Π )
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Here, ξ runs over all characters modulo 4B such that ξ (—) = χ.

D(fc+l/2, N, χ)κ is a subspace ofS{k+l/2, N, χ)κ ifk > 2, resp. V(N;

χ)κ tfk = 1. We denote by 9t(fc+l/2, Nrχ)κ the orthogonal complement of

Q(k + l/2,N,χ)κ in S(k + l/2,N,χ)κ resp. V(N]χ)κ according as k > 2

resp. k = 1.

T/ien ί/ie space Ύί{k + 1/2, iV, χ)κ is stable by the twisting operators

Rp for all p E Π. Hence we can decompose this space into common eigen

subspaces as follows:

1/2, N,χ)κ

md'κ(k +1/2, N,χ)κ,

:= {/ e %k + 1/2, N, χ)κ; f \ Rp = κ(p)f for all p € Π}.

We call these spaces 9r'/c(λ; + l/2, TV, χ)κ ihe spaces of new forms of Kohnen

space, because these subspaces ^^(k + 1/2, TV, χ ) χ (ft G { i l } 7 7 ) Λα?;e ίΛe

following nice properties.

(1) 9ΐ0A(/c + 1/2, JV, χ ) χ Λ,α5 an orthogonal C-basis consisting of com-

mon eigenforms for all Hecke operators ί/c+i/2,iv,x(p2) (P' prime, p / M)

and U(p2) (p: prime, p | M), which are uniquely determined up to multi-

plication with non-zero complex numbers. Let f be such a common eigen-

form and λp the eigenvalue of f with respect to Th+ι/2,N,χ{p2) (P ϊ M)

resp. U{p2) (p \ M), then there exists a primitive form F G S°(2k,M) of

weight 2k and of conductor M which is uniquely determined and satisfies

the following: For a prime p,

F I T2k,M(p) = λ p F if (p, M) = 1 and F\ U(p) = XpF ifp\M.

Here, we can find, by using the trace relation of Theorem 2 (I), which

primitive form occurs via the above correspondence.

(2) (The Strong Multiplicity One Theorem)

Let f, g be two non-zero elements ofςJl^κ'(k + 1/2, JV, χ)κ If f and g

are common eigenforms of ί/c+i/2,τv,χ(p2) with the same eigenvalue for all

prime numbers p prime to some integer A, then C / = Cg.

Therefore W0'*(fc + l/2,N,χ)κ ^ S°(2k,M) as modules on the full

Hecke algebra.
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(3) The space of oldforms O(k + 1/2, TV, χ)χ has also an orthogonal C-

basis consisting of common eigenforms for all Hecke operators ί/c+i/2,A ,̂χ(p2)

(p: prime, p / N). The system of eigenvalues of such a common eigenform

corresponds to a primitive form of weight 2k whose conductor is a divisor

of M and less than M (cf Theorem 3).

(4) The space of oldform O(k + 1/2, iV, χ)χ is generated by the spaces

of cusp forms of lower level. Hence, by induction, we see that the spaces

S(k + 1/2, TV, χ)κ (k > 2) and V(N;χ)κ (k = 1) are reconstructed by the

spaces of the types ofyi®>K(k + l/2,4B,ξ)κ and the operators of the types

of I A, U(A), and i?/.

These operators δj\, U(A), and R[ [almost) fix the Fourier coefficients

of cusp forms, i.e., for f = Σn>i a(n)e(nz),

f I δA(z) : =
ra>l

U(A)(z) :=

From this we claim the following: For studying Fourier coefficients of a

cusp form in S(k + 1/2, Λ7", χ)κ resp. V(N',χ)κ, it is sufficient to study

cusp forms only in the spaces of newforms yi®'κ(k + 1/2, TV, χ)κ- Ώ

Remark. There exists a case such that 9ΐ0'*(/c+l/2, N, χ)κ = Ή 0 '* ' (fe+

1/2, iV, χ)κ as modules over Hecke algebra for two distinct «, κf G { i l } 7 7 .

For example we have the following isomorphism: Let p be an odd prime

and {«, /c'} = Map({p}, {±1}). Then

(3.4)

(cf. Theorem 2 (1))
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Appendix.

We collect several propositions which are used in Section 2.

Let k and N be positive integers such that 4 | N and χ an even Dirichlet

character modulo N with χ2 — 1.

PROPOSITION A.I. LetQ and a be two odd positive divisors of N such

that (Q,N/Q) = (α,Q) = 1. For any f e S(k + 1/2, N,χ), the following

identity holds good:

f I U(a)W(Q) = XQ(a)f | W(Q)U(a),

where XQ is the Q-primary component of χ.

Proof If Q — 1, the assertion is trivial and so we suppose that Q φ 1.

We decompose α = hfa'-'h {hi>> ,k are odd prime numbers) and

Q — Piei '' 'PnGn (Pz's a r e distinct prime numbers and ê  > 1).

First we consider the case of t = 1 and will prove this case by using

induction on n.

If n = 1, the assertion follows from [Ul, (1.20) (1)].

Suppose that n > 2 and the assertion holds good for any m less than

n.

Observing / | U(lι) G s(fc + l/2,iV,χ ( M V we have the following

formula from [Ul, (1.18)] and the assumption of the induction:

/ I U(h)W(Q) = ( X (^j (QPn-
e-)f I U(h)W(QPn-

e")W(Pn

e")

= XPΛQPn-en)xP1^Pn-Λh)f I W(QPn-
e")U(h)W(pn

e")

f

x ( ) )

W(Q)U(h).

Next we suppose that t > 2 and the assertion holds good for any s less

than t. From the above formula and the assumption of the induction, we



COMPLETE THEORY OF NEWFORMS FOR KOHNEN SPACE 167

have the following:

/ I U(a)W(Q) = f I U(h • • • k-i)U(k)W(Q)

— ) ) (h)f\U(h---lt^)W(Q)U(lt)

= XQ(k)XQ(h. • • k-i)f I W(Q)U(h • • • k-i)U(lt)

= XQ(a)f I W(Q)U(a).

Thus we obtain the assertion. D
Now, we choose and fix an odd prime number p satisfying (p, N) = 1.

Take a form g G S(k + l/2,N,χ). Then g is also contained in S(k +
1/2, Np, x). Hence we can consider the form g \ Yp (See [Ul, p. 155] for the
definition of Yp).

Since (p, N) = 1 and χ is defined modulo JV, we have χp = 1. Therefore

from [Ul, (1.27)], p - ^ 3 ^ | [ / ( ^ ^ ( ^ [ / ( ^ ^ ( p ) = 5 | Yp

2 = (=£) pg.

Using [Ul, (1.18)], p-k+3/2g | ί/(p)W(p)t/(p) = (f) pg

Since p 6 5(A; + 1/2, N,χ) and W(p) = 7p*δp for some ηp G Γ(JV), we
get g I W(p) = 5 I δp.

Thus we obtain the following formula for any g G S(k + 1/2, N, χ)

/ _ i\fc+l/2

(A.2) 5 \δp = (j-j x(P)p-k/2-1/4g I YPu(p).

Next we consider g = Σ™=i α(?Όe(nz) G S(k + 1/2, JV, χ) as an element
of S(/c + 1/2, Np, x) and apply [Ul, (1.26), (1.18)] to g.

W(p)δp+(—λ 12p1/2XJα(n)(^
^ ^ ^ n>l

_1\ *-V2

+ Pfc-1χ(p)( —) ( Ί α ( n ) } e K
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where a(n/p2) = 0 if p2 \ n.
By using [Shi, Theorem (1.7)], this formula is expressed by U(p2) and

the Hecke operator fk+1/2,Na{p2), i.e., for any g G S(k + 1/2, JV, χ),

/ Ίx fc-l/2

(A.3) # I Fp = ( — J χ(p)p3/2'k(9 I ̂ +i/2,iv,x(p2) - fl I U(p2)).

Combining (A.2) with (A.3), we have for any g G S(k + 1/2, TV, χ),

(A.4) fl I W(p) =g\δp= p-^l2^l\g I T f c + 1 / 2 ϊ Λr ι X(p 2)tf (p) - g I C/(p3)).

Now we assume moreover that g is an eigen form of Γ(p 2), i.e.,

(A.5) g I fk+1/2jNa(p2) = Xpg (λp G C).

and let u be a squarefree odd positive integer such that (u, 4M2+) = 1 and
χw = 1. Here, χu is the ^-primary component of χ.

We will describe the action of Ŷ  on the forms / := g \ U(u) and
f \ U(p2) = g \ U(up2). Here, we consider the action of Yp on the space

S(k + 1/2, iV, x (-) j (N is the least common multiple of Np and u).

[Case 1] First we assume that (p,u) = 1.

Since g \U(p) is contained in S ί fc + 1/2, TV, x (2) j , we can apply Propo-

sition A.I to g I U(p). Hence we have / | Yp = p~kl2^^g \ U(p)U(u)

{fj fc// W(p) U(u) =$9\ YPU(u).
By using (A.3) and (A.5),

(A.6) / I Yp = (JJ (-^J

Applying 1^ to the both sides of the above formula and using [Ul, (1.27)],

Pf = f I YP

2 = ^ ) (y) f c" 1 / 2x(p)P 3 / 2- f c(V \YP-f\ U(P2)YP).

Modifying this formula and using (A.6), we have

v I YP

g () ( ) 3 / 2 - f c { ( λ 2 2k~2
y) x ( p ) p { ( P

2 - P2k~2)f ~ λPf
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We can represent these relations as a matrix as follows:

(f\YpJ\U(p2)Yp)

(A.7) =(fJ\U(p2))

\Pj \P ) \ ~ι ~χp )

The characteristic polynomial of this matrix is t2 — l1^) p. Hence, this

matrix has two distinct eigen values.

[Case 2] Next we assume that p \ u.

Since g \ U(p2) is contained in Sί k + 1/2, JV, χ J, we can apply Proposi-

t i o n A . I t o g I U(p2). O b s e r v i n g χ p = l,f\Yp= p-k/2+3βg | j / ^ 2 ) χj(u/p)

By using (A.3) and (A.5), g \ U(p2) - Xpg - (=£)

Yp. Applying W(p) to the both sides,

_ _ /_i\-fe+V2 _

(A.8) g I [/(j92)W(p) = λpg \ W(p) - ί—j χ(p)pk-3/2g | YPW(p).

Observing g | U(p) € 5 ^ + l/2,N,χ (E)), we apply [Ul, (1.18)] to g

(A.9) 5 I YpW( p) = p-k/2+3/4g \ U{p)W{pf
fe-l/2

Combining (A.4), (A.8), and (A.9), we have

Therefore

(A.10) / I Yp = p~2k+2{(\2 - P2k~2)f - V I U(p2)}.

Applying Yp to the both sides of the above (cf. [Ul, (1.27)]),

(p-i)f\γP+Pf = f\ YP

2 = P-
2k+2{(\2-p2k~2)f IYP - \f I u(P

2)Yp}.
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Modifying this formula and using (A. 10),

/ I U(p2)Yp

iv2k-1 +P2k-2))f - (λP

2 -v2k

We can represent these relations as a matrix as follows:

(f\YP,f\U(p2)Yp)

(A.ll) = (/,/|[/(p2))

V - P 2 f c " 2 λ / - ^ 2 * 1

The characteristic polynomial of this matrix is t2 — (p — l)t — p

(t — p)(t + 1). Hence, this matrix has two distinct eigen values.
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