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THE SUBDIVISION OF THE WINDOW
DERIVED FROM FINITE SUBSEQUENCES
OF FIBONACCI SEQUENCES

HIROKO HAYASHI AND KAZUSHI KOMATSU

ABSTRACT. The Fibonacci sequences can be identified with 1-dimensional quasiperi-
odic tilings by the canonical projection method. We divide the window of the
canonical projection method into smaller intervals by using local configurations.
Then, we show that the intervals which appears in the window are divided into
the ratio at 1:1/7 : 1 ad infinitum.

1. Introduction

Fibonacci sequences are a well-known example of 1-dimensional quasiperiodic tilings.
The Fibonacci sequences can be obtained by several methods. The Fibonacci substi-
tution rule o is defined on bi-infinite two-symbol sequences with an alphabet {A, B}
by replacing A by AB and B by A. We say that a sequence S’ is a predecessor of a
sequence S with respect to the substitution rule o if 0.5’ = S. Fibonacci sequences
are defined as bi-infinite two-symbol sequences that have an infinite number of pre-
decessors with respect to o ([1], [2], [3])-

Another method for constructing the Fibonacci sequences is the canonical pro-
jection method ([1], [2]). In this method, we consider the standard lattice Z? in
R? and 1-dimensional subspace E of R? with the slope 1/7 (7 = (1 + v/5)/2)
and its orthogonal complement E+. We take a interval W in E+. We call the in-
terval W the window. Let 7 : R? — E be the orthogonal projection onto E, and
7t R? — E* the orthogonal projection onto E+. Then, 1-dimensional space E is
divided into countable many line segments by the point set 7((s + Z?) N (W x E)),
where s+ Z? denotes the translation of Z? by a vector s in E+. These line segments
have 2 kinds of the lengths. We identify longer one with the symbol A and shorter
one with the symbol B. Here we put W = (—cos#,sinf] , where tanf = 1/7 (see
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Fig. 1). Then we obtain Fibonacci sequences for all s in E*+ (see Fig. 2). We call a
point v € 7((s + Z*) N (W x E)) a vertex of a Fibonacci sequence.
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We consider a finite subsequence X_,, ... X 2X_; - X;X5... X, in a Fibonacci
sequence, where Xj denotes the symbol A or B and “” denotes the position of
a vertex v. We put vg = v. For k > 0, we take vertices vy_1,v; such that a line
segment U,_10y, is identified with the symbol X;. For k < 0, we take vertices v, vg41
such that a line segment v,v 7 is identified with the symbol Xj. By identifying
s + Z? with the square tiling, e(1) and e(2) denote a horizontal edge and a vertical
edge of the square tiling respectively. A line segment corresponding to A is obtained
as the image 7(e(1)) of a horizontal edge e(1) of square lattice s+7Z2. A line segment
corresponding to B is obtained as the image m(e(2)) of a vertical edge e(2). Since
7| (s + Z?) is injective, there exists unique point uy in (s + Z?) N (W x E) such that
7(uy) = vy, for each —n < k < n. We define the interval U(X_,, ... X _1- X7 X5... X,))
for X ... X - X1 Xo. . . X, byU(X_ ... X - X1 Xo... X)) ={rnt(u)+me W |
m+V CW,m € E+}, where V= {m (u)}and m+V ={m+z|zeV}

The finite subsequence with the length 2n on both sides of a vertex vis X _,, ... X_;-
X1Xy... X, ifand only if 7t (u) e U(X_,,... X ;- X;...X,), where u in (s +Z?)N
(W x E) such that m(u) = v.

For each n, the window W is divided into the intervals U(X_, ... X_1- X7 ... X,,).
Since the Fibonacci sequences form a local isomorphism class, we have the same
division up to scale of the window for any Fibonacci sequence.

The point set D, is defined to be the set of the end-points of intervals U(X_,, ... X_;-
Xj...X,) for all finite subsequences X_,, ... X ;1 - X;... X, with the length 2n.
Note that Dy C D,,;. For example, all finite subsequences with the length 2
are A- B, A- Aand B-A. Then we can see that U(A - B) = (—cosf, —sinf/7],
U(A-A) = (—sinf/71,0] and U(B-A) = (0,sin ], and that D; = {—sinf/7, 0, sin 0}.



Let S be the Fibonacci sequence obtained by the canonical projection method
with respect to the window W = (—cos#,sinf] and s + Z* and S’ be the bi-
infinite two-symbol sequence with an alphabet {A, B} with respect to the window
W' = (=1/7)W = [—sinf/7,sinf) and s + Z*. Tt is well-known that S’ is the
predecessor of the Fibonacci sequence S and that S’ is a Fibonacci sequence (cf. [3]).

By a similar way, we can define intervals U(X_, ... X _1-X;...X,) and the point
set D,, with respect to the window W’ = (=1/7)W = [—sin/7,sinf) and s + Z2.

We define the point set Dy.1/,.; by the following process: We divide the window
into 3 intervals in ratio 1 : 1/7 : 1. Then, we divide each one of the intervals which
appears in the window into 3 intervals in ratio 1 : 1/7 : 1. We continue this process
ad infinitum, and denote the set of the dividing points by Dy.1/r.1.

We obtain the following theorem:

Theorem 1.1. The subdivision of the window has the following properties (1)—(4):

(1) UpZy Dy = Dr1yra (see Fig. 3 ).

(2) The subdivision of the window (—1/7)W is the restriction to (—1/7)W of
the subdivision of the window W.

(3) The lengths of the intervals in the division by D, take two or three values
for any n.

(4) The points of Dy+1 — D,, divide intervals with the longest length which appear
in the division by D,, for any n.
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2. Proof of Theorem

By scaling up and translating, we can set that W = (0,1 + 7] and that 7+ (e(1))
has the length 1 and 7(e(2)) has the length 7. For simplicity, we use this setting
in the argument that follows, and for convenience, we use the previous symbols and
notations.

We consider a finite subsequence - X7 X5 ... X,, in a Fibonacci sequence, where X},
denotes the symbol A or B and “” denotes the position of the vertex v. We put
vog =wv. For k =1,2,...,n, we take vertices v,_1, vy such that a line segment v,_1v;
is identified with the symbol Xj.

Since 7|(s+Z?) is injective, there exists unique point uy, in (s+2Z2?)N (W x E) such
that m(ug) = vy, for each k = 0,1,...,n. We define the interval Ur(-X; X5 ... X,,)
for X1 Xo... X, by Up(- X1 X5... X,)) = {7t () + m e W | m+V CW,m € E*+},
where V = |, 7 (u;) and m+V = {m + z | x € V}. For each n, the window W
is divided into the intervals U(-X; ... X,,).

For a subsequence - A, a line segment corresponding to A is obtained as the image
of a horizontal edge e(1) of s + Z2. Then, 7*(e(1)) = [ (ug) — 1, 7 (ug)], where
ug € (s +Z*) N (W x E)) such that v = m(up). For a subsequence -B, a line
segment corresponding to B is obtained as the image of a vertical edge ey of s + Z2.
Then, (e(2)) = [+ (uo), 7t (ug) + 7], where ug € (s + Z*) N (W x E)) such that
v = m(up). Note that 71 (ug)—1 = 7+ (up)+7 (modulo 147). The point 1 divides the
window into U(-A) = (1,1 + 7] and U(-B) = (0,1]. Since any Fibonacci sequence
has n + 1 kinds of finite subsequences with the length n, we see that {(sg)*(1 +
T)}1_, divides the window into intervals U(-X;X5...X,) for finite subsequences
X1Xs... X, where sg: (0,14 7] — (0,1 + 7] is defined by sg(x) = z+ 1 (modulo
1+ 7)(see Fig. 4).

By a similar way, when symbols are added to the left of the vertex v, we can see
that {(sz)*(1 + 7)}7_, divides the window into intervals Up(X_,, ... X X ;) for
finite subsequences X_,, ... X _5X_4-, where sy : (0,14 7] — (0,1 + 7] is defined by
sp(z) =x — 1 (modulo 1+ 7).

Hence, we obtain that D,, = {(sg)*(1+7)}7_,U{(s0)*(1+7)}7_, (see Fig. 5). We
put D = {(sr)"(1+7)}2, and Dy, = {(sr)*(1+7)}32,. Then, Jp—, Dr. = DrUDy.

(1) We need the following lemma in the proof of (1).

Lemma 2.1. Forn € N withn > 1,

1
= () a1 7) — )
where a,, are Fibonacci numbers with the recurrence relation a,1 = a, + a,_1 and

aozalzl.



|ﬁ| 1

— y | 0 1 _1 1 1+¢
- - Iél lgl

| :_>: : " AB  AA BA
-BA -AB -AA —_—

S L I‘QI='| 1 ]

et . . . "AA-AB BA-BA BA-AB AB-AB AB-AA

BAB -BAA -ABA -AAB ==__ L
")\.BAA-BAA )\'ABA-ABA' )\ AAB-AAB |\
BAA-BABJABA-BAA| | AAB-ABA|BAB-AAB
F1G. 4. the division of the
window W into the inter- Fi1G. 5. the division of the
vals Ur(- X1 ... X,) window W by Dr U Dy,

Proof of Lemma 2.1. For n = 1, we have that 1/7 = =147 = (=1)?(ag(1+7) — as)
by 72 —7—1=0. For n = 2, we have that 1/72 =2 —7 = (=1)*(a;(1+7) — a3) by
1/7 = =1+ 7. We assume that the equation of Lemma 2.1 is true for n = k — 1, k.
By 1/7%t1 = 1/7%7! — 1/7% and the assumption, 1/7"! = (=1)F(ap_o(1 + 7) —
ar) = (=DM ap-1 (1 +7) = agi1) = (=12 ((ar—2 + ar—1) (1 +7) = (ar + ar41)) =
(=D (ar(1+7) — akt2)

Hence, the equation of Lemma 2.1 is true for n = k + 1. O

We prove that Dy.i/rq = DrU Dy. First, we show that Dy.;/7.1 € DrU Dp. Two
points 1 and 7 divide the window W into 3 intervals (0, 1], (1,7] and (7,1 + 7] in
ratio at 1 : 1/7 : 1, and one end-point of each 3 intervals is in Dg and the other is
in Dy.

We assume that an interval (o, 5] appears in the division of the window in ratio
at 1:1/7: 1, and that o € Dy, 8 € Dg if (o, 8] has the length 1/7%* (k > 0), and
that « € Dy and 8 € Dy, if (o, 8] has the length 1/7%*+1 (k > 0). We have only to
show that we can take two points v,d which divide («, 5] into 3 intervals in ratio
at 1 : 1/7 : 1, and that one end-point of each 3 intervals is in Dy and the other
is in Dy. By Lemma 2.1 we have the equation —1/72*"! = agz.5 (modulo 1 + 7).
If (c, 8] has the length 1/72* (k > 0), then we can take v = § — (1/72**1) € Dg,
§ = a+ (1/7**1) € D;. By Lemma 2.1 we have the equation 1/7%%2 = ag; 3
(modulo 1 + 7). If (a, 3] has the length 1/7%*1 (k > 0), then we can take v =
B—(1/r**2) € Dp, § = a+ (1/7%+2) € Dp.

Next, we show that Dy.i/r1 2 Dr U Dy. We give the proof that Dy.i/r.1 2 Drg.
By using the similar argument, we can prove that Dy.;/-.; 2 Dy. For any positive
integer n, we can take k; (k;41 > k; > 1) such that n = ay,, +ax,, , +---+ag,. Then
we have the equation n = (—1)f~1/7ki=1 ... 4 (—1)km=1/7hm=1 (modulo 1 + 7).

We put C(j) = (1)1 /rk=t 4o (=1)ki=1 /7R~ for 1 < j < m . We show
that C(j) is in Di.1/71 (modulo 14 7) by the induction on j.



Assume that C(j — 1), C(j) are in Dy.q/71 (modulo 14 7) for 2 < j. By the
definition of Dy.q/-.1, C(j — 1), C(j) satisfy one of the following cases (a)-(d) in the
process of dividing the window in ratio 1: 1/7 : 1 repeatedly. :

(a) C(j),6 (C(j) < 9) divide (C(5 — 1), ] into 3 intervals in ratio at 1 : 1/7: 1
for some 3,9 € Dy.q /7.

(b) v,C(j) (v < C(j)) divide (C(j — 1), 5] into 3 intervals in ratio at 1: 1/7: 1
for some 3,0 € Di.1/71.

(c) v,C(j) (v < C(y)) divide (a, C(j — 1)] into 3 intervals in ratioat 1: 1/7: 1
for some 3,6 € Di.1/71.

(d) C(4),0 (C(5) < 6) divide (o, C(j — 1)] into 3 intervals in ratioat 1: 1/7: 1
for some 3,9 € Dy.q /7.

If an interval (a, b] with length 1/7% appears in the process, a+(1/77) and b—(1/77)
are in Dy, for any j > k by the definition of Dy.;/7.;. Then we can see that
C(j+1)=C@)+ (-1 /78t € Dig/ra (modulo 14 7).

Hence we obtain that n € D117 (modulo 1+ 7). By a similar way, we can show
that —n € Dy.q/-1 (modulo 14 7).

(2) In the original setting, W = (—cos#,sinf] and (—1/7)W = [—sinf/7,sinb).
In the present setting, W’ = [1,1+ 7) is corresponding to (—1/7)W.

We define s : W — W’ by s (z) = 2 — (1/7) (modulo 7). Since W/ =[1,1+ 1)
and s%(1 +7) = —1/7 (modulo 1 + 7), we see that W' N {(sg)*(1 + 7)}7_, =
[()H(1+ 7}

We define % : W' — W' by si(z) = v+ (1/7) (modulo 7). Since W' =[1,1+ 1)
and sp(1+7) = 1+ 1/7 (modulo 1 + 7), we see that W/ N {(s)*(1 + 7)}7_, =
[ (1 + 7)o,

These imply that the subdivision of the window (—1/7)W is the restriction to
(—1/7)W of the subdivision of the window W by the similar argument of the proof
of (1) of Theoreml.1.

(3) As mentioned above, when the window W is divided into the intervals
UX_,...X 1-X;...X,), the window W is divided in 2n+1 points D,, = {(sg)*(1+
PPy U ()M (1 + 7}, We see that {(s)*(1+ )} U {(s1)F(1 + ) }g =
{(sr)*((sz)™(1 + 7)) }3™, which is obtained by sg starting from s7(1 + 7).

By the three distance theorem (see [4] and also [5]), the lengths of the intervals in
the division by D,, take at most three values. By (1) of Theorem 1.1, an interval with
the length 1/7" is divided into an interval with the length 1/7"*! and an interval
with the length 1/7""2. So, the lengths of the intervals cannot take one value.

(4) We need the following lemma in the proof of (4).

Lemma 2.2. Forn € N withn > 1,
Any1

Qn,
+ = =1+,
Tn—l ™
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where {a,} is Fibonacci number.

Proof of Lemma 2.2. For n = 1, we have that ay/7%+a; /7 =2/1+1/7 =1+ (1+
(1/7)) = 1 + 7. For n = k, we assume that a1 /71 + ap/7™" = 1 + 7. Then,
Apro/ TV + a7 = (an, + angr) /78 + apr /7 = ap /T + ap (1/7F + 178
= a/7™ + ap11 /7" = 1 + 7 Hence, the equation of Lemma2.2 is true for n =

k+1 U

Assume that the points of D, .1 — D,, does not necessarily divide intervals with
the longest length which appear in the division by D,. Since the lengths of the
intervals take two or three values before and after dividing, the following two cases
(1), (ii) might be left.

(i) The lengths of the intervals take two values and there are 1 interval with the
length 1/7%%2 and some intervals with the length 1/7%1. Now, we divide
the interval with the length 1/7%+2.

(ii) The lengths of the intervals take three values and there are 1 interval with the
length 1/7%%2 and some intervals with the lengths 1/7"! or 1/7%+3. Now,
we divide the interval with the length 1/7%2.

If the case (i) occurs, then we have the equation 1/75%2+m /%! = 147 (m € N).
By Lemma 2.2 we have 1/7 +2/1 = 1+ 7. However, we actually check the case
correspondind to this equation and we can see that the interval with the length
1/7%*! =1 is divided. This implies the contradiction.

If the case (ii) occurs, then we have the equation 1/752 + m /751 4+ my /753 =
1+70 for some my, my € N. By 1/78F1 = 1 /75241 /7543 we have (m;+1) /782 +
(mq 4+ ms) /783 =1+ 7. By Lemma 2.2 we have the equations agys = m; + 1 and
Qg3 = my + my. So, we get that a;o < 0. This implies the contradiction. Hence
the points of D, 1 — D,, divide intervals with the longest length which appear in
the division by D,,.
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