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Abstract

Let C be a nonempty closed convex subset of a Hilbert space H. Let S be a
semigroup and let § = {T} : t € S} be an asymptotically nonexpansive semigroup
on C such that the set F(S) of common fixed points of S is nonempty. We consider
the existence of an ergodic retraction and prove that if {u.} is an asymptotically
invariant net of means, then for each z € C, {T,,x} converges weakly to an element
of F(S).

1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. Then, a mapping
T : C — C is said to be Lipschitzian if there exists a nonnegative real number k such that

Tz — Ty|| < k||lz —y|| for every z,y € C.

T is said to be nonezpansive if k = 1. Let S be a semigroup. Then, a family S = {T; :
t € S} of mappings from C into itself is said to be a Lipschitzian semigroup on C with
Lipschitz constants {k, : t € S} if it satisfies the following:

(1) for each t € S, there exists a nonnegative real number k; such that

ITiz — T2yll < kiJlz — yl| for every z,y € C;

(2) Toex = T,T,x for every s,t € S and z € C.

We denote by F(S) the set of common fixed points of S. S is said to be a nonezpansive
semigroup on C if k, = 1 for every t € S. S is also said to be an asymptotically nonez-
pansive semigroup on C if inf, sup, k;, < 1 and sup, k; < oo. In particular, S is said to be
a one-parameter asymptotically nonezpansive semigroup on C if S = [0,00) and for each
z € C, the mapping t — Tz from S into C is continuous.

The first nonlinear ergodic theorem for nonexpansive mappings was established in
1975 by Baillon [1]: Let C be a closed convex subset of a Hilbert space and let T be a
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nonexpansive mapping of C into itself. If the set F(T') of fixed points of T is nonempty,
then for each z € C, the Cesaro means

n-1
Sa(z) = % Y T*z
k=0

converge weakly to some y € F(T). In this case, putting y = Pz for each z € C, P is
a nonexpansive retraction of C onto F(T') such that PT = TP = P and Pz € co{T™"z :
n = 1,2,...} for every x € C, where TOA denotes the closure of the convex hull of A.
Such a retraction is said to be an ergodic retraction. Hirano and Takahashi [3] provided
nonlinear ergodic theorems for a one-parameter asymptotically nonexpansive semigroup
in a Hilbert space. In [8], Takahashi proved the existence of an ergodic retraction for an
amenable semigroup of nonexpansive mappings in a Hilbert space: If S is an amenable
semigroup, C is a nonempty closed convex subset of a Hilbert space H and S = {T; : t €
S} is a nonexpansive semigroup on C such that F(S) is nonempty, then there exists a
nonexpansive retraction P of C onto F(S) such that PT; = T,P = P for every t € S and
Pz € to{Tiz : t € S} for every z € C. Further, Takahashi [9] provided a necessary and
sufficient condition for the existence of an ergodic retraction in a Hilbert space: If S is a
right reversible semigroup and C, H and S are as above, then N, 5T {Tisz : t € S}NF(S)
is nonempty for every x € C if and only if there exists a nonexpansive retraction P of
C onto F(S) such that PT; = T,P = P for every t € S and Pz € to{T\z : t € S} for
every £ € C. Mizoguchi and Takahashi [6] extended this result to the case when S is
an asymptotically nonexpansive semigroup. Takahashi’s result was also extended to the
case when S is not a directed system by Lau, Nishiura and Takahashi [4]. Further, Lau,
Shioji and Takahashi [5] extended this result to a uniformly convex Banach space whose
norm is Fréchet differentiable. Rodé [7] also found a sequence of means on a semigroup,
generalizing the Cesaro means and extended Baillon’s theorem: If S,C, H and S are as in
Takahashi [8] and {u.} is an asymptotically invariant net of means, then for each z € C,
{T,.z} converges weakly to an element of F(S).

In this paper, we prove the existence of an ergodic retraction for an asymptotically
nonexpansive semigroup in a Hilbert space and then establish a mean convergence theorem
of Rodé’s type. These results are generalizations of Takahashi [8] and Rodé [7]. We also
provide a necessary and sufficient condition for the existence of an ergodic retraction in
a Hilbert space. This result is a generalization of Lau, Nishiura and Takahashi [4].

2 Preliminaries

Throughout this paper, we assume that a Hilbert space is real. Let .S be a semigroup and
let B(S) be the Banach space of all bounded real-valued functions on S with supremum
norm. For each s € S and f € B(S), we define elements I,f and r,f of B(S) by
(IL,f)(t) = f(st) and (r,f)(t) = f(ts) for all t € S. Let X be a subspace of B(S)
containing constants and let X* be its dual. Then, an element x of X* is said to be a
mean on X if ||u|| = u(1) = 1. Occasionally, we use u,(f(t)) instead of u(f) for u € X*
and f € X. Let X be l,- and r,-invariant, i.e., [,(X) C X and r,(X) C X for every s € S.

—102 —




Then, a mean p on X is said to be left invariant (resp. right invariant) if pu(l,f) = u(f)
(resp. u(rsf) = u(f)) for every f € X and s € S. A mean u on X is said to be invariant
if it is both right and left invariant. X is said to be amenable if there exists an invariant
mean on X. A net {4,} of means on X is said to be asymptotically invariant if for each
fe X and s €S,

m(pa(lsf) = pa(f)) =0 and lim(ua(rsf) — pa(f)) = 0.

Let C be a nonempty closed convex subset of a Hilbert space H. Let S be a semigroup
and let S = {T; : t € S} be an asymptotically nonexpansive semigroup on C with Lipschitz
constants {k; : t € S}. For each z € C, define the set

Q(z) = [ co{Twz : t € S}.

SES

Let X be a subspace of B(S) such that 1 € X and the function ¢ — ||Tiz — y||? is an
element of X for every x € C and y € H. Then, by the Riesz representation theorem, for
any p € X* and z € C there exists a unique element zo of H such that

pTex, y) = (Zo,y)

for every y € H. We write such zo by T,,z. See [8] for more details.

3 Lemmas

In this section, we prove two lemmas which are crucial in the proofs of our theorems.

LEMMA 3.1 Let C be a nonempty closed conver subset of a Hilbert space H. Let S be a
semigroup and let S = {T; : t € S} be an asymptotically nonezpansive semigroup on C
with Lipschitz constants {k, : t € S} such that F(S) is nonempty. Let X be a subspace of
B(S) such that 1 € X, the function t — ||Tiz — y||? is an element of X for every x € C
and y € H and X is l,-invariant for every s € S. If u is a left invariant mean on X,
then for each x € C, T,z € F(S).

Proof. Let p be a left invariant mean on X. Let € > 0 and x € C. From inf, sup, ki, <
1, there exists so € S such that sup, k2, < 1+ 2. For each y € H and s,t € S, since

tso
2Tz —y, Tz — y) = | Tz — y||> + | Tez — y|I?> - || Toz — Toz||?,
we have

T,z — ylI? ps(Tox — y, Tuz — y)
ps(pi{Tsx — y, Tex — y))

1
= Shs(IToz = yll* + pel Tz — y* = wel|Toz — Tez”)

1
= wlToz — ylI* = Sus(wl Tz — Tux|*).
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Putting y = T,x, we have
1
Eﬂs(ﬂt"Tsx = Tuz||?) = p|| Tozx — T,z

Since p is left invariant, we have, for each t € S,

1

ITuz = Teoo Tu|? ps|| Tox — Teay Tu||? — Eus(ﬂw”Tsx — Tuz||?)
Psl|TesgsT — 7'11-90T'115"17||2 — || Tz — Tux"2
(kt2.so - D), || Tz — TM:’:"2
4d2 2,
where d = sup{||Tiz|| : t € S}, and hence

| Tz - T;T#x" < NTuz = Tuso Tpzl|| + | Tt T — TiT x|

< 2de + 2kde
Since € > 0 is arbitrary, we obtain
| Tuz — TiTuzl| = 0

for every t € S. This implies that T,z € F(S). O
LEMMA 3.2 Let C be a nonempty closed convez subset of a Hilbert space H. Let S be
a semigroup and let S = {T; : t € S} be an asymptotically nonezpansive semigroup on
C with Lipschitz constants {k, : t € S}. Then for each z € C, y € Q(z) N F(S) and
z € F(S),

IAIA I

sup inf (Tysz — y,y — 2) > 0.
s€S teS

Proof. Let z € C, y € Q(z) N F(S) and z € F(S). Let € > 0. We choose § > 0 so
small that

1
((1+46)*-1)d®+ 21+ 6)26<€® and 6 <e,
where d = sup{|Tiz| : t € S}. From inf,sup, k;, < 1, there exists sop € S such that
sup, ks, < 1+ &. Since inf, sup, | Tes0s2 — yl|* < (1 + 6)%inf, [|Tox — yl1?, there also exists
$1 € S such that
[ Tes00r % — ylI* < (1 + 8| Tz — yl|* + 6
for every s,t € S. Then, we have, for each A with 0 < A <1and s,t €S,
AT ts05808, % + (1 = A)Y = Tesg (AT 49, T + (1 — ’\)y)"2

(1 = M| Teao (ATus00: 2 + (1 = N)y) — oll?
+ A"’Ttao(X-T'Moax:l: + (1 - )\)y) - Tt3055031z||2 - ’\(1 - A)"TMM&OSIx - y”2

< M1-=-X(1+ 6)2||T,,°,,.’I: - 9“2 = A1 = A Tesps300: T — y"2

1
S Z ((1 + 6)2((1 + 6)2"7'1803-90311: - y"2 + 6) - “Ttswswlz - y"2)
< (1+6)=1)d%+ %(1 +6)%6 < €?
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and hence

| ATis0s508:% + (1 — Ny — 2||
< | ATispsson @ + (1 = Ay = Tusg (A Tss08,% + (1 — A)Y)|
+ || Tiso (ATas0s, T + (1 = N)y) — 2|
< e+ (146)||ATospe T + (1 = Ny — 2||.

So, we have
inf sup IIAT,,a: +(1 =Xy — 2|
"< f D [N Thasons + (1= Ny = 2]
< (1 +e¢e)inf |[ATyss,z + (1 = ANy — 2| +¢
< (1+4¢) sépiltlfll)\Tt,,x +(1=-Ny—z| +e.
Since € > 0 is arbitrary, we obtain |
iIalf sup Mz + (1 = Ny — 2| < sup irtxf ATz + (1 — Ny — 2||
for every A with0 < A < 1. Lete > 0and 0 < A < 1. Then, there exists s, € S such that
IMNTwspz + (1 — Ny — 2| < iI:f sup IATisz + (1 — Ny — 2|+ ¢
for every w € S. From y € t0{Tws,z : w € S}, we have
Iy — 2Il < inf sup | XToz + (1 = Ny = 2l +2.
Since € > 0 is arbitrary, we obtain
ly — 2|l < inf sup IATesz + (1 = A)y — 2|
for every A with 0 < A < 1. Foreach Awith0<A<landte€ S, since
ly — 2+ XTex — 9)II? = lly — 21> + 2XTiz — 9,y — 2) + X[ Tz — y*,

we obtain
0 < infsup ATz + (1= Ny — 2II” — lly = 2|
< supinf ATz + (1= Ny = 2I* = lly — 2IP
< 2;\ sup il.’tlf (Tix — y,y — 2) + 422d?
and hence

0 < supinf (T},z — ¥,y — 2) + 2)d>.
8 t

It follows that '
0 <supinf(Ti,z—y,y—2) as A1 0.0
s t
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4 Ergodic Theorems

In this section, we establish our nonlinear ergodic theorems.

THEOREM 4.1 Let C be a nonempty closed convez subset of a Hilbert space H. Let S be
a semigroup and let S = {T, : t € S} be an asymptotically nonezpansive semigroup on C
with Lipschitz constants {k, :t € S}. Letx € C. Then Q(z)NF(S) contains at most one
point.

Proof. Let y,z € Q(z)N F(S) and € > 0. By Lemma 3.2, there exists so € S such that
(Tisoz — Y,y — 2) > —¢
for every t € S. Since z € TO{Ti,,x : t € S}, it follows that
(z—yy—2) 2 —¢
and, hence ||y — z||> < €. Since € > 0 is arbitrary, we have y = 2. O

Using Lemma 3.1 and Theorem 4.1, we show a nonlinear ergodic theorem for an
asymptotically nonexpansive semigroup in a Hilbert space. This generalizes the results of
Takahashi [8] and Rodé [7].

THEOREM 4.2 Let C be a nonempty closed convez subset of a Hilbert space H. Let S be
a semigroup and let S = {T; : t € S} be an asymptotically nonezxpansive semigroup on C
with Lipschitz constants {k; : t € S} such that F(S) is nonempty. Let X be a subspace of
B(S) such that1 € X, the functiont — || Tz —yl|? is an element of X for everyz € C and
y € H and X is l,- and r,-invariant for every s € S. If X is amenable, then there exists
a unique nonezpansive retraction P of C onto F(S) such that PT, = T,P = P for every
t €S and Pr € to{Tix : t € S} for every x € C. Further, if {u.} is an asymptotically
invariant net of means on X, then for each x € C, {T, z} converges weakly to Pzx.

Proof. Assume that X is amenable. Then, there exists an invariant mean u on X.
Since y is a mean on X, it follows from the separation theorem that T,z € to{T,z : t € S}
for every z € C; see [8] for details. Since u is right invariant, we have, for each z,y € C

Tz — T,,y||2 = (Tuz — Ty, Tuz — T,y)
p(Tez — Tiy, Tuz — Toy)
ﬂt(Tt.sx - Ttsy, Tux - pr)
sup [ T2 — Tesyl||Tuz — Tyl

IA I

IA

(sup keo)llz — yll| Tz — Tyl
for every s € S, and hence
|Tuz — Tuyl* < (inf sup ku)llz — yll| Tz — Tyl
< llz =yl Tz — Tuyll-
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So, T, is nonexpansive. Let z € C. Since p is right invariant, we also have

(Tuz,y) = w(Tiz,y)
= m(Tyz,y)
= :U't<Tthx’y>
= (T,T,z,y)

for every y € H and s € S. So, T, T, = T, for every s € S. By Lemma 3.1, 1.7, =T, for
every s € S. Therefore, we have

(T#2.’E, y) = Mt (nTuz1 y)
= .ut<T#x’ y)
= (Tul', y)

for every y € H. So, T, = T,. Putting P = T,, we have that P is a nonexpansive
retraction of C' onto F(S) such that PT, = TP = P for every t € S and Pz € t{T.z :
t € S} for every z € C. For each z € C and s € S, we have

Pz = PT,x € ©o{T,,x : t € S}.
So by Theorem 4.1, we obtain
{Pz} = Q(z) N F(S)

for every z € C. Hence such P is unique.

Let {4a} be an asymptotically invariant net of means on X. Let u be a cluster point
of {a} in the weak* topology. It is obvious that u is a mean. We show that y is invariant.
Let ¢ >0, f € X and s € S. Then, there exists ag such that

|/"’Ol(f) - /*"a(laf)l < %

for every o > ao. Since p is a cluster point of {4}, we can choose a; > ap such that

e (F) = ()l < 5
and .
I)u'al (l.sf) - /J(l.sf)l < g
So, we have
lu(f) — (s f)
< 1B(F) = toy (O] + |ty (F) = oy (o F)| + |ty (1 F) = ls f)]

< f+i4+i=c
373737
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Since € > 0 is arbitrary, we obtain

w(f) = u(l.f)-

This implies that y is left invariant. Similarly, u is right invariant. Let {Tpaﬂz} be a
subnet of {T, z} such that {Tu.,z} converges weakly to some z € C and let A be a

cluster point of {u.,} in the weak* topology. Since X is also a cluster point of {a}, A is
an invariant mean. So, we obtain

z =Tz = Pz.
This implies that {T},,z} converges weakly to Pz. O

Finally, we show a necessary and sufficient condition for the existence of an ergodic
retraction for an asymptotically nonexpansive semigroup in a Hilbert space.

THEOREM 4.3 Let C be a nonempty closed convez subset of a Hilbert space H. Let S be
a semigroup and let S = {T; : t € S} be an asymptotically nonezpansive semigroup on C
with Lipschitz constants {k, : t € S} such that F(S) is nonempty. Then the following are
equivalent:

(1) for each z € C, the set Q(z) N F(S) is nonempty;

(2) there ezists a nonezpansive retraction P of C onto F(S) such that PT, = T,P = P
Jor everyt € S and Pz € ©o{T,x : t € S} for everyz € C.

Proof. (1) = (2). If for each r € C, the set Q(z) N F(S) # @, then by Theorem 4.1,
Q(z) N F(S) contains exactly one point Pz. Then, clearly, P is a retraction of C onto
F(S) such that T;P = P for every t € S and Pz € to{Tiz : t € S} for every z € C. Also,
ifu€ S and z € C, we have

o{Twz :t € S} C () O{Tiuz : t € S}

s€S s€S

and hence
Q(z) N F(S) = Q(T.x) N F(S).

This implies PT; = P for every t € S. Finally we show that P is nonexpansive. Let
z,y € C and € > 0. From inf, sup, k;, < 1, there exists so € S such that sup, kisg <1+e€.
By Lemma 3.2, we have

sup inf (T3, T,,x — Pz, Px — Py) > 0.
s t

Then, there exists u € S such that

(TwTyyx — Pz, Pr — Py) > —¢
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for every t € S. By Lemma 3.2, we also have
supinf (ToTusey = PTusys PTusey — P) 2 0.
So, there exists v € S such that |
(TwTuSoy — PT,,y, PTysy — PIE) > —£
for every t € S. Then, from PT,,,y = Py, we have

{TwTusyy — Py, Py — Px) > —¢

for every t € S. Therefore, we obtain

—26 < (Tuvusy T — Pz, Pz — Py) + (Tuvus,y — Py, Py — Px)
| Tuvuso T = Tuvuso ¥l Pz — Py|| — || Pz — Py||?

<
< (1 +e)llz —ylllPz — Pyll - || Pz - Pyl

Since ¢ > 0 is arbitrary, this implies ||[Pz — Py|| < ||lz — y]|.
(2) = (1). Let £ € C. Then it is obvious that Pz € F(S). Since

Pz = PT,xz €o{T\T,x:t€ S} =co{Ti,x:t € S}
for every s € S, we have

Pz e (oo{Twz:t € S} = Q(z). O
S€S
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