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Barratt, Gugenheim and Moore have defined s. s. fibre bundles in [1]. .In this
paper we study some equivalence theorems between them which are analogous to
those known in the case of topological spaces. ‘

1. Preliminaries.

We shall use the terminology and notation of [1], for example, “complex” and
“map” will mean “c. s. s. complex” and “c. s. s. map” respectively.

DeriniTiON 1. The map (E, B, p) is called a fibre bundle if

(i) p is onto

(ii) for every map b: A»— B, the induced map (FE4, An p?) is strongly equiva-
lent to (A7xY,An, p¥), where p* (pén,y)=¢dé? and Y is a given complex called
the fibre of the bundle.

Let a(b) be an equivalence exhibiting the strong equivalence of (ii) for every
b&B, then we have the commutative diagram :

a(b) b
AnXY — FEb —>E

| p* l b |2
v 1

A" — A" —B

The set {a(d)} for b&B is called an atlas for the bundle. We also define
B(&)=bx(b), then {a(d)} and {B(d)} determine each other. It is indicated in [1]
that we can define {8(4)} and hence {«(d)}, so as

a - B(sib)=si(b)

and such atlas is called the normalised atlas. From now on we shall invariably
suppose atlases to be normalised. '

In general a;=a(d:b), where ai(b) denote the isomoerphism d;a(b)=a(d)(ei x1).
We define for d&B, -

(2) £1(0)=[a(3ib) ] 1ai(H)E A(Y )n_y
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and refer to {¢i(b)} as the set of transformation elements associated with the atlas
{a(B)}.

For a subgroup-complex I" of A(Y), some definitions are given following to [1].

DEerFiNiTION 2. An atlas {a(b)} all of whose transformation elements lie in I’
will be called a [-atlas; two [-atlases {a(d)}, {a(b)} will be called I"-equivalent
if a(b)=a(b)7(b) where 7(b)cI.

DrriniTION 3. A fibre bundle together with a given [ -atlas will be called a
coordinate ['-bundle, and one with [I"-equivalent class of [’-atlases will be called a
[-bundle.

DeriviTion 4. Let €=(E,B,p, Y, {a(d)}) and &=(E, B, p, Y, I",[a(b)}) be co-
ordinate I"-bundles. A map (f,g):(E, B)—(E, B) will be called a I"-map if

i) pf=gp

(ii) for every bCB, £%(b) which is defined by &/*(8)=[a(gb)]"1(AxfHa(b) is
an element of 7.

And ® and « are called [I'-equivalent if there is a one-to-one onto. I’-map
between them, and strongly [-equivalent additionally if B=B and g=1. These
definitions may be naturally extended to those between ['-atlases.

» 2. Equivalence lemma.

Similarly to 2.10. lemma of [2], we can prove

Lemma 1. Let ®=(E, B,p, Y, I',{a(b)}) and ®=(E, B,p, Y, ",{a(b)}) be coordi-
nate I'-bundles, {£i(b)} and {Ei(b)} be their transformation elements. Then ® and &
are strongly [I'-equivalent if and only if there is a map A:B—I" such that for every
b=B and o=i<dimb

3 i) =[20:)7, B
and

4 A1(sib)=[si(2b) 11

Proof. Let (f,1):(E, B)—(E,B) be a strong ['-equivalence between ® and .
We have for every b=B

Ei(b)=[ a(3ib)]1! ai(b)
i(b)y=[ a(dib)]-1ai(b)

£1(0) =L (5] 1L x HHa(b),
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consequently
(5) EL(B) :isX(b)=£% (9ib)&} (D).

Here f, and hence Eﬂ;(b), is one-to-one onto, so we may define 1: B—I by

OO

Then (3) follows to (5) and (4) follows to (1).

Conversely let 2: B—~I" be a map such that (3) and (4) hold. We define a map
f: E—E as follows.

Put ¢ & E, then b=pecB and 1b= I'. In the diagrams

a(b) b v (b 5
AnrXY —Eb E CAnX Y Eb —»1[3“
T — _
(T P N |l 4 P, |5
A” — A" —B, A7 — AN B

(o7, )& Eb and «(b) is equivalence:
Therefore we may dafine f by

fe) =BBY(Ab) [ a(b)171(o7, €).

At first we see the c. s. s. property of f as follows,

f(Bie) = B(3ib)(A3:b) ;[ a(Dib)]1~1(8771, dse)
= B(3:ib)(20:D)F I B[ ai(5) 1715771, die)
= ?é?(aib)*é;'(b) [0:(ab) 17 L ei(B)] 716771, die)
= bai(B)[3:(2b) I7 [ ai(b) 1-1(0771, die)

=0if(e)
f(sie)=sif(e).

Next f is seen to be one-to-one onto because we can define F-1
pf=1p is trivial.
At last we shall prove (ii) of definition 4. By the definition of f,

£,(07, ) =(ab)7 (5", y).

Thus in order to prove that £*(b) belongs to I, it suffices to see that for any s. s.
operator ¢ of height 2-» and any element y of Y» we have
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(6) £1(0)(pdn, y)=(p%, (9ab)71y). (Cf [2, p. 647])

For gp=si - Sig 0y dj, we call p+q the length of ¢, and prove (6) by induction

on it.
(i) For ¢=2ai, considering the diagram

AnXY E E? _ AnXY
W a(h) W W _ a(s)? w__
(2ion,y)————(didn,e) (0ion, e) —(0id",y)
a(dib)1 _ (adib)
(o7 Ly" )y————(87"Le) (9771, e) < (67~1,2(0:ib)~1y")
m ° m Mm M
A"“le\\ Ea;b Eb;? An~1xY
\ [20:b) 17!

and using (3), we have

E1(b) (0%, y)= 0id", ¥ )
=[Ei(b) 11 [2(2:b) T (B)(Bid7, v)

=[0: (Ab)17*(9:6%, y)=(dido", (9idb)~1y)

For, p=si, (6) is easily proved using (4).

(ii) Now we assume that (6) holds for length of ¢<7. Let ¢ be an s. s.
operator of height k—» and length 7, and y&Yk_1.
Considering the diagram analogous to that of (i),

a(h) _a®t _
(pdidn, y)————>(pdid", €) (pdion, e) —>(pdion, y)

a(dib)~1 _ a(dib)
(pon~1, 3" )« —(gps"71, ) (pon~1, e)«——

%k
£,(0ib)

(pon~1, (Apb)~1y"),

we have

5 () (poion, y)=[Ei(b) 17161(3:b) £1(b) (9id™, »)

=[ Ei(b) 171 (22ib)TIE(D) (pdidn, y)

=(dion, (pdidb)~1y).

Similarly we can prove for ycCYey
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‘Sfcbstz”j", P =(gsion, (psidb)~1y).

3. The product bundle and the principal bundle.

We shall state two tHeorems (cf. 4.3 and 8.3 theorem in [2]) in this section.

A coordinate {1} -bundle, where {1} means the group complex consisting of the
identity element 1 alone, is called a product bundle. When I"DOI’ and @ is a coordi-
nate I'-bundle, the coordinate I"-bundle ® which is altered from ® only by regarding
the group as I is called the /-image of ®.

TueoreM 1. A coordinate I'-bundle ®=(E, B, p, Y, I, {a(b)}) is strongly I"-equiv-
alent to the I'-image ot a product bundle if and only if there is a map A: B—I" such
that

£1(DO[8:(2b) 1y =127 (3:b)

and
A1(sib)=[s:(2b) 1.

Proof. As every transformation element of a product bundle is 1, this theorem
follows to lemma 1.

A coordinate I'-bundle with a fibre " is ealled a principal .coordinate bundle.
For a coordinate I"-bundle ®=(E, B, p, Y, I", (a(b)}), a map f: B->E such that pf is
the identity is called a cross-section of @®. _ '

TueorREM 2. Lete®=(E,B, p,I',I", {a(b)}) be a principal coordinate bundle. Then
® is strongly I'-equivalent to the I'-image of a product bundle if and only if it has a
cross-section.

Proof. We denote the transformation elements of ® by {£i(b)}, and assume
that a cross-section f: B>FE is given. Define a map 1: B—~I" by
(Ab)r=a(b)~1(dn, f(b)), then we have

E1(OLa:i(Ab)1r=27(3ib)

and
21(sib)=[si(2b) s

Thus ® is strongly I'-equivalent to the /'-image of a product bundle by theorem 1.
Conversely suppose that ® is strongly I'-equivalent to the I'-image of a product
bundle. By theorem 1, there is a map A: B—[" such that

£:(B)[2i(ab) 11=127(3ib)
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and

A1(sib)=[s:(2b)1r.
We define f: B—~E by '

S(b)=B(b)(d™, 2b),
then f is a cross-section of ® to be proved as follows.

D J(0:ib)=B(aib)(on~1, 20:b)
=0; B(B)EL(B)17121(3:ib)(57 1, 1)

=0iB()[9:i(4b)11(6771, 1)
=0;B(b)(o771,0:(2b))
=0if(b),
Sf(sib)=sif(b)
(i) pf(B)=pB(b)(7, 2b)=b

ReMmark. Above theorems may be naturally extended to theorems about /-
bundles.
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