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Systems of global surfaces of section for
dynamically convex Reeb flows on the 3-sphere

UMBERTO L. HRYNIEWICZ

We characterize which closed Reeb orbits of a dynamically con-
vex contact form on the 3-sphere bound disk-like global surfaces of
section for the Reeb flow, without any genericity assumptions. We
show that these global surfaces of section come in families, orga-
nized as open book decompositions. As an application we obtain
new global surfaces of section for the Hamiltonian dynamics on
strictly convex three-dimensional energy levels.

1. Introduction

Our goal is to study the existence question for global surfaces of section for
Reeb dynamics associated with a dynamically convex contact form on S3,
initiated by Hofer, Wysocki and Zehnder [12-15].

Recall that a 1-form A on a 3-manifold M is a contact form if A\ A dA
never vanishes. Associated with A is a (co-oriented) contact structure given
by the 2-plane distribution

(1) & = ker \,
and a vector field R which is uniquely determined by the equations
(2) ird\ =0, ipA = 1.

It is called the Reeb vector field and its flow ¢, is referred to as the Reeb
flow. By a periodic Reeb orbit P we mean a pair (x,7) where T'> 0 and x
is a T-periodic trajectory of ¢¢, which is called prime or simply covered if
T is its minimal positive period. Pairs with the same geometric image and
period are identified, and the set of equivalence classes will be denoted by
P. When ¢; (&) vanishes on ma (M) one can associate with any contractible
P € P its Conley—Zehnder index pucz(P) € Z even when P is degenerate,
see 2.1.1 and 2.1.2 in section 2.1 for two equivalent definitions. This is an
invariant of the linearized dynamics at P which is lower semi-continuous for
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C' perturbations of the linearized Reeb flow, in particular lower bounds for
ucyz are preserved under such perturbations. In [14] we find the following
important definition.

Definition 1.1 (Hofer, Wysocki and Zehnder). The contact form A
is dynamically convex if ¢; (&) vanishes on 7o (M) and pcz(P) > 3 for every
contractible periodic Reeb orbit P.

A global surface of section for a flow without rest points on a closed con-
nected 3-manifold is a compact connected embedded surface 3 such that 9%
consists of periodic trajectories, ¥\ 0¥ is transverse to the flow, and every
trajectory not in 0% hits ¥ infinitely many times in the future and in the
past. We shall also consider families of global surfaces of section organized
as an open book decomposition. Recall that an open book decomposition
of a closed 3-manifold M is a pair (K,II), where K C M is an oriented
link and IT: M \ K — R/Z is a (smooth) fibration such that each II~*(¥) is
the interior of a compact embedded oriented surface Sy satisfying Sy = K
(orientations included). K is called the binding and I1=!(1) is called a page.

Definition 1.2. An open book decomposition (K,II) of M is adapted to
the contact form A if the Reeb vector field is positively tangent to K and
the pages are global surfaces of section for the Reeb flow.

The following remarkable statement is the main result of [14].

Theorem 1.3 (Hofer, Wysocki and Zehnder). Let A be a dynamically
convex contact form on S®. Then there exists an embedded disk Dy — S°
that is a global surface of section for the Reeb flow. Its boundary 0Dy = Py
is a closed Reeb orbit satisfying pcz(Py) = 3, and Do \ 0Dy is a page of an
open book decomposition of S* adapted to \.

Theorem 1.3 has very strong consequences for the dynamics. Since the
Poincaré first return map to Dy \ 9Dy is well-defined and preserves the finite
area form wo|p,\ap,, results of J. Franks [3] on area-preserving disk maps
can be applied.

Corollary 1.4 (Hofer, Wysocki and Zehnder). The Reeb dynamics
of a dynamically convex contact form on S® admit either two or infinitely
many geometrically distinct periodic orbits.

It should be noted that dynamical convexity of a contact form also
imposes restrictions on the contact manifold. Recall that an embedded disk
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F on a contact 3-manifold (M, ) is overtwisted if TOF C £ and T,F # &,
Vp € OF. The contact structure £ is called tight if there are no overtwisted
disks and, when M is closed Hofer et al. show in [12] that if £ = ker A for
some dynamically convex contact form A then ¢ is tight and m (M) vanishes.

Let us describe a well-known family of examples. Equipping R* with
coordinates (g1, p1, g2, p2), the Liouville form

Ao = %(Chdpl — p1dq1 + qadp2 — padgo)
restricts to a contact form on the boundary S of a smooth bounded domain of
R* which is star-shaped with respect to the origin. Writing S = {\/f(z)z :
x € 83} for some smooth f:S% — RY then U*(\g|s) = fAo|ss where W :
S3 — S is the diffeomorphism given by ¥(z) = 1/ f(z)z. In this case, we say
fAolss comes from S. The integral leaves of the associated characteristic line
bundle

L= U (T,S)“°,  where (T,9)° = {v € R* | wo(v,w) = 0 Vw € T,S},
peS

coincide with the integral curves of the Reeb flow associated with Ag|g. In [14]
Hofer et al. show that A\g|s is dynamically convex when S is strictly convex.
By a theorem of Eliashberg every tight contact form on S® is diffeomorphic
to a contact form coming from some star-shaped domain.

Motivated by Theorem 1.3, one may ask which closed orbits of the Reeb
dynamics associated with a tight contact form on S® bound global disk-like
global surfaces of section. This was answered in [18] when the contact form
is non-degenerate, that is, when the infinitesimal Poincaré return map asso-
ciated with any orbit in P does not have 1 as an eigenvalue. The conditions
also depend on contact-topological properties of the closed Reeb orbit seen
as a transverse knot, encoded in its self-linking number.

Definition 1.5. Let L — (M, &) be a transverse knot, that is T'L h £, and
¥ < M be a Seifert surface! for L. The vector bundle ¢|s; admits a non-
vanishing section Z. If exp is any exponential map on M and € > 0 is small
then p € L +— exp(eZ),) is a diffeomorphism between L and an embedded
loop L' — M satisfying LN L' = (). An orientation for ¥ also orients L
which, in turn, orients L’. The self-linking number sl(L,Y) € Z is defined as
the oriented intersection number of L’ and ¥; it is independent of all choices.

1A compact connected orientable embedded surface satisfying 0% = L.
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If ¢1(€) vanishes on my(M), P = (z,T) is a periodic Reeb orbit and D
is an embedded disk spanning z(R), then si(z(R), D) is independent of the
choice of the disk with these properties and will be denoted by si(P).

Theorem 1.6 ([18]). Let \ be a non-degenerate tight contact form on S3.
Then a prime closed Reeb orbit P bounds a disk-like global section for the
Reeb flow if, and only if, P is unknotted, ucz(P) > 3, sl(P) = —1 and P is
linked to every orbit P’ satisfying pcz(P') = 2. Moreover, one finds an open
book decomposition with disk-like pages of S® adapted to \ with binding P.

In particular, when A is a non-degenerate dynamically convex contact
form on S2 then a prime closed Reeb orbit bounds a disk-like global surface
of section if, and only if, it is unknotted and has self-linking number —1.
This fact was first proved in [17]. Our first result reads as follows.

Theorem 1.7. Let A be any dynamically convex contact form on S2. Then
a prime periodic Reeb orbit P bounds a disk-like global surface of section if,
and only if, it is unknotted and sl(P) = —1. Moreover, one can find an open
book decomposition with disk-like pages of S® adapted to \ with binding P.

In the case of a contact form on S® that comes from an ellipsoid, one
easily sees that the axes are bindings of adapted open book decompositions
as in Definition 1.2. However, when this ellipsoid is not the round 3-sphere,
only one open book is detected by Theorem 1.3, namely, the one with the
axis of smaller action as binding. The other prime orbit (with larger action)
has Conley—Zehnder index > 3. As an application of Theorem 1.7 we show
that the same global picture holds in general.

Theorem 1.8. Let \ be any dynamically convex contact form on S® and let
Dg be any disk-like global surface of section for the Reeb flow of \. Consider
any Reeb orbit Py associated with a fized point of the first return map to
Do\ 0Dy. Then Pj is unknotted, sl(Py) = —1 and, consequently, bounds a
disk-like global surface of section D1 which is a page of an open book decom-
position of S® adapted to \.

Brouwer’s translation theorem implies the existence of a fixed point of
the first return map to the disk Dy from Theorem 1.3, so that Theorem 1.7
gives new disk-like global sections, geometrically distinct from Dg. Thus,
the Hamiltonian flow is globally twisting in two “independent” directions:
around 0Dy and around 0Dq; see Figure 1.
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dDo

oD

Figure 1: S\ 0Dg gets identified with the interior of a solid torus, the flow
is globally twisting with respect to 0Dy and 0D in a monotone fashion.

It should be noted that the Reeb dynamics of tight contact forms on
S3 are conjugate or semi-conjugate to the Hamiltonian dynamics on certain
energy levels of many important classical Hamiltonian systems with two
degrees of freedom. For example, in a recent paper [1] Albers, et al. obtain
disk-like global sections in the planar restricted 3-body problem. After a
special transformation, a component of the levels slightly below the first
Lagrange value is covered by a compact component of an energy level of the
transformed Hamiltonian to which Theorem 1.3 can be applied. Theorem 1.7
can be applied as well to study the existence of new disk-like global sections
in this case.

These results are examples of results in Symplectic Dynamics, as exp-
lained by Bramham and Hofer [2]. Symplectic Dynamics has roots in the
work of Poincaré, but recent techniques have proved to be extremely suc-
cessful to uncover new global phenomena in Hamiltonian dynamics. Among
these we would like to emphasize methods from holomorphic curve theory
introduced in symplectic geometry by Gromov [6]. The proofs of the above-
mentioned results are based on a holomorphic curve theory in symplectiza-
tions introduced by Hofer in [7], further developed by Hofer et al. [8-11] and
later by many other authors.

Outline of main arguments. If the periodic orbit P bounds a disk-like
global surface of section then, clearly, it must be unknotted. In Proposition
2.1 of [17], we show that sl(P) = —1; this follows since P bounds a disk
transverse to the Reeb flow. Necessity in Theorem 1.7 follows, and sufficiency
remains to be addressed. In view of Theorem 1.6, we only need to pass to

the degenerate case, which will be done by following [14, 17, 18] closely.
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It is always possible to find non-degenerate contact forms )\, admitting P
as a closed Reeb orbit and satisfying Ay — A in C'*°. We will obtain finite-
energy pseudo-holomorphic planes ) (with respect to a suitable almost
complex structure induced by \x) which project onto pages of an open book
decomposition adapted to Ag, and then pass to the limit as £k — oo to show
that these planes converge to pages of the desired open book adapted to
\. However, Theorem 1.6 does not apply directly to A\ and P since there
could be closed Ax-Reeb orbits with very high action which have Conley—
Zehnder index = 2 and are not linked to P. So we need to carefully revisit
the arguments from [14, 17, 18] to circumvent this difficulty. For details we
refer to Section 3. Theorem 1.8 follows from the fact that any orbit P; given
by a fixed point of the return map has self-linking number —1. This is the
content of Proposition 4.1 which is proved in Section 4.

2. Preliminaries

2.1. Descriptions of the Conley—Zehnder index in
three-dimensions

Here we recall the basic facts about the Conley—Zehnder index, and from the
theory of pseudo-holomorphic curves in symplectizations. The reader may
skip this section on a first read, referring back only for the notation.

Consider the set ¥* of smooth paths ¢ : [0, 1] — Sp(1) of symplectic 2 x
2 matrices satisfying ¢(0) = I and det(¢(1) — I) # 0. As explained in [15],
the Conley—Zehnder index p : ¥* — Z is uniquely determined by the follow-
ing axioms:

Homotopy: If {©*} is a homotopy of paths in ©* then u(¢*) = p(e).

e Maslov Index: If ¢ : ([0,1],{0,1}) — (Sp(1),I) is a smooth closed
loop and ¢ € ¥* then u(vp) = 2Maslov(v)) + u(p).

e Inversion: If ¢ € ¥* then u(o~!) = —pu(p).

Normalization: u(t € [0,1] — ™) = 1.

Assuming ¢;(§) vanishes on ma(M), the Conley-Zehnder index of a
contractible periodic Reeb orbit P = (x,7') is defined as follows. Choose a
disk map F : D — M satisfying F(e??™) = 2(Tt), fix a smooth d\-symplectic
trivialization W of F"*¢ and consider ¢ = Weizxe - dpri (o) - \111_1. Then ¢ € ¥*
if, and only if P is non-degenerate. The integer p(y) is independent of F
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and ¥, allowing one to define

(3) pez(P) = u(p).

Below we discuss how it is possible to extend the Conley—Zehnder index to
periodic orbits of arbitrary contact forms, following [14].

In our applications, we need two concrete descriptions of the integer u
satisfying the axioms described in the Introduction section.

2.1.1. The geometrical description. For any smooth path ¢ : [0,1] —
Sp(1) satisfying ¢(0) = I there exist unique smooth functions r,6 : [0, 1] x
[0,27] — R satisfying o(t)e’* = r(t, s)e®®®*) r >0, (0,5) = s. The image
of the map
0(1,s) —
A : 0,27 — R, SHM
2

is a closed interval I(y) with length? < 1/2.
Lemma 2.1. 9I(p)NZ # 0= ¢ & 3*(1).

Proof. Assume A(5) = inf A € Z. Then 0(1,3) € 5+ 27Z and 0 = 27 A'(5) =
05(1,5) — 1. We must have (1)e’ = r(1, 5)e’ and ¢(1)ie’® = L] _5p(1)e’ =
rs(1,5)e® 4+ 7(1,5)05(1,5)ies. Thus 1 = det (1) = r(1, 5)205(1,5) = (1, 5)?
shows that r(1,5) =1 is an eigenvalue of ¢(1). If sup A € Z the argument
is analogous. This proves 0I(¢) NZ # 0 = ¢ & *(1).

Now assume ¢ € $*(1) and choose sg € [0, 7) such that p(1)ei* = ei%,
or equivalently, 6(1, so) = so + 2k for some k € Z. If ¢(1) = I then I(p) C
Z and we are done, so we also assume (1) # I. The final matrix (1)
must be a symplectic shear satisfying ¢(1)e?(0t7/2) = ¢i(s0+7/2) L ceiso with
¢ # 0. By linearity we have 0(t,so + m) = 0(t, s9) + 7 Vt and s € (sg, 50 +
) = 6(t,s0) < 0(t,s) < 0(t,sp) +m Vt. In particular so + 2km < 0(1,s) <
so + (2k + 1)m Vs € (so, so + 7). Moreover, 6(1,s) # s + 2k Vs € (so, So +
) since, otherwise, ¢ = 0 and ¢(1) = I. It is clear that ¢ > 0 < 6(1,s) < s +
2k Vs € (sp,s0+m) and ¢ <0< 6(1,s) > s+ 2kmw Vs € (sg,80 + 7). The
first case implies sup I(p) = k, the second case implies inf I(p) = k. O

2In fact, suppose |A(s2) — A(s1)| = 1/2. We may assume 0 < 57 < 8o < 7 with-
out loss of generality. Defining g(t) = 0(¢, s2) — 6(t, s1) we have g(1) = ¢g(0) £ 7. By
continuity there must be a value t* € (0, 1) satisfying g(¢t*) € {0, 7}, which implies
(t*)ets2 € Ryp(t*)et*r. We conclude A(s;) = A(sz) by linearity of the equation and
uniqueness of solutions, a contradiction.
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On the set of closed intervals J of length <1/2 satisfying 9J NZ = () we
may consider the function
) 2k if k € J,
(4) a(J) = .
2k+1if J C (k,k+1).

One checks that pu(y) = 1(I(p)) satisfies the required axioms for the Conley—
Zehnder index of paths in ¥*(1). The function i may be extended to the set
of all closed intervals of length <1/2 by

9 i) = lim Al o)
e—0t

This induces an extension u(y) = fi(I(p)) of the Conley-Zehnder index to

the set of all smooth paths ¢ : [0,1] — Sp(1) satisfying ¢(0) = I. Clearly pu

is lower semi-continuous if the space of such paths is endowed with the C°-

topology, since small variations of ¢ induce small variations of the end-points

of I(¢p).

2.1.2. A description via self-adjoint operators. A smooth path ¢ :
[0,1] — Sp(1) satisfies a differential equation —i¢’ —Sp =0, for some
(unique) smooth path of symmetric matrices S(t), t € [0,1]. We may con-
sider the unbounded self-adjoint operator L on L?(R/Z,R?) given by

(6) Lv=—i'— Sv, where i~ [O _1] .
1 0

It has compact resolvent, its spectrum o(L) is a discrete set of real eigen-
values accumulating at +00, geometric and algebraic multiplicities coincide,
and all eigenvalues have multiplicity at most 2. A non-trivial eigenvector
v(t) = r(t)e’® associated with some A € o(L) never vanishes, so the total
winding 6(1) — 6(0) is well-defined. This number does not depend on the
eigenvector for A\, and we have an integer wind(\) := (6(1) — 0(0))/2x. It
turns out that for each k € Z there are precisely two (multiplicities counted)
eigenvalues with wind = &, and that A < g = wind(\) < wind(u). For more
details see Section 3 from [9].

Let us denote A~ = max{\ € (L) | A <0}, AT =min{\ € o(L) | A >
0}. Set p = 0 if wind(A™) = wind(A™), or p = 1 if wind(A™) = wind(A") — 1.
In case ¢ € ¥*(1), we have 0 € o(L), so AT > 0 and one checks that

(7) plp) = 2wind(A™) + p
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also satisfies the axioms for the Conley—Zehnder index; see [9] for the proof.
Even in case ¢ ¢ ¥*(1), Hofer et al. define p(yp) by (7), which provides an
extension to all smooth paths in Sp(1) starting at I. When the space of such
paths is endowed with the C'-topology, small variations of ¢ induce C°-
small variations of S, which in turn induce small variations of the spectrum,
as explained in [19]. It becomes clear that the extension of y described above
is lower-semicontinuous since p(y) either stays constant or jumps up (by 1
or 2) under small variations of the spectrum.

2.1.3. Comparing both extensions.
Lemma 2.2. Both extensions of p described in 2.1.1 and 2.1.2 coincide.

Proof. We need only to consider a path ¢ ¢ ¥*(1). We denote by u1(p) the
extension described in 2.1.1, and by pa(p) the one from 2.1.2.

Let I(¢) = [a,b] be the “winding interval” described in 2.1.1. Consider
also some pair of eigenvalues v > 0 and v~ < 0 of the operator L = —i0; —
S (S = —i¢'p~!). We claim that wind(v*) > a and wind(v~) < b. To prove
the first inequality choose an eigenvector v(t) satisfying Lv = v*v and con-
sider u(t) = (t) - v(0). Then the vector z(t) = v(t)u(t) satisfies

(8) —iz = (Sv)a —v(Su) + vtz

Whenever v € RTu we have z € R and (Sv)@ — v(Su) € iR. Then, writing
2(t) = p(t)e™® | we must have ¥ € 27Z = 9 = v > 0. Thus the total angu-
lar variation ¥(1) — 9(0) of z is strictly positive, in other words, the total
angular variation of v is strictly larger than that of u, as we wanted to show.
The other inequality is proved analogously.

By Lemma 2.1 one finds k € Z such that {k} = I(p)NZ = 0I(p)NZ.
The eigenvalue 0 of the operator L must have winding precisely k. Note that

o(1) =1 < I(p) = {k} < 0 has multiplicity two as an eigenvalue of L.

The first equivalence is obvious, and the second follows from the fact that
two non-colinear eigenvectors of L for the eigenvalue 0 are pointwise linearly
independent. In this case, the windings of the largest negative eigenvalue and
that of the smallest positive eigenvalue are kK — 1 and k 4+ 1, respectively.
According to the definitions explained in 2.1.1 and 2.1.2 and the spectral
properties of L we have p;(p) = pa(p) = 2k — 1.

It remains to handle the cases where (1) # I. If a = k and b > a, then
w1 (e) = 2k. As proved above, the winding of the smallest positive eigenvalue
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of L is >k. The spectral properties of L explained in 2.1.2 imply that this
winding is precisely k + 1. Since 0 is a simple eigenvalue, the winding of the
largest negative eigenvalue must also be k, proving ua(p) = 2k.

If b=k and a < b then p1(p) =2k — 1. As before, the winding of the
largest negative eigenvalue of L is <k and, consequently, it must be precisely
k — 1. Thus pa(p) = 2k — 1. O

2.2. Pseudo-holomorphic curves in symplectizations

Let us recall the basic definitions and facts of the theory as introduced by
Hofer in [7]. Throughout we fix a contact form A on the closed 3-manifold M,
with Reeb vector R and induced contact structure & = ker A\. The projection
R x M — M onto the second factor is denoted by 7. Consider also

(9) m:TM — €

the projection along the Reeb direction.

2.2.1. Almost complex structures. A complex structure J on £ is said
to be d\-compatible if dA(-,J-) is a metric. The space of these complex
structures, which is well known to be contractible, is denoted by J (&, d\).
Any J € J(£,d)) induces an almost complex-structure J on R x M by

(10) J-0y=R, J¢=J.
Above we see TM and ¢ as (R-invariant) subbundles of T'(R x M), and
denote by a the R-coordinate.

2.2.2. Finite-energy curves. Let us consider J as in (10) induced by
some J € J(§,dN).

Definition 2.3 (Hofer). Let (S, ) be a closed Riemann surface and I' C S
a finite set. A finite-energy curve is amap u: S\ T' — R x M satisfying the

Cauchy—Riemann equations
_ 1 -
(11) 0;(@) = 5 (di+J(@) - dii-j) =0

and an energy condition 0 < E(%) < co. The energy is defined as

ISN

B(@) = sup /S L)

where A = {¢: R — R smooth |0 < ¢ <1, ¢/ > 0}.
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Solutions of (11) are called J-holomorphic maps. Each integrand in the
definition of the energy is non-negative, and a quick calculation shows u is
constant when E(@) = 0. The elements of I' are the so-called punctures.

Remark 2.4 (Cylindrical coordinates). Fix z € I' and choose a holo-
morphic chart ¢ : (U, z) — (¢(U),0), where U is a neighborhood of z. We
identify [sg,+00) x R/Z with a punctured neighborhood of z via (s,t) ~
Y1 (e2m () for 59> 1, and call (s,t) positive cylindrical coordinates
centered at z. We may also identify (s,t) ~ 1~ (e>7(5t%)) | where s < —s
and, in this case, (s,t) are negative coordinates. In both cases, we write
ﬂ(s,t) —do w—l(e—%(s—&-it)) or ?l(s,t) — w—l(e%(s—&-it)).

Let (s,t) be positive cylindrical coordinates centered at some z € ', and
write u(s,t) = (a(s,t),u(s,t)). E(@) < oo implies

(12) m = lim (AN

§7=100 JUs}xR/Z
exists. This number is the mass of @ at z, and does not depend on the choice
of coordinates. The puncture z is called positive, negative or removable
when m > 0, m < 0 or m = 0, respectively, and % can be smoothly extended
to (S\I')U{z} when z is removable. Moreover, a(s,t) — eco as s — +00,
where € is the sign of m.

2.2.3. Asymptotic operators and asymptotic behavior. Let P =
(z,T) be a closed Reeb orbit and consider the bundle {p = 25.{£ — R/Z,
where x(t) = x(Tt). Let k € Z* be its multiplicity, that is, T' = kT i where
Thin is minimal positive period of x. A choice of J € J(&,d\) induces an
inner-product

1
(0, ¢) = /0 (AN} (00 (1(8), ogr C (1))t

of pair of sections 1, ( of £p. The corresponding space of square integrable
sections is denoted by L% (&p).

Definition 2.5. The asymptotic operator at P is the unbounded self-
adjoint operator Ap on L%(&p) defined by

(13) Ap(n) = J(=Vin +TV,R),

where V is any symmetric connection® on M and V; denotes covariant
derivative along the curve xp(t).

3Ap does not depend on V.
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Remark 2.6. A d\-symplectic frame for £p presents Ap as an operator of
the form —J(t)0; — S(t), where J(t) is the representation of Jyy) and S(t)
is symmetric with respect to (-, —iJ(t)-). If the frame is (d\, J)-unitary then
the Ap takes the form —id; — S(t) where S(t) is symmetric. It follows that
Ap has all the spectral properties described in 2.1.2.

Consider coordinates (0, 7,y) € R/Z x R? and the contact form o =
df + xdy.

Definition 2.7. A Martinet tube for a simply covered T-periodic orbit P is
a pair (U, ¥) where U is a neighborhood of z(R) in M and ¥ : U — R/Z x B
is a diffeomorphism (B C R? is an open ball centered at the origin) satisfying

(1) ¥*(fap) = A where the smooth function f:R/Z x B — RT satisfies
flr/zxo =T and df[r/zx0 = 0.
(2) W(z(Tt)) = (¢,0,0).
Remark 2.8. According to [8] Martinet tubes always exist. We note that

if P is simply covered and 7 is any non-vanishing section of {p then (U, ¥)
can be constructed so that U.n = 0,.

Let @ = (a,u) be as in Definition 2.3, z € I" be a non-removable puncture,
and (s, t) be positive cylindrical coordinates centered at z. Let m be the mass
of & at z and € be its sign.

Definition 2.9. We call z a non-degenerate puncture of @ if there exists a
periodic Reeb orbit P = (x,T") and constants ¢,d € R such that

(1) supyepryzla(s,t) —eT's —d| — 0 as s — +oo.

(2) u(s,t) — x(eTt+¢) in CO(R/Z, M) as s — +oc.

(3) If m - du does not vanish identically, then 7 - du(s,t) # 0 when s > 1.
(4)

4) If we write u(s,t) = expy(eric)(C(s,1)) for sufficiently large values of
s, then supycp/z e’|¢(s,t)| — 0 as s — +o0, for some b > 0.

We also say that 4 has non-degenerate asymptotic behavior at z.

The above definition is independent of the choice of ¢ and exp. If P is
as above then we say @ is asymptotic to P at z. When every non-removable
puncture is non-degenerate we simply say @ has non-degenerate asymptotics.

Here is a partial description of the asymptotic behavior from [8].
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Theorem 2.10 (Hofer, Wysocki and Zehnder). If A is non-degenerate
then every finite-energy J-holomorphic curve, for any J € J(&,dN), has
non-degenerate asymptotics.

A much more precise description of the asymptotic behavior is given
in [8]. Let @ = (a,u) be asymptotic to P = (z,T) at the non-degenerate
puncture z. Consider cylindrical holomorphic coordinates (s,t) centered at
z, positive if z is positive or negative if z is negative. Choose a Martinet
tube (U, ¥) for the underlying prime orbit, as described above. The frame
{e1 ~ 0,/ F,e2 =~ (—xy + 0y)//[} of € on U is d\-symplectic and can be
used to represent Ap ~ L = —J(t)0; — S(t), as explained in Remark 2.6.
The functions

a(s,t) €ER, O(s,t) €R/Z and z(s,t) = (x(s,t),y(s,t)) € R?

given by (idg X W) ou = (a,d,x,y) are well defined for |s| > 1. Let e = £1
be the sign of the puncture z.

The following theorem gives a precise description of the asymptotic
behavior of a finite-energy surface near a non-removable puncture when
the contact form is non-degenerate. It incorporates a refinement due to R.
Siefring [22] of the original asymptotic formula of Hofer et al. [§8]; see also
E. Mora’s dissertation [20].

Theorem 2.11. Assume that X is non-degenerate and that [u*dA > 0.
One finds b > 0, u € o(L) such that ey < 0, an eigenvector v of L satisfying
Lv = pv, and constants c¢,d € R such that

lim sup e (|D[a — Ts — d)| + D[ — kt — ]|} = 0

[s|—o0 ¢
for every multi-index 3, and
z(s,t) = e (v(t) + A(s, 1))
where lim| g, sup, |IDSA| =0 V. Here k > 1 is the multiplicity of P.

The eigenvalue p € o(Ap) and the eigenvector of Ap corresponding to
v as in the above statement will be loosely referred to as the asymptotic
eigenvalue and asymptotic eigenvector of @ at z, respectively.

In [11] it is proved that the conclusions of Theorem 2.11 also hold under
the assumption that A is only Morse-Bott. In [17] we prove the following
lemma.
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Lemma 2.12. Let A be any contact form on M, fix any J € J(&,dN),
and let @ be a finite-energy J-holomorphic curve in R x M asymptotic to P
at the non-degenerate puncture z, in the sense of Definition 2.9. Then the
conclusions of Theorem 2.11 are true.

2.2.4. Some algebraic invariants. We need to recall a few definitions
from [9]. Let J € J(£,d)) induce J as in (10), (S, ;) be a closed Riemann
surface, and @ = (a,u): S\ T — R x M be a finite-energy J-holomorphic
curve, where I' C S is a finite set of non-removable punctures. Assume also
that every z € I' is a non-degenerate puncture as in Definition 2.9.

The section 7-du of &= A"T*(S\T)®cu*¢ satisfies the Cauchy—
Riemann-type equation

wodu-j=Ju) 7 du.

This follows from (11). Thus either 7 - du vanishes identically or its zeros
are isolated. In the second case, one defines

(14) wind,(u) = algebraic count of zeros of 7 - du,
where &£ is oriented by its natural complex structure.

Remark 2.13 (Winding numbers). Let F — R/Z be an oriented rank-2
real vector bundle, and consider two non-vanishing sections Z and W of F.
A choice of complex structure J inducing the orientation of F gives unique
functions a,b : R/Z — R satisfying W = aZ + bJZ. The function f =a+
ib : R/Z — C does not vanish and we define

(15) wind(W, Z) = deg Ea € Z.

/]

This integer depends only on the homotopy class of non-vanishing sections
of Z and W, and on the orientation of £. When F is symplectic, we use the
induced orientation.

Let Z be a non-vanishing section of u*¢ and assume 7 - du does not
vanish identically. If (s,t) are positive cylindrical coordinates centered at
some z € I' then set

windeo (U, 2, Z) := lim wind(t — 7 - Osu(s, €t),t — Z(s,€t))

S5——+00
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where € = £1 is the sign of the puncture z. Splitting I' =I'* U~ into
positive and negative punctures, Hofer et al. define in [9]

(16) windo (1) = Y windeo(ih, 2, Z) — Y winde (i, 2, Z).
zel'+ zel'~

Clearly this number does not depend on Z.

Definition 2.14. A finite-energy plane 4 : C — R x M will be called fast
if 0o is a non-degenerate puncture, the asymptotic limit P of % is a simply
covered (prime) Reeb orbit and wind,(a) = 0.

We do not make any non-degeneracy assumptions on A or P in the above
definition.

An application of the argument principle proves the following important
identity.

Lemma 2.15 (Hofer, Wysocki and Zehnder). wind, () = winds (@) —
X(S) + #T.

The following statement will be left without proof.

Lemma 2.16. Let 4 = (a,u) be a J-holomorphic finite-energy surface, z
be a non-degenerate puncture of U with sign e = +1, and P = (z,T) be the
asymptotic limit of 4 at z. Fiz holomorphic cylindrical coordinates (s,t)
centered at z with sign €. For any smooth non-vanishing section Z of x7§
there is a smooth section Z of u*¢ defined near z such that Z(s,t) — Z(t)
in CO(R/Z,€) as es — +o0.

Remark 2.17. Suppose A is non-degenerate and that the finite-energy
plane @ is asymptotic to the closed Reeb orbit P = (z,T). It follows from
Theorem 2.11, Lemma 2.16 and (16) that the winding of the asymptotic
eigenvector with respect to a trivialization of 27.§ induced by the capping
disk given by @ is precisely wind ().

2.2.5. Curves with vanishing dA-energy. Let I' C S be finite, J €
J(&,d\) and @ = (a,u) : S\T'— R x M be a finite-energy J-holomorphic
surface. The integral

(17) / u*dA
S\

is non-negative, bounded by E(u) and vanishes if, and only if, 7 - du = 0.
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Theorem 2.18 (Hofer, Wysocki and Zehnder). IfI' C C is finite, 4 :
C\T' — R x M is as above, I" consists of negative punctures and f(C\F u¥dA =
0, then one finds a non-constant polynomial p: C — C and a closed Reeb
orbit P = (x,T) such that p~(0) =T and @ = Fp op. Here Fp : C\ {0} —
R x M is defined by Fp(e*™ 5ty = (T's, x(Tt)).

Corollary 2.19. IfT =0 then [, u*dX\ > 0.

2.2.6. Bubbling-off points. The basic tool for the bubbling-off anal-
ysis is the following lemma, where norms are taken with respect to any
R-invariant metric on R x M and the euclidean metric on C.

Lemma 2.20. LetT C C be finite and U,, C C\ T be an increasing sequence
of open sets such that U,Uy, = C\T. Let @iy, = (an, uy) : (Un,i) — (R x M, .J)
be J-holomorphic maps satisfying sup,, E(t,) = C < oo, and z, € U, be a
sequence such that |duy(zn)| — +00. If z, stays bounded away from I'U
{o0}, or if some Uy, is a neighborhood of oo and z, stays bounded away
from T', then there exist subsequences {iy,} and {2z}, sequences z; € C
and rj € R, and a contractible periodic Reeb orbit P= (i,T) such that
|2n;, — 25| — 0, 75 — 07, T<C and

n
oo ’

lim Sup/ uwt dA>T.
lz—zj|<r;
The proof is standard and will be omitted.
3. Passing to the degenerate case

Our goal here is to prove Theorem 1.7. We assume, without loss of generality,
that the dynamically convex contact form A on S3 is of the form f\g|ss,
where f : 83 — (0, +00) is smooth and \g = %Z qdp — pdq is the standard
Liouville form on R*. As before, the Reeb vector is denoted by R, its flow
by ¢; and the standard contact structure on S® by & = ker Ag. From now
on we assume P = (z,T) is a closed Reeb orbit of A as in the statement of
Theorem 1.7.

3.1. A suitable spanning disk for P

Recall that on any embedded oriented surface S C S3 there is a singular
distribution

(18) ENTS)*
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called the characteristic distribution of S, where here | denotes the d\-
symplectic orthogonal (with respect to any defining contact form A for &). It
equals € N T'S except at the singular points where ¢ = T'S and (€ N T'S)* =
{0}. If S is in a regular level set of some function H, then equations

(19) ivA=0,  iyd\=dH — (irdH)\

define a vector field V on S that parametrizes the characteristic distribution.
A singular point p € D is called non-degenerate when the linearization DV,
is an isomorphism. Then p is called elliptic or hyperbolic if the determinant
of DV}, is positive or negative, respectively. The space T),S = |, has two
orientations: o, induced by the given orientation of S, and o; induced by dA.
The singular point p is positive if o, = 0;,, and negative otherwise. Following
Hofer [7], we call p nicely elliptic if it is elliptic and the eigenvalues of DV,
are real.

Below we only consider the case where 9S # () is a knot transverse to
& and, in this case, S will always be oriented by Args > 0. Applying argu-
ments from [12, 13] (which use Giroux’s elimination lemma from [4]) to our
situation one proves

Theorem 3.1 (Hofer, Wysocki and Zehnder). Let L C (S3,€) be a
transverse unknot spanned by an embedded disk Dy C S® satisfying sl(L) =
—1. Then there exists another embedded disk Dy spanning L such that the
characteristic distribution of D1 has precisely one singularity, which is a
positive nicely elliptic point. Moreover, the disk Dy can be obtained by a
smooth and arbitrarily CO-small perturbation of Dy supported away from L.

In order to consider special Bishop families of pseudo-holomorphic disks
we need suitable boundary conditions provided by the following statement.

Lemma 3.2. Consider a sequence of smooth functions hy, : S* — R satis-
fying hi, = 1, dhy, = 0 on Z(R) and hy — 1 in C*°. There exists an embedded
disk D C S% spanning (R) for which we can find ko and a neighborhood O
of 0D = z(R) in D such that RRy|, NT,D =0,V pec O\ Z(R) and k > ko.
Here Ry, denotes the Reeb vector of hi\.

Note that, by the assumptions on hy, t +— Z(t) is T-periodic trajectory
of the vector fields Ry,.
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Proof. Let Dy C S® be an embedded disk spanning #(R) and
te R/Z— W(H) € (TDo N &)lugry

be a non-vanishing vector along the curve Z7. Let us denote A\, = hypA. We
claim that there exists an embedding

(20) Y:(1—e1]xR/Z— S

and an integer kg > 1 satisfying the following properties:

(1) ¥(1,t) = 2(Tt).
(ii) Denoting S =9((1 —¢,1] x R/Z), let ¢t — N(t) be a non-vanishing
vector field satisfying N(t) € (T'S N E)|3ry), Vt. Then wind(N (1),

W (t)) = 0.
111 > ko then {0,¢, 0, Ry, o 1s a basis o rt when 1 —e <
iii) If k& > kg th Opth, Optp, Ry, o} i basi fT¢(,)S3 hen 1

r<l1.

Let U be a small neighborhood of Z(R) in S* and ®:U — R/Z x B
be a diffeomorphism, where B C R? is the unit ball centered at the origin,
satisfying ~ ®(z(70)) = (0,0,0) V0 e R/Z, ®Nrzx0,0 =Td0 and
. (dN)|r/zx(0,0) = dx A dy. Here (0, x,y) are standard coordinates in R/Z x
R2. Note that ®,W () € 0 x R? for every . The map ® can also be arranged
so that ®,W (t) and 9;[(;0,0y do not wind with respect to each other.

In these coordinates, the linearized A-Reeb flow along z(R) ~ R/Z x
(0,0) is represented as

d¢Tt‘i’(0) = <1 <p(t)> s

where ¢ : [0,1] — Sp(1) is a path of symplectic matrices satisfying ¢(0) = I.
Note that

u(e) = poz(P) +2sl(P) > 1,

where sl(P) = —1 is the self-linking number of P. Let I(¢) be the winding
interval of ¢ defined as in 2.1.1. In view of the geometric description of
the p-index, we know I(p) C R* and ¢(1) =1 < I(¢) C Z*. One of the

following cases hold:
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(a) o(p(1)) = {a,a '} with a > 0, a # 1. In this case, we set

Ina 0
Y= ( 0 —lna)

and find T' € Sp(1) such that ¢(1) = T~ 1e¥'T.

(b) o(¢(1)) = {1} and (1) # I. In this case, we find a € R\ {0} and T €
Sp(1) such that (1) = T~'e¥ T where

y - (g g).

(c) o(p(1)) = {7} for some v € (0,27) \ {7}, or (1) = —I with v = T,
or ¢(1) = I with v = 0. In this case, we set

_ (0 —
re <v 0 )
and, perhaps after changing v by 27 — 7, we find T' € Sp(1) such that
(1) =T te¥T.
(d) o(¢(1)) ={a,a™'} with a < 0, a # —1. In this case, we set

= (M )

and find T € Sp(1) such that —p(1) = T~ Le¥T.

(e) o(p(1)) ={—1} and (1) # —I. In this case, we find a and Y as in
case (b) such that —p(1) = T~ 1e¥'T.

After composing ® with the linear diffeomorphism

0 0

)=\ 7 <a:)

Yy Yy
in each case, we could have assumed that & satisfies all the properties
mentioned before and, moreover, that (1) = e in cases (a) and (c) or

©(1) = —eY in cases (d) and (e). In cases (a)—(c), we set K (t) = ¢!, and in
cases (d) and (e) we set? K(t) = e™e! so that K(1) = ¢(1) in all cases.

4We may denote the matrix <cosy —em y) by e™.

siny  cosy
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We need to understand in detail the index p(K') and the winding interval
I(K) of the path t — K(t).

In case (a): I(K) contains 0 in its interior and u(K) = 0.

In case (b): ifa < 0 then I(K) = [0, ¢] for some 0 < ¢ < 1/2 and pu(K) =
0, if @ > 0 then I(K) = [c,0] for some —1/2 < ¢ < 0 and p(K) = —1.

In case (¢): I(K) ={y/2n} C [0,1). If v > 0 then u(K)=1,if y=0

e In case (d): I(K) contains 1/2 in its interior and p(K) = 1.

e In case (e): I(K) contains 1/2 in its boundary and pu(K) = 1.

We shall now construct an embedding (20) satisfying conditions (i) and (ii)
above which is transverse to R in ¢)((1 — €, 1) x R/Z) in each case separately.
Then, after this is done, we will check condition (iii). For simplicity we will
assume that 7 = 1 in the following, without loss of generality.

Case (a). The loop

(21) M(t) = K(t)e~'(t)

satisfies Maslov(M) = —k, where u(p) =2k for some k > 1. Note that
t € R/Z — M(t) € Sp(1) is a smooth map (since so is ¢'¢~1). We still

write (6,x,y) for the new coordinates obtained by composing ® with the
diffeomorphism

(22) H: ay: - M(9)<x>

The linearized A-Reeb flow doz; : €]z0) — & #(Tt) along P is now represented

by
(" xw)

and the differential of the A-Reeb vector by

0 O 0
=10 Ina 0
0 0 —Ilna

0
DR(G’O’O) = < KK = Y>
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We consider € > 0 small and a map F : (1 —¢,1] x R/Z — R/Z x B of
the form

(23) F(r,t) = (t, (1 —7)cosb(t), (1 —r)sinb(t))

for some smooth function b : R — R satisfying b(t + 1) = b(t) — 27k. Before
describing b(t) in detail we make some a priori computations. First, the Reeb
vector can be written as

Ro F(r,t) = R(t,0,0) + (r — 1)DR(t,0,0)0,F(1,t) + O(|1 — r[?)
1

cos b(t) +O(|1 — 7%
(1=nY <sinb(t))

for r ~ 1. Consider the function

(24)

(25) d(r,t) = det(0, F(r,t), 0 F(r,t), Ro F(r,t)).
Then
0 1 1
d(r,t) =det | —cosb (r—1)¥sinb (1 —r)(Ina)cosb | +O(]1 —r[?)
—sinb (1 —7r)b cosb (r—1)(lna)sinb
= —(1 —7)(b + (Ina)sin2b) + O(|1 — 7|?)

for r ~ 1. We found
(26) Ord(1,t) = b + (Ina) sin 2b.

Since —27k < —2m the function b € [—27k, 0] — sin 2b changes sign, and we
find an non-empty open interval J C (—27k,0) such that b€ J = (Ina)
sin2b < 0. If & < 0 satisfies |a| > |Ina|, then we may take b(t) satisfying
b <0and b >a<be J. Thus V/(t) + (Ina)sin2b(t) < 0 for every t € R,
and d(r,t) # 0 if 1 — r is small and positive. It follows that the Reeb vector
is transverse to the embedded (open) strip F'((1 —¢€,1) x R/Z) when € is
small. Setting

(27) h(r,t) = H Yo F(r,t)

then
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and the non-vanishing vector ¢ — dmg - 9,h(1,t) has winding number equal to
0 around the origin in R2. Here 7o : R/Z x R? — R? is the projection onto
the second factor. This follows since Maslov(M 1) =k and b(1) — b(0) =
—2mk. Setting 1 (r,t) = ®~! o h(r,t), ¢ satisfies the required conditions.

Case (b). Assuming a > 0 we have u(y) = 2k + 1 for some k > 0 and the
loop
M(t) = ™K (t)p™ (1)
satisfies Maslov(M) = —k. As before, t € R/Z — M (t) € Sp(1) is smooth.
Composing with the diffeomorphism H (22) we obtain new coordinates,
still denoted (0, z, y), where the linearized A-Reeb flow dér; : {|z(0) — €lz ()
along P is represented by ¢ K (t) and the differential of the A\-Reeb vector
by
DR(HOO):<0 e >

T i2m + 2Ty e 1Mt |0

where

, iomtnr —iont [ —asin(27t) cos(2mt)  —2m + acos?(27t)
i2m 4 e Ye N < 21 — asin?(2rt)  asin(2nt) cos(2mt) ) T S@)-

Set F'(r,t) as in (23) where the smooth function b: R — R satisfying b(t +
1) =b(t) — 2wk and b(0)=0 will be defined a posteriori. We compute

similarly to (24)
Ro F(r,t) = R(t,0,0) + (r — 1)DR(t,0,0)0,F(1,t) + O(|1 — r|?)
1

2
st (g2)) 00

If d(r,t) is the function defined as in (25), then

0 1 1
d(r,t) =det | —cosb (r—1)¥sinb (1 —7r)(Se®); | +O(]1 —7?)
—sinb (1 —7)bcosb (1 —7)(Se®)a
0 1 1

=det | —1 0 (1—7)(e=®8e®)y | + 01 —r[?)
0 1-rp (1- r)(e_ibSeib)gl

= (1 =)' = (e*Se®)an] + O(|1 - r[*)

= —(1 =)t — 27 + asin®(2nt — b(t))] + O(|1 — r|?)

= —(1=r)[8 +asin® B(t)] + O(1 — ),
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where ((t) = b(t) — 2wt. Let a < 0 satisfy |o| > a. In view of the condi-
tion B(1) = —2(k + 1)m < —27 we may choose § > 0 small and define 5(t)
satisfying

e F <0and f'(t) # a < B(t) € [-7 — 0, —7].

o 3 < —asin? 3 when 3(t) € [-7 — 6, —7).
Here we strongly use that sin? 3 = (8 + 7)? + O(|8 + 7|*) when 8 — —7. In
fact, consider C >0 and &y > 0 small so that |22 — sin?(—7 — z)| < Cz*
if 0 <2 <dp. Take 0 < & < & satisfying C6* < 62/2 and —§ + 3aé? < 0.
Let 0 <ty < t; <1 be defined by atyg = —m and —2n(k+ 1)+ a(t; — 1) =
—7m — J. Note that tg — 0T and t; — 1~ as @ — —oo. There exists a smooth
function S : [tg, t1] — R satisfying

o ((tp) = —m and B(t;) = —m — 9,

o B(ty) = ' (t1) = a and Y (tg) = BU)(t;) =0 Vj > 2 and

o B(t) <~y V€ [to, 1]

If we extend (3 to [0, 1] by 5(t) = at on [0,tp] and 5(t) = —27(k+ 1) + a(t —
1) on [t1,1] then 8 is C*° and we can estimate for ¢ € [to, t1]:

B(t) + asin® (1) < — =+ a(B(t) + 1) + aC(B(t) + )
2(t1 — to)
2
< —g+a52+aC(54 < —g—i- 36;6 < 0.

If « is close to —oo then the same inequality is satisfied for all ¢ € [0, 1].
Thus b — 27 + asin?(27t — b(t)) # 0 and 9,d(1,t) # 0 for every t. As
before we define h(r,t) as in (27) and 1 = ®~1 o h(r,¢).
The case a < 0 is much simpler since p(p) = 2k for some k£ > 1 and we
may consider the closed loop M (t) = K(t)p~'(t) which has Maslov index
—k. The argument is entirely analogous.

Case (c). We assume v € (0,27) \ {7}, the cases (1) = £I are left to
the reader. The loop M(t) = K(t)¢~!(t) has Maslov index —k < 0 in this
case, where k is given by pu(¢) =2k+1>1. This is so since u(K) = 1.
Again we change coordinates by composing with the diffeomorphism (22),
and the linearized A-Reeb flow dog, : {[z0) — &|z(7+) becomes represented
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by t — K (t). Consequently, the differential of the Reeb vector field is

0
DR(t,0,0) = < K-l — W) :
We define F(r,t) as in (23) with some smooth function b: R — R satis-
fying b(t + 1) = b(t) — 27k to be constructed a posteriori, and d(r, t) by (25).
As before we have

Ro F(r,t) = R(t,0,0) + (r — 1)DR(t,0,0)9,F(1,t) + O(|1 — r|?)
1
= | (r = )ysinb(t) | + O(]1 —7?).
(1 —7)ycosb(t)

Thus
0 1 1
d(r,t) =det | —cosb (r—1)Vsinb (r—1)ysinb(t) | + O(|1 —r|?)
—sinb (1 —7r)b cosb (1 —r)ycosb(t)
0 1 1
=det [ —1 0 0 +O(|1 =7

0 1—-rp (1-r)y
= (- )+ Offr 1P,

In this case, we simply set b(t) = —2wkt, so that ¥’ —~y = —27k — v < 0 for
every t. Again we achieved 9,d(1,t) # 0, Vt. As in cases (a) and (b) we set
h(r,t) as in (27) and ¢ = &~ o h(r, ).

Case (d). The loop M (t) = K(t)p~'(t) has Maslov index —k < 0 where k is
given by p(yp) =2k + 1 > 1. This is so since u(K) = 1. Composing with the
diffeomorphism (22) we obtain new coordinates and the linearized A-Reeb
flow dog; = &lz0) — &l #(Tt) becomes represented by t — K (t). Consequently,
the differential of the Reeb vector field is

0

We define F'(r,t) as in (23) with some smooth function b : R — R satis-
fying b(t + 1) = b(t) — 2wk and b(0) = 0 to be constructed a posteriori, and
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d(r,t) by (25). As before we have

Ro F(r,t) = R(t,0,0) + (r — 1)DR(t,0,0)9,F(1,t) + O(|1 — r|?)
1

= COS — T 2 .
G

Thus

0 1 1
d(r,t) = det ( cosb (r—1)bsinb (1-— T)(K’Kleib)u) +O(|1 — 7%
—sinb (1 —r)b'cosb (1 —7)(K'K 'e®)y
0 1
=det | —1 0 (1—7)(e ®K' K~ e®)y | +O(|1 — 7).
0 (1—7)b (1—7r)(e®K'K ey

Substituting
efibK/Kfle —¢ 'Lb ZT(' + ezﬂ'tye Mrt)e ib
) cos(2mt — 2b) —7 + In(—a) sin(27t — 2b)
T —|— ln a)sin(2nt —2b)  —In(—a) cos(27t — 2b)
we get

d(r,t) = —(1 — r)[t) — 7 — In(—a) sin(27t — 2b)] + O(|1 — r|?)
= —(1—7)[' +In(~a)sin 26(t)] + O(|1 — r[?),

where (3(t) = b(t) — wt. The condition b(1) = —2nk forces B(1) = —(2k +
1)m < —m, so sin2f is forced to change sign. Let J C (—(2k + 1)7,0) be
an non-empty open interval so that § € J = In(—a)sin23 < 0, and pick a
number « < 0 satisfying |a| > |In(—a)|. We can find a function (3(t) satisfy-
ing /<0, #a< [B(t)eJ, 5(0) =0 and 5(1) = —(2k + 1)7. It follows
that £'(t) + In(—a)sin25(t) < 0 for every ¢ € [0,1], and that b(t) can be
smoothly extended to R by b(t + 1) = b(t) — 2wk. Finally, we set h(r,t) as
in (27) and ¢ = ®~ 1 o h(r,t).

Case (e): This case is similar to case (b).

In all cases the embedding 1 : (1 —¢,1] x R/Z — S3 was obtained by
the formula (r,t) = ® 1o H=! o F(r,t) and we checked that d(r,t) = det
(OrF,0:F,Ro F) satisfies 0,d(1,t) # 0, Vt (here R is the representation
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of the A-Reeb vector in local coordinates). Now consider, for each k, the
function

dy,(r,t) = det(9,F, 0,F, Ry o F).

Then dj, — d in C}, so that, in each case, we find kg large and ¢ > 0 satisfy-
ing k > ko = |0,di(1,t)| > ¢, Vt. Thus, possibly after taking e smaller, the
embedding 1) is transverse to R if 1 —e < r < 1 and k > kg, as required.
Finally note that since wind(N, W) = 0 the strip S can be glued with
the disk Dy (away from their common boundaries) to obtain an embedded

disk D with all the required properties. O

Lemma 3.3. Let hy, : S® — R be a sequence of smooth functions satisfying
hiy =1, dhy =0 on Z(R) and hy — 1 in C*°. There exists a spanning disk
D C (S3,¢) for z(R) such that

e The characteristic distribution of D has precisely one singularity. This
singularity is a positive nicely elliptic point.

e There is a neighborhood O C D of Z(R) such that Ry|, ¢ T,D for every
p € O\ Z(R), when k is large enough.

Here Ry is the Reeb vector of hxA = hi fAg. If we further assume that the
hiA are non-degenerate contact forms, then the disk D may be arranged to
satisfy the above properties, and also y(R) ¢ D whenever y is a periodic
trajectory of Ry satisfying y(R) # Z(R), for k large enough.

Proof. Combining Theorem 3.1 with Lemma 3.2 we get a disk D satisfying
the first two conditions. Suppose that the hx\ are non-degenerate contact
forms and let f: D — S2 be a smooth embedding satisfying D = f(D) and
f(0) = e, and fix § > 0 small. Then

X={geC®D, S |gz)=f(2)if|z] <dor1—48<|z| <1}

is closed in the complete metric space C*°(ID, S%). Taking & small and kg large
we may assume all Ry are transverse to f({z €D:|z|<dorl—0 < |z <
1}) if k > ko. Here we used the properties of D near the boundary given
by Lemma 3.2. For fixed k > kg and periodic trajectory y of Ry satisfy-
ing y(R) # Z(R) consider X, = {g € X | y(R) C g(D)}. The Rj have only
countably many geometrically distinct periodic orbits since the hx\ are non-
degenerate, and one easily checks that each (X}, )¢ is open and dense in X
since y(R) # Z(R). By Baire’s category theorem (U, , Xk,y)¢ is dense in X.
Consequently, after a further C*°-small perturbation of D supported away
from {e} U 9D, we may assume D satisfies all the required properties. [



Systems of global surfaces of section 817

3.2. Bishop families and fast planes

Consider the set
(28) F ={h € C®(S3 RT) | h\ is non-degenerate}.

F is residual in C°°(S3,RT). Well-known arguments show that there exists
a sequence hy : S® — R of smooth functions satisfying

(29) hiy € F, hp=1, dhy =0on Z(R) and hy — 1in C*.

In the remainder of Section 3 Rj. denotes the Reeb vector of A\, = hpA. As
noted before, ¢ — Z(t) is a T-periodic orbit of Rj.
We now recall how arguments from [12, 13] and [17, 18] prove the fol-

lowing existence result for fast planes asymptotic to P. The sets [J (&, d\k)
and J (&, d\) all coincide with J (&, d)\g) and will be simply denoted by J.

Theorem 3.4. For every k large enough there exists some J € J and an
embedded fast Jy-holomorphic finite-energy plane ay, : C — R x S3 asymp-
totic to P.

The almost complex structure J, is defined by (10) using J and the Reeb
vector field Rg. The remainder of this subsection is devoted to the proof of
Theorem 3.4.

Let D be the special spanning disk for Z(R) given by applying Lemma 3.3
to the sequence hy (29), which has a unique singular point e. For each k
define

(30) areagy, (D) = sup {/ d\, : U C D is open} .
U

Since A\, — A we have areagy, (D) — areagy (D). Applying Darboux’s theo-
rem we find a fixed small neighborhood V' of e and embeddings ¥y, : V — R3
satisfying Wy (e) = (0,0,0), ¥ (dz + xdy) = \x. By arguments from [7] the
disk D may be perturbed to another spanning disk Dy, for z(R) so that

e €Dy, Dp\V=D\V and DjC {z=—izy} neare.

Moreover, this perturbation can be constructed so that e is the only singu-
larity of the characteristic foliation of Dy and

(31) sup areagy, (Dx) = C < oo.
k
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Since V' can be chosen arbitrarily small, Dy still satisfies all the properties
obtained by Lemma 3.3.

For each J € J and k consider the set My (.J) of solutions of the following
boundary-value problem:

= (a,u) : D — R x S satisfies 5jk(7l) =0,
(32) @ is an embedding, a = 0 on 0D and u(9D) C Dy \ {e},

u(0D) winds once and positively around e.

D is equipped with its standard complex structure ¢ and its usual orientation,
while D is oriented by Ao|rsp > 0. Here Ji is determined by J and Ry as
in (10).

Lemma 3.5 (Hofer). For every k, the set of J € J such that My (J) # 0
contains an non-empty open subset of J .

Proof. There exists some J that satisfies J - 0, = —x0, + 0, near e in the
coordinates (x,y, z) given by the Darboux chart ¥;. Then the maps @, =
(ar,u;): D — R x S3 defined by

ar(s+it) = %2(52 +t2-1), Upour(s+it) = (Ts,Tt, fgst)

form a l-parameter family of elements of My(J), which converges to the
constant map (0,e) as 7 — 0T. It is shown in [7] that the linearization of
the Cauchy—Riemann operator 9 7, at a given element of My (J) is automat-
ically surjective, with respect to a Fredholm theory of disks with boundary
on Dy. Thus if My(J) # 0 for some J then My(J') # 0 for every J' in a
neighborhood of J in 7. O

Since A is dynamically convex we find kg such that if & > kg then all
closed Ax-Reeb orbits satisfying pucoz < 2 have action strictly larger than
the constant C' in (31). Consider for given k > ko and J € J the set M} (J)
of non-constant finite-energy J;-holomorphic embeddings

= (a,u) :D\T - R x 53,
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where I' C D\ 9D is some non-empty finite set, satisfying

a =0 on 0D and u(9D) C Dy \ {e},
u(0D) winds once and positively around e,

(33) every z € I is a negative puncture and

/ u*d\, > 0.
D\I'

Theorem 3.6 (Hofer, Wysocki and Zehnder). Ifk is large enough then
there exists a dense set Jyen(k) such that if J € Jgen(k) then M (J) = 0.

The above theorem, which is proved in [10], roughly follows from the fact
that the elements of Mj(J) are solutions of a (finite) number of Fredholm
problems for which the expected dimension of the solution set is negative.
Here we strongly use that, by Stokes theorem, any given u € Mj (J) with
k > ko is asymptotic at a negative puncture z € I' to a closed A\;-Reeb orbit
P, with action <C' and, consequently, satisfies ucz(P,) > 3.

The fundamental result regarding the above-defined Bishop families of
disks is

Theorem 3.7 (Hofer, Wysocki and Zehnder). For each k large enough
there exists J € J and a sequence {Uy, = (an,un)} C Mg(J) satisfying
(D) N (R x Z(R)) =0 Vn and @, — Fp in Ci2(D\ {0}, R x S3). Here Fp :
D\ {0} — R x 83 is the map Fp(e>™+t1h)) = (T's, z(Tt)).

Sketch of Proof. We fix three leaves [1,[;,[_1 of the characteristic foliation
of Dy. They have finite length and connect e to the boundary 9Dj. By
Lemma 3.5 and Lemma 3.6 we find J € Jyen(k) such that My (J) # 0. For
each @ = (a,u) € My (J) the curve u(0D) C Dy \ {e} hits every leaf of the
characteristic foliation transversely and once. Thus we may define 7(u) € Rt
to be the length of the piece of 1 connecting e to u(9D) with respect to
some metric. Let g € My(J) be close to the point (0,e), as described
in Lemma 3.5. The connected component ) C My (J) containing ag is a
trivial principle Méb(D)-bundle over the open real interval I = 7()) with
projection 7 : ) — I, where M6b(ID) denotes the group of holomorphic self-
diffeomorphisms of D. This is proved using the implicit function theorem,
see [7] for details. There is a unique global section t € I — @' = (a',u') sat-
isfying 7(a') =t, u(z) € I, for z € {1,i,—1}. Let t* =sup [ and ¢ be the
length of [;. We follow [12, 13] closely. A non-trivial intersection argument
shows that (D) NR x Z(R) = () for every u € ), and a bubbling-off analysis
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proves that the family {@'} has uniform C*°-bounds on a fixed neighborhood
of OD. Take {t,} C I, t,, — t*. If the sequence {@!"} is C*-bounded then, up
to a subsequence, we may assume @' — 4. It is possible to show that @ € )
and, by the implicit function theorem, 7 takes values larger than t* on ),
a contradiction. Thus bubbling-off occurs and one finds a non-empty finite
set ' C D\ 0D and a non-constant finite-energy Jy-holomorphic map o =
(b,v) : D\ T — R x S3 such that, up to selection of a subsequence, i’
in C2(D\T) as n — oo. Note that E(?) < sup, E(a'") < C. Moreover,
v(0D) C Dy \ {e} winds positively and once around e and v is an embedding.
Then [ v*dX\; = 0 since J € Jgen(k) and k was fixed large enough. It follows
that v(D\I') C Z(R) for some periodic A\gx-Reeb orbit and, by the proper-
ties of Dy, we must have Z(R) = z(R) and #I' = 1. Up to reparametrization
by an element of Mob(D) we may assume I' = {0}. Hence t* =t and the
argument is complete. U

n_>/ﬁ

From now on we follow closely the arguments from [17, 18]. We fix k
large and consider J and the sequence u,, = (a,, u,) € M(J) given by The-
orem 3.7. Let ¢(C) > 0 be small enough so that

e Every closed A\g-Reeb orbit has action strictly larger than o(C).

o If P/ = (2/,T") and P" = (2", T") are closed \; Reeb orbits satisfying
T', 7" < C and T' # T" then |T' — T"| > o(C).

Fix € > 0 small enough so that

/ widhg — T
B.(0)

Note that € exists since m, = lim,,_~ f B..(0) uy d\y; exists for every r > 0 and

<o(C)/2, forn>1.

m, — T as r — 0. Following [15], we take z, € D satisfying a,(z,) = infp a,
and J, > 0 such that w)d\; integrates to o(C) over B¢(0) \ Bs,(0). Then
zp, — 0 and §,, — 0. Choose R,, — oo such that ¢,,R,, — 0 and define

(34) Oy = (bn,vn) : Br, (0) — R x S°
by by (2) = an(2n + 0nz) — an(zn + 20,) and vy, (2) = up (2, + 0nz). Up to the
choice of a subsequence we find a finite set I'y C C and a finite-energy Ji-

holomorphic map @ = (b,v) : C\ 'y — R x S3 such that

Op, — 0 in Cp(C\ T'y).



Systems of global surfaces of section 821

Clearly E(0) < sup,, E(0y,)
tures and E(0) > 0if I'; #

T~ / = / whdh + / W — o(C) + / v,
B.(0) B.0\Bs, 0) B5,.(0) b

which proves E(0) > 0 in this case as well. By Theorem 2.10, ¢ is asymptotic
to some closed A\i-Reeb orbit at the (unique) positive puncture oo, and using
results of finite-energy cylinders with low dAg-area one can prove that this
asymptotic orbit is P. Here it is crucial that )\ is non-degenerate.

<sup,, E(u,) < C.TI'; consists of negative punc-
@ fFl = @ then

Lemma 3.8. f(C\Fl v*d\, > 0.

Proof. If not then, by Theorem 2.18, there is a non-constant polynomial
p:C — C such that 'y = p~1(0) and o = Fp op. Here P = (z,T) is some
simply covered Ai-Reeb orbit and Fp:C\ {0} — R x S3 is the map z =
e?m(s+il) s (T's, x(Tt)). It is easy to see that 0 € T'; since by, (0) = infg, () bn
and points of I'; are negative punctures. Since P is simply covered we have
P = P and p(z) = Az for some A # 0. We can estimate as above

o) / widh, — T = / wtdAy + / widh, — T
2 B.(0) B.(0)\Bs, (0) Bs, (0)

—>cr(C’)—f—/aDU*)\k—TZU(C')—}—T—T:U(C'),

which is a contradiction. O

Let us fix a non-vanishing global section
(35) Z:8% ¢

Lemma 3.9. Consider the projection 7, : TS® — € along the Reeb direction
RRy. Then my, - duy, is nowhere vanishing over D when n is large enough.

Proof. If n is large then, in view of Theorem 3.7, u,,(0D) C O, where O C Dy
is a neighborhood of 0Dy = Z(R) satisfying p € O\ Z(R) = Ry|p & T,Dy.
In the following, we introduce polar coordinates (r,0) € (0,1] x R/27Z ~
D\ {0} and denote by dpu,, and 9,u,, the corresponding partial derivatives.
If z € D and 7, - duy(z) = 0 then 0 = \g - Gpun(2) = Oran(z), contradicting
the strong maximum principle (Aa > 0).

Let V be a vector field on Dy, parametrizing the characteristic foliation
of Dy, which points out of Dy at the boundary. Then V has a unique non-
degenerate source at e. We claim that 7y, - Opu,(2) and V o u,(z) are linearly
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independent in |, () for every z € 9D and n large enough. If not we find
c1,c2 € R, z € 9D and n so that u,(0D) C O and

0 = 17k - Opun(2) + 2V (un(2)) = i - (c10pun(2) + c2V (un(2))).

Consequently  c10pun(2) + 2V (un(2)) € RRy|y, 2y N Ty, (-)Dr =0  which
implies ¢19pun (2) + 2V (un(z)) = 0 since uy(2) € O\ (R), Vz € 9D. If ¢; =
0, then ¢o = 0 because V' does not vanish on u, (0D). If not then A\ vanishes
on OJpun,(z) contradicting the strong maximum principle. In particular, we
showed

Wind(ﬁk . (99un(€i27rt)a Vo Un(ei%rt)) = 0.

By Theorem 3.7 the embedded loops t + u,(e??™) are transverse to ¢ and
bound a disk F), in Dj containing e, when n is large. Since e is the only
(positive) zero of the section V of &|p, standard degree theory gives

wind(V o uy, (™), Z o u, (™)) = 1.

If © + 7y are standard holomorphic coordinates on ID then, since 7y - duy,
does not vanish over 0D when n > 1, we get

wind (7, - Optin (€2™), T - Dgtn (e72™)) = wind(1, ie™™) = —1.

All the above winding numbers were computed endowing £ with the orien-
tation induced by dAg, see Remark 2.13. Finally we compute

wind(7y, - Optin (e2™), Z 0 uy, (e727))

i27rt)7 T - 60un(€i27rt))

= wind(7g, - Oyun (e
+ wind(7y, - Bgun(ei%t)), Vo un(ei%t))
+ wind(V o u, (™), Z o u, (¢”*™))

=—140+1=0.

Thus 7y, - O, u, does not vanish when n is large enough. O

We will now use Lemmas 3.8 and 3.9 to show that ¢ is an embedded fast
finite-energy plane. In view of Theorem 2.10 and Definition 2.9, there exists
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Ry > 1 such that m - dv(z2) # 0 if |z| > Ro. If R > Ry is fixed then

Wll’ld(ﬂ'k . 8T/U(Re’i2ﬂ't)7 7 0o ,U(Rei27rt))
= lim wind(mg - 9rvn(Re™™), Z 0 v, (Re™™))

n—oo

d
= lim wind (Wk‘ —

d un(zn + ,O(SnReiQﬂ-t); Z o 'LLn(Zn + R5nei27"t)>
n—oo p

=1
= nlirrolo wind(my, - Opup (pei27rt)’ Z 0 un(ei2m))
= Jim wind(my - 3y (¢) 7 - Oy, (e
+ nlin;o wind (7, - Optin (€™, Z 0 up (€2™))
=140=1.

(36)

In the third and fourth equalities, we strongly used Lemma 3.9. Zow is a
non-vanishing section of v*¢ and (36) implies

winde (0, 00, Z o v) = +1.

See Section 2.2.4 for the definitions. Note that v is asymptotic to A\gx-Reeb
orbits { P, } ,er with action < E(0) < C. Consequently, since we assumed k is
large, pcz(P;) > 3 for every z € I'. By Theorem 2.11, wind(?, 2, Z o v) =
wind(e, Z) for some eigenvector e of the asymptotic operator Ap, satisfying
Ap.e = ve with v > 0. The inequality pucz(P;) > 3 implies

windeo (0, 2, Z ov) > 2.

It follows from Lemma 2.15 that

0 < wind;(?) = windeo (0) — 2+ #I'1 + 1

(37)
<1 =240 =2+ #I + 1= —#I'y,

which proves I'y = () and © is a fast plane. It only remains to show that o is
an embedding. It is an immersion since wind, (%) = 0 implies 7y - dv has no
zeros. Since ¥ is somewhere injective (P is simply covered), self-intersections
are isolated. But if ¢ has self-intersection points then positivity and stability
of self-intersections of pseudo-holomorphic immersions implies that the disks
1, have self-intersections. This would be a contradiction since the @, are
embeddings. The proof of Theorem 3.4 is complete.
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3.3. Obtaining fast planes in the degenerate case

We still consider an arbitrary sequence hy, as in (29), and the contact forms
Ak = hgA = hfAo. Then P = (z,T) is a prime closed orbit of the Reeb
vector field R associated with \;. We let o5 > 0 be a constant defined as
in the previous subsection, satisfying:

e Every closed Ag-Reeb orbit has action larger than oy.

o If P'=(2/,T") and P" = (2", T") are closed \z-Reeb orbits satisfying
T 7" <Tand T # T" then |[T' = T"| > 0.

Let J € J, k be a fixed large integer and H C R x S be a compact set.
Consider the set A(k, J, H) of embedded fast finite-energy Jy,-holomorphic
planes @ = (a,u) : C — R x S asymptotic to P satisfying the normalization
conditions

(38) a(0) e H,  [pu*d\y=T — oy.

Here J;, is the almost-complex structure defined as in (10) using the vector
field Ry and the given complex structure J : £ — £. The following statement
is Theorem 2.2 from [17] applied to our particular situation. The arguments
are implicitly contained in Appendix A.

Theorem 3.10. Suppose every \p-Reeb orbit P = (&,T) with T < T sat-

~

isfies poz(P) > 3. If HNR x Z(R) = 0 then A(k,J, H) is C2°.-compact.

loc

It is important to note that the choice of J € J in the statement above is
arbitrary. The next statement is a direct application of Theorem 2.5 from [17]
to our case.

Theorem 3.11. Let J € J and k be such that there exists an embedded fast
finite-energy Jy.-holomorphic plane asymptotic to P. Suppose that A(k, J, H)
is C2 -compact for every compact subset H C R x S% with HNR x Z(R) =
0. Then for everyl > 1 one finds a C*-map

i = (a,u): R/ZxC—RxS>

satisfying:

1) Each u(d,-) is an embedded fast finite-energy Jy-holomorphic plane
asymptotic to P.
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2) u(¥,C)NZ(R) =0 VI € R/Z and the map u:R/Z x C — 53\ z(R)
18 an orientation preserving Cl—diﬁeomorphism.

3) FEach u(¥,C) is a global surface of section for the A\i-Reeb flow.
There is an important consequence.

Lemma 3.12. Every periodic A-Reeb orbit geometrically different from P
links non-trivially with P.

Proof. It is important to note that, as our arguments show so far, the
conclusions of Theorem 3.4 and Theorem 3.10 are true for a sequence of
contact forms gip\, where {gx} is an arbitrary sequence of functions as
in (29). Let us suppose, by contradiction, that there exists some A\-Reeb
orbit P = (2,7 satisfying #(R) # Z(R) which is not linked to P. We find a
sequence g, : S° — R of smooth functions satisfying g — 1 in C®, g, = 1
and dgr, = 0 on Z(R) U Z(R), such that gi\ are non-degenerate contact forms.
In particular, P and P are periodic orbits for the Reeb flow of gi\. If k is
large enough the conclusions of theorems 3.4 and 3.10 are true for the con-
tact forms gigA. Then, by Theorem 3.11 every periodic Reeb orbit for the
Reeb flow of gi\ (geometrically distinct of P) is linked with P, but this
contradicts the fact that P is not linked to P. O

Our goal is now to produce fast planes in the degenerate case. The first
step in our construction is the following lemma asserting that if fast planes
exist then they exist abundantly. The proof is postponed to the appendix.

Lemma 3.13. Let M be a closed 3-manifold equipped with a non-degenerate
contact form a such that c1(§)|r,) =0, where § =kera is the induced
contact structure. Suppose P = (x,T') is a prime closed a-Reeb orbit and
let Jpast(P) be the set of da-compatible complex structures J : § — & such
that there exist embedded fast finite-energy J-holomorphic planes asymptotic
to P. Here J is defined as in (10) using J and the Reeb vector field of «. If
every contractible a-Reeb orbit P' = (2/,T") with T' < T satisfies ucz(P') >
3, then either Jpsi(P) = J (&, dar) or Tpese(P) = 0.

The second step is to prove
Lemma 3.14. For every p € S3\ Z(R) and every J € J(£,d\) there exists

an embedded fast finite-energy J-holomorphic plane @ = (a,u) : C — R x 83
asymptotic to P and satisfying p € u(C).
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The remaining of this subsection is devoted to the proof of Lemma 3.14.
Let us fix p € S3\ Z(R) and J € J(&,d)\) arbitrarily. Since A is dynam-
ically convex we find that if £ is large enough then the conclusions of
Theorem 3.4 and Theorem 3.10 are simultaneously satisfied for the con-
tact form Ag. In view of Lemma 3.13 and Theorem 3.11 we obtain, for &
large, an embedded fast J- holomorphic plane u; = (ag,ug) asymptotic to
P satisfying p € ug(C). Here Ji, is the R-invariant almost complex structure
on R x S2 given by J;, - 0, = Ry, Jk|§ = J where R}, is the Reeb vector field
associated with \. Setting J by J -9, = R, J|§ = J, then J, — J in C°.
We would like to examine now the limiting behavior of the sequence .

Let v >0 be a number so that v < T’ for every closed Reeb orbit
P’ = (2/,T") of X\ and of )\, for every k. The number ~ exists since, other-
wise, we would find k; — oo and Tj-periodic Ag,-Reeb orbits with T} — 0.
Then the Arzela—Ascoli theorem would provide a subsequence of these orbits
which converge to a rest point of the A\-Reeb flow, a contradiction. After
reparametrizing we may assume

(39) JpuidA =T —~ and a;(0) = infc ag.
As usual, consider
(40) I'={z € C|3z; — z and k; such that |diy, (z;)| — oo}.

By Lemma 2.20 we may assume, up to the choice of a subsequence, that
#I' < 0o and (39) implies I' C D. Choosing a further subsequence still
denoted by g, there is no loss of generality, perhaps after discarding a few
points of I' and translating in the R-coordinate, to assume that Vz € I' 4z, —
z such that |diig(z;)| — oo, and that we find a smooth .J-holomorphic map
i = (a,u) : C\T — R x S3 satisfying @, — @ in C°(C\T) and E(a) < T.
We claim that @ is non-constant. This is true if I' # () since every z € I' is a
bubbling-off point and, consequently, must have positive mass (12). If ' = ()
then this follows from [ u*d\ = T—v>0.

The following statement is Lemma 6.24 from [17]. Its original proof is
contained in [10].

Lemma 3.15. Ifa is a contact form on S and 1w is an embedded fast finite-
energy plane in R X S3 asymptotic to a closed (necessarily prime) Reeb orbit

P = (,T) satisfying pcz(P) >3, then w(C) NR x Z(R) = §.

Lemma 3.16. u (e?"(57)— z(Tt) in C*(R/Z, S*) mod R/Z as s — + cc.
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Proof. As explained in [7], see 2.2.2, it is always possible to define the mass
at a puncture z of @ by

m = — lim u.
P=0T JoB,(2)

m = (0 < z is removable. Each z € I' is non-removable and negative, from
where we conclude oo is a positive puncture. By the fundamental results
from [7], for every sequence R,, — oo one finds a subsequence R, a real
constant ¢ and a periodic A-Reeb orbit P = (&,T') such that u(Ry, ™) —
:i‘(Tt) as j — oo. Arguing by contradiction, assume P # P. If P and P are
geometrically distinct then, when j is large, u(R,, 2™ is linked to P in view
of Lemma 3.12. Since for every j one has uy(R,,e"*™) — u(R,,e™™) then
u (R, e™) is also linked to P when j and k are large. Therefore @4 (C) N
R x Z(R)# 0, contradicting Lemma 3.15. If P and P are not geometrically
distinct, then P = (z, NT), for some N > 2. But this implies E(a) = NT >
T, again a contradiction. O

Lemma 3.17. We have that T' =0, 7 - du is nowhere vanishing and

lim wind(t — 7 - Osu(s,t),t — Zou(s,t)) =1,

s§——+00
where u(s,t) = u(e*™ TN and Z is the global non-vanishing section (35).

Proof. IfT' = () then [pu*d\ =T —~ > 0. Assume I # () and 7 - du vanishes
identically. In view of Lemma 3.16 and of Theorem 2.18, we have #I' =
1 and, moreover, there are complex constants A # 0, D such that u(z) =
Fp(Az + D), where Fp(e2™(5t)) = (Ts, z(Tt)). If |[D/A| < 1 then

T—/ u*A—lim/uZd)\—T—’y,
oD k Jp

an absurdity. Thus I' = {—D/A} C 9D and we find 2’ close to —D/A such
that a(z2') < a(0) — 1, implying ax(2’') < ar(0) for k large and contradict-
ing (39). We showed I" # 0 = [ u*d\ > 0.

As observed in the proof of Lemma 3.16, any given z € I' is a negative
puncture and we can find p, — 07 and a periodic A\-Reeb orbit P’ = (2/,T")
such that u(z + ppe®™) — 2/(T"t + ¢) for some c € R. Since [u*d\ > 0, we
have T’ < T, and this implies P’ and P are geometrically distinct since P
is prime. Fixing n large we conclude that u(z + ppe??™) is linked to P by
Lemma 3.12, and hence so is ug(z + p,e™?™) when k is large. Consequently,
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uk(C) NR x Z(R)# 0, contradicting Lemma 3.15. So far we showed I" = ()
and [ u*dA > 0.

By the similarity principle there exists p, — 4+0co such that 7 -du
(pne™®™) # 0, Vt. Since wind,; (@) = 0 for each k, we compute for any fixed n:

wind(t -7 - dsu(ppe>™), t — Z o u(ppe™))

= liinwind(t = 7 - Osug(pne?™), t — Z o up(pne®™))

= liin ({algebraic count of zeros of 7 - duy, on B, } +1) = 1.

Taking the limit as n — 400, we use standard degree theory to conclude
that the algebraic count of zeros of m-du on C is 1 —1 = 0. The proof is
complete since all zeros count positively. O

So far, we have proved that @ is a J-holomorphic finite-energy plane
asymptotic to P only in the sense of Lemma 3.16. If we can show oo is a
non-degenerate puncture of @ (in the sense of Definition 2.9) then it will
follow from Lemma 3.17 that 4 is a fast plane.

The following statement is a combination of the non-trivial lemmas 8.1
and 8.3 from [14] with a small modification of the analysis from Appendix B.

Lemma 3.18. Given any Martinet tube (U, ) of P, there exists Ry > 0
such that |J, ur(C \ Bgr,) C U and, moreover, if we write

(idg x W) o Gy (e2™CTH)) = (ag(s,1), Ok (s, 1), Tx(s, 1), yr(s, 1)) for *™ > Ry
then one finds constants ck,dy, € R such that

Jim sup (1D%(s. 0] +[D%gn(s.0)]) =0,

Jimsup (1D lax(5,6) = T = il + 1D°[6u(s,1) — = ] ) =0

for every partial derivative D = o 8? 2.

We choose a Martinet tube (U, ¥) for A and P, as described in Defi-
nition 2.7, so that the section ¢ — (V*30,) o Z(T't) of &5 extends as a non-
vanishing section for every disk spanning P. Here B C C is an open ball
centered at the origin and ¥ : U — R/Z x B is a diffeomorphism satisfying
the following properties.
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(1) W(E(TH)) = (6,0,0), ¥ € R/Z.
(2) ¥*(g(df + zdy)) = A for some smooth g:R/Z x B — RT satisfying

g=T and dg =0 on R/Z x 0.

It follows from the particular form of the A\; that
WA\, = g"(do + zdy), ¢* — gin Cloes g* =T and d¢g* =0 on R/Z x {0}.

We shall write 0y, 0,0, for the vectors ¥*0p, ¥*0,, V*0y. In the frame
{0z, —x0p + Oy}, the almost complex structure J is represented by a matrix

= Jin J12
J21 J22)
The Reeb vector Ry associated with Ay is represented in these coordinates
by
An analogous formula, with ¢ in the place of ¢*, holds for the Reeb vector
R = (R', R%, R?) associated with \. Set
Y, = (Ri,Ri), Y = (R%, R?)

and
D¥(,z) = fol Y/ (0, 7z)dr, D(0,z) = fol Y'(0,1z)dr,

where the prime denotes a derivative with respect to the variable z = (x,y).
By Lemma 3.18 we can find sg > 1 so that the functions

Zk(S,t) = (l’k(S,t),yk(S,t)), Z(Svt) = (IL‘(S,t),y(S,t)),

(41) D¥(s,1) = D*(B1(s, 1), 21(s, 1)), D(s,t) = D(0(s,1), 2(s, 1)),
jk(87t) = j(ek(sat)azk(sat))7 j($7t) = j(e(svt)vz(s>t))

are all well defined. Here a,ag, 0,0, z,zr,y and y are defined as in the

statement of Lemma 3.18. Then Cauchy—Riemann equations can be written
as

Osay, — g~ (Or, z) (00k + TOpyx) = 0,

42
(42) Aay + 9" Ok, 2k) (0s0k + 205yx) = 0

(43) Oszp, + jk(S, t)&tzk + Sk(s, t)Zk =0,
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where Si(s,t) = [Oarl — Osaj"(s,t)]D¥(s,t). The map S(s,t) is defined
analogously. Similar equations hold for a(s,t), 6(s,t) and z(s,t).
We can assume ¢, — ¢ for some ¢ € R. Let us consider

(44) Spo(t) := —Tj(t + e, 0,0)Y(t + ¢, 0,0),
S®(t) := —Tj(t +¢,0,0)Y'(t + ¢,0,0),

where the ¢j are given by Lemma 3.18. This lemma and the properties of

the functions g and g readily imply that

lim_sup [ DY[Sk(s.t) — ST(0)] = 0 ¥,
s§—=+00 ¢ f

(45) lim sup |D7[S(s,t) — S™(t)]| =0 V.

s—+00 ¢

lim sup |[D™[SE°(t) — S°(t)]| = 0 Vm.
k—+oo ¢

Note that —j(t + c,0,0)0; — Sp°(t) is the representation of the asymp-

totic operator at P of the contact form A\, with respect to the dAg-symplectic
frame {e¥ = 8, /\/gF, ek = (—20p + 8,)/+/g*}. Analogously, —j(t + ¢, 0,0)d; —
S°°(t) represents the asymptotic operator at P of the form \ with respect
to the dA-symplectic frame {e; = 0,/\/g,e2 = (—x0p + 9,)//9}-

Take a smooth function M : R/Z x B — Sp(1) satisfying

(46) MO, x,v)j(0,x,y) = JoM (0, x,y) for all (0,x,y) € R/Z x B.

M exists since J is compatible with d\ and d\; Vk. Setting

o Ap(s,t) = M(0r(s, 1), zk(s, 1), yk(s, 1), C(s,t) = Ap(s,t)zk(s, 1),
Ai(s,t) = (ApSk — OsAp — JoOrAg) AL,

where S = Si(s,t) and Ay = Ag(s,t) then, in view of (43)

(48) 0sCr + J00i e + ApCr = 0.

Defining functions A, A and ¢ of (s,t) analogously using M, S and z we
obtain the corresponding equation

(49) BsC + Jodh¢ + AC = 0.
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Defining

C,?O(t) = (M(t + ¢k, 0, O)Slgo(t) - JOatM)M(t + ¢k, 0, 0)717

(50) Ct) = (M(t+ ¢,0,0)5% (&) — JodM)M(t + ¢, 0,0)~ 1,

then Lemma 3.18 and (45) together imply
lim_sup D7 [Ax(s, ) — CF=(8)]] = 0 ¥,
S$——+00 t.k

(51) lim sup [D7[A(s,t) — C(t)]| = 0 Vv,

s—+00 ¢

lim sup |[D™[C°(t) — C™(t)]| = 0 Ym.
k—+4o0 ¢

One checks that —Jo0; — Cp°(t) and —Jo0y — C*°(t) are the representations
of the corresponding asymptotic operators at P with respect to other sym-
plectic frames.

Remark 3.19 (C(l)’a’a-topology). IfleZ", ae(0,1),§ <0and sp € R
consider the space 0(1]704,5([80700) x R/Z,R™) defined in [10] as the set of
maps f(s,t) satisfying

e ¢ DB f(s,t) € C¥ on [s9,00) x R/Z, V|B| <,
o limp_ i oo le2DF f(s,t) || cow((Rto0)x sty = 0V 8] < L.

Then C5*°([s0,00) x R/Z, R™) is a Banach space with the norm

ltas = e f(5, )l e foo,00)x/2)-

(52) If

The following proposition should be seen as some kind of uniform asymp-
totic analysis. The proof is postponed to the appendix, the arguments are
essentially found in [8].

Proposition 3.20. Suppose the maps Ky : [0, +00) x R/Z — R>>27 (k >
1) and K°, K* : R/Z — R*¥2" qre smooth and satisfy:

(1) Kpo(t), K*(t) are symmetric Vt, and K° — K* in C*™ as k — +o0.
(2) limg o0 supy g [DV[Kg(s,t) — Kp°(t)]] =0 V.
Consider the unbounded self-adjoint operator L on L*(R/Z,R*") defined by

Le = —Jyée — K®e.
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Denote E = C’é’a’6 ([0, 400) x R/Z,R*™) for some § < 0 and l > 1. Suppose
{Xk} C E are smooth maps satisfying

(53) 0s X + JoO Xy, + K Xy, = 0 VE.

If 6 € o(L) and Xy, is CX.-bounded then { X} has a convergent subsequence
in E.

The section k = Z o #(T't) is a non-vanishing section of the bundle (z5)*¢
which extends to any disk spanning P. Since the contact forms \j are non-
degenerate and C*-convergent to A, and the Conley-Zehnder index of P
viewed as Ap-Reeb orbit is >3 if k is large enough, there exists § < 0 such
that the eigenvalues with winding 1 with respect to x of the asymptotic
operators at P corresponding to \; are less than 2§. This follows from the
description of the Conley—Zehnder index via self-adjoint operators described
in 2.1.2, and from the continuity of the spectrum of the asymptotic operators
with respect to small perturbations of the contact form. Also, § can be
chosen so that it does not lie on the spectrum of the asymptotic operator
at P corresponding to . By the identities winde(ix) = 1 we know that,
as explained in Remark 2.17, the asymptotic eigenvalue of i is <2§ for
every k.

Using the number § and an arbitrary choice of [ > 1 to define E as in the
statement of Proposition 3.20, we conclude from Theorem 2.11 that all the
zk(s,t), and consequently also the (x(s,t), belong to E. Note that (x — ¢
in Cp. In view of (51) we can apply the above proposition to conclude
that, up to selection of a subsequence, (i converges in FE. This implies that
(e FE and (p — ¢ in E. In particular, since [ > 1 was arbitrary, one finds
0 < r < —6§/2 such that

(54) limsup e™|D7z(s,t)| =0, V.

S$——+00

Let us denote

Fo(s. 1) = <ak(s, t) —Ts — dk> .

Or(s,t) —t — cg
Then, using (54) and (42), we have an equation

0

-T
0 Iy + <T_1 0 >8tFk+Ak:O
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for some sequence of functions Ag(s,t) satisfying

lim supe”|D7Ag(s,t)| = 0.
s—+400 kit

One can now argue as in [8] to get r > 0 (independent of k£ > 1) satisfying

lim supe”|D7Fy(s,t)| =0, V.
57H00 Ly

In particular, taking the limit as k — oo, we conclude that
(55) e (|Via(s,t) = Ts]| + |V[0(s,t) —t]]) = 0 as s — +oo.

Equations (54) and (55), together with Lemmas 3.16 and 3.17, imply
that @ has a non-degenerate puncture at oo, in the sense of Definition 2.9.
This shows # is a fast plane.

It remains to check that @ is embedded. By Lemma 3.17, @ is an immer-
sion. Self-intersections of @ must be isolated since, otherwise, one could
argue as in [9] using Carleman’s similarity principle to conclude that @ is a
non-trivial cover of some (somewhere injective) finite-energy plane. This
would imply that P is not simply covered. Thus, self-intersections of
must be isolated. Stability and positivity of intersections would provide self-
intersections of the uy for k large enough, a contradiction. Consequently, «
has no self-intersections. If wy € C satisfies uy(wy) = p then sup, |wg| < oo
by Lemma 3.18, so we may assume {wy} is convergent in C. It follows that
p € u(C), and Lemma 3.14 is proved.

3.4. Constructing the global sections

The construction of an open book decomposition with disk-like pages and
binding P follows arguments from [14] which are standard by now. Applying
Theorem 2.3 from [17] to our situation we get

Lemma 3.21. Let J € J(&,d\) and @ = (a,u) be an embedded J-holo-
morphic fast finite-energy plane asymptotic to P. Then u(C) N z(R) = 0 and
u:C — S3\ z(R) is a proper embedding. Moreover for any l there exists a
C'-embedding f : C x B.(0) — R x S3, where B,.(0) C R? denotes the ball of
radius r centered at the origin, satisfying:

(1) Each f(-,7), 7 € B,(0), is an embedded fast finite-energy J-holomorphic
plane asymptotic to P and f(-,0) = .
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(2) If 10 € B-(0) and up,_are embedded J-holomorphic fast finite-energy
planes asymptotic to P satisfying iy, — f(-,70) in C3X., then there exist
T — 7o and complex numbers Ay — 1, By, — 0 such that up(Akz +

Bk) = f(Z,Tk), Vz € C.

Note that we need no generic assumptions on A, like being non-degene-
rate or Morse-Bott. We refer to Section 6 from [17] for details.

We also need an uniqueness statement for fast planes which is Lemmas
6.23 and 6.25 from [17] combined. The proof is exactly the same of that of
Theorem 4.11 from [9].

Lemma 3.22. Let @ = (a,u) and © = (b,v) be embedded fast finite-energy
planes asymptotic to P. Then either u(C) = v(C) or u(C) Nv(C) = 0. In
the first case, one finds complex constants B and A # 0 and a real constant

¢ such that u(Az + B) = (b(z) + ¢,v(z)) Vz € C.

Let po € S3\ Z(R) be a recurrent point for the Reeb flow ¢;. Using
Lemma 3.14 we find an embedded fast finite-energy plane a' = (at, u') asymp-
totic to P satisfying u’(0) = ¢¢(po) and a*(0) = 0, for every ¢t € R. The Reeb

vector field R is transverse to u’(C) since wind, (%) = 0. Thus

C ={t € R| ¢i(po) € u’(C)}

is discrete, non-empty and closed. Our assumption on pg implies C' \ {0} # ()
and we will denote Ty =infCNR* >0. Then u’(C)=u’C) by
Lemma 3.22.

Lemma 3.23. If0 <t <" < Ty then u' (C) Nu!" (C) = (.

Proof. We argue by contradiction and assume u!(C)Nu!’(C) # (). By
Lemma 3.22 we must have I := u" (C) = u!"(C). Thus ¢ > 0 by the def-
inition of Ty since t” < Tp. We can concatenate the path ¢ € [t/,t"] — ¢4 (po)
to a path contained in II to obtain a closed loop I in 3 \ Z(R). T intersects
each plane {u!(C) | #' < t < t"} transversally and positively, thus I is linked
with P. Consequently I' must also intersect u°(C), again a contradiction to
the definition of Tj. O

As before we consider a constant

0 <~y <inf{T | P = (x,T) is a closed Reeb orbit of A}.
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Lemma 3.24. If v, = (bg, vx) and 0 = (b,v) are fast embedded finite-energy
planes asymptotic to P satisfying vy — v in Cy., and f]D) vpd\ =T — then

for every neighborhood U of Z(R) there exists Ry > 0 such that |z| > Ry =
vp(z) € U.

Proof. This proof is essentially the proof of Lemma 8.1 from [14]. Let U be
any given neighborhood of Z(R). Assuming the lemma is false we find z;, € C
satisfying |zx| — 400 and vg(2x) € OU. Defining (s, ty) by 2z = e?7(ssFit)
we may consider a sequence Wy = (dj,wy) : R x R/Z — R x 83 of finite-
energy J-holomorphic cylinders defined by

d(s,t) = bk(€2w((s+8k)+i(t+tk))) —bp(z1), wi(s,t) = vk(e2w((s+5k)+i(t+tk)))'

For any fixed L > 0 our assumptions on the ¥ imply that

/ wid\ <~
[~L,L]xR/Z

when k is large. Thus |dwy| is CP -bounded by Lemma 2.20. Since @ (0, 0) €
0 x 53 VEk then, up to the choice of a subsequence, we may assume @y, — 10 =
(d,w) in C, where @ : R x R/Z — R x S is a finite-energy .J-holomorphic
map. Moreover, [w*d\ <~ and we may estimate

/ THA — / wi(s,-)*A < / vpdA <7, VseR.
R/Z R/Z C\D

This implies
TZ/ w(s, A>T —v, VseR
R/Z

Thus @ is not a constant map, and if we identify R x R/Z ~ CP! \ {0, 00}
via z ~ e2™(57) then 0 is a non-removable negative puncture. Let us choose
an arbitrary sequence s,, — —oo. By results from [7] s,, has a subsequence,
still denoted s,,, for which the following holds: there is a periodic Reeb orbit
P~ =(z7,T7) and a constant ¢ € R such that w(s,,t) - 2 (T t+¢) in
C>®(R/Z,S3) as n — oc.

We claim P~ is geometrically distinct of P. If [w*d\ = 0 then, by The-
orem 2.18, we know that w(R x R/Z) C R x 7 (R). Consequently =z~ (R)
contains a point in U, proving our claim in this case. If [w*d\ > 0 then,
by Stokes theorem, T~ < T, again implying our claim since T is the minimal
period of Z.
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Consequently, P~ is linked to P and, fixing n large enough, so is the
loop t +— w(sp,t). Now fixing k large we conclude that t — vg(R,e?*™) is
linked to P where R,, = ¢?™*». This implies intersections of 7, with R x Z(R),
contradicting Lemma 3.21. O

Lemma 3.25. For every tg € R and [ > 1 there is a C'-map F = (H,G) :
C x I(tg) — R x 83 such that each F(-,t) is an embedded fast finite-energy
plane asymptotic to P and, moreover, that G : C x I.(tg) — S\ Z(R) is
an embedding satisfying G(t,0) = ¢(po) and G(C,t) = u'(C) Vt € I.(ty) =
(to — €, to +¢€).

Note that, by Lemma 3.22, G(C, t) = u!(C) follows from G(t,0) = ¢:(po).
Note also that the maps G(-,¢) and u'(-) might be different.

Proof. Consider the C!-embedding f:C x B,(0) —» R x S® given by
Lemma 3.21 satisfying f(-,0) = @%(-). Since the curve t+— (0, ¢:(po)) is
transverse to ' (C) at t = t(, we find a small interval I around t; and unique
C'-smooth curves 7 : I — B,(0) and ¢ : I — C satisfying y(tg) = 0, v/ # 0
on I, C(to) = 0 and F(C(t),7(1)) = (0, Gu(po)). Let t € T s A(t) € C\ {0} be
a Cl-smooth function such that the planes z +— f({(t) + A(t)z,7y(t)) have
d\-area on D equal to T — ~y. Then

F(z,t) = (H(2,1), G(2,1)) = f(C(H) + A(t)2,7(1))

is a C! map defined on C x I. Note that DG(0, %) is non-singular since R
is transverse to u'(C). Then, possibly after making I smaller, we can find
p > 0 such that G|g (9)xs is an embedding of B,(0) x I into S3\ z(R).

Now we show that G is an immersion. If not we find (z1,¢;) € C x I and
(0z,0t) # 0 such that DG(z1,t1) - (6z,0t) = 0. Then 6t # 0 since G(-, 1) :
C — $%\ Z(R) is an embedding by Lemma 3.21, and we can assume 6t = 1.
Plugging the formula for G and differentiating we get

(56)  Dfl(¢@)+A(t)znm) * (Alt)dz + C(t) + A'(t1)z1,7/(t1) = (¢, 0)
where (¢,0) € Ty, () (R x S?), ¢ # 0. Denoting f = (h, g), we define
O(s,2) = (M(C(t1) + A(t1)z,7(t1)) + s, 9(C(t1) + A(t1)z,7(t1)))-

Since f is an embedding, we find unique C'-smooth maps w(s), a(s) € C,
I(s) € B,(0) satisfying w(0) = (1), a(0) = A(h), T(0) =(t1), T'(0) £ 0
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and
D(s,2) = f(w(s) + a(s)z,I'(s)).

Fix z = z; and differentiate in s at s =0

(57) D f|(w(0)+a(0)z1,0(0)) - (w'(0) + &/(0)21,T7(0)) = (c,0).

Subtracting (56) from (57) we get IV(0) = +/(¢1). Here we strongly used that
Df is everywhere non-singular. Denoting @ = (w(0),T'(0)) = (¢(t1),v(t1))
we compute

(e~ Ru(po)) = 5| Fwls).T(s) = 5 Fc(),(6)

s=0 t=t;
= Dflg - (w'(0) = ¢'(t1),T'(0) = ~'(t1))
= Dflg - (w'(0) = ¢'(t1),0) € Ty (gya" (C),

which implies wind,(f(-,7v(¢1)) >0, a contradiction. Thus G is a
C'-immersion.

Note that u!(C) = G(C, t) for every t € I by Lemma 3.22. We now claim
that if I is small enough then G is injective on C x I. Suppose not. Then,
again by Lemma 3.22, there exist sequences t7,t5 — to such that G(C,t}) =
G(C,ty) Vn. We find unique z, € C satisfying G(z,,t}) = G(0,t5) = ¢z (po)-
We must have liminf |z,| > p > 0 because G is 1-1 on B,(0) x I. Also,
{¢¢(po) | t € I} does not meet a sufficiently small neighborhood U of Z(R).
Then Lemma 3.24 implies limsup |z,| < +00. Consequently we can assume
zn, — 2% # 0. This implies G(z*,t9) = G(0,19), a contradiction since G(-, to)
is 1-1 by Lemma 3.21. As remarked before, Lemma 3.22 implies G(C,t) =
u'(C) as claimed. O

Lemma 3.26. [Jo, ., u'(C) = 5%\ Z(R).
Proof. We will prove that

0= [J ¥'(C)cs*\uI(C)
0<t<Ty

is open and closed in the connected set S2 \ u9(C). Let ¢, € Q, g, — q € S\
u%(C). We use Lemma 3.25 to find 0 < 7y < - -+ < 7y < Tp, € > 0 and smooth
maps F' = (H',G%) : C x I.(1;) — R x 83 such that UY | I.(r;) D [0, Tp] and
GY(C,t) = u*(C) Vt € I.(1;). Moreover, G*: C x I.(r;) — S?\ Z(R) is an
embedding for each i. We find ¢, € (0,Tp) such that g, € u'(C). Up to
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the choice of a subsequence, t,, — t* € [0,Tp]. If t* € I(7;) then 3z, € C
such that g, = G%(2,,t,), and sup,, |z,| < oo by Lemma 3.24. So, up to
the choice of a further subsequence, we may assume z, — z* € C. Con-
sequently ¢ = lim,, G¥(2,,t,) = Gi(2*,t*) € GY(C,t*) = u'" (C). Hence t* €
(0,7p) and g € Q. Thus Q is closed in $%\ u%(C). By Lemma 3.25 Q is
open in S3\ u0(C). O

Lemmas 3.23, 3.25 and 3.26 imply that the embedded planes {u’(C) |
t € [0,Tp]} are pages of an open book decomposition of S? with binding P.
We still need to show that each page is a global surface of section for the
Reeb flow.

Lemma 3.27. Lety be a Reeb trajectory in S3\ Z(R) and assume that its
w-limit set does not intersect T(R). Then y([a,+00)) Nu*(D) # O for every
a €R and s € [0,Tp). Analogously, if we assume the a-limit set of y does
not meet Z(R) then y((—oo,al) Nu®(D) # O for every a € R and s € [0,Tp).

Proof. We only prove the lemma assuming the w-limit set of y does not meet
Z(R), the other case is analogous. Fix any a € R and assume y([a, +00)) N
ul(C) # () for some tg € [0,Tp). Let

D = {t € (to,Tv) | y([a,+00)) Nu"(C) # O Vr € (to,t)}.

First we show D # ). Consider the embedding G : C x I.(ty) — 5%\ Z(R)
given by Lemma 3.25 satisfying G(C,t) = u!(C) Vt € I(to), and take 7o >
a such that y(m) € u!*(C). One can find a smooth curve v(7) such that
v(10) = to and y(7) € G(C,~(7)). Since G(C,tp) is transverse to the Reeb
vector we have 7/(79) # 0 and it is easy to check that v/(79) > 0. Thus 3§ > 0
such that (to,to+ ) C D.

Now consider t* = sup D and suppose, by contradiction, that t* < Ty. By
Lemma 3.25, consider an embedding G* : C x I.(t*) — 53\ z(R) satisfying
G*(C,t) = u!(C) Vt € I.(t*). Take 7, > a and t,, < t* such that ¢, — t* and
y(7,) € ul*(D). Thus 3 unique z, € C satisfying G*(zp, t,) = y(7,). Using
our hypothesis on the w-limit set of y we find ¢ € S*\ Z(R) such that
y(mn) — ¢, after selecting a subsequence. Thus sup,, |z,,| < oo by Lemma 3.24,
so we may also assume lim,, z, = z* exists. This gives G*(z*,t*) = ¢. If 7,
contains a bounded subsequence then ¢ € y([a,+00)) which proves
y(la, +o0)) Nut"(C) # 0. If 7, — +oo then, by transversality of the Reeb
vector with u!"(C), we again find that y([a, +00)) Nu! (C) # 0. Arguing as
in the proof of D # () we find 6 > 0 such that (t*,¢t* 4+ ¢) C D, contradicting
the definition of t*. Thus t* = Tj.
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So far we showed Ty =supD and y([a,+o0) Nu’(D) = y([a, +00) N
u™ (D) # (). Repeating the above arguments with 0 in the place of ty we
conclude that y([a, +00) Nu®(D) # ( for every s € [0,Tp) as desired. O

Finally, we need to recall the following lemma extracted from [17] and
proved by arguments from [14].

Lemma 3.28. Let u = (a,u) be a fast finite-energy plane asymptotic to
P = (z,T). If the w-limit (a-limit) set of some Reeb trajectory y(t) in S3\
Z(R) intersects T(R) then Ya € R 3t > a (t < a) such that y(t) € u(C).

Lemmas 3.27 and 3.28 imply that each page u*(C) is a global surface of
section, for any s € [0,7p). The proof of Theorem 1.7 is complete.

4. Computing the self-linking number at a fixed point

Suppose A is a (tight) dynamically convex contact form on S3, and let P =
(x,T) be the boundary of the global disk section Dy obtained by
Theorem 1.3, where T' is the minimal period of z. Let P; = (z1,77) be an
orbit given by a fixed point of the first return map to Dy. In particular, P;
is unknotted and 77 is the minimal period of x;. In this section, we prove

Proposition 4.1. sl(P;) = —1.

Orienting S® by A A d\ one computes the linking number® link(Py, P) =
41 by noting that P; intersects the disk-like global section once and posi-
tively. The Reeb vector field will be denoted by R.

4.1. Outline of proof of Proposition 4.1

Below we construct a C? embedding ¢ : D — S satisfying p(e??™) = 21 (Tit)
that restricts to a smooth embedding ¢ : D\ {0} — S3. Moreover, if (r, ) ~

re” are polar coordinates on D* = D\ {0} then the radial derivative ¢, is

>The linking number link(cy, co) of two oriented embedded circles ¢; and ¢ inside
53 is defined as the oriented intersection number of ¢; with an oriented disk D
satisfying 0D = ¢y (orientations included).
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never tangent to the Reeb vector. If ¢ as just described exists then
(58) W:=m-p,

is a non-vanishing section of ¢*¢|p~, where 7 is the projection (9). Let

Z:8% ¢
be a smooth global non-vanishing section and set
(59) m = wind (W (e®®™), Z o p(e'?™)),
where £ is oriented by dA.
Lemma 4.2. If ¢ as described above ezists then sl(Py) = —m.

Proof. Let Fy = (D). For every neighborhood V of ¢(0) in S? there exists
a smooth embedded disk F' < S3 such that F = Fy on S?\V. Then W
defines a smooth section of |y that can be extended smoothly to F.
This extension will still be denoted by W. We claim that W|sr pushes
OF to a loop with zero intersection number with F'. This can be seen by
considering the homotopy W?* = (1 — s)W + s, of vector fields along OF.
The crucial fact is that W# is never tangent to OF, for every s € [0, 1], which
follows easily from TOF = RR|gp. Then si(P1) =0 — windgp(W, Z|sr) =
—WindaFO(VV, Z‘aFO) = —m. O

The remaining of this section is devoted to the construction of ¢ and to
the proof of m = 1.

4.2. Constructing ¢ and computing m

We denote by &|p the bundle (z7)*¢ — R/Z, where xp : R/Z — M is the
map t — x(T't). Consider coordinates (6,z,y) € R/Z x R? and the contact
form ap = df + xdy. According to [8], one can find a small open ball B C
R? centered at the origin, an open neighborhood U of x(R) in S% and a
Martinet tube ¥ : U 5 R/Z x B as in Definition 2.7. We have ¥, \ = fayg
and ¥ (z(Tt)) = (¢,0,0), where f satisfies f|r/zx0 =T and df |r/zx0 = 0. It
follows that W,& =0 x R? on x(R). According to Remark 2.8 we can and
will agssume that U*0, = Z over points of P.
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Now consider the space X, 5(P) of Cf(’)i‘—maps F=(af):C—RxS3
satisfying

e dd € R such that a(s,t)—Ts—de€ Cé’a’5([0, o) X R/Z), where
as,) = a(e2r(+i),

e JR > 0 such that f(C\Bg(0)) C U;

o If 59 > 1 and we define (6(s, ), z(s,t),y(s,t)) = ¥ o f(e*"(5+) then
Jde € R such that (0 —t —c,z,y) € C(l)’a’(s([so, ) x R/Z,R3).

One can see that X, ;5(P) does not depend on the choice of the Martinet
tube (U, ¥), and carries the structure of a separable smooth Banach mani-
fold, but we will not make use of this fact. Here we only note that its topology
is described by saying that F,, = (an, fn) — F = (a, f) if, and only if,

o F, » Fin Cll(ff((C,]R x S3);
o If 53> 1 then f,(e27(+) f(e2m(sHit)) € U Vn;

e Defining the functions (an, O, Tn, yn) = (idg x ¥) o F,(e2*+1)) and
also (a,0, z,y) = (idg x ¥) o F(e27(+1) for 53 > 1 then the sequences
. l,a,0
0p — 0, xy, — z, y, —y and a, — a converge to zero in Cy™°([sg, 00) x
R/Z).

We may slightly perturb A in the C°°-topology to a non-degenerate
contact form so that P and P, are still Reeb orbits. As shown in the
previous section, the conclusions of Theorems 3.4 and 3.10 hold for this
small perturbation, so that Theorem 3.11 can be applied. The conclusions
of Theorem 3.11 are obtained in [17] by the construction of a continuous
map

(60) o= (a,u) : R)Z — X 05(P)

such that (19, 2) — u(¥, 2) := u(9¥)(z) is a diffeomorphism R/Z x C ~ $3\
z(R). Each page u(¥,C) is a global surface of section for the Reeb flow.
The details of the proof of Theorem 3.11 are technical and follow closely the
ideas from [12-14].

By the implicit function theorem we can find a smooth map ¥ € R/Z +—
~v(¥) € C such that z1(R) Nu(d,C) = u(d,v(9)). Replacing u by u(d, z —
v(¥)) we still have a continuous map ¥ — u(v,-) € X 4,5(P). By repara-
metrizing the R/Z-coordinate we can also assume, without loss of generality,
that u(¥,0) = z1(119). We take the opportunity to state a useful lemma that
follows from the above discussion.
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Lemma 4.3. Let u = (a,u) be the map (60). Composing with a smooth
family of rotations we can assume u(0,e>™ 5T — 2(Tt) as s — oo, V0.
Moreover, Ye >0 3Ry = e?™° > 1 such that u(9,C\ Bg,(0)) C U V9 and
if we define (0,z,y)(0,s,t) = ¥ ou(d,e? D) for s > 5o and 9,t € R/Z,
then

e~ ID7[(0,2,y)(9, 5,) = (,0,0)]| < €

uniformly in |B] <1, (9,t) e R/Z xR/Z and s > sp.

For simplicity we assume 77 = 1. Fix 0 < 6; < 1,0 < ¢g < min{6;/3,1/2}
and sg > 1 so that s > sy implies

w(ﬁﬂ S, t) - (0, x, y) =WYo ’LL(’&, 627T(8+Z't))

is defined and
(61)
max { (¥, 5,4) = (£,0,0)], [wr(¥,5,t) = (1,0,0)], [(25)/2w,(9,5,0)|} < eo.

This is possible in view of Lemma 4.3.

Choose 0 < rg < 1/2 so small that 1/2r2 > s¢ and 26, /3ry > 11. This
implies s := 1/2r% >> sq if 7 < 7. Consider a smooth function ¢ : (0,1] — R
satisfying t'(r) >0, t(r)=0 for 1o <r<1 and t(r)= %r — 6, for
0<r<3.

Let p: (0,1] — [0,00) be a smooth function satisfying p’ < 0, p(1) =0
and p(r) = exp(mr~2) for r € (0,7]. Now define for ¥ € R/Z and r € (0, 1]

(62) 2(r) = p(r)e®™ ) p(r,9) = u(¥, 2(r)).

Note that
W o p(r,9) = w(9,1/2r? t(r))

is well defined for r < rg.

Note that ¢ is a proper embedding of (0,1] x R/Z into S3\P, and
o(1,9) = u(9,0) = 21 (V). If we regard ¢ as a map D* — S3\P by
@(re?™) ~ p(r,9) then it can be extended to a continuous embedding of
D into S by setting ¢(0) = 2(—601). The radial derivative ¢,.(9,7) over D*
is a non-vanishing vector of Tu(¥,C), so it is never a multiple of R since
u(¥,C) is an embedding transversal to the Reeb flow. This concludes the
construction of the C%-embedding ¢ with the desired properties.
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Regarding (0, x,y) € R/Z x B as coordinate functions, then

(63) (Vo p(r,d)) > —2391 V9 € R/Z,r € [ro/2,10].

In fact, 2 <r <rg=s5=(1/27) loge™™ =1/2r2 > so. Hence T <r <
implies |¥ o ¢(r,9) — (t(r),0,0)| <€ < 61/3 and

These two estimates together and the triangle inequality prove (63).
Choose 6y € (—01,—26,/3) a regular value for the function
(0 0 W ow)|0rxr/z and set

Sop=(0oVoy)1(h,).
By (63) we have (r,9) € Sy = r < r¢/2. Also Sp is bounded away from {0} x
R/Z since lim, (6 o ¥ o ¢)(r,9) = —6; < O2. Hence Sy is a non-empty finite
collection of embedded circles inside (0,7/2) x R/Z. Now we claim that
(64) df - (¥ o ), >10 on Sp.
To prove this note that r < r¢/2 implies

46,

(le © QO)T(T, 19) = _<2S)3/2w5 + —wy.
3o
Now we estimate
4
df- (Vo) > ﬂdt9 Cwp — (25)3/2|w3\
3T0
40
> 2110+ (1,0,0) ~ d6 - (wy — (1,0,0))]] = (2)*/|w,
0
46, 4011 1 1
> —(1— —g> ————>11—=>10
Z 3,035 -5 2~

and establish (64).

We also claim that Sy has precisely one component which is a generator
of m1((0,1] x R/Z). In fact (64) implies that every component of Sy is the
image of a graph where r is a function of ¢. Thus no component of S is
homotopically trivial in (0,1] x R/Z and every component of Sy is a gen-
erator of m1((0,1] x R/Z). Moreover, if there are two or more components
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then df - (¥ o), <0 along one of them, again in contradiction to (64).
From now on we might write () € (0,70/2) to denote the unique smooth
function such that Sy = {(r(9),9) : ¥ € R/Z}.

Consider the flat surface ¥ = U~1({ = 65}) inside U. Then

{u(@, 2(r(9)))} = {o(r(?),9)} = ©(So) C ¥ Nimage(y).

Note that u(d,C) h X at the points of ¢(Sy) since there we have |w; —
(1,0,0)| < ep < 1/2 which implies |df - w;| > 1/2. Denoting by u(1)) the map
z +— u(9, z) we find, for each ¥ € R/Z, some () € R/Z satisfying

(65) d6 - d(V o u(9)) ] - €2 = 0.

By the above mentioned transversality and the implicit function theorem
we can choose 3 smoothly. Set

() = du(V)|.(r9)) - €27

and note that both o(¢#) and ¢, (r(9),1) are vectors tangent to u(,C) at
the point u(¥)(z(r(¢))) = ¢(r(¥),1), so 7 - o(¥) and 7 - ¢, (r(¥), ) are non-
vanishing vectors on £. Here we used that u(1, C) is transverse to the Reeb
vector and 7 is the projection (9). It follows from (64)-(65) and from the
definition of o that 7 - o(¥) and 7 - ¢, (r(1#), ) are linearly independent V1
(it was used that 7 - du(¥) : (C,i) — (§,J) is a complex isomorphism). We
compute
(66)

m = wind(r - ¢,(1,7), ZOSO(l ) = wind(w - @ (r(0),9), Z 0 ¢(r(9), 7))
(r(9),9), 7 - o(d)) + wind(w - 0(), Z © o (r(9), 9))

(), Z 0 (r(9),9))
= wind(7 - o(9), 7 - (V*0;) o p(r(¥),9)).

I
=
=
ol
3
Q

(

= wind(7 -
(
(

The windings are computed as ¥ goes from 0 to 1 positively. Both vec-
tors o(¥) and (¥*9,) o (r(¥9),9) belong to ¥*(0 x R?) C TU. Naturally in
U*(0 x R?) we have the complex structure ¥*i, where i is the usual positive
rotation by 90 degrees on R?. Moreover, the projection 7 : ¥*(0 x R?) — ¢
is a vector bundle isomorphism since U*(0 x R?)|p = ¢|p and U is small.
Clearly if J is a d\-compatible complex structure on £ then 7*J is a com-
plex structure on ¥*(0 x R?) which is homotopic through complex structures
to U*i. This follows since ¥*(df A dx A dy) is a positive multiple of A A dA
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on U. Consequently we have
(67) wind(m - o(0), 7 - (¥*0x) © o(r(0), ¥)) = wind (W0 (9), Ozl wop(r(9),9));

where the last winding is computed as a winding of non-vanishing vectors
on R? with respect to i.

We claim V.o (v) and %[(\If o p)(r(¥),¥)] are everywhere linearly inde-
pendent. To see this note that

\I/*U(lg) = d(\I/ o u(ﬁ))‘z(T(ﬂ)) . eiZﬂﬁ(ﬁ)

and

L1 0 )(r(9), 9)] = 09 (¥ 0wy -
¥ 0wy

(2 or(9)),

so if these vectors are linearly dependent for some value of ¥* we get a
contradiction to the fact that the derivative of the diffeomorphism (¥, z) —
u(¥, z) is non-singular at the point (¢*, z(r(9*))). We obtain

(68)

. . d
wind(¥,.o(9), 896\\1,0@(,,(19)719)) = wind <d19[(\ll o p)(r(¥), )], 8x|\1,w(r(19),19)> .

We claim that the last winding above equals +1. The image I" of the map
9 (Vo )(r(d),9) is an embedded circle in the plane {§ = 6} ~ R? and
it winds around the origin. Otherwise P; would be homologically trivial in
S3\ P because {¢(r,9) : 7(9) < r < 1} is an embedded annulus inside S3 \ P
with one component equal to {¢(r(9), )} and the other equal to P;. More-
over, I" bounds a disk D C {6 = 6>}. Let us give I" the orientation induced
from R/Z by the embedding ¥ — (¥ o )(r(¥),?). By homotopy invariance
the linking number link(P;, P) = +1 coincides with link(T", f-axis), where
the #-axis is oriented by Oy. Since the ambient space is three-dimensional
we obtain +1 = link(6-axis,I') which equals the intersection number of the
f-axis with D, when D is equipped with the orientation o induced from
the identity I' = dD. Thus o coincides with the orientation of D induced
by dx A dy. This discussion shows that I' winds positively around the ori-
gin when R? is oriented by dz A dy. Now note that L [(W o ¢)(r(d),9)] is
precisely a positive non-vanishing vector field tangent to I'. So its winding
coincides with the winding of I', proving our claim. Combining (66)-(68) we
obtain m = 1, concluding the proof of Proposition 4.1.
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5. Appendix A. Proof of Lemma 3.13

Let M, o and P = (x,T) be as in the statement of the lemma. We write
J = J (£, da) and denote by Jrst (P) the set of J € J for which there exists
some embedded fast finite-energy J-holomorphic plane asymptotic to P.
Here J is defined in terms of J and « by (10). Since J is connected we may
split the proof in the following two steps.

Step 1: Jrast 18 closed.

Step 2: Jrast 1S open.

A.1. Proof of Step 1

We follow [17] closely. Let H C M be a compact set with the following
properties: H N z(R) = () and every continuous disk-map spanning P passes
through H. For every J € J consider the set A(J) consisting of fast embed-
ded finite-energy planes @ = (a,u) asymptotic to P satisfying

(A1) Jputda =T —~, u(0)e H and a(2)=0.

Here v > 0 satisfies v < T" for every P’ = (2/,T") € P, and v < |Tp — T1|,
for every P; = (z;,T;) such that Ty # T and Ty, Th < T.

Consider Ji € Jpast such that Ji, — J, and a sequence y = (ag, ug) of
embedded fast J;-holomorphic planes asymptotic to P. After reparametriz-
ing and translating in the R-direction we may assume uy € A(Jg).
Following [7], let

I'={z € C|3z; — 2z and k; such that |diy, (z;)| — oo}.

It follows directly from Lemma 2.20 and (A.1) that I' C D and, up to
the choice of a subsequence, we may assume #I' < co. Elliptic estimates
show that, up to selection of a further subsequence, we may find a smooth
J-holomorphic map @ = (a,u) : C\ T' — R x M such that @ — @ in C2%(C \
I'). It can be assumed that I' consists of negative punctures and, conse-
quently, oo must be positive. Using results on cylinders with small da-area,
as in [16] or [15], one proves that @ is asymptotic to P at oo

Lemma A.1l. fC\F uw*da > 0.
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Proof. If I' =0 then [pu*do =limy [jujda =T —~>0. If I' #0 then
clearly @ is not constant. Arguing indirectly, assume I' # () and f(c putda =
0. By Theorem 2.18, P cannot be simply covered if #I' > 2, proving #I' =
1. In particular, it follows that there are complex constants A # 0 and
D such that @(z) = Fp(Az + D) where Fp is the map e?7+) ¢ C\ 0 —
(T's,z(Tt)) € R x M. In this case we must have I' = {—D/A} C 9D since,
otherwise, we would get

T:/ wa=Ilim [ ua=T-—r.
oD

k- Jop
But this implies u(0) € H N z(R), a contradiction. O
Let us enumerate I' = {z1,..., 2y} and consider, for each i, the asymp-

totic orbit P; = (z;,T;) of @ at z. Each P; is contractible. In fact, if p
is small and fixed, the contractible loop t +— wuy(z; + pet?™) converges to
t — u(z; + pe'®™) which is homotopic to z;(T;t) in view of Theorem 2.10.
Denoting @7, (t) = z;(Tit), let x; be a non-vanishing section of x;7, { which
extends to a non-vanishing section of {|p, for some (and hence any) disk D;
spanning P;. Consider also x a non-vanishing section of 27§ which extends
over {|p with no zeros, for spanning disks D for P. Let us compactify C\ T’
and obtain a surface with boundary > by adding a circle at each point of
I' and at co. By Theorem 2.10 the map u extends to a continuous map
u : 2 — M sending each boundary component onto the corresponding orbit

Py, ..., Py, P. We claim that the section x1,..., kN, kK can be extended to a
non-vanishing section Z of @*£. In fact, there is no restriction to extending
K1,...,KkN over X as a non-vanishing section Z*. Disks D; spanning P; can

be glued to X at z; to obtain a spanning disk D = u#D;1# - - - #Dy for P. By
our choice of the x;, Z* can be extended over D as a non-vanishing section.
This shows that k does not wind with respect to Z*, so Z* can be modified
in a neighborhood of co to a non-vanishing section Z coinciding with s at
P. This special non-vanishing section of ©*¢ will be denoted by B.

Since P is simply covered, there exists Martinet tube (U, ¥) for P such
that k = (U*,) o zp. There is no loss of generality if we assume B(e?7(s+#))
= (U*9,) o u(e* (1)) for large values of 5. Again using results on cylinders
with small da-area, one finds Ry > 1 such that |z| > Ry = ux(z) C U, for
every k. By Theorem 2.11 we can also assume |z| > Ry = u(z) C U and
7 - du(z) # 0. Here we used (A.1).

Lemma A.2. windy (4,00, B) < 1.



848 U.L. Hryniewicz

Proof. Since the maps wuy, provide capping disks for P, the section (V*0,) o
uy, (defined only for |z| > Ryp) can be extended to a non-vanishing section By,
of uz&. This follows from our particular choice of Martinet tube (U, ¥) made
above, and implies 1 = winde (@) = winde (tg, 00, By). We write ug(s,t) =
up (€270 and u(s,t) = u(e*™5H). Let s, — +00 be so that

7 - Ogup(sp,t) 0Vt and  wind(t — 7 - Ogup(sp, t), Bp(e? (s Tit))) = 1.

For any fixed s > (27) ! log Ry the vectors 7 - dsu(s, ) do not vanish, so that
7 - Osug(s,t) do not vanish when £ > 1. We can estimate using standard
degree theory

1 — wind(t — 7 - dsu(s, t),t — B(e?"T1)Y)
=1 — wind(t — 7 - dsu(s,t),t — (V*9,) o u(s,t))
= lim 1 — wind(t — 7 - Osug(s,t),t — (¥ 0y) o uk(s,t))

k—o0
_ 5 wind(t +— 7 - Osug(sk,t),t — Bg(sk,t))
T oo —wind(t — 7 - Osug(s,t),t — Bg(s,t))

= klim # {zeros of m - duy, on {*™ < |z| < *™*}}.
— 00

Since the 7 - duy, satisfy a Cauchy—Riemann-type equation, the (algebraic)
count of zeros in the last line above is non-negative. The lemma follows by
taking the limit as s — +o0. ([

We will now argue indirectly to show that I' = (). Fix ¢ and let (s,t) €
R~ x R/Z be negative holomorphic cylindrical coordinates centered at z;,
as explained in Remark 2.4, and write B(s,t) for the value of B at the point
corresponding to (s,t). In particular, B(s,t) — ;(t) uniformly in ¢ as s —
—00. By Theorem 2.11 there exists a smooth non-vanishing function f(s,t)
such that f(s,t)m - Osu(s,t) — e(t) in CO(R/Z,€) as s — —oo, where e(t) is
an eigenvector of Ap, corresponding to a positive eigenvalue. Consequently
we can estimate

winde (4, 2;, B) = SEmOO wind(t — 7 - Osu(s,t),t — B(s,t))

= wind(t — e(t),t — k(1)) > 2,

where in the last inequality we used p(P;) > 3. Assuming I" # () we obtain
the following contradiction

0 < wind; (@) = windog (@) — 2+ #T +1 <1 — 240 + #T — 1 = —#T.
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We used Lemma 2.15. This shows I' = () and proves that @ is a non-constant
fast finite-energy J-holomorphic plane asymptotic to P.

To conclude Step 1 it remains only to prove that 4 is embedded. The
identity wind, (@) = 0 shows that @ is immersed. Self-intersection points of
% must be isolated since, otherwise, one could use Carleman’s similarity
principle to show that u is a non-trivial cover of a somewhere injective
finite-energy plane, see [9]. In particular, this would imply that P is not
simply covered, a contradiction. Isolated self-intersections of 4 would imply
self-intersections of 4y for £ > 1, by stability and positivity of intersections
of pseudo-holomorphic immersions. This shows % has no self-intersections
and, consequently, @ € A(J) and J € Jpast-

A.2. Proof of Step 2

We need to revisit the functional analytic setup for the Fredholm theory of
embedded finite-energy surfaces constructed in [10]; however, we will slightly
modify the discussion there. From now on fix Jy € Jpst and an embedded
fast finite-energy Jo-holomorphic plane @ = (a,u) : C — R x M asymptotic
to P at oo.

With [ > 1 fixed let K! be the set of C'-sections K of Lg(€) satisfying

JoK +KJy=0 and da(u, Kv)+doa(Ku,v) =0 Yu,v € &,p € M.

Then K' becomes a Banach space with the C'-norm || -||c:. When A >
0 is small enough then every K € K satisfying || K|t < A induces some
d\-compatible complex structure J on ¢ of class C! by J = Jy exp(—JoK).
The set of J arising in this way will be denoted by Ua, and the bijective
correspondence between Ux and a A-ball in KC! gives Ua the structure of a
(trivial) Banach manifold. If we can prove that Jy has an open neighborhood
O in Up such that ONJ C Jrst then it will follow that Jy is an interior
point of Jr.st because O N7 is open in J.
Let U be a small neighborhood of z(R) in M and

U:USR/ZxB

be a Martinet tube as described in 2.2.3. Thus U*(f(df + xdy)) = o and
U (z(T9)) = (6,0,0), where (6,z = (z,y)) € B are standard coordinates in
R/Z x R? and f > Osatisfies f = T, df = 0onR/Z x 0. We have an induced
frame

(A.2) {e1 >~ 0y, €9 > —x0p + 0y}



850 U.L. Hryniewicz

of |y, and we assume {ej o F, ey 0 F'} extends to a frame of F*¢ for some
(and hence any) continuous disk map F :D — M satisfying F(e??™) =
x(Tt).

Let ¢ be any R-invariant Riemannian metric on R x M such that Jy is
an isometry and denote by N# the normal bundle of @(C). The asymptotic
behavior of @ explained in 2.2.3 (see [8]) implies that éu(z) Ndu,(T,C) =
0 when |z| is large, where £ = €. Here mpr : R x M — M denotes the
projection onto the second factor. We may consider a Jy-invariant subbundle
L C @*T(R x M) that coincides with @*¢ on C \ Bg,(0), where Ry > 1, and
coincides with N@ on Bpr,—1(0). Possibly after making Ry larger, we have
also |z] > Ry = u(z) € U. One finds a (da, Jy)-unitary frame {nj, na} of |y
such that {71 (@(2)), no(@(z))} extends to a smooth Jy-complex frame of L.
Here n;(a(z)) = ni(u(z)), i = 1,2. The identity

(A.3) wind(t — ny o u(Re™™),t — e; ou(Re™®™)) =1 (R>> 1)

follows immediately from Theorem 1.8 in [10].

Let n; be extensions of n; o to C such that {ni,ns} is a Jo-complex
frame. Since g is R-invariant, its injectivity radius is uniformly bounded away
from zero all over R x M. Thus we can find a small ball B’ C C centered at
0 such that the map

P:Cx B —=RxM, (2,w)— expg)(R(w)ni(z) + I(w)na(z))

is an embedding onto a neighborhood of 4(C). Moreover, the image of any
map U : C — R x M sufficiently close to @ in the strong C'-topology coin-
cides with {®(z,v(z)) | z € C}, for some v : C — B’ small in the strong C'*-
topology.

In the following, we denote J = ®*.J and write

~ | azv) A(zv)
J(z,0) = As(z,v)  jo(z,0)

in 2 x 2-blocks, for every J € Una. Let o(s,t) = e**(+)_ After making B’
smaller and Ry larger the map

F(s,t,v) = (idg X V) o ® o (0 X idg2)(s,t,v)
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is defined for 2™ > Ry and v € B’. Using the asymptotic behavior of % from
Theorem 2.11 and the R-invariance of g one shows

(A.4) limsup sup |DPF(s,t,v)| < oo
s—+00 veK teR/Z

for every non-trivial multi-index 5 = (01, 82, 33, 64) and K C B’ compact.
For each J € Ua consider the almost complex structure J on R x R/Z x B
defined by (idg x W)*J = J. Seen as a smooth 4 x 4 matrix, J is independent
of the R-coordinate. If J = (¢ x idg>)*J = F*J then, in view of (A.4), we
have

(A.5) limsup sup |D%J(s,t,v)| < oo
s—+00 vEKtER/Z

for every # and K C B’ compact.

Given § < 0, v € (0,1) and a finite-dimensional real vector space V' we
can define the Banach space C’(l)’%‘s((C, V) of C*7 functions v : C — V such
that the map (s,t) — voo(s,t), s > 0, belongs to Cé’7’5([0, +o00) x R/Z, V),
as explained in Remark 3.19. The norm is defined by [|v[|ci () + [[v 0 o|]14,6,
where || - [|1,4,5 is the norm (52). From now on we fix [ > 2,y € (0, 1) as above,
and § < 0 will be fixed a posteriori. Clearly the subset V C C(l;%‘s(c, C) of
maps with image in B’ is an open set.

Let Y — C be the vector bundle with fibers Y, = {R-linear maps 7,C —
C}. The space C[l)_l’%é(Y) consists of sections A:C — Y of class C!=1
such that (s,t) — A(o(s,t)) - d:o(s,t) belongs to C(l)_l’%‘s on RT x R/Z. The
norm is [[Alci-1vm) + [[A oo - otlli—1,,6-

Similarly to [10] consider the smooth map H :V x Un — C=579(Y)
given by

(A.6) H(v,J)=As(z,v) + jo(z,v) - dv — dv - j1(z,v) — dv - Ay (z,v) - dv.

One has to make use of (A.5) to verify that H takes values on C'=179(Y).
Standard arguments show that H is smooth. The equation H (v, J) = 0 holds
if, and only if, the embedding z +— (z,v(z)) has a J-invariant tangent space.
Writing

in 2 x 2-blocks, we have j)(z,0) = j9(z,0) =i and A{(z,0) = A(z,0) = 0.
Differentiating (A.6) at v = 0 we get

(A.7) D1H(0,Jp)( =i-d(—d¢-i+C -,
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where C(z) = DaAY(z,0). Let déry : €lz(0) = &x(t) be represented as a path
©(t) € Sp(1) using the frame {nq,n2}, and let S = —i¢/p~!. Denoting by
C(s,t) the linear map u — (C(o(s,t)) - u) - d;0(s, t), the following asymptotic
behavior is proved in [10]

(A.8) lim sup |DP[C(s,t) — S(t)]| =0, V|B| < 1.
S§—00 t
There is a corresponding representation L = —id; — .S of the asymptotic

operator at P. From now one we assume 0 € (—o0,0) \ o(L), and denote
by N, (P,8) the s-weighted Conley—Zehnder of P computed with respect
to the frame {nj,no}, which is defined as twice the winding of the largest
eigenvalue of L below §, plus 0 or 1 depending whether the winding jumps
when we compare with the smallest eigenvalue above 6.

There exists a bundle splitting ¥ = Y @ Y% and we may define a
Banach space of sections Cl 1’76(Y0 1) analogously as above. Differentiat-
ing the identity J3 = —I one shows C(z) - is C-anti-linear, so that the
linear map D1H (0, Jy) may be viewed as an operator Dy : C Lo (C,C) —
Cy (v o,

Theorem A.3 (Hofer, Wysocki and Zehnder). The operator Dy is
Fredholm with index ul,(P,8) + 1. Moreover, there exists a smooth Banach
bundle E — V x Ua, with fibers modeled on C’l Lré (YO, and a smooth sec-
tion n such thatn(v,J) =0« H(v,J) =0 and the partial vertical derivative
Din(0, Jy) coincides with Dy.

Since pucz(P) > 3 we have p(p) > 1 by (A.3) and by our choice of Mar-
tinet tube. This allows room for us to place § < 0 precisely on the spec-
tral gap between the largest eigenvalue with winding 0 and the smallest
eigenvalue with winding 1, so that MJCVZ (P,9) = 1 and the Fredholm index of
Din(0, Jo) is 2.

Lemma A.4. With this choice of § the operator Dy is surjective.

Proof. Let a € ker Dy be non-zero and denote a(s,t) = a(o(s,t)). Then as +
ia; + Ca = 0. By standard asymptotic analysis from [8] (see section 6 in [17]
for a detailed account), one finds an eigenvector e(t) of L associated with
some eigenvalue v < 0 such that

a(s,t) = el "D (e(t) + R(s, 1))
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where h(7) — v and R(s,t) converge to 0 uniformly in t as s — +o00. Since a €
Cé’%‘s we must have v < ¢, so that wind(e — e(t)) < 0. By standard degree
theory the algebraic count of zeros of a(z) on C is < 0. However, Carleman’s
Similarity principle implies that all zeros count positively. Hence, a never
vanishes. If the kernel had three or more linearly independent sections then
a non-trivial linear combination of them would have to vanish at some point
and, consequently, would vanish identically, providing a contradiction. This
shows that dim ker Dy < 2 and the conclusion follows since the index is 2. O

Clearly ker Dy splits. By the implicit function theorem we find, possibly
after shrinking V', a neighborhood O of Jy in Ua so that the (local) universal
moduli space defined by

M={(v,])€VxO|H(v,J) =0}

is a smooth Banach submanifold, and the projection II(v,J) = J restricts
to a submersion of M onto O.

Hence, for any fixed J € ONJ there exists some v € V so that the
embedding z +— (z,v(z)) has a J-invariant tangent space. Following the
appendix of [10], for a given 0 < € < 27 it is possible to find ¢ € Cé’%*e((c, C)
so that the map 1(z) = z + ¢(z) is a diffeomorphism and w(z) = ®(¢(2),v o
¥(z)) is an embedded finite-energy J-holomorphic plane asymptotic to P.
To conclude Step 2 it remains to show

Lemma A.5. The plane w above is fast.

Proof. Consider (S(s,t),T(s,t)) =0 lowoo(s,t) € RxR/Z. Tt follows
from the formula S +iT = (27) !log( o o(s,t)) that |(S —s,T —t)| +
|D(S — s, T —t)] — 0 as s — 0o, uniformly in ¢ € R/Z. Let us write

(a(s,t),0(s,t),z(s,t),y(s,t)) = (idg X V) owoo(s,t) = F(s,t,0),

and
(A(s,t),0(s,t), X(s,t),Y(s,t)) = (idgr X ¥)owoo(s,t)
=F(S,T,voo(S,T)).

Using (A.4), and the fact that |v o (S, T)| decay as fast as €’ when s — oo,
we can estimate

‘(X(‘S?t)vY(S?t)) - ((L‘(S, T)ay(Sv T))‘
< |F(S,T,voo(S,T)) — F(S,T,0)| < Ce’
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for some C > 0, if s > 1. In view of Theorem 2.11, we know that all partial
derivatives of (z(s,t),y(s,t)) of all orders decay exponentially to zero faster
than e(#*+7)5 for every r > 0, where pu < § is the asymptotic eigenvalueS.
Taking > 0 small we get decay faster than e’®. Since the partial derivatives
of ¢(e2™(5+)) with respect to s and t decay to 0 uniformly (like e~), we
conclude that

[(z(S,T),y(S,T)) — (x(s,t),y(s,1))| < C'e®® when s> 1.
Both estimates above give
(X (5,1), Y (5,1)) = ((5,1), y(s,0))| < C"e™,
which implies

(X (s,2),Y (s, 8))] < [(2(s,2),y(s,8))| + [(X(s5,2), Y (s,1)) — (2(s,1),y(s,1))|
< Clueés.

Now, in view of Theorem 2.11, (X (s, t), Y (s, t)) decays slower than e(*~")* for
some v € o(L) N (—00,0) and any r > 0. Here v is the asymptotic eigenvalue
of w. Hence the estimate above shows that v < §, implying wind.(w) < 1.
Thus winde (1) = 1 by Lemma 2.15. O

We showed that O N J C Jrast-
Remark A.6. It should be noted that the elegant work of Wendl [23, 24]

can be used to start a new proof of the above-mentioned compactness and
automatic transversality result for embedded fast finite-energy planes.

2. Appendix B. Proof of Proposition 3.20

First we need two auxiliary lemmas.

Lemma B.1. Suppose Kj, K °, K and L are as in the statement
of Proposition 3.20. For each s >0 and k € Z" consider the unbounded

6To see why i < § note that the winding of the asymptotic eigenvalue of @ with
respect to e; >~ 9, is windo () = 1, as explained in Remark 2.17. This is so since
the Martinet tube is aligned with a trivialization of 2% induced by some (and
hence any) capping disk. But, by our choice of J, if an eigenvalue winds <0 with
respect to ny (or <1 with respect to e;) it must be smaller than ¢.
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self-adjoint operator
Li(s) : WY2 € L2 — L2, Lyp(s)e = —Joé — Sk(s,)e,

where Sy(s,t) = § [Ki(s,) + Ki(s,)T]. If § € (—00,0) \ o(L) then we find
s > 0 and ¢ > 0 such that

IEk(s) = Slell s = cllell Vs > so, Ve € W2, Vi > 0.

Proof. We proceed indirectly. Abbreviating ||-||, = ||-||; 2, suppose there are
sequences s; — +oo and {ej} C W'? such that |ejfl,=1 and
(L, (s;) — 5]ejH2 — 0. The equation

atej = JQ[ij (Sj) — (5]€j + J()Skj (Sj, -)ej + (SJoej

shows that {e;} is a bounded sequence in W12, Consequently we can assume
the existence of some e € L? satisfying ||e; — e[|, — 0. The above equation
now shows that {e;} is a Cauchy sequence in W12, which proves e € W1?
and e; — e in W12, However, the asymptotic conditions imposed on the
functions K}, imply that Ly, (s;) converges to L in the strong operator
topology of continuous linear maps from W2 into L?. Hence [L — dle = 0,
contradicting 6 ¢ (L) since ||e|, = 1. O

Lemma B.2. Let Ki, K°, K and L be as in the statement of Proposi-
tion 3.20. Suppose A < 6 < 0 are such that X € o(L) and (X, 6] No(L) = 0.
Then one can find 0 <r < § — X and s; > 0 such that

IX (s, )2 < €O X (s1,4)][ 12 Vs > 51

for any k and for any smooth function X : [0, 4+00) x R/Z — R?" satisfying

(B.1) OsX + JoO X + KpX =0, limyyoo e[| X(s,)[| 2 = 0.
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Proof. We abbreviate |||, = [|||;. and assume X € C*° satisfies (B.1) for
some k. Setting YV =e %X, Sp=1i[Ki(s,t)+ Ki(s,t)T], Ax(s,t) =
31 Kk(s,t) — Ki(s,t)T] we have

(B.2) limsup sup (|D7[Sk(s,t) — K*(t)]| + |D7 Ax(s,t)|) =0 V|y| <1
s,k—+oc0 t

and
(B.3) Y+ JoYe + KiY +0Y =Y, — [Li(s) — 0]Y + AY =0,

where Lj(s) is the operator defined in the statement of Lemma B.1. More-
over, limg o0 ||V (5, )|y = 0. If we set g(s) = 3 |V (s,-)||3 then

g'(s) = (Y5, Y) = ([Li(s) = 0Y — A4Y,Y) = ([Li(s) = 9]Y.Y)
and

9"(s) = (=JoVis — SpYs — 0Ys — (0sSk)Y, Y) + ([L(s) — 9]V, Y5)
= ([Lx(s) — ]Ys,Y> <(3s K)Y,Y)
+ ([L(s) — 0], [Li(s) — 0]Y — AY)
= ([Li(s) = 0]Y — AY, [Li(s) = 6]Y) — ((9sS)Y,Y)
+ [[Lr(s) =AY |13 = ([Li(s) — 6]Y, ALY)
= 2||[L(s) = 0]V |13 — 2([Li(s) — O]V, AY) — ((0:Sp)Y,Y).

S

S

We used that Lg(s) is self-adjoint Vs. Let sop and ¢ > 0 be given by the
previous lemma. Then s > sy implies

g"(s) 2 2 [V |l3 = 2 |V [l [IARY |y = 1Y [l [8sSk]Y |15

1
> 4905) (@ = e Aulimsy — 5 1050l ) -

In view of (B.2), for any € > 0 small 3s; > sp be such that
2 1 2
5201 (@ = el = 310.Sullimgon ) = (e =

Consequently we have an estimate g”(s) > 4(c — €)2g(s) whenever s > sq,
independently of k or X. Now we note that any positive C? function on
[s1,+00) satisfying ¢”(s) > 4(c — €)?g(s) and lims_. ;o g(s) = 0 must also
satisfy g(s) < g(s1)e 2(c=9(=51) for all s > 5. Again this is independent of
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k or X. The proof is complete if we set r < min{d — A, ¢ — €} since 2¢(s) =
™25 | X (s,)]3- O

We now turn to the proof of Proposition 3.20. The definition of F and
the assumptions on K together imply that
(B.4) lim sup e 08DV X (s,t)] = 0 Yy
S§——+00
holds for each fixed k. It is important here that D7 is a partial derivative
of any order, and we used equations (53) and the Holder estimates for the

operator 05 + Jo0;. We fix a number A\ < ¢ satisfying (\,0]No(L) =0 and
proceed in three steps.

Step 1: Ym > 0 one can find numbers 0 < r,, < d — A, s, > 0 such that

Z 1(0s)7 X (s HL2 g1y < o(8=rm)(s=5m)

ZH ij Smy )”L2 S1) Vs > s,, VEk.

Proof of Step 1. Fix k > 0. We have equations
0s Xk, + Jo0y Xj, + K X, = 0,
835Xk + J()atQSXk + 8S[Kka] =0,
(6S)m+1Xk + Joat(as)ka + 8;”[Kka] = 0.

Defining Zj(s,t) = (Xk, 05Xk, ..., 07" Xy)" then 0,7y + Jo8yZy + GpZi =
0, where

Ky, 0 - 0 Jo 0 -~ 0

HA K 0 .
Gi(s,t) = g : ; Jo = 0 Jo 0

(m+1) H’im+1)2 K, 0 0 - Jy

G, is a lower triangular matrix of 2n x 2n blocks and every term H,ij (i >7)
below the diagonal satisfies

lim sup |DVHY (s,t)| = 0 V.

S$——+00
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This follows from the hypotheses of Proposition 3.20. These remarks and
(B.4) show that we can apply Lemma B.2 to the Zy(s,t) and find numbers
Sm > 0and 0 < ry, < § — A as desired. Note that s, and r,, are independent
of k. O

Step 2: VY1 > 0 one can find 0 < r; < d — A, s5; > 0 and ¢; > 0 such that

B.5 DVX3(8, )|y gy < crel®m)(s=s1) DP Xy (s1, -
(B.5) lﬁ%” k(8 )l oo g1y < i€ Z H kst )HL“(SI)

1BI<i+1

for every k > 0 and s > s;.

Proof of Step 2. We prove by induction that Vm >0 3C,, >0, 0 <71, <
6 — X and s, > 0 such that s > s, implies

(B.6) Y D Xk, ) Za(sr) < Crmelm7om)

[v|<m

Z HD’YX’C(SW’M )”%2(51) Vk.
[v]<m

The assertion for m = 0 is already proved in Step 1. Assuming (B.6) is proved
for m, we claim that it holds for m + 1. Writing D7 = 9'9/] we proceed by
induction on j to show that

(B.7) \/‘

T 2 , ,
a8 X, (s, .)‘ < 6 (s=5)

L2(SY)

\/Z ||D7Xk(8/’ )HiZ(Sl) Vs > s’

for every 0 < j <m+ 1, where > indicates a sum over all multi-indices
v = (y1,72) satisfying either |y| <m or |y|=m+1 and 2 < j, and the
constants C’,r’, s’ are independent of k.

The case j =0 follows from Step 1 for m + 1 and from (B.6) for m.
Now fix 0 < b < m + 1 and assume (B.7) holds for j =0,...,b— 1. Let § =
(m+1—05,b). Equation 0; Xy, + Jo0; X, + KX = 0 implies

) (agm*baf—lxk) + JoDP X, = Mol (9, X, + Jo0i Xi)
= =P (K Xy,)

Thus
DXy = Jo (92700 X + 0T PO (KX )
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The asymptotic uniform bounds on derivatives of Ki(s,t) in s and k, and
the induction hypothesis, imply (B.7) holds for j = 0,...,b. The induction
step is complete and (B.7) is proved for every j < m + 1. This proves (B.6)
for m + 1. We showed (B.6) holds Vm.

Using (B.6) for m = [ + 1 we obtain C; > 0 independent of n such that

Z ”DVXIC(Sa ')H12/1/1,2(Sl) < 016(67”*1)(3751+1)
[v[<t

> D Xk(s141, ) g sy
[y|<i+1

for every s> s;41 and k> 0. The conclusion follows since W12(S1) «—
L>(Sh). O
Step 3: There exists X« and a subsequence Xy such that Xj, — X in
Cg™°.

Proof of Step 3. Since X, is C7%-bounded we can assume, up to selection of

a subsequence, that 3X, such that X}, — X, in C. Fix v and € > 0. By
the previous step ds; > 0 such that

s> s1 = supe DX (s, 1) <
k.t

N ™

This implies

sup e DV X (s,1)] < S
s>51,t€ST

We find k; € ZT such that

k>k = sup e %|DV[X)— Xoo] <e
[0,51]XR/Z

Hence if s > 0 and k > k; then e™% |DV[X}, — X,o]| < e. We proved

lim sup e % |DV[X}, — Xoo]| =0

k—oo st

for each fixed ~. If we fix [ > 1 then the above limits for |y| <1+ 1 imply

lim max Hef‘ssDﬁ[Xk - XOO]‘
k—+oo |B|<I

C0.0([0,400)XR/Z)

The conclusion follows. O
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